arXiv:0712.2318v4 [hep-th] 13 Dec 2012

MIXED ANOMALIES OF CHIRAL ALGEBRAS COMPACTIFIED TO SMOOTH QUASI-PROJECTIVE SURFACES

MAKOTO SAKURAI

Abstract. Some time ago, the chiral algebra theory of Beilinson-Drinfeld[BD] was expected to play a central role in the convergence of divergence in mathematical physics of superstring theory for quantization of gauge theory and gravity. Naively, this algebra plays an important role in a holomorphic conformal field theory with non-negative integer graded conformal dimension, whose target space does not necessarily have the vanishing first Chern class. This algebra has two definitions until now: one is that by Malikov-Schechtman- Vaintrob gluing affine patches, and the other is that of Kapranov-Vasserot by gluing the formal loop spaces. I will use the new definition of Nekrasov by simplifying Malikov-Schechtman-Vaintrob in order to compute the obstruction classes of gerbes of chiral differential operators.

In this paper, I will examine the two independent Ansätze (or working hypotheses) of Witten’s N = (0, 2) heterotic strings and Nekrasov’s generalized complex geometry, after Hitchin and Gualtieri, are consistent in the case of C P^2, which has 3 affine patches and is expected to have the ”first Pontrjagin anomaly”.

I also scrutinized the physical meanings of 2 dimensional toric Fano manifolds, or rather toric del Pezzo surfaces, obtained by blowing up the noncolinear 1, 2, 3 points of C P^2. The obstruction classes of gerbes of them coincide with the second Chern characters obtained by the Riemann-Roch theorem and in particular vanishes for 1 point blowup, which means that one of the gravitational anomalies vanishes for non-Calabi-Yau manifold compactification.

The future direction towards the geometric Langlands program is also discussed in the last section.

AMS Mathematics Subject Classification Numbers:

14D21Applications of vector bundles and moduli spaces in mathematical physics (twistor theory, instantons, quantum field theory), 14F43Other algebro-geometric (co)homologies (e.g., intersection, equivariant, Lawson, Deligne (co)homologies), 14J26 Rational (or ruled) surfaces, 55N05 Cech types, 81T40 Two-dimensional field theories, conformal field theories, etc..

Contents

1. Introduction 2 1.1. Definition of del Pezzo surfaces and second Chern character from Noether’s formula 3 Acknowledgments 4

Date: September 23, 2012.

2000 Mathematics Subject Classification. Primary 14D21, 14F43, 14J26, 55N05, 81T40; Secondary 14E15, 17B69, 17B70, 32Q55, 83C65.

Key words and phrases. Chiral algebras, Geometric Quantization, Higgs mechanism. 1

2. OPE of chiral de Rham complex:

Malikov-Schechtman-Vaintrob and Nekrasov 4 2.1. Heisenberg algebra of bosons 5 2.2. Clifford algebra of chiral fermions 6 2.3. A topological vertex algebra of rank D 6 2.4. Useful OPEs 7 2.5. OPE on generalized complex manifolds 8 2.6. The target space coordinate transformations 9 3. Witten’s C P^2 case 10 3.1. Witten’s p_1 anomaly for C P^2 10 3.2. Anomaly 2-form ψ_{αβγ} after Nekrasov’s lecture 13 4. Cases of del Pezzo surfaces 15 4.1. Anomaly 2-forms for vanishing anomaly of 1 point blowup of C P^2 15 4.2. Antisymmetric μ-term for 1 point blowup of C P^2 17 4.3. Anomaly 2-forms for 2 point blowups of C P^2 20 4.4. Anomaly 2-forms for 3 point blowups of C P^2 21 5. Conclusion and future direction 21 Appendix A. Wess-Zumino-Witten term 22 A.1. Analogy with particle of magnetic monopoles 23 A.2. Recovery of the equation of motion of Wess-Zumino-Witten model 23 Appendix B. Toric diagrams and birational geometry 24 References 24

1. Introduction

The chiral algebra of Beilinson and Drinfeld [B][BF][G] from world-sheet viewpoints, as well as chiral de Rham complex (factorization algebra) of Malikov, Schechtman, and Vaintrob [MSV] from the target space viewpoints, are attempts to extend rational conformal field theory[MS] (CFT of topological sigma model) to the case of target manifolds which do not necessarily obey the condition of the vanishing first Chern class of tangent bundle c_1 = 0. We usually exclude such a situation from our consideration since non-linear sigma model on such a target manifold contains a non-vanishing beta function. Scale invariance will be lost in such a situation and one can not apply the method of CFT.

One rephrasing of the idea of Beilinson and Drinfeld is to use the patchwise construction by Malikov-Schectman-Vaintrob[MSV] where one considers CFT defined on each coordinate patch and then considers the consistency of the theory under coordinate transformation among different patches. There is another coordinate-free definition of chiral de Rham complex by Kapranov-Vasserot(see [KV][KV4]) elaborating the motivic integration over formal loop / arc spaces for the family of maps from Riemann surfaces to a complex algebraic manifold, but I do not utilize this definition in this paper because its non-linear chiral algebra (factorization algebra) demands too much of ”abstract nonsense” category theory and it is not capable of comparing it to a geometric realization of its original definition due to Kapranov and Vasserot to the higher Chern character theory without assuming any unreliable groundless axioms of stochastics.

In the case when the manifold is covered by, say, 4 patches U_0, U_1, U_2, U_3, one first considers successive transformations U_i → U_{i+1}. In the end one finds that under the total coordinate change U_0 → U_1 → U_2 → U_3 → U_0 the fields do not quite come back to their original values but there appears an additional term. Namely, there exists an obstruction or anomaly for a consistent CFT in such a system described by a sheaf (or more abstractly by gerbe) cohomology[KS]. It has been suggested, or even proved in cases of ”differentiable” varieties in the broad sense of Kähler manifolds (not assuming the existence of generalized complex structures) as the target spaces, that the obstruction is related to the first Potrjagin class (or rather, second Chern character of non-negative grading of creation operators) of the dg-manifold by Gorbounov-Malikov-Schechtman[GMS], Kapranov-Vasserot[KV2], Nekrasov[N], and Witten[W].

In this paper, I simplify the computational approach of Malikov-Schechtman- Vaintrob (see [MSV]) and study the case of del Pezzo surfaces which are rational surfaces obtained from C P^2 by blowing up a certain number of points. I study the cases of one-point, two-point, and three-point blowups of C P^2 and show that the anomaly on these surfaces is in fact proportional to the first Pontrjagin class (or rather; second Chern character). I consider this is a substantial simplification of the computation by Witten and Nekrasov by βγ ghosts, in terms of cotangent bundles, equivalent to the topological half-twist of supersymmetry algebras. In section 2 of this paper I start from the general theory of β, γ system (conformal dimensions of γ, β are 0 and 1, respectively) where γ field is identified as the local coordinate of the manifold and β field is identified as an 1-form. Following Malikov-Schechtman- Vaintrob(see [MSV]) and Nekrasov[N], I discuss the transformation laws of γ, β system under coordinate change so that their OPE (Operator-Product-Expansion) is preserved. I will introduce the anomaly (holomorphic closed) 2-form of Nekrasov[N] in order to simplify the computation of OPE. Then in section, 3 I discuss the case of C P^2 as the target manifold and reproduce the result of Witten. In section 4, I consider the case of del Pezzo surfaces (not including Hirzebruch surfaces or Enriques surfaces) from the 1, 2, 3-point blowup of C P^2 and no Pontrjagin anomaly occurs in the 1 point blow-up. I computed the obstruction for these cases and find that they are proportional to the first Pontrjagin class (or, second Chern character) of the manifolds. Computations become simplified after the topological halt-twist. The non-trivial aspects of computation are changes of the convention for normal ordering when one goes to a different coordinate patch and one has to make a careful analysis. In section 5, I present some discussions and conclusions.

1.1. Definition of del Pezzo surfaces and second Chern character from Noether’s formula. Del Pezzo surfaces are defined (in this paper) as the irreducible smooth quasi-projective proper, but not a priopi compact (in the mixed Hodge theory), complex algebraic surfaces X whose anticanonical divisor is ample. In this paper, the anticanonical divisor of X is − K_X = 3H − E_1 − · · · − E_n, H^2 = 1, (1) E_i.E_j = −δ_{ij} , (2) H.E_i = 0, (3) where H is the hyperplane class and E_i(i = 1, · · · , n) is the exceptional divisor of 0 ≤ n ≤ 8, but let us assume n ≤ 3 for the toric diagrams, for the sake of generic point(s) blowups of C P^2. As such, I do not deal with singular del Pezzo (and orbifolds) or simultaneous blowing up by (−2)-curves of divisor class E_i like E_i.E_i = −2. Therefore one obtains K^2_X = 9 − n. I will treat the generic n (n = 0, 1, 2, 3) point blowups of C P^2 by attaching C P^1 instead of points. These are differential geometrically, complex algebraic surfaces with positive curvatures, although the existence of Kähler-Einstein metric for such surfaces is an open problem.

From the Riemann-Roch theorem for surface (Noether’s formula)

12(1 + p_a) = K^2_X + c_2, (4) where p_a is the arithmetic genus of the surface X, which is known to be equal to 0 (Castelnuovo) for rational surfaces. As the del Pezzo surfaces are the special cases of rational surfaces, the left hand side is 12. The second Chern class c_2 is

c_2 = 12 − K^2_X = 3 + n. (5) Now that the second Chern character is, keeping in mind that c_1(X) = −K_X ,

ch_2(X) = −c_1(X)^2 + 2c_2(X) = −(9 − n) + 2(3 + n) = −3 + 3n. (6) I conclude that the second Chern character vanishes if and only if n = 1. I will expect that the anomaly 2-form (see section 3.2) of Nekrasov[N] for 1 point blowup should be cancelled by the ”antisymmetric μ-term” introduced by Nekrasov that is examined in this paper in more details, which will be defined in section 2.4.

The generalization to non-toric surfaces and thereby to the ”re-classification by quantum invariants” of compact algebraic / complex surfaces in terms of deformed chiral algebras is interesting, but I did not pay attention to such cases. It was because I put the emphasis on the comparison or ”duality” of geometric models of different definitions. Thus one obtains a ”mixed anomaly cancellation” phenomenon at the case of n = 1; that is, 1-point blowup of C P^2. One did not explain the birationality of the obstraction class of gerbes of chiral de Rham complex either.

Acknowledgments. I would like to thank to the support and long-span discussion with Tomohide Terasoma. I cordially thank to Yosuke Imamura for his verification of my computations on the reviews and extensions of Malikov-Schechtman- Vaintrob[MSV], Nekrasov[N], and Witten[W]. I also thank Edward Frenkel for his comment on Frenkel-Losev[FL] and Malikov-Schechtman[MS2].

My work was in part done in Affine Hecke Algebras, the Langlands Program, and Conformal Field Theory and Matrix Models held by CIRM, and the Geometric Langlands Program held by Lorentz Center Leiden.

2. OPE of chiral de Rham complex: Malikov-Schechtman-Vaintrob and Nekrasov

In the following sections, the base field of ”D−schemes” will be the complex ”number field” and the CFTs will be defined over a complex projective curves (compact Riemann surfaces), rather than higher dimensional CFTs. This ”number field” is neither a finite extension of rational numbers Q nor its algebraic closure Q̄ for the later consideration of existence of blowups. I will check the curved target space of βγ CFT, which was examined by Witten[W] in the case of C P^2.

2.1. Heisenberg algebra of bosons.^1If one defines the commutation relation,

[(β_i)_n, γ^j_m]_− = δ^j_i δ_{m,−n}C, (7) γ^i(z) = ∑ n∈Z γ^i_nz^{−n}, (8) β_i(z) = ∑ n∈Z (β_i)_nz^{−n−1}, (9)

where C is a constant that will be mapped to 1 later in the polynomial ring. γ has conformal dimension 0, and β has 1. Namely, γ^i_n(n ≥ 1) are the annihilation operators, and γ^i_n(n ≤ 0) are the creation operators. And (β_i)_n(n ≥ 0) are the annihilation operators, and (β_i)_n(n ≤ −1) are the creation operators. I will regard γ^i as the coordinate, and β_i are vector fields. For x = (β_i)_n, or γ^i_n(n ∈ Z) and B ∈ End(V_N ) (V_N is the state space that the Heisenberg algebras act on, which was defined after the vacuum of highest weight state), the normal ordered product : xB : is given by

: xB := { Bx (if x is an annihilation operator), xB (otherwise).

(10)

If it is assumed |z| > |w|, which is called the radial ordering, in order to make the summation absolutely convergent, one obtains the following OPE.

β_i(z)γ^j (w) = δ^j_i z − w + (regular). (11)

Similarly, β_i(z)β_j (w) = (regular), (12) γ^i(z)γ^j (w) = (regular). (13)

The stress energy tensor is given by

L(z) = : ∂_z γ(z)β(z) : .

(14)

OPE of the stress-energy tensor is given by L(z)L(w) ∼ 1 (z − w)^4 + 2L(w) (z − w)^2 + ∂_wL(w) z − w . (15)

This can be verified by using the Wick theorem. ∼ is the OPE, which ignores regular terms.

1As compared to the original paper of Malikov-Schechtman-Vaintrob, change the notation such that b → γ, a → β with a minus factor to the original paper.

2.2. Clifford algebra of chiral fermions.^2Now I will consider the fermion fields b_i, c^j . The conformal dimension of b_i and c^j are 0 and 1, respectively. OPEs of bc-βγ system are given by

β_i(z)γ^j (w) = δ^j_i z − w , (16) γ^i(z)γ^j (w) ∼ 0, (17) β_i(z)β_j (w) ∼ 0, (18)

b^i(z)c_j (w) = δ^j_i z − w , (19) b^i(z)b^j (w) ∼ 0, (20) c_i(z)c_j (w) ∼ 0, (21) γ^i(z)b^j (w) ∼ 0, (22) γ^i(z)c_j (w) ∼ 0, (23) β_i(z)b^j (w) ∼ 0, (24) β_i(z)c_j (w) ∼ 0. (25)

2.3. A topological vertex algebra of rank D. In order to describe the topological vertex algebra, I introduce the following fields L: stress-energy tensor of conformal dimension 2, J: U(1) current of conformal dimension 1, and Q, G are (twisted version of) two generators of N = 2 supersymmetry of conformal dimension 1 and 2, respectively. They are written as follows: L = ∑ i [ : ∂γ^i(z)β^i(z) : + : ∂b^i(z)c^i(z) : ] , (26) J = ∑ i : b^i(z)c^i(z) :,

(27) Q = ∑ i : β^i(z)b^i(z) :,

(28) G = ∑ i : c^i(z)∂γ^i(z) : .

(29)

The OPEs are given by L(z)L(w) = 2L(w) (z − w)^2 + ∂_wL(w) z − w , (30) J(z)J(w) = D (z − w)^2 , (31) L(z)J(w) = − D (z − w)^3 + J(w) (z − w)^2 + ∂_wJ(w) z − w , (32)

2As compared to the original paper of Malikov-Schechtman-Vaintrob, I change the notation such that ϕ → b, ψ → c.

where no special consideration for supersymmetry algebras is required. However, the 2 supersymmetry generators arise as follows: G(z)G(w) = 0, (33) L(z)G(w) = 2G(w) (z − w)^2 + ∂_wG(w) z − w , (34) J(z)G(w) = − G(w) z − w , (35) Q(z)Q(w) = 0, (36) L(z)Q(w) = Q(w) (z − w)^2 + ∂_wQ(w) z − w , (37) J(z)Q(w) = Q(w) z − w , (38) Q(z)G(w) = D (z − w)^3 + J(w) (z − w)^2 + L(w) z − w . (39)

Here D denotes the complex dimension dim_C X of the target manifolds. Note that the operator L(z) can be expressed as the commutator. This is derived by integrating the equation (39) around w and one obtains

[Q_0, G(w)]_+ = L(w)

(40)

where Q_0 = ∮ Q(z)dz is the residue after contour integration around the origin of Q(z) = ∑ n∈ZQ_nz^{n−1}. Since the stress tensor L(z) becomes BRST (cohomology) exact, one obtains a topological theory. This algebra is determined by the twist of N = 2 SCFT (Super Conformal Field Theory), whose stress energy tensor is T = L − 1 2 ∂J. 2.4. Useful OPEs. The purpose of this section is to derive useful formulae which will be used in the next section. In the next section I want to calculate the OPE for β̃_a := β_ig^i_a + B_{ai}∂γ^i = J_{ga} + C_{Ba} , (41)

where the g^i_a and B_{ai} are the functions of γ and I will abbreviate summations over indices when no confusion occurs. This is the notation of Einstein in the tensor calculus. I define J_V and C_B for every 1-form B ∈ Ω^1_U , and every vector V ∈ T_U , where U is the coordinate patch which one is working with

J_V = : β_iV^i(γ)(z) :

:= lim_{ϵ→0}[β_i(z + ϵ)V^i(γ(z)) − 1 ϵ ∂_iV^i(γ(z))], (42) C_B = B_i(γ(z))∂γ^i. (43)

Notice that C_B has the conformal weight 1, whereas J_V has also conformal dimension 1 but has an extra (z − w)^{−3} term in the OPE with the stress energy tensor L(z).

By utilizing the inner product, the Lie derivatives, and the commutation relation in the basis of tangent bundle T_U , one obtains [V_a, V_b]^j (z) = ∂_iV^j_b (z)V^i_a (z) − ∂_iV^j_a (z)V^i_b (z),

(44) L_V B(z) = ∂_iB_j (z)V^i(z) + ∂_j V^i(z)B_i(z).

(45) We can compute the following OPEs J_{Va} (z + ϵ)J_{Vb} (z) ∼ − Σ_{ab}(z + ϵ) + Σ_{ab}(z) 2ϵ^2 + J_{[Va ,Vb](z)} ϵ − C_{Ωab} (z) ϵ , (46)

J_V (z + ϵ)C_B (z) ∼ ι_V B(z) ϵ^2 + C_{LV B(z)} ϵ , (47) C_B (z + ϵ)C_B′ (z) ∼ 0. (48) Here Σ_{ab} = trV_aV_b, (49) Ω_{ab} = 1 2 tr(V_adV_b − V_bdV_a), (50) where the matrix is defined by (V_a)_{ij} = ∂_iV^j_a .

(51) I will use these equations in the following sections.

2.5. OPE on generalized complex manifolds. For later use, I will compute the OPE of combination of tangent and cotangent (or normal) bundle. V, W ∈ T_X and ξ, η ∈ Ω^1_X v = V ⊕ ξ, w = W ⊕ η ∈ T_X ⊕ Ω^1_X , (52) O_v := J_V + C_ξ O_w := J_W + C_η.

(53) Using the formula of the last section O_v(z + ϵ)O_w(z) ∼ J_V (z + ϵ)J_W (z) + C_ξ (z + ϵ)J_W (z) +J_V (z + ϵ)C_η (z).

(54) Then I use (46), (47) and obtain LHS ∼ [ − 1 2ϵ^2

(Σ_{V W} (z + ϵ) + Σ_{V W} (z)) + 1 ϵ J_{[V,W ]}(z) − 1 ϵ C_{ΩV W} (z) ]

+ [ 1 (−ϵ)^2 ι_W ξ(z + ϵ) + 1 (−ϵ) C_{LW ξ} (z + ϵ) ]

+ [ 1 ϵ^2 ι_V η(z) + 1 ϵ C_{LV η}(z) ] . (55)

By defining the metric in the generalized complex manifolds as follows: 2g(v, w) := −Σ_{V W} + ι_V η + ι_W ξ,

(56) we can rewrite the O(1/ϵ^2) part of (55) 1 ϵ^2 (g(v, w)(z + ϵ) + g(v, w)(z)) + 1 ϵ (O_{[[v,w]]} − C_{ΩV W} ),

(57) where I defined the Courant bracket [[v, w]] := [V, W ] + L_V η − L_W ξ − 1 2 d(ι_V η − ι_W ξ). (58)

2.6. The target space coordinate transformations. Let us introduce an Ansatz of Nekrasov(see [N]) for a coordinate change γ^i to γ̃^a on the condition that the OPE of βγ-system is unchanged after coordinate transformations. I write the Ansatz as follows β̃_a := β_ig^i_a + B_{ai}∂γ^i = J_{ga} + C_{Ba} , (59) where B_a ∈ Ω^1_U , g_a ∈ T_U . Then by requiring β̃_a(z)γ̃^b(w) ∼ δ^{ba} z − w , (60) we obtain g^i_a := ∂γ^i ∂γ̃^a . (61) Now I examine the OPE relation β̃_aβ̃_b ∼ 0.

(62) By using the OPE of (57) of generalized complex manifolds of v = (g_a ⊕ B_a), w = (g_b ⊕ B_b) ∈ T_U ⊕ Ω^1_U , one obtains β̃_a(z + ϵ)β̃_b(z) ∼ 1 ϵ^2 (g(v, w)(z + ϵ) + g(v, w)(z)) + 1 ϵ (O_{[[v,w]]} − C_{Ωab} ). (63) By requiring (62), the O(1/ϵ) and O(1/ϵ^2) terms have to vanish. As for O(1/ϵ^2) part, one has g(v, w)(z) = −Σ_{ab} + ι_{ga} B_b + ι_{gb} B_a = 0.

(64) We now want to determine B_a. Let us define the symmetric σ_{ab} and antisymmetric μ_{ab} part of B_a as follows B_a = 1 2 (σ_{ab} − μ_{ab})dγ̃^b. (65) Then, from the definition of symmetric part and (64), one can first conclude that σ_{ab} = σ_{ba} = ι_{ga} B_b + ι_{gb} B_a = Σ_{ab} = ∑ i,j ∂_ig^j_a∂_j g^i_b. (66)

We still have to determine μ_{ab}. From the O(1/ϵ) part of β̃β̃ OPE (63), one obtains the necessary equation O_{[[v,w]]} − C_{Ωab} = J_{[ga ,gb ]} + C_{Lga Bb−Lgb Ba−} 1_{2 dμab} − C_{Ωab} = C_{Lga Bb −Lgb Ba−} 1_{2 dμab} − C_{Ωab} (67) = 0.

(68) I contract this equation with any vector g_c ∈ T_U to obtain the equation L_{gc} μ_{ab} + 2ι_{gc} ι_{ga} dB_b − 2ι_{gc} ι_{gb} dB_a = tr(G_aL_{gc} G_b − G_bL_{gc} G_a), (69) where G_a is defined by (G_a)_{ij} = ∂_ig^j_a.

(70) By using the Maurer-Cartan equation for G, this equation can be rewritten as dμ = −tr(dg̃^a_i(g̃^{−1})^i_b)^3 = tr(g^{−1}dg)^3, (71) where g̃^b_ig^i_a = δ^b_a and there are no further conditions for μ besides this equation.

3. Witten’s C P^2 case The ”toric” diagrams of target manifolds will be carefully considered at the next section of blowups. In this section, for your convenience and reference of curiosity, let us just write down how this toric diagram is also drawn where no exceptional divisor is necessary. I do not utilize this toric diagram directly in this section.

Figure 1. Toric diagram for C P^2

3.1. Witten’s p_1 anomaly for C P^2. Let us consider C P^2 as the target space. I will review the computation of the p_1 anomaly of Witten[W]. Let U_α ⊂ C P^2 be the affine coordinate patch defined by λ_α ≠ 0 (α = 0, 1, 2) for projective coordinate (λ_0 : λ_1 : λ_2), Then, for the coordinate γ^i (i = 1, 2) of patch U_α, one has the OPE of (16)

β_i(z)γ^j (z^′) ∼ + δ^j_i z − z^′ . (72)

Under the combined coordinate transformations from U_0 to U_0: U_0 → U_1 → U_2 → U_0 γ^j → γ^j , β_i → β^′_i = β_i + f_{ij} ∂γ^j ,

(73) where f_{ij} = −f_{ji} is an antisymmetric tensor.

This is the Ansatz of Witten[W], which was originally derived only from the pole analysis and does not have a consideration by the antisymmetric μ-term of Nekrasov[N]. I will denote γ^1, γ^2 as v, w and β_1, β_2 as V , W . I assume that the generator of H^2(C P^2, Ω^{2,cl}) is given by 1 2 f_{ij} (γ)dγ^i ∧ dγ^j = dv ∧ dw vw , (74) where v, w are the inhomogeneous standard coordinate of U_0 ⊂ C P^2: v = λ_1 λ_0 , (75) w = λ_2 λ_0 . (76)

v and w are symbols more fundamental than v^{[i]} and w^{[i]}, (i = 1, 2, 3 mod 3), which will be defined for the coordinate transformations of the following subsections. Then I perform successive coordinate transformations U_0 → U_1 → U_2 and back to U_0. I first check the coordinate transformation of U_0 → U_1, which can be read from the toric diagram (Figure 1).

3.1.1. U_0 → U_1. In the following subsections, as Witten[W] defined, I will use the notation v^{[i]}, w^{[i]}, V^{[i]}, W^{[i]}, instead of γ, β. To be more precise, let

v^{[i]} = λ_{i+1} λ_i , (77)

w^{[i]} = λ_{i+2} λ_i . (78)

V^{[i]}, W^{[i]} are the corresponding 1-form.

v^{[1]} = w v , (79)

w^{[1]} = 1 v , (80) V^{[1]} = vW,

(81) W^{[1]} = −v^2V − vwW − 5 2 ∂v. (82) The Jacobian matrix g^a_i is given by

g^a_i = (g)_{ia} = ∂γ̃^a ∂γ^i = ( −w/v^2 −1/v^2 1/v 0 ) ia . (83)

Then the inverse matrix is

g^i_a = (g^{−1})_{ai} = ( 0 v −v^2 −vw ) ai . (84)

This gives the Jacobian part J_{ga} of Nekrasov’s formula (59) that assumes the generalized complex structure. Now that I have to determine the B_{ai} of β̃_a := β_ig^i_a + B_{ai}∂γ^i = J_{ga} + C_{Ba} . (85)

I decompose B as B_a = 1 2 (σ_{ab} − μ_{ab})dγ̃^b, where dμ = tr(g^{−1}dg)^3 = 0 since C P^2 is 2 dimensional. On the other hand, the symmetric part is given by σ_{ab} = ∂_ig^j_a∂_j g^i_b. (86)

Then,

(B)_{ia} = B_{ai} = 1 2 g^b_i σ_{ab} = 1 2 ( 0 −5 0 0 ) ia . (87)

3.1.2. U_0 → U_1 → U_2. Similar discussions yield that the coordinate transformations for U_1 → U_2

v^{[2]} = w^{[1]} v^{[1]} = 1 w , (88)

w^{[2]} = 1 v^{[1]} = v w , (89)

V^{[2]} = v^{[1]}W^{[1]},

(90)

W^{[2]} = −(v^{[1]})^2V^{[1]} − v^{[1]}w^{[1]}W^{[1]} − 5 2 ∂v^{[1]},

(91)

and U_2 → U_0

v^{[3]} = w^{[2]} v^{[2]} = v, (92)

w^{[3]} = 1 v^{[2]} = w, (93)

V^{[3]} = v^{[2]}W^{[2]},

(94)

W^{[3]} = −(v^{[2]})^2V^{[2]} − v^{[2]}w^{[2]}W^{[2]} − 5 2 ∂v^{[2]}.

(95)

To be more careful, when one substitutes and combines the equations (81)(82) (U_0 → U_1) in the equations of V^{[2]} (90) and W^{[2]} (91) for U_1 → U_2, which have the cross terms with 1 v or w v . Since the definition of normal product depends on the patches and each term of (91) is defined by normal product, the first term of W^{[2]}, for example, is defined as

− (v^{[1]})^2V^{[1]} = lim_{z′ →z}(−v^{[1]}(z^′)^2V^{[1]}(z) + 2v^{[1]}(z^′) 1 z^′ − z ) = lim_{z′ →z} [ −( w(z^′) v(z^′) )^2v(z)W (z) + 2( w(z^′) v(z^′) ) −1 z^′ − z ) ]

= lim_{z′ →z} [ − 2w(z^′) z − z^′ v(z) v(z^′)^2 − ( w(z^′) v(z^′) )^2v(z)W (z) + 2( w(z^′) v(z^′) ) −1 z^′ − z ]

= lim_{ϵ→0} [ ( 2 ϵ w v − 4 w∂v v^2 + 2∂w v ) − w^2 v W + ( 2(∂vw − ∂wv) v^2 − 2 ϵ w v ) ]

= −2 ∂vw v^2 − w^2 v W. (96)

By applying similar treatments for the second term of (91), I obtained the relation for U_0 → U_1 → U_2. Therefore

V^{[2]} = −vwV − w^2W − 3w∂v 2v − ∂w, (97)

W^{[2]} = wV − 3∂w 2v . (98)

3.1.3. U_0 → U_1 → U_2 → U_0. Once more, one will substitute the V^{[3]}, W^{[3]} by the equations above to obtain

V^{[3]} = v^{[2]}W^{[2]} = 1 w : wV − 3 2 ∂w v : = V − 3 2 ∂w vw , (99)

and for z^′ = z + ϵ

W^{[3]} = − : (v^{[2]})^2V^{[2]} : − : v^{[2]}w^{[2]}W^{[2]} : − 5 2 ∂v^{[2]}

= − lim_{ϵ→0} [ (v^{[2]}(z^′))^2V^{[2]}(z) + 2V^{[2]}(z) 1 ϵ + 2∂v^{[2]} ]

− lim_{ϵ→0} [ v^{[2]}(z^′)w^{[2]}(z^′)W^{[2]}(z) + v^{[2]} 1 ϵ + ∂v^{[2]} ]

− 5 2 ∂v^{[2]}

= lim_{ϵ→0} [ − 3 ϵ v^{[2]}(z) − 11 2 ∂v^{[2]} − (v^{[2]}(z^′))^2V^{[2]}(z) − v^{[2]}(z^′)w^{[2]}(z^′)W^{[2]}(z) ]

= lim_{ϵ→0} [ − 5 2 ∂v^{[2]} + 1 w(z^′)^2

(vwV + w^2W + 3w∂v 2v + ∂w)(z) ]

+ lim_{ϵ→0} [ − 1 w(z^′) v(z^′) w(z^′) (wV − 3 2 ∂w v )(z) ]

= lim_{ϵ→0} [ − 3 ϵ v^{[2]}(z) − 11 2 ∂v^{[2]} + vV w + 2w^{−3}(z^′)w^2(z) ϵ + 3∂v 2vw ]

+ lim_{ϵ→0} [ ∂w w^2 + w(z) w(z^′)^2 1 ϵ − vV w + 3∂w 2w^2

+ W (z) ]

= W (z) + 3 2 ∂v vw . (100)

Thereby, in total, v → v, w → w, V → V − 3 2 ∂w vw , W → W + 3 2 ∂v vw . (101)

This certainly is the Ansatz of Witten (73). I will check whether this result can be derived from the Ansatz of Nekrasov (59) with dμ = 0 whereas the total gerbe term f_{ij} is antisymmetric. This is due to the anomaly 2-form of Nekrasov.

3.2. Anomaly 2-form ψ_{αβγ} after Nekrasov’s lecture. For U_α, U_β, U_γ : affine patches, I perform successive coordinate transformations U_α → U_β → U_γ → U_α.

The coordinate transformations in each step are given by U_α → U_β : γ^i → γ^a, β^i → β^a = g^a_i β^i + B_{ai}γ^i,

(102) U_β → U_γ : γ^a → γ^p, β^a → β^p = g^p_aβ^a + B^′_{pa}γ^a,

(103) U_γ → U_α : γ^p → γ^I , β^p → β^I = g^I_pβ^p + B^{′′}_{Ip}γ^p.

(104) I will use the indices i, j, k, · · · , a, b, c, · · · , p, q, r, · · · , I, J, K as γ^i, γ^j , γ^k ∈ U_α, (105) γ^a, γ^b, γ^c ∈ U_β , (106) γ^p, γ^q, γ^r ∈ U_γ , (107) γ^I , γ^J , γ^K ∈ U_α. (108) By combining these three coordinate transformations, I obtain γ^i → γ^i, (109) β_j → β_j − 1 2 (ψ_{αβγ} )_{Ij} ∂γ^I . (110)

ψ_{αβγ} is defined by ψ_{αβγ} = μ_{αβ} + μ_{βγ} + μ_{γα} − tr(g^{′′}dg^′ ∧ dg) =: μ_{αβ} + μ_{βγ} + μ_{γα} + ψ^0_{αβγ} ∈ H^2(X, T_X ⊕ Ω^2_X /dΩ^1_X ),

(111) where μ_{αβ} , μ_{βγ} , and μ_{γα} are the antisymmetric parts of B, B^′, and B^{′′}. This is called the anomaly 2-form of Nekrasov[N]. [T_X is for the gravitational anomaly coming from the product of Weyl and gravitational anomalies of c_1 (world-sheet) × c_1 (target space) and I do not use nor explain it.] (110) can be proved as follows: for 2 step coordinate changes U_α → U_β → U_γ ,

β^′_p = g^a_pβ̃_a + B^′_{pa}∂γ^a

= lim_{ϵ→0} [ g^a_p (z + ϵ)β̃_a(z) + 1 ϵ ∂_ag^a_p (z + ϵ) ]

= lim_{ϵ→0} [ g^a_p (z + ϵ)(g^i_a(z)β_i(z) + B_{ai}(z)∂γ^i(z)) + 1 ϵ ∂_ag^a_p (z + ϵ) ]

= lim_{ϵ→0} [ g^a_p g^i_aβ_i + g^a_p B_{ai}(z)∂γ^i(z) − 1 ϵ ∂_ig^a_p (z + ϵ)g^i_a(z) + 1 ϵ ∂_ag^a_p (z + ϵ) ] . This can be rewritten as follows by using g^a_p g^i_a = g^i_p, g^i_a(z) ∼ g^i_a(z + ϵ) − ∂_zg^i_aϵ and ∂_ig^a_α(z + ϵ)g^i_a(z + ϵ) = ∂_ag^a_α(z + ϵ), β^′_p = g^i_pβ_i + g^a_p B_{ai}∂γ^i + B^′_{pa}g^a_i ∂γ^i + ∂_ig^a_p ∂_j g^i_p∂γ^j = g^i_αβ_i + B̂_{αi}∂γ^i, (112) where B̂_{αi} is given by B̂_{pi} := (B_{pi} + B^′_{pi} + ∂_j g^a_p ∂_ig^j_a)∂γ^i.

(113) The 3 step coordinate change U_α → U_β → U_γ → U_α (110) is obtained by combining (112) and (104).

Let us confirm that this will reproduce the previous result for the case of C P^2, where dμ = 0 and one can set μ as arbitrary value. One has to check whether ψ_{αβγ} = 0 for some μ after computing ψ^0_{αβγ}

(g^i_a)_{ai} = ( 0 v −v^2 −vw ) , (g^{′a}_p )_{pa} = ( 0 v^{[1]} −(v^{[1]})^2 −v^{[1]}w^{[1]} )

= ( 0 w/v −w^2/v^2 −w/v^2 ) , (g^{′′p}_I )_{Ip} = ( 0 v^{[2]} −(v^{[2]})^2 −v^{[2]}w^{[2]} )

= ( 0 1/w −1/w^2 −v/w^2 ) . (114)

Therefore dg^′ ∧ dg = dv ∧ dw ( 2 2w/v 2/v −w/v^2 ) , trg^{′′}dg^′ ∧ dg = 3dv ∧ dw vw . (115)

This agrees with the result of direct OPE computation in (101). And the anomaly exists because μ cannot eliminate this term.

4. Cases of del Pezzo surfaces

4.1. Anomaly 2-forms for vanishing anomaly of 1 point blowup of C P^2. The coordinate change can be read from the toric diagram (Figure 2) and (Figure 3)

Figure 2. Toric diagram for 1 point blowup of C P^2

This schematic diagram of 4 neighbourhoods of 1 point blowup of C P^2 can be rewritten as the following diagram:

Figure 3. Coordinate changes for the 1 point blowup of C P^2

γ^{[1]}_1 = x = (γ^{[3]}_1 )^{−1}, γ^{[1]}_2 = y = (γ^{[3]}_1 )^{−1}(γ^{[3]}_2 )^{−1}, γ^{[2]}_1 = x^{−1}, γ^{[2]}_2 = x^{−1}y, γ^{[3]}_1 = x^{−1} = γ^{[2]}_1 , γ^{[3]}_2 = xy^{−1} = (γ^{[2]}_2 )^{−1}.

(116) The Jacobian matrices (note that I am not dealing with inverse Jacobians) for U_1 → U_2 → U_3 → U_1 are given by

(g^a_i )_{ia} =

∂γ^{[2]}_a ∂γ^{[1]}_i = ( −x^{−2} −x^{−2}y 0 x^{−1} ) , (g^{′α}_a )_{aα} =

∂γ^{[3]}α ∂γ^{[2]}_a = ( 1 0 0 −x^2y^{−2} ) , (g^{′′I}_α )_{αi} =

∂γ^{[1]}_I ∂γ^{[3]}_α = ( −x^2 −xy 0 −x^{−1}y^2 ) . (117)

Then dg ∧ dg^′ = dx ∧ dy ( 0 2x^{−1}y^{−2} 0 −2y^{−3} ) , ψ^0_{123} = trg^{′′}dg ∧ dg^′ = 2 dx ∧ dy xy . (118)

Recall that, I defined the last term ψ^0_{αβγ} of anomaly 2-form ψ_{αβγ} (111) as ψ^0_{αβγ} = trg^{′′}dg ∧ dg^′. (119)

Similarly, for U_1 → U_2 → U_4 → U_1, by the Jacobians h^a_i , h^{′p}_a , h^{′′I}_p , one obtains dh = dx ( 2x^{−3} 2x^{−3}y 0 −x^{−2} ) + dy ( 0 x^{−2} 0 0 ) , dh^′ = dx ( −2x y^{−1} 0 −y^{−2} ) + dy ( 0 −xy^{−2} 0 2xy^{−3} ) . (120)

Therefore dh ∧ dh^′ = dx ∧ dy ( 0 x^{−2}y^{−2} 0 2x^{−1}y^{−3} ) , ψ^0_{124} = trh^{′′}dh ∧ dh^′ = 2 dx ∧ dy xy . (121)

For U_1 → U_3 → U_4 → U_1, by the Jacobians k^a_i , k^{′p}_a , k^{′′I}_p , one obtains dk = dx ( 2x^{−3} 0 0 −y^{−2} ) + dy ( 0 y^{−2} 0 2xy^{−3} ) , dk^′ = dx ( −2x y^{−1} 0 −x^{−2} ) + dy ( 0 −xy^{−2} 0 0 ) . (122)

Therefore dk ∧ dk^′ = dx ∧ dy ( 0 −3x^{−2}y^{−2} 0 2x^{−1}y^{−3} ) , ψ^0_{134} = trk^{′′}dk ∧ dk^′ = −2 dx ∧ dy xy . (123)

For U_2 → U_3 → U_4 → U_2, by the Jacobians l^a_i , l^{′p}_a , l^{′′I}_p , one obtains dl = dx ( 0 0 0 −2xy^{−2} ) + dy ( 0 0 0 2x^2y^{−3} ) , dl^′ = dx ( −2x y^{−1} 0 −x^{−2} ) + dy ( 0 −xy^{−2} 0 0 ) . (124)

Therefore dl ∧ dl^′ = dx ∧ dy ( 0 0 0 2y^{−3} ) , ψ^0_{234} = trl^{′′}dl ∧ dl^′ = −2 dx ∧ dy xy . (125)

4.2. Antisymmetric μ-term for 1 point blowup of C P^2. In the previous section, one obtained the last term ψ^0_{αβγ} in the anomaly 2-form (111) as ψ^0_{αβγ} = c_{αβγ} dx ∧ dy xy |_{Uα ∩Uβ ∩Uγ} , (126)

where the coefficients c_{αβγ} are given by c_{123} = 2, c_{124} = 2, c_{134} = −2, c_{234} = −2.

(127) In this section, I discuss the other three μ-terms in (111). If ψ^0_{αβγ} is cancelled by choosing appropriate μ-terms, the anomaly is absent. This is indeed the case for the 1 point blowup of C P^2.

This is well described in terms of Čech cohomology. H^2(X, Ω^{cl}) =

Ker(δ : C^2 → C^3) Im(δ : C^1 → C^2) , (128)

where X is the 1 point blowup of C P^2 and Ω^{cl} is the chiral de Rham complex and C^i is Ω^{cl}’s i-th Čech complex and δ is the corresponding coboundary operator. ψ^0_{αβγ} is described as the 2-cochain c^2. (c^2)_{Ui∩Uj ∩Uk} = c_{ijk} . (129) The μ-terms are 1-cochain. Here I only consider μ_{αβ} in the form of μ_{αβ} = c_{αβ} dx ∧ dy xy . (130) μ_{αβ} must be regular in U_α ∩ U_β. By this condition, the variables other than c_{13} or c_{24} are zero. This can be shown as follows. We denote the general form of the generator as follows x^ny^mdx ∧ dy, (n, m ∈ Z), (131) where x and y are the affine coordinates of U_1. For the 2-form (131) to be regular in the patch U_1, the integers n and m must satisfy n ≥ 0, m ≥ 0. (U_1)

(132) In order to determine the regularity condition for U_2, I first rewrite the 2-form (131) with the affine coordinates (x^′, y^′) in the patch U_2. The coordinate transformation between U_1 and U_2 is given in the (Figure 3). x^′ = x^{−1}, y^′ = x^{−1}y.

(133) By this coordinate change, the 2-form (131) is transformed as − x^{′−n−m−3}y^{′m}dx^′ ∧ dy^′. (134) The regularity in U_2 require that the powers of x^′ and y^′ are non-negative, and one obtains the condition m ≥ 0, −n − m − 3 ≥ 0. (U_2) (135) In the same way, the condition for U_3 and U_4 are obtained as follows −m − 2 ≥ 0, −n − m − 3 ≥ 0, (U_3) (136) n ≥ 0, −m − 2 ≥ 0. (U_4) (137) These conditions define the allowed region in the lattice (n, m) for each patch. The allowed region for U_i ∩ U_j can be obtained by the convex hull of two regions for U_i and U_j . We can easily see that the allowed regions for U_1∩U_2, U_1∩U_4, U_2∩U_3, U_3∩U_4 do not contain (n, m) = (−1, −1), and the corresponding coefficients c_{αβ} are zero.

The general form of C^1 is c^1 := c_{13} dx ∧ dy xy |_{U1 ∩U3} ⊕ c_{24} dx ∧ dy xy |_{U2∩U4} . (138) The condition for anomaly cancellation ψ_{αβγ} = 0 is rewritten as c^2 = δc^1,

(139) where δ is the coboundary operator. This is equivalent to the following relations among coefficients c_{123} = c_{23} − c_{13} + c_{12},

(140) c_{124} = c_{24} − c_{14} + c_{12},

(141) c_{134} = c_{13} − c_{14} + c_{14},

(142) c_{234} = c_{23} − c_{24} + c_{34},

(143) where c_{12} = c_{14} = c_{23} = c_{34} = 0.

(144)

Because these equations have the solution c_{13} = −2, c_{24} = 2,

(145) we conclude that c^2 ∈ Im(δ : C^1 → C^2).

(146) Therefore the Pontrjagin anomaly vanishes in this case.

Figure 4. Toric diagram for 2 point blowups of C P^2

Figure 5. Coordinate changes for the 2 point blowups of C P^2

4.3. Anomaly 2-forms for 2 point blowups of C P^2. For U_1 → U_2 → U_3 → U_1, by the Jacobians g, g^′, g^{′′}, one obtains dg ∧ dg^′ = dx ∧ dy ( 2x^{−3} 0 0 0 ) , (147) ψ^0_{123} := trg^{′′}dg ∧ dg^′ = −2dx ∧ dyx^{−1}y^{−1}, (148) c_{123} = −2,

(149)

where I used the coefficients c_{αβγ} (126) as it was in the last section. ψ^0_{αβγ} = c_{αβγ} dx ∧ dy xy |_{Uα ∩Uβ ∩Uγ} . (150)

For U_1 → U_2 → U_4 → U_1, by the Jacobians h, h^′, h^{′′}, one obtains dh ∧ dh^′ = ( 2x^{−1}y^{−2} 0 0 0 ) dx ∧ dy, (151) trh^{′′}dh ∧ dh^′ = 0, (152) c_{124} = 0.

(153)

In the same way, one obtains

c_{134} = 1, c_{234} = −1, c_{125} = 0, c_{135} = 0, c_{145} = −2, c_{235} = −2, c_{245} = −2, c_{345} = −1.

(154)

For μ_{αβ} = c_{αβ} dx ∧ dy/xy to be regular in the intersections U_i ∩ U_j , only the coefficients c_{13}, c_{14}, c_{24}, c_{25}, and c_{35} can be non-vanishing. In this case, ψ^0_{αβγ} cannot be cancelled by the μ-terms. Namely, there is no solution to the equation c_{αβγ} = c_{αβ} + c_{βγ} + c_{γα}. (155)

The absence of the solution can be checked by making the total anomaly, which is the only gauge invariant linear combination of the 2 cocycles c_{αβγ} . In this case, the total anomaly is c_{123} + c_{134} + c_{145} = −2 + 1 − 2 = −3. If one substitutes (155) into this total anomaly, all the non-vanishing c_{αβ} cancel, and there is no solution to c^2 = δc^1.

In general, the total anomaly is given as the sum of c_{αβγ} for each triangle in a triangulation of the coordinate change diagram (Figure 5).

Figure 6. Toric diagram for 3 point blowups of C P^2

Figure 7. Coordinate changes for the 3 point blowups of C P^2

4.4. Anomaly 2-forms for 3 point blowups of C P^2. In this section, I discuss the anomaly for the generic 3 point blowup of C P^2. In the same way in the previous sections, I obtain the following coefficients c_{αβγ} (126) of ψ^0_{αβγ} (111).

c_{123} = −1, c_{124} = −2, c_{125} = −2, c_{126} = −1, c_{134} = −2, c_{135} = −3, c_{136} = −2, c_{145} = −2, c_{146} = −2, c_{156} = −1, c_{234} = −1, c_{235} = −2, c_{236} = −2, c_{245} = −2, c_{246} = −3, c_{256} = −2, c_{345} = −1, c_{346} = −2, c_{356} = −2, c_{456} = −1.

(156)

For the intersections U_i ∩ U_j , only the coefficients c_{13}, c_{14}, c_{15}, c_{24}, c_{25}, c_{26}, c_{35}, c_{36}, and c_{46} are non-vanishing. The total anomaly, the gauge invariant linear combination of c_{αβγ} , is

c_{123} + c_{134} + c_{145} + c_{156} = −6.

(157)

From the results of section 3.1, 4.2, 4.3, 4.4, I find that the total anomaly with the proportional constant −1/2 is 3 2 (n − 1), (158)

for n = 0, 1, 2, 3 generic point blowup of C P^2 (toric del Pezzo surfaces). The second Chern character by the Riemann-Roch theorem is in agreement with this discussion.

5. Conclusion and future direction

In this paper, I explicitly examined by 2 ways that the Ansätze of Witten’s heterotic N = (0, 2) model and Nekrasov’s generalized complex geometry are consistent. One way is by step by step careful OPE calculation and the other is the computation of the anomaly 2-form – the 2-cocycle of the chiral de Rham complex – in terms of coordinate transformation Jacobian matrices. I computed the anomaly 2-forms in the case of toric del Pezzo surfaces of all degrees and conclude that this coincides (up to proportional constant 2) with the results of Riemann-Roch theorem.

Notice that Beilinson-Drinfeld chiral algebra has a background of geometric Langlands programs studied on the geometric quantization of symplectic manifolds (stable Higgs bundles[S] satisfying the self-duality equation of Hitchin over a Riemann surface), which is similar to physicists’ theory of topological fields or topological strings as quantization of 2-dimensional Yang-Mills-Higgs theory. This is a bridge between the twist methods of 4 dimensional (N = 4 hyperkähler) or 6 dimensional (N = 2 Kähler) Super-Yang-Mills theory of Gukov[GW], Kapustin- Witten[KW] et al. and the local / global (quantum) geometric Langlands program of Edward Frenkel, Gaitsgory[FG] et al..

I will also try to understand the gerbes of chiral differential operators in the language of stability conditions for 2-category theory demanded from the chiral de Rham complex on stacks and the chiral homology theory of algebro-geometrized conformal blocks for the existence of global section of twisted D-modules. It is elusive whether or not one can physically and geometrically realize the idea of recent topological ϵ-factor theory (analogue of functional equation of L-function) of Beilinson[B] after the differential graded algebra (DGA) theory for rational homotopy or motivic homology.

In addition, I hope to understand the Kashiwara(-Schapira-Schneider) type index theorem for world-sheet with boundary; rather than generalized Atiyah-Singer index theorem for family of Dirac operators on free loop space of non-compact or with boundary of either special Lagrangian submanifolds or coisotropic submanifolds of Kähler stack. In this sense, the compactification of stable Higgs bundle of real 4-dimensional super Yang-Mills theory on Riemann surface Σ (having another Riemann surface C as a fiber) is not yet settled.

This is because, in the mathematics literature, the G-torsor Bun_G(C) of reductive algebraic group G will be the target space of sigma model having maps from the world-sheet Σ; whereas, in the physics literature, it seems that, Bun_G(C) denotes the moduli space of triple (A, F_A, Φ), where A is a connection of the principal G-bundle over C, F_A is the curvature of this bundle, and Φ is a (1, 0)-form of Higgs field in addition to just a gauge theory of principal G-bundles.

Moreover, the model of physicists seems to be a topological sigma model of several kinds (say, A-, B-, I-) from world-sheet Σ to hyperkähler stack T^∗Bun_G(C), whose dimension is twice the dimension of the definition of some of the mathematics literature. It is in discussion whether the Lagrangian submanifolds, whose real dimension is half the real dimension of the ”target space” as either Bun_G(C) or T^∗Bun_G(C), are odd or even dimensional real submanifolds; namely, whether these admit complex structures. This is the difficult point to the definition of object of the Fukaya category of the target orbifold.

During the preparation of this paper, Kapustin-Witten[KW] submitted a paper to the preprint, which is related to this paper.

Appendix A. Wess-Zumino-Witten term

The Wess-Zumino-Witten term is used as a term corresponding to the antisymmetric μ term, which is used in the Nekrasov’s Ansatz (59). I will make a historical 3note on this term. First, I will think of the SU(3)_L ×SU(3)_R spontaneously broken to the diagonal SU(3), which involves the Nambu-Goldstone boson π. L = 1 16π F^2_π ∫ d^4xT r∂_μU∂_μU^{−1}, (159)

3See [APW] and related papers for physical discussions.

where F_π is an undetermined real constant. Then, the Euler-Lagrange equation is

∂_μ( 1 8 F^2_π U^{−1}∂_μU) = 0.

(160)

I will add a term, which violate parity P_0 that changes x → −x, t → t, U → U.

∂_μ( 1 8 F^2_π U^{−1}∂_μU) + λϵ^{μναβ} U^{−1}(∂_μU)U^{−1}(∂_ν U)U^{−1}(∂_αU)U^{−1}(∂_β U) = 0,

where the second term is with undetermined real constant λ and antisymmetric tensor ϵ^{μναβ} . I would like to derive this equation from a Lagrangian, which is difficult in the first sight.

A.1. Analogy with particle of magnetic monopoles. The equation of motion in the constrained system Σx^2_i = 1 can have both x → −x and t → −t symmetry, if we write it as follows m ∂^2x_i ∂t^2 + mx_i( ∑ k ( ∂x_k dt )^2) = αϵ_{ijk} x_j ∂x_k ∂t , (161)

where α is an undetermined real constant. As the right hand side can be seen as the Lorenz force for an electric charge interacting with a magnetic monopole located at the center of the sphere. In this case the vector potential is, by definition, ∇ × ⃗A = ⃗x |x|^3 . (162)

Then by the Stokes Theorem, we can rewrite the contour integral of vector potential as the integration of field strength (flux) trough a topological disk D, whose choice can be arbitrary and we can especially take as D^′ (orientation reversed).

1 = exp( √ −1α ∫ D+D^′ F_{ij} dΣ^{ij} ), (163)

where dΣ^{ij} ) is a cubic unit area element of sphere. Therefore α is integer or halfinteger, which is the Dirac quantization.

A.2. Recovery of the equation of motion of Wess-Zumino-Witten model. As is noted above, we need some term proportional to the field strength, so we let Q be five-dimensional disc which has the SU(3) as the boundary because of π_4(SU(3)) = 0 Γ = ∫ Q ω_{ijklm}dΣ^{ijklm} . (164)

Q can be deformed to orientation revered Q^′, then Q + Q^′ = S is a five-dimensional sphere S^5. ∫ S ω_{ijklm}dΣ^{ijklm} = 2π · integer. (165)

Then S is in SU(3) and π_5(SU(3)) = Z therefore, we can take a unit sphere S_0 and write the action I as I = 1 16π F^2_π ∫ d^4xT r∂_μU∂_μU^{−1} + nΓ. (166)

Appendix B. Toric diagrams and birational geometry

Toric varieties are algebraic manifolds which have the action of algebraic torus (C^× )^n = (C \ {0})^n, where n is the complex dimension of the varieties. Let us consider the case of n = 2. For each toric diagram (fan), we can define the following data. Vertices e_i ∈ Z^2, and vectors v_i from the origin to the vertices. The dual basis w^1_i , w^2_i for affine patch U_i spanned by the 2 vectors v_i, v_{i+1} is as follows:

(v_i, w^1_i ) = 1, (v_i, w^2_i ) = 0, (v_{i+1}, w^1_i ) = 0, (v_{i+1}, w^2_i ) = 1.

(167) The affine patch U_i is described by SpecC [x^{(w1i ,E1)}y^{(w1i ,E2)}, x^{(w2i ,E1)}y^{(w2i ,E2)}], (168) where E_1 = (1, 0), and E_2 = (0, 1) are the standard bases of Z^2. Namely the canonical coordinates v^{[i]}, w^{[i]} in the affine patch U_i are given by

v^{[i]} = x^{(w1i ,E1)}y^{(w1i ,E2)},

(169) w^{[i]} = x^{(w2i ,E1)}y^{(w2i ,E2)}.

(170) The^4blowups are operations in the divisor linear system, where we assign a new vertex e_{n+1} ∈ Z^2 in the generic point and the corresponding vector from the origin. This operation is birational since we have the toric action on the toric variety, which includes the toric variety (C^× )^2 as the dense submanifolds and therefore the toric diagram in Z^2 has the GL(2) action.

References

[APW] Scott Axelrod, Steve Della Pietra, and Edward Witten, Geometric Quantization of Chern- Simons gauge theory, J.Differential Geometry, 33 (1991) 787-902 [B] Alexander A. Beilinson, Topological ϵ-factors, Pure Appl. Math. Q. 3 (2007), no. 1, part 3, 357-391 [BD] Alexander A. Beilinson, and Vladimir G. Drinfeld, Chiral Algebras, American Mathematical Society Colloquium Publications 51, American Mathematical Society, Providence, RI, 2004 [BF] David Ben-Zvi, and Edward Frenkel, Vertex algebras and algebraic curves, especially chapter 15 (W -algebra), and 17-18 (moduli theory), Second edition, Mathematical Surveys and Monographs 88, American Mathematical Society, Providence, RI, 2004 [FL] Edward Frenkel, and Andrei Losev, Mirror symmetry in two steps: A-I-B, Comm. Math.

Phys. 269 (2007), no. 1, 39-86 [FG] Edward Frenkel, and Dennis Gaitsgory, Local geometric Langlands correspondence and affine Kac-Moody algebras, Algebraic geometry and number theory, 69-260, Progr. Math. 253, Birkhäuser Boston, Boston, MA, 2006 [G] Dennis Gaitsgory, Notes on 2D Conformal Field Theory and String Theory, Quantum fields and strings: a course for mathematicians Vol. 1, 2 (Princeton, NJ, 1996/1997), 1017-1089, Amer. Math. Soc., Providence, RI, 1999 [GM] Vassily Gorbounov, and Fyodor Malikov, Vertex algebras and the Landau-Ginzburg/Calabi- Yau correspondence, Mosc. Math. J. 4 (2004), no. 3, 729-779, 784 [GMS] Vassily Gorbounov, Fyodor Malikov, Vadim Schechtman, Gerbes of chiral differential operators. II, Inventiones Mathematicae, Volume 155, Number 3, 2004 , 605-680 [GW] Sergei Gukov, and Edward Witten, Gauge Theory, Ramification, And The Geometric Langlands Program, Current developments in mathematics, 2006, 35-180, Int. Press, Somerville, MA, 2008 [KS] Masaki Kashiwara, and Pierre Schapira, Sheaves on manifolds, Die Grundlehren der mathematischen Wissenschaften v. 292, Springer, 1990 [KV] Mikhail Kapranov, and Eric Vasserot, Vertex algebras and the formal loop space, Publ.

Math. Inst. Hautes Ëtudes Sci. No. 100 (2004), 209-269

4Conventional definition and not canonical in the categorical sense.

[KV2] Mikhail Kapranov, and Eric Vasserot, Formal loops II: A local Riemann-Roch theorem for determinantal gerbes, Ann. Sci. Ëcole Norm. Sup. (4) 40 (2007), no. 1, 113-133 [KV4] Mikhail Kapranov, and Eric Vasserot, Formal loops IV: Chiral differential operators, arXiv:0612371 [KW] Anton Kapustin, and Edward Witten, Electric-Magnetic Duality And The Geometric Langlands Program, Commun. Number Theory Phys. 1 (2007), no. 1, 1-236 [MS] Gregory Moore, and Nathan Seiberg, Classical and Quantum Conformal Field Theory, Comm. Math. Phys. 123 (1989) 177-254 [MS2] Fyodor Malikov, and Vadim Schechtman, Deformations of chiral algebras and quantum cohomology of toric varieties, Comm. Math. Phys. 234 (2003), no. 1, 77-100 [MSV] Fyodor Malikov, Vadim Schechtman, and Arkady Vaintrob, Chiral de Rham complex, Comm. Math. Phys. 204 (1999), no. 2, 439-473 [N] Nikita Nekrasov, Lectures on curved beta-gamma systems, pure spinors, and anomalies [hep-th/0511008] [S] Carlos T. Simpson, Higgs bundles and local systems, Inst. Hautes Études Sci. Publ. Math.

No. 75 (1992), 5-95 [W] Edward Witten, Two-Dimensional Models With (0,2) Supersymmetry: Perturbative Aspects, Adv. Theor. Math. Phys. 11 (2007), no. 1, 1-63 [W2] Edward Witten, Phases of N = 2 Theories In Two Dimensions, Mirror symmetry, II, 143-211, AMS/IP Stud. Adv. Math. 1, Amer. Math. Soc., Providence, RI, 1997

E-mail address

Makoto Sakurai: makotosakuraijp@08.alumni.u-tokyo.ac.jp

Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba, Meguro, Tokyo, 153-8914 Japan (leaving)

Tokyo University of Technology, (Year 2011-2012) 1404-1 Katakuramachi, Hachioji City, Tokyo 192-0982, Japan.