arXiv:0704.0367v5 [gr-qc] 15 Dec 2010

Instanton representation of Plebanski gravity:

Covariance of the algebra of constraints

Eyo Eyo Ita III

December 16, 2010

Department of Applied Mathematics and Theoretical Physics Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road Cambridge CB3 0WA, United Kingdom eei20@cam.ac.uk

Abstract We argue that the standard canonical treatment of GR breaks manifest spacetime covariance. We present new variables which carry a reducible representation of gauge transformations and spacetime diffeomorphisms. A proposal is presented for an action designed to realize these symmetries at the canonical level.

1

1 Introduction

The principle of general covariance due to Albert Einstein demands that in general relativity (GR), space and time should be treated on an equal footing. When one wishes to perform a quantization, one must resort to a breaking of this manifest covariance since time must be treated as distinct from space in the canonical approach, a situation common to most theories and not unique to general relativity. But in the end one should show that the covariance is indeed preserved under quantization, as a matter of consistency. We will argue in this paper that the Einstein formulation breaks manifest covariance already at the classical level when one performs a canonical treatment. Aside from the issue of consistency of the quantum theory, this is an issue which we argue first needs to be resolved.

We would like to understand the mechanism for this breaking by comparison of the canonical formulation of GR with some of its covariant counterparts.^1 Consider a general coordinate transformation x^μ → x^{′μ} = x^μ + ξ^μ(x), where ξ^μ ∈ C^∞(M) are four smooth functions on four dimensional spacetime manifold M. The Lie bracket of two transformations generated by vector fields ξ^ν ∂_μ forms a Lie algebra^2 [ ξ^μ∂_μ, ζ^ν ∂_ν ] = ( ξ^μ∂_μζ^ν − ζ^μ∂_μξ^ν ) ∂_ν . (1)

We would like to determine whether there exists a description of GR which provides a canonical realization of this algebra. For later comparison let us perform a decomposition of (1) into spatial and temporal components. For the commutator of two spatial diffeomorphisms we should choose ξ^μ = δ^μ_i M^i and ζ^μ = δ^μ_j M^j . The corresponding algebra is given by [ N^i∂_i, N^j ∂_j ] = ( M^i∂_iN^j − N^i∂_iM^j ) ∂_j . (2)

The commutator of two spatial diffeomorphisms is a spatial diffeomorphism, which shows that at the level of the vector fields, spatial diffeomorphisms should form a subalgebra of (1). Moving on to the commutator of a spatial with a temporal diffeomorphism, we make the identifications ξ^μ = δ^μ_i N^i and ξ^μ = δ^μ_0 N, yields [ N^i∂_i, N∂_0 ] = (N^i∂_iN)∂_0 − (NṄ^i)∂_i. (3)

1The index convention for this paper will be as follows. Greek symbols μ, ν, . . . will denote four-dimensional spacetime indices taking on the values 0, . . . 3. Lowercase symbols from the beginning of the Latin alphabet a, b, c, . . . will denote internal SO(3, C) indices, and from the middle i, j, k, . . . will denote spatial indices each taking values 1, 2 and 3. We will also sometimes refer to spacetime coordinates as x = (x, t), where the bold text refers to just the spatial part.

2We will refer to these transformations as active diffeomorphisms in the sense that they transform spacetime points into new points.

The commutator of a spatial with a temporal diffeomorphism is a linear combination of the two transformations.

Moving on to the commutator of two temporal diffeomorphisms, we choose ξ^μ = δ^μ_0 M and ζ^μ = δ^μ_0 N, which yields [ M∂_0, N∂_0 ] = (MṄ − NṀ)∂_0. (4)

The commutator of two temporal diffeomorphisms is another temporal diffeomorphism, constituting a subalgebra of (1). The implication of this result is that when one performs a 3+1 split of a fully covariant algebra of spacetime diffeomorphisms, the spatial and the temporal parts should decompose into two independent subalgebras. One question is whether such a feature can be reproduced at the canonical level of GR. The Poisson algebra of hypersurface deformations has been computed by Teitelboim [1] { ⃗H[ ⃗N], ⃗H[ ⃗M]} = H_k [ N^i∂^kM_i − M^i∂^kN_i ] ; {H(N), ⃗H[ ⃗N]} = H[N^i∂_iN ] [ H(N), H(M) ] = H_i[ ( N∂_j M − M∂_j N ) H^{ij}]. (5)

Comparison of (5) with (2), (3) and (4) shows some similarities and some differences. The part of (5) involving purely spatial diffeomorphisms is isomorphic with (2), which implies its implementability at the canonical level. However comparison of the second equation of (5) with (3) yields an isomorphism only when N^i is independent of time. Additionally, aside from the issue of phase space structure functions H^{ij}, the third line of (5) is clearly inconsistent with (4).

In this paper we will lay the foundations for a reformulation of GR aimed at restoring the algebra of constraints to (1). The starting point will be Plebanski’s theory, from which we will propose phase space variables which provide a representation nearer in form to (1) than to (5). Then we will write down the action and relegate the demonstration of (4) to [2].

2 The Plebanski action

For this paper we will use the action for the Plebanski formulation of gravity as the starting point [3]

I_{P leb}[Σ^a, A^a, Ψ] = 1 4 ∫ M d^4x ( Σ^a_{μν} F^a_{ρσ} − 1 2 Ψ^{−1}_{ae} Σ^a_{μν} Σ^e_{ρσ} ) ϵ^{μνρσ} , (6) where Σ^a =^1_2 Σ^a_{μν} dx^μ ∧ dx^ν are a triple of SO(3, C)-valued two forms, A^a = A^a_μdx^μ is a a SO(3, C) connection one form, and Ψ_{ae} ∈ SO(3, C)⊗SO(3, C) is the CDJ matrix. Due to complete contraction of all internal and world indices, the action (6) should be invariant under SO(3, C) gauge transformations and spacetime diffeomorphisms. To carry out a canonical analysis one would first perform a 3+1 decomposition of (6) 1 2 ∫ dt ∫ Σ d^3x ( ϵ^{ijk}Σ^a_{jk}Ȧ^a_i + A^a_0D_i(ϵ^{ijk}Σ^a_{jk}) + Σ^a_{0i}ϵ^{ijk} ( F^a_{jk} − Ψ^{−1}_{ae} Σ^e_{jk} )) . (7)

Making the definitions ~σ^i_a ≡^1_2 ϵ^{ijk}Σ^a_{jk} and B^i_a =^1_2 ϵ^{ijk}F^a_{jk} for the spatial part of the two forms and for the magnetic field, we have I_{P leb} = ∫ dt ∫ Σ d^3x~σ^a_i Ȧ^a_i + A^a_0D_i~σ^i_a + Σ^a_{0i} ( B^i_a − Ψ^{−1}_{ae} ~σ^i_e ) , (8)

where D_i~σ^i_a = ∂_i~σ^i_a + f_{abc}A^b_i ~σ^i_c is the SO(3, C) covariant derivative with structure constants f_{abc}. From (8) one sees that ~σ^i_a and A^a_i are canonically conjugate dynamical variables satisfying fundamental Poisson brackets

{A^a_i (x), ~σ^j_b (y)} = δ^a_b δ^j_i δ^{(3)}(x, y) (9)

along with the vanishing brackets {A^a_i (x), A^b_j (y)} = {~σ^i_a(x), ~σ^j_b (x)} = 0. (10) The velocities of the fields A^a_0, Σ^a_{0i} and Ψ^{−1}_{ae} do not appear in the action, which implies as primary constraints the vanishing of their conjugate momenta

π_a = δI_{P leb} δȦ^a_0 ; π^i_a = δI_{P leb} δΣ̇^a_{0i}

; π_{ae} = δI_{P leb} δΨ̇^{−1}_{ae} . (11)

Preservation of the primary constraints (11) in time leads to the equations of motion of the auxilliary fields as secondary constraints

π̇_a = δI_{P leb} δA^a_0 = D_i~σ^i_a; π̇^i_a = δI_{P leb} δΣ^a_{0i} = B^i_a − Ψ^{−1}_{ae} ~σ^i_a; π̇_{ae} = δI_{P leb} δΨ^{−1}_{ae} = Σ^a_{0i}~σ^i_e.(12)

According to the Dirac procedure for constrained systems one should check for preservation of (12) under time evolution [4]. For π̇_a = D_i~σ^i_a this is straightforward, since π̇_a generates the following clearly defined transformations of the dynamical variables δ_{⃗η} A^a_i = {A^a_i , ⃗G[⃗η]} = −D_iη^a; δ_{⃗η} ~σ^i_a = {~σ^i_a, ⃗G[⃗η]} = −f_{abc}~σ^i_bθ^c. (13) But the transformations generated by π̇^i_a and π̇_{ae} require the evaluation of Poisson brackets of the form {A^a_i , Ψ_{ef} }, {~σ^i_a, Ψ_{ef} }, {A^a_i , Σ^e_{0j} } and {~σ^i_a, Σ^e_{0j} }, which are not defined by the canonical structure of (8).

It appears naively that Ψ_{ae} and Σ^a_{0i} are ordinary auxilliary fields, which would normally have trivial Poisson brackets with the dynamical variables. But these objects have nontrivial transformation properties, which as we will see can be made clear by solving a subset of the secondary constraints (12) as strong equalities.

2.1 Spatial two-form components as a dynamical variable One method for solving the secondary constraints is to eliminate the field Ψ_{ae} from (8) while leaving ~σ^i_a intact. Let us choose

Ψ^{−1}_{ae} = Λ 3 δ_{ae} + ψ_{ae}, (14)

where ψ_{ae} is symmetric and traceless and Λ is the cosmological constant. Then the third equation of (12) reduces to the vanishing of its symmetric and traceless part π̇_{(ae)} = Σ^{(a}_{0i} ~σ^i_{e)} = 0, which implies the following relation for the two-form components [5]

Σ^a_{0i}~σ^i_e = 1 3 δ^{ae}Σ^f_{0i}~σ^i_f . (15)

Equation (15) can be regarded as a set of five conditions on the temporal components of the two forms Σ^a_{0i}, which can be rewritten as [5]

Σ^a_{0i} = iN √ det~σ(~σ^{−1})^a_i + ϵ_{ijk} ~σ^j_aN^k, (16)

where N and N^i constitute four free parameters. Then substitution of (16) into (8) causes ψ_{ae} to be eliminated, which yields the action for the Ashtekar formulation of general relativity [6] I_{Ash} = ∫ dt ∫ Σ d^3x [ ~σ^i_aȦ^a_i + A^a_0G_a − N^iH_i − i 2 NH ] . (17)

This is a totally constrained system with (A^a_0, N^i, N), respectively the SO(3, C) rotation angle A^a_0, the shift vector N^i and the densitized lapse function N = N(det~σ)^{−1/2} as auxilliary fields. The dynamical variables become recognized as the self-dual Ashtekar connection A^a_i and the densitized triad ~σ^i_a. From (17) one reads off the symplectic two form Ω_{Ash} given by

Ω_{Ash} = ∫ Σ d^3xδ~σ^i_a ∧ δA^a_i = δ (∫ Σ d^3x~σ^i_aδA^a_i ) = δθ_{Ash}, (18) which is the exact functional variation of the canonical one form θ_{Ash}. Hence after elimination of the auxilliary field Ψ^{−1}_{ae} , the canonical structure of (8) and associated relations (9) and (10) have been preserved within (17).

The constraints in (17) smearing the auxilliary fields are the Gauss’ law, vector and Hamiltonian constraints G_a = D_i~σ^i_a; H_i = ϵ_{ijk}~σ^j_aB^k_a ; H = ϵ_{ijk}ϵ^{abc}~σ^i_a~σ^j_b (Λ 3 ~σ^k_c + B^k_c ) . (19)

Under transformations generated by the Gauss’ law constraint, the ‘small’ gauge transformations, the Ashtekar variables transform as δ_{⃗η} A^a_i = −D_iη^a; δ_{⃗η} ~σ^i_a = −f_{abc}~σ^i_bη^c. (20)

The magnetic field and densitized triad transform as a covariant SO(3, C) vector under gauge transformations δ_{⃗η} B^i_e = ϵ^{ijk}D_j(δA^e_k) = −ϵ^{ijk}D_jD_kη^e = −f_{efg}B^i_f η^g. (21) Under transformations generated by the vector constraint, the Ashtekar variables transform as

δ_{⃗N} A^a_i = ϵ_{ijk}B^j_aN^k; δ_{⃗N} ~σ^i_a = ~σ^j_a∂_j N^i − ∂_j (N^j ~σ^i_a) − f_{abc}(N^jA^b_j )~σ^i_c. (22)

The constraints algebra for (19) reads [7] { ⃗H[ ⃗N], ⃗H[ ⃗M ]} = H_k [ N^i∂^kM_i − M^i∂^kN_i ] ; { ⃗H[N], G_a[θ^a]} = G_a[N^i∂_iθ^a]; {G_a[θ^a], G_b[λ^b]} = G_a [ f^a_{bc}θ^bλ^c ] ; {H(N ), ⃗H[ ⃗N ]} = H[N^i∂_iN ] {H(N ), G_a(θ^a)} = 0; [ H(N ), H(M ) ] = H_i[ ( N∂_j M − M∂_j N ) H^{ij} ] (23)

which closes. The algebra (23) is first class, and therefore the theory based on (17) is in this sense Dirac consistent.

Comparison of (23) with (1) reveals the same discrepancies pointed out in the introduction, with respect to the algebra just purely of spacetime diffeomorphisms. General covariance should imply that the commutator of two Hamiltonian constraints yield a Hamiltonian constraint. Therefore the conclusion is that that for the theory (17), spacetime covariance at the canonical level has either been broken or is not manifest. Nevertheless, we have seen that ~σ^i_a indeed been promoted from an auxilliary field in (6) to the status of a fully dynamical variable.

2.2 CDJ matrix as a dynamical variable

Elimination of Ψ^{−1}_{ae} from (8) has led to a Dirac-consistent action having phase space variables Ω_{Ash} = (~σ^i_a, A^a_i ) with well-defined transformation properties under the kinematic constraints, which breaks manifest covariance under general coordinate transformations. But there is an additional secondary constraint in the second equation of (12)

~σ^i_a = Ψ_{ae}B^i_e; (detΨ) ≠ 0, (detB) ≠ 0, (24)

which as we will see provides an alternative. Let us instead examine the effect of retaining Ψ^{−1}_{ae} in favor of ~σ^i_a, which amounts to using (24) as a strong equality. Substitution of (24) directly into (8) yields the action I_{Inst} = ∫ dt ∫ Σ d^3x ( Ψ_{ae}B^i_eȦ^a_i + A^a_0B^i_eD_iΨ_{ae} ) . (25)

Equation (25) is an action defined on the phase space Ω_{Inst} = (Ψ_{ae}, A^a_i ). The suggestion is that Ψ_{ae}, which appears as an auxilliary field in (6), can also play the role of a full dynamical variable. But the phase space of (25) is noncanonical since the corresponding symplectic two form δθ_{Inst} = δ (∫ Σ d^3xΨ_{ae}B^i_eδA^a_i )

= ∫ Σ d^3xB^i_eδΨ_{ae} ∧ δA^a_i + ∫ Σ d^3xΨ_{ae}ϵ^{ijk}D_j (δA^e_k) ∧ δA^a_i , (26) unlike in (18) is not closed. Equation (26) implies noncanonical Poisson brackets, obtainable by inversion of its symplectic matrix. Alternatively, they can be deduced from canonical brackets (9) and (10). Substituting (24) into (9) and using the Liebniz rule, we obtain {A^a_i (x), Ψ_{bf} (y)B^i_f (y)} = δ^j_i δ^a_b δ^{(3)}(x, y) {A^a_i (x), Ψ_{bf} (y)}B^j_f (y) + Ψ_{bf} (x){A^a_i (x), B^j_f (y)}. (27) The second term vanishes, and upon multiplying (27) by the inverse magnetic field, assumed to be nondegenerate, we obtain {A^a_i (x), Ψ_{bf} (y)} = δ^a_b (B^{−1}(y))^f_i δ^{(3)}(x, y). (28) Next, we substitute (24) into the second equation of (10), yielding {~σ^i_a(x), ~σ^b_j (y)} = {Ψ_{ae}(x)B^i_e(x), Ψ_{bf} (y)B^j_f (y)} = Ψ_{ae}(x){B^i_e(x), Ψ_{bf} (y)}B^j_f (y) + {Ψ_{ae}(x), Ψ_{bf} (y)}B^i_e(x)B^j_f (y) +Ψ_{bf} (x)Ψ_{ae}(x){B^i_e(x), B^j_f (y)} + Ψ_{bf} (y){Ψ_{ae}(x), B^j_f (y)}B^i_e(x) = 0. (29) Noting that the third term vanishes on account of the first equation of (10), equation (29) reduces to {Ψ_{ae}(x), Ψ_{bf} (y)}B^i_e(x)B^j_f (y) +Ψ_{ae}(x){B^i_e(x), Ψ_{bf} (y)}B^j_f (y) − Ψ_{bf} (y){B^j_f (y), Ψ_{ae}(x)}B^i_e(x) = 0. (30) The bottom two terms of (30) can be computed using (28) {B^i_e(x), Ψ_{bf} (y)} = ϵ^{imn}D^x_m{A^e_n(x), Ψ_{bf} (y)} = kϵ^{imn}D^x_m(δ^e_b (B^{−1}(y))^f_nδ^{(3)}(x, y)).(31) Substituting (31) into (30) and cancelling a pair of magnetic fields, then we have that {Ψ_{ae}(x), Ψ_{bf} (y)}B^i_e(x)B^j_f (y) = kϵ^{ijm} ( Ψ_{ae}(x)D^x_m + Ψ_{ba}(y)D^y_m ) δ^{(3)}(x, y).(32) Left and right multiplying (32) by the inverse of the magnetic fields, we have {Ψ_{ae}(x), Ψ_{bf} (y)} = kϵ^{ijm} ( (B^{−1}(y))^f_j D^x_mΨ_{ab}(x)(B^{−1}(x))^e_i +(B^{−1}(x))^e_i D^y_mΨ_{ba}(y)(B^{−1}(y))^f_j ) δ^{(3)}(x, y). (33)

One sees that Ψ_{ae} has nontrivial Poisson brackets with itself, a feature not obvious from the starting action (6). So Ψ_{ae} can also become a fully dynamical variable, a feature note obvious on first sight of (6).

2.3 Transformation properties of the CDJ matrix

We would like to know whether Ψ_{ae} forms a representation of the algebra of gauge transformations and diffeomorphisms. First we should establish its properties under these transformations. Rather than attempt to use the Poisson brackets (28) and (33) we will accomplish this indirectly using the transformation properties of the Ashtekar variables, which are less tedious. The connection A^a_i and densitized triad ~σ^i_a under diffeomorphisms generated by the vector N^i should transform respectively as covariant and contravariant 3-vectors

δ_{⃗N} A^a_i = N^j∂_j A^a_i + (∂_iN^j)A^a_j ; δ_{⃗N} ~σ^j_e = N^k∂_k ~σ^j_e − ~σ^i_e(∂_iN^j ). (34)

The first equation of (34) can also be written as

δ_{⃗N} A^a_k = D_k(N^mA^a_m) + ϵ_{klm}B^l_aN^m. (35)

Comparison of (35) and the second equation of (34) with (22) shows that the Ashtekar vector constraint generates spatial diffeomorphisms combined with a gauge transformation with field-dependent parameter N^iA^a_i . We will rather be concerned with the transformation properties of Ψ_{ae} under just the spatial diffeomorphisms. To find out the transformation properties of B^i_a, using (35) as well as δB^i_a = ϵ^{ijk}D_j (δA^a_k), we have that

δ_{⃗N} B^i_a = ϵ^{ijk}D_j(δA^a_k ) = ϵ^{ijk}D_j D_k(N^mA^a_m) + ϵ^{ijk}ϵ_{lmk}D_j(N^mB^l_a)

= f^{abc}B^i_b(N^mA^c_m) + ( δ^i_l δ^j_m − δ^i_mδ^j_l ) D_j (N^mB^l_a), (36)

where we have used the definition of curvature as the commutator of two covariant derivatives. Continuing from (36), we have

δ_{⃗N} B^i_a = f^{abc}B^i_b(N^mA^c_m) + (∂_mN^m)B^i_a +N^m∂_mB^i_a + N^mf_{abc}A^b_mB^i_c − (∂_lN^i)B^l_a − N^iD_lB^l_a. (37)

Using the Bianchi identity D_lB^l_a = 0 and the fact that the first and fourth terms on the right hand side of (37) cancel, we are left with

δ_{⃗N} B^i_a = ∂_m(N^mB^i_a) − (∂_lN^i)B^l_a. (38)

Comparison with the second equation of (34) shows that equation (38) is consistent with the transformation properties expected of a contravariant 3-vector.

Having written down explicitly the transformations of the Ashtekar variables under spatial diffeomorphisms and gauge transformations, we will now use this to deduce the transformation properties of Ψ_{ae} using (24). Starting with gauge transformations, the variation of (24) is given by δ_{⃗η} ~σ^i_a = Ψ_{ae}(δ_{⃗η}B^i_e) + (δ_{⃗η}Ψ_{ae})B^i_e, (39) where we have used the Liebniz rule. Using (21), this yields the condition −f_{abc}~σ^i_bη^c = Ψ_{ae}(−f_{ebc}B^i_bη^c) + (δ_{⃗η} Ψ_{ae})B^i_e, (40) where we have used the Liebniz rule. Using (21) and (38) we have after relabelling indices e ↔ g and b ↔ e on the second term −f_{abc}Ψ_{be}η^cB^i_e = −Ψ_{ag}f_{gec}B^i_eη^c + (δ_{⃗η} Ψ_{ae})B^i_e. (41) Assuming the nondegeneracy condition for B^i_e, then (41) gives us the transformation properties of Ψ_{ae} δ_{⃗η}Ψ_{ae} = − ( f_{abc}Ψ_{be} + Ψ_{ab}f_{ebc} ) η^c. (42) The result is that Ψ_{ae} transforms as a second-rank SO(3, C) tensor under gauge transformations, which seems to makes sense. Next, we would like to determine the transformation properties of Ψ_{ae} under spatial diffeomorphisms. Note that we have δ_{⃗N} ~σ^i_a = Ψ_{ae}(δ_{⃗N} B^i_e) + (δ_{⃗N} Ψ_{ae})B^i_e, (43) the variation of (24) under spatial diffeomorphisms. Using (34), we have N^m∂_m ~σ^i_a − (∂_mN^i)~σ^m_a = (δ_{⃗N} Ψ_{ae})B^i_e + Ψ_{ae}∂_m(N^mB^i_e) − (∂_mN^i)Ψ_{ae}B^m_e .(44) The second term on the left hand side of (44) cancels the last term on the right hand side, yielding N^m∂_m ~σ^i_a = (δ_{⃗N} Ψ_{ae})B^i_e + Ψ_{ae}∂_m(N^mB^i_e). (45) Substituting (24) and expanding the derivatives, we have N^m∂_m(Ψ_{ae}B^i_e) = (δ_{⃗N} Ψ_{ae})B^i_e + Ψ_{ae}∂_m(N^mB^i_e)

−→ N^m(∂_mΨ_{ae})B^i_e + N^mΨ_{ae}∂_mB^i_e = (δ_{⃗N} Ψ_{ae})B^i_e + Ψ_{ae}(∂_mN^m)B^i_e + Ψ_{ae}N^m(∂_mB^i_e). (46) After cancellation of various terms in (46), we obtain δ_{⃗N} Ψ_{ae} = N^m∂_mΨ_{ae} − (∂_mN^m)Ψ_{ae}. (47) Equations (42) and (47) provide the transformation properties of Ψ_{ae} under gauge transformations and spatial diffeomorphisms.

3 Closure of the algebra of kinematic constraints

Having determined the transformation properties of Ψ_{ae}, we will now check for off-shell closure of the constraints algebra on Ψ_{ae}, seen as a dynamical variable. Let us first examine the effect of two consecutive diffeomorphisms

δ_{⃗M} δ_{⃗N} Ψ_{ae} = N^m∂_m(δ_{⃗M} Ψ_{ae}) − (∂_mN^m)δ_{⃗M} Ψ_{ae}

= N^m∂_m ( M^n∂_nΨ_{ae} − (∂_nM^n)Ψ_{ae} ) − (∂_mN^m) ( M^n∂_nΨ_{ae} − (∂_nM^n)Ψ_{ae} ) = N^m(∂_mM^n)∂_nΨ_{ae} + N^mM^n∂_m∂_nΨ_{ae} − (∂_mN^m)M^n∂_nΨ_{ae} + (∂_mN^m)(∂_nM^n)Ψ_{ae} −N^m(∂_m∂_nM^n)Ψ_{ae} − N^m(∂_nM^n)∂_mΨ_{ae},(48)

where we have used (47). After cancellation of various terms and subtracting the result with ⃗M and ⃗N interchanged, we obtain ( δ_{⃗M} δ_{⃗N} − δ_{⃗N} δ_{⃗M} ) Ψ_{ae} = (L_{⃗N} ⃗M)^n∂_nΨ_{ae} + ( M^n∂_m∂_nN^n − N^m∂_m∂_nM^n ) Ψ_{ae} = (L_{⃗N} ⃗M)^n∂_nΨ_{ae} − ∂_n(L_{⃗N} ⃗M)^nΨ_{ae} (49)

where (L_{⃗N} ⃗M)^n = N^m∂_mM^n − M^m∂_mN^n is the n^{th} component of the Lie derivative of M^i along N^i. The result is [ δ_{⃗M} , δ_{⃗N} ] Ψ_{ae} = −δ_{[ ⃗N, ⃗M]}Ψ_{ae}, (50)

namely that the commutator of two spatial diffeomorphisms is also a spatial diffeomorphism. The spatial diffeomorphisms form a closed algebra on Ψ_{ae}, which is consistent with (2) and with the purely spatial part of (23).

Next we move on to the commutator of a spatial diffeomorphism with a gauge transformation. Using (42) and (47), this is given by [ δ_{⃗N} , δ_{⃗η} ] Ψ_{ae} = δ_{⃗N} (δ_{⃗η} Ψ_{ae}) − δ_{⃗η}(δ_{⃗N} Ψ_{ae}) = − ( f_{abc}δ_{⃗N} Ψ_{be} + f_{ebc}δ_{⃗N} Ψ_{ab} ) η^c − ( N^m∂_m(δ_{⃗η} Ψ_{ae}) − (∂_mN^m)δ_{⃗η} Ψ_{ae} ) = −f_{abc} ( N^m∂_mΨ_{be} − (∂_mN^m)Ψ_{be} ) η^c − f_{ebc} ( N^m∂_mΨ_{ab} − (∂_mN^m)Ψ_{ab} ) η^c + ( N^m∂_m − (∂_mN^m) )( f_{abc}Ψ_{be} + f_{ebc}Ψ_{ab} ) η^c.(51)

Expanding the terms, we obtain

−f_{abc}N^m(∂_mΨ_{be})η^c + f_{abc}(∂_mN^m)Ψ_{be}η^c − f_{ebc}N^m(∂_mΨ_{ab})η^c + f_{ebc}(∂_mN^m)Ψ_{ab}η^c +f_{abc}N^m(∂_mΨ_{be})η^c + f_{abc}N^mΨ_{be}(∂_mη^c) + f_{ebc}N^m(∂_mΨ_{ab})η^c + f_{ebc}N^mΨ_{ab}(∂_mη^c) −f_{abc}(∂_mN^m)Ψ_{be}η^c − f_{ebc}(∂_mN^m)Ψ_{ab}η^c = (N^m∂_mη^c) ( f_{abc}Ψ_{be} + f_{ebc}Ψ_{ab} ) (52)

which leads to cancellation of several terms. The result is that [ δ_{⃗N} , δ_{⃗η} ] Ψ_{ae} = −δ_{L ⃗N ⃗η}Ψ_{ae}, (53) namely that the commutator of a gauge transformation and a spatial diffeomorphism is a gauge transformation.

Next we move on to the commutator of two gauge transformations. Two successive gauge transformations yield δ_{⃗θ}δ_{⃗η}Ψ_{ae} = − ( f_{abc}δ_{⃗θ}Ψ_{be} + f_{ebc}δ_{⃗θ}Ψ_{ab} ) η^c. (54)

Expanding this out and using (42), we obtain f_{abc} ( f_{bfd}Ψ_{fe} + f_{efd}Ψ_{bf} ) θ^dη^c + f_{bec} ( f_{afd}Ψ_{fb} + f_{bfd}Ψ_{af} ) θ^dη^c = ( δ_{ad}δ_{cf} − δ_{af} δ_{cd} ) Ψ_{fe} + f_{abc}f_{efd}Ψ_{bf} + f_{ebc}f_{afd}Ψ_{fb} + ( δ_{ed}δ_{cf} − δ_{ef} δ_{cd} ) Ψ_{af} .(55)

Expanding (55) and subtracting the result with ⃗θ and ⃗η interchanged, we obtain [ δ_{⃗θ}, δ_{⃗η} ] Ψ_{ae} = ( δ_{ad}Ψ_{ce} − δ_{cd}Ψ_{ae} + δ_{ed}Ψ_{ac} − δ_{cd}Ψ_{ae} + f_{abc}f_{efd}Ψ_{bf} + f_{ebc}f_{afd}Ψ_{fb} ) θ^dη^c + ( −δ_{ac}Ψ_{de} + δ_{dc}Ψ_{ae} − δ_{ec}Ψ_{ad} + δ_{dc}Ψ_{ae} − f_{abd}f_{efc}Ψ_{bf} − f_{ebd}f_{afc}Ψ_{fb} ) η^cθ^d = A + B,(56)

where we have relabelled c ↔ d in the second line. We have also defined A = ( δ_{ad}Ψ_{ce} − δ_{ac}Ψ_{de} + δ_{ed}Ψ_{ac} − δ_{ec}Ψ_{ad} ) θ^dη^c; B = ( f_{abc}f_{efd}Ψ_{bf} + f_{ebc}f_{afd}Ψ_{fb} − f_{abd}f_{efc}Ψ_{bf} − f_{ebd}f_{afc}Ψ_{fb} ) θ^dη^c. (57)

Note that B = 0, which can easiest be seen by relabelling f ↔ b on the second and fourth terms of (57). Hence it remains to show that A in (42) is a gauge transformation. This can be written as

A = δ_{ad}Ψ_{ce}(θ^dη^c − θ^cη^d) + δ_{ed}Ψ_{ac}(θ^dη^c − θ^cη^d) = ( δ_{ad}Ψ_{ce} + δ_{ed}Ψ_{ac} ) (θ^dη^c − θ^cη^d).(58)

Defining θ^dη^c − θ^cη^d = ϵ^{dcg}q^g, where q^g = ϵ^{ga′e′} θ^{a′} η^{e′} , then we have

A = (δ_{ad}Ψ_{ce} + δ_{ed}Ψ_{ac} ) ϵ_{dcg}q^g = ( f_{acg}Ψ_{ce} + f_{ecg}Ψ_{ac} ) q^g. (59)

The result is [ δ_{⃗θ}, δ_{⃗η} ] Ψ_{ae} = −δ_{⃗θ×⃗η}Ψ_{ae}, (60) namely that the commutator of two gauge transformations is a gauge transformation. Comparison of the results of (50), (53) and (60) with (23) shows that the constraints algebra for kinematic transformations is preserved under the change of variables (24). For the temporal part of the transformations of Ψ_{ae}, we will defer treatment to a separate paper.

3.1 Gauge connection as a representation of gauge and spacetime diffeomorphism symmetry

For completeness we will verify closure of the algebra of gauge transformations and spacetime diffeormorphisms on the connection A^a_μ = (A^a_0, A^a_i ). We will show that the connection provides an off-shell representation of the group of four dimensional spacetime diffeomorphisms. First, let us compute the commutator of two gauge transformations. Under a single gauge transformation δ_{⃗η} we have δ_{⃗η}A^a_μ = −D_μη^a = −∂_μη^a − f^{abc}A^b_μη^c. (61) Acting on (61) with a second gauge transformation δ_{⃗θ}, we have δ_{⃗θ}δ_{⃗η} A^a_μ = −f^{abc}(δ_{⃗θ}A^b_μ)η^c = −f^{abc}(D_μθ^b)η^c = f^{abc}η^c∂_μθ^b + η^c ( δ^{cf} δ^{ag} − δ^{cg}δ^{af} ) A^f_μθ^g. (62)

This is given by δ_{⃗θ}δ_{⃗η}A^a_μ = f^{abc}η^f ∂_μθ^b + A^f_μη^f θ^a − A^a_μ(⃗η · ⃗θ); δ_{⃗η}δ_{⃗θ}A^a_μ = f^{abc}θ^f ∂_μη^b + A^f_μθ^f η^a − A^a_μ(⃗θ · ⃗η). (63) Subtracting the bottom line of (63) from the top line, we have [ δ_{⃗θ}, δ_{⃗η} ] = ∂_μ(f^{abc}θ^bη^c) + f^{afc}A^f_μ(f^{cge}θ^gη^e) = D_μ(⃗θ × ⃗η)^a (64)

The result is [ δ_{⃗θ}, δ_{⃗η} ] A^a_μ = δ_{⃗θ×⃗η}A^a_μ, (65) namely that the commutator of two gauge transformations is a gauge transformation. Hence, the connection A^a_μ forms a representation of gague transformations, seen as a symmetry group.

Next we move to the commutator of a gauge transformation with a diffeomorphism. The transformation of A^a_μ under a spacetime diffeomorphism is given by [9]

δ_ξA^a_μ = ξ^ν ∂_ν A^a_μ + (∂_μξ^ν )A^a_ν . (66)

The diffeomorphism of a gauge transformation is given by δ_{⃗ξ}δ_{⃗η}A^a_μ = −δ_ξ ( ∂_μη^a + f^{abc}A^b_μη^c ) = −f^{abc}η^c(δ_ξA^b_μ) = −f^{abc}η^c ( ξ^ν ∂_ν A^b_μ + (∂_μξ^ν )A^b_ν ) . (67)

The result with the transformations reversed is given by

δ_{⃗η}δ_ξA^a_μ = ξ^ν ∂_ν (δ_{⃗η} A^a_μ) + (∂_μξ^ν )(δ_{⃗η} A^a_ν ) = −ξ^ν∂_ν ( ∂_μη^a + f^{abc}A^b_μη^c ) − (∂_μξ^ν ) ( ∂_ν η^a + f^{abc}A^b_ν η^c ) . (68)

Subtracting (68) from (67), we have [ δ_ξ, δ_{⃗η} ] A^a_μ = ξ^ν ∂_ν ∂_μη^a + f^{abc}ξ^ν (∂_ν A^b_μ)η^c − f^{abc}η^cξ^ν (∂_ν A^b_μ) +f^{abc}ξ^ν A^b_μ(∂_ν η^c) − f^{abc}η^c(∂_μξ^ν )A^b_ν + (∂_μξ^ν )(∂_ν η^a) + f^{abc}(∂_μξ^ν )A^b_ν η^c. (69)

Applying the Liebniz rule to the first term, we have

∂_μ(ξ^ν ∂_ν η^a) − (∂_μξ^ν )(∂_ν η^a) +f^{abc}A^b_μ(ξ^ν ∂_ν η^c) + (∂_μξ^ν )(∂_ν η^a) = D_μ(ξ^ν ∂_ν η^a). (70)

The result is [ δ_ξ, δ_{⃗η} ] A^a_μ = −δ_{(δξ ⃗η)}A^a_μ, (71)

namely that the commutator of a diffeomorphism with a gauge transformation is a gauge transformation.

Moving on to the comutator of two spacetime diffeomorphisms, we have

δ_ξδ_ζ A^a_μ = ζ^ν ∂_ν (δ_ξ A^a_μ) + (∂_μζ^a)(δ_ξA^a_ν ) = ζ^ν ∂_ν ( ξ^σ∂_σA^a_μ + (∂_μξ^σ)A^a_σ ) + (∂_μζ^ν ) ( ξ^σ∂_σA^a_ν + (∂_ν ξ^σ)A^a_σ ) = ζ^ν (∂_ν ξ^σ)∂_σ A^a_μ + ζ^νξ^σ∂_ν ∂_σA^a_μ + ζ^ν(∂_ν ∂_μξ^σ)A^a_σ +ζ^ν(∂_μξ^σ)∂_ν A^a_σ + (∂_μη^ν )ξ^σ∂_σA^a_ν + (∂_μζ^ν )(∂_ν ξ^σ)A^a_σ. (72)

The result with the vector fields interchanged is given by

δ_ζ δ_ξA^a_μ = ξ^ν (∂_ν ζ^σ)∂_σ A^a_μ + ξ^ν ζ^σ∂_ν ∂_σ A^a_μ + ξ^ν (∂_ν ∂_μζ^σ)A^a_σ +ξ^ν (∂_μζ^σ)∂_ν A^a_σ + (∂_μξ^ν )ζ^σ∂_σA^a_ν + (∂_μξ^ν )(∂_ν ζ^σ)A^a_σ . (73)

Subtracting (73) from (72) the second terms directly cancel and the fourth and fifth terms cross-cancel. Integration of the third term by parts leads to some more cancellations [ δ_ξ, δ_ζ ] A^a_μ = ( ζ^ν ∂_ν ξ^σ − xi^ν ∂_ν ζ^σ ) ∂_σA^a_μ +∂_μ ( ζ^ν ∂_ν ξ^σ − ξ^ν ∂_ν ζ^σ ) A^a_σ −(∂_μζ^ν)(∂_ν ζ^σ)A^a_σ + (∂_μζ^ν)(∂_ν ξ^σ)A^a_σ + (∂_μξ^ν )(∂_ν ζ^σ)A^a_σ − (∂_μξ^ν )(∂_ν ζ^σ)A^a_σ.(74)

The result is is an off-shell closure of the algebra in congruity with (2) [ δ_ξ, δ_ζ ] A^a_μ = δ_{[ξ,ζ]}A^a_μ, (75)

which shows that spacetime diffeomorphisms for a symmetry group for the connection A^a_μ.

3.2 Comparison with the canonical analysis

Comparison of (75) with (23) reveals the aforementioned discrepancy with respect to the temporal components of spacetime diffeomorphisms as shown in the introduction. Since the starting action (6) is invariant under spacetime diffeomorphisms and SO(3, C) gauge transformations, this implies that manifest covariance is broken by the action (17). We will nevertheless complete the analysis of (75) with respect to gauge transformations. From (71) the commutator of two gauge transformations is given by [ δ_{⃗η}, δ_{⃗θ} ] = −δ_{[⃗η,⃗θ]}, (76) which is consistent with (23). For the result of a spacetime diffeomorphism with a gauge transformation we must revert to (70) [ ξ^μ∂_μ, δ_{⃗θ} ] = δ_{Lξ θ}. (77)

To compare with (23) we must decompose the spacetime diffeomorphisms into a purely spatial part and a purely temporal part. The commutator with the spatial part is given by [ N^i∂_i, δ_{⃗θ} ] = −δ_{LN ⃗θ}, (78) which is consistent with (23). This shows that the Lie algebra of spatial diffeomorphisms with gauge transformations is correctly realized at the canonical level. For the commutator of a gauge transformation and a temporal diffeomorphism we have [ N∂_0, δ_{⃗θ} ] = −δ_{Nθ̇}, (79)

which is consistent with (23) only for gauge transformations which are independent of time. In the introduction we saw a similar effect with respect to spatial diffeomorphisms.

4 Discussion

We have shown that the canonical treatment of general relativity on the phase space Ω_{Ash} = (~σ^i_a, A^a_i ) implements the algebra of spacetime diffeomorphisms only in certain cases. We would like to find a formulation of GR which fully implements this algebra. Clearly, such a theory should have the connection A^a_μ as a possible dynamical variable. We would like to propose that the theory should also include Ψ_{ae}. But we have so far verified its representation only of SO(3, C) and spatial diffeomorphism symmetry.

As a starting point for the proposed theory, let us integrate (25) by parts and discard boundary terms, putting it into the following covariant form I_{Inst} = 1 2 ∫ dt ∫ Σ Ψ_{(ae)}ϵ^{ijk}F^e_{jk}F^a_{0i} = 1 8 ∫ M d^4xΨ_{ae}F^a_{μν} F^e_{ρσ} ϵ^{μνρσ}, (80) which can also be obtained from (6) by directly eliminating the two form field Σ^a_{μν} using its equation of motion. Due to contraction of all internal indices, equation (80) is invariant under SO(3, C) transformations Φ_{⃗η}(I_{Inst}[Ψ, A]) = I_{Inst}[Φ_{⃗η}(Ψ), Φ_{⃗η}(A)] = I_{Inst}[Ψ, A]. (81) This invariance is generated by the constraint reflected in the canonical structure of (25). But (80) should also be invariant under general coordinate transformations due to complete contraction of all world indices, an invariance is not reflected in the canonical structure of (25).

We have seen that the action (25), is based on a phase space which forms a representation of the group of gauge transformations and diffeomorphisms. To obtain general relativity we as well need a representation under normal deformations. Elimination of the two forms from (8) is in a sense premature since it eliminates the Hamiltonian constraint prior to incorporation of its dynamics. We propose that one makes the substitution (24) into the action (17), which yields I_{Inst} = ∫ dt ∫ Σ d^3x ( Ψ_{ae}B^i_eȦ^a_i + A^a_0B^i_eD_iΨ_{ae}

+ϵ_{ijk}N^iB^j_aB^k_e Ψ_{ae} − iN(detB)^{1/2} √ detΨ ( Λ + trΨ^{−1} )) . (82)

After using the following relation for the determinant of the spacetime metric in terms of phase space variables Ω_{Inst} = (Ψ, A) √ −g = N √ det~σ = N(detB)^{1/2} √ detΨ, (83)

then (82) can be put into the covariant form I_{Inst} = ∫ dt ∫ Σ d^3x ( B^i_{[e}F^{a]}_{0i} + ϵ_{ijk}N^iB^j_aB^k_e ) Ψ_{ae} + ∫ M d^4x [ 1 8 Ψ_{ae}F^a_{μν} F^e_{ρσ}ϵ^{μνρσ} − i √ −g(Ψ, A) ( Λ + trΨ^{−1} )] . (84)

References

[1] S. Hojman, K. Kuchar and C. Teitelboim, Ann. Phys., New York, 96 (1976) 88

[2] Eyo Ita ‘Instanton representation of Plebanski gravity. Dirac consistency of the algebra of Hamiltonian constraints’ In preparation

[3] Jerzy Plebanski ‘On the separation of Einsteinian substructures’ J.

Math. Phys. Vol. 18, No. 2 (1977)

[4] Paul Dirac ‘Lectures on quantum mechanics’ Yeshiva University Press, New York, 1964

[5] Micheal Reisenberger ‘New constraints for canonical general relativity’ Nucl. Phys. B457 (1995) 643-687

[6] Ahbay Ashtekar. ‘New perspectives in canonical gravity’, (Bibliopolis, Napoli, 1988).

[7] Ahbay Ashtekar ‘New Hamiltonian formulation of general relativity’ Phys. Rev. D36(1987)1587

[8] Ahbay Ashtekar ‘New variables for classical and quantum gravity’ Phys.

Rev. Lett. Volume 57, number 18 (1986)

[9] Milutin Blagojevic ‘Gravitation and gauge symmetries’ IOP Publishing Ltd. 2002