arXiv:0804.0793v5 [gr-qc] 30 Dec 2010

A note on the reduced phase space for the instanton representation of Plebanski gravity

Eyo Eyo Ita III January 4, 2011

Department of Applied Mathematics and Theoretical Physics Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road Cambridge CB3 0WA, United Kingdom eei20@cam.ac.uk

Abstract This is a brief excerpt demonstrating the existence of the reduced phase space for the instanton representation of Plebanski gravity under SO(3,C) gauge transformations and diffeomorphisms.

1

1 Introduction: Ashtekar variables into the instanton representation

The action for general relativity in the Ashtekar variables is given by I_{Ash} = ∫ dt ∫ Σ d^3x [ ~σ^i_aȦ^a_i + A^a_0D_i~σ^i_a −ϵ_{ijk}N^i~σ^j_aB^k_a − i 2 Nϵ_{ijk}ϵ^{abc}~σ^i_a~σ^j_b (Λ 3 ~σ^k_c + B^k_c )] . (1)

The phase space variables are Ω_{Ash} = (~σ^i_a, A^a_i ), a densitized triad and a left-handed SU(2) connection. This is a totally constrained system with (A^a_0, N^i, N), respectively the SO(3, C) rotation angle A^a_0, the shift vector N^i and the densitized lapse function N = N(det~σ)^{−1/2} as auxilliary fields. We will now perform the following change of variables

~σ^i_a = Ψ_{ae}B^i_e, (2)

where Ψ_{ae} ∈ SO(3, C) ⊗ SO(3, C) is the CDJ matrix. Substitution of (2) into (1) yields I_{Inst} = ∫ dt ∫ Σ d^3x ( Ψ_{ae}B^i_eȦ^a_i + A^a_0B^i_eD_iΨ_{ae}

+ϵ_{ijk}N^iB^j_aB^k_e Ψ_{ae} − iN(detB)^{1/2} √ detΨ ( Λ + trΨ^{−1} )) , (3)

which is the instanton representation of Plebanski gravity defined on the phase space Ω_{Inst} = (Ψ_{ae}, A^a_i ). We would like to reduce (3) to the reduced phase space under gauge transformations and diffeomorphisms. Integration by parts and discarding of boundary terms leads to the action I_{Inst} = ∫ dt ∫ Σ d^3x ( Ψ_{ae}B^i_eF^a_{0i} + ϵ_{ijk}N^iB^j_aB^k_e Ψ_{ae} −iN(detB)^{1/2} √ detΨ ( Λ + trΨ^{−1} )) , (4)

where we have used F^a_{0i} = Ȧ^a_i −D_iA^a_0 which absorbs the Gauss’ law constraint into the definition of the temporal component of the curvature. Variation of the shift vector N^i yields the diffeomorphism constraint, which implies that Ψ_{ae} = Ψ_{ea} is symmetric. Then using B^i_e =^1_2 ϵ^{ijk}F^e_{jk}, we have I_{Inst} = ∫ dt ∫ Σ d^3x (1 2 Ψ_{(ae)}ϵ^{ijk}F^e_{jk}F^a_{0i} − iN(detB)^{1/2} √ detΨ ( Λ + trΨ^{−1} ))

= ∫ M d^4x [1 8 Ψ_{ae}F^a_{μν} F^e_{ρσ}ϵ^{μνρσ} − iN(detB)^{1/2} √ detΨ ( Λ + trΨ^{−1} )) . (5)

To obtain the right hand side we have defined ϵ^{ijk} = ϵ^{0ijk} and have invoked the symmetries of the four dimensional epsilon tensor. The action (5) is diffeomorphism invariant and is invariant under simultaneous SO(3, C) transformations of Ψ_{ae} and A^a_i . In this paper we will obtain the reduced phase space for (5) under gauge transformations and diffeomorphisms. This space, referred to as the kinematic phase space, is the ideal starting point for quantization since it is a totally constrained system containing only the Hamiltonian constraint. In this excerpt we will prove that I_{Kin} exists by starting from I_{Kin} and working in reverse to obtain I_{Inst}.

2 Gauge transformations and diffeomorphisms

Define v_{(1)} = (λ_f , a^f_μ), where a^f_μ is a 4-dimensional SO(3, C) gauge connection. It will be convenient to define the following 4-form for the spacetime volume element and 3-form corresponding to the canonical one-form η = √ −gd^4x; θ[v_{(1)}] = ∫ Σ d^3xλ_f b^i_f ȧ^f_i . (6)

Also, let us define integrated 3-forms for the Gauss’ law and Hamiltonian constraints in terms of the variables v_{(1)}

g[v_{(1)}] = ∫ Σ d^3xa^f_0 g_f ; H_N [v_{(1)}] = ∫ Σ d^3xN(detb)^{1/2} √ λ_1λ_2λ_3 ( Λ + 1 λ_1 + 1 λ_2 + 1 λ_3 ) . (7)

This defines an action on the kinematic phase space I_{Kin}, given by

I_{Kin}[v_{(1)}] = ∫ dt ( θ[v_{(1)}] − iH_N [v_{(1)}] )

= ∫ M [1 2 λ_f f^f [a] ∧ f^f [a] − iη(v_{(1)})Φ(λ) ] − ∫ dtg[v_{(1)}]. (8)

In equation (8) we have integrated by parts while discarding boundary terms, to transform the action from 3+1 form into covariant form. In index notation, this means ∫ dt ∫ Σ d^3xλ_{ae}b^i_eȧ^a_i = ∫ dt ∫ Σ d^3xλ_{ae}b^i_e(ȧ^a_i − D_ia^a_0) − ∫ dt ∫ Σ d^3xλ_{ae}b^i_eD_ia^a_0. (9)

Define b^i_e =^1_2 ϵ^{ijk}F^e_{jk} as the magnetic field corresponding to the spatial part of the SO(3, C) curvature F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + f^{abc}A^b_μA^c_ν . Putting this into the first term on the right hand side of (9), we have ∫ dt ∫ Σ d^3xλ_{(ae)} 1 2 F^e_{jk}F^a_{0i} = 1 8 ∫ M d^4xλ_{ae}F^a_{μν} F^e_{ρσ} ϵ^{μνρσ} = 1 2 ∫ M λ_{ae}F^a ∧ F^e,(10) where we have used the symmetries of the four dimensional epsilon tensor, and the definition of the curvature 2-form F^a =^1_2 F^a_{μν} dx^μ ∧ dx^ν . Upon integration by parts and applying the Bianchi identity D_iB^i_e = 0 to the second term of (9), it reduces to ∫ dt ∫ Σ d^3xλ_{ae}b^i_eD_ia^a_0 = − ∫ dt ∫ Σ d^3xa^a_0b^i_eD_iλ_{ae} = −g. (11)

We will now perform a diffeomorphism ϕ_ξ to transform I_{Kin} into an action where Gauss’ law vanishes. The transformed action is given by

I_{Kin}[v_{(2)}] = ϕ_ξ(I_{Kin}[v_{(1)}]) = I_{Kin}[ϕ_ξ(v_{(1)})] = I_{Kin}[v_{(2)}(v_{(1)}; ξ)], (12)

where we have defined v_{(2)} = (π[λ; ξ], α[a; ξ]).^1 Now choose ξ such that ϕ_ξ(g[v_{(1)}]) = 0 when ⃗ξ = ⃗n[v_{(1)}] ≡ ⃗n, for some appropriately chosen 3-vector ⃗n which depends entirely on a^f_i and λ_f . Then we have that

ϕ_{⃗n}(g[v_{(1)}]) = g[ϕ_{⃗n}(v_{(1)})] ≡ g[v^′_{(2)}(v_{(1)}; ⃗n(v_{(1)})] = 0. (13)

The primed version of v^′_{(2)} means that it is evaluated on the v_{(1)} variables such that the Gauss’ law constraint vanished. Hence we have

v^′_{(2)} = v^′_{(2)}(v_{(1)}; ⃗n(v_{(1)})); π^′_f ≡ π^′_f [v_{(1)}; ⃗n(v_{(1)})]; α^{′a}_μ ≡ α^{′a}_μ[v_{(1)}; ⃗n(v_{(1)})].(14)

So acting on (8) with a diffeomorphism parametrized by ⃗n, we have

ϕ_{⃗n}(I_{Kin}[v_{(1)}) = ∫ M [1 2 π^′_f f^f [a^′] ∧ f^f [α^′] − iη(v^′_{(2)})Φ(π^′) ]

= ∫ dt ( θ[v^′_{(2)}] − iH_N ′ [v^′_{(2)}] ) = ∫ dt ( θ[v^′_{(2)}] + g[v^′_{(2)}] − iH_N [v^′_{(2)}] ) . (15)

The equality between the last two time integrals in (15) holds since g[v^′_{(2)}] = 0 when the Gauss’ law constraint is satisfied. We will now take this relation off-shell by defining the unprimed version of v_{(2)} by

v_{(2)} = (π, α) = (π[λ; ξ], α[a; ξ]), (16)

where ξ constitute three independent degrees of freedom. While Dim(π) = Dim(α) = 6, we have that Dim(v_{(2)}) = 9 due the the shared variable ξ. Then we will append the Gauss’ law constraint to the action in the unconstrained variables such that the constraint is enforced upon variation of the corresponding Lagrange multiplier. Hence we have

I[v_{(2)}] = ∫ dt ( θ[v_{(2)}] + g[v_{(2)}] − iH_N [v_{(2)}] )

= ∫ M ( 1 2 π_f f^f [α] ∧ f^f [α] − iη(v_{(2)})Φ(π) ) , (17)

1For notational purposes we use a semicolon to separate the parameter of a transformation from the remaining dynamical variables.

which is the action at the level prior to implementation of the Gauss’ law and Hamiltonian constraints. Next we must inverse gauge-fix the gauge transformations. Define v_{(3)} = ϕ_θ(v_{(2)}) = (ψ, A) as a gauge transformation of the v_{(2)} dynamical variables, parametrized by θ. Then

ψ_{ae} = ψ_{ae}(π; θ) = ϕ_θ(π) = (e^{θ·T} )_{af} π_f (e^{−θ·T} )_{fe} = ψ_{ae}[λ; ξ, θ]; A^a_μ = A^a_μ[α; θ] = ϕ_θ(α^a_μ) = (e^{θ·T} )_{ae}α^e_μ + ϵ_{abc}(e^{θ·T} )_{bg}∂_μ(e^{θ·T} )_{cg} = A^a_μ[a; ξ, θ],(18)

and the action in terms of the v_{(3)} variables is

I[v_{(3)}] = ϕ_θ(I[v_{(2)}]) = I[ϕ_θ(v_{(2)})] = ∫ M (1 2 ψ_{ae}F^a[A] ∧ F^e[A] − iη(v_{(3)})Φ(ψ) )

= ∫ dt ( θ[v_{(3)}] + g[v_{(3)}] − iH_N [v_{(3)}] ) .(19)

To recapitulate, note that

H_N [v_{(3)}] = ∫ Σ d^3xN(detb)^{1/2} √ detΨ ( Λ + trΨ^{−1} ) . (20)

We will now take the fact that ψ_{ae} is symmetric off-shell by introducing an antisymmetric part q^d and appending a constraint which requires that q^d vanish. So making the definitions

Ψ_{ae} = ψ_{ae} + ϵ_{aed}q^d; ⃗H_{⃗N} [v_{(4)}] = ∫ Σ d^3xϵ_{ijk}N^iB^j_aB^k_e Ψ_{ae}, (21)

we have

I_{Inst}[Ψ, A] = I[v_{(4)}] = ∫ dt ( θ[v_{(4)}] + g[v_{(4)}] + ⃗H_{⃗N} [v_{(4)}] − iH_N [v_{(4)}], (22)

where we have defined v_{(4)} ≡ (Ψ, A). Then using (2) in reverse, one obtains the Ashtekar action (1). The result is that there is a direct series of transformations leading from the Ashtekar theory to the reduced phase space under gauge transformations and diffeomorphisms, where the Hamiltonian constraint is the remaining constraint.

3 Solution for the diffeomorphism parameter

We would like to solve the equation

g^′_a = g_a + O_{ai}n^i − ∞∑ n=2 O_{ai1 i2...in} n^{i1} n^{i2} . . . n^{in} = 0, (23) where we have defined O_{ai1i2...in} = − 1 n! ( δng_a δξ^{i1} δξ^{i2} . . . δξ^{in} ) ξ=0 . (24) In (24) the notation δ signifies a variation by diffeomorphism. We will assume that the solution for n^i avoids the zero modes of O_{ai}, where O_{ai} = −~σ^j_a∂_j∂_k + ∂_kg_a. (25) with ~σ^i_a = Ψ_{ae}B^i_e. Assuming that Det(O_{ai}) ≠ 0, then (23) can be written as n^i = q^i + q^i_{1i2...in} n^{i1} n^{i2} . . . n^{in} ≡ q^i + f^i[⃗q], (26) where we have defined q^i ≡ −(O^{−1})^{ia}g_a; q^i_{1i2,...in} = (O^{−1})^{ia}O_{a11 12...in} = − 1 n! (δg_a δξ^i )_{−1} ξ−0 ( δng_a δξ^{i1} δξ^{i2} . . . δξ^{in} ) ξ=0 .(27) Note that q^i_{11i2...in} are operators which act in a specific sequence. To solve (26) we will use the Ansatz n^i = T^i_{j1j2...jm} q^{j1} q^{j2} . . . q^{jm} (28) where the action of the T^i_{j1j2...jm} remains to be specified. Substiruting (28) into (26) and extracting the charges q^j, we have the following recursion relation for the operators, preserving the order of operations T^i_{j1j2...jm} + q^i_{1i2...in} T^{i1}_{j11...j1m1} T^{i2}_{j21...j2m2} . . . T^{in}_{j1n1...jnmn} = δ^i_{j1} (29) where m_1 + m_2 + . . . m_n = m and we have used the Einstein summation convention. We will now solve (29) by iteration. To first order (29) yields T^i_{j1} = δ^i_{j1} . (30) To second order we have T^i_{j1j2} = q^i_{1i2} T^{i1}_{j1} T^{i2}_{j2} −→ T^i_{j1j2} = q^i_{j1j2} (31) where we have used (30). To third order (29) yields

T^i_{j1j2j3} = q^i_{1i2i3} T^{i1}_{j1} T^{i2}_{j2} T^{i3}_{j3} + q^i_{1i2} T^{i1}_{j1} T^{i2}_{j2j3} + q^i_{1i2} T^{i1}_{j1j2} T^{i2}_{j3} . (32) Using the results of (30) and (31), this yields T^i_{j1j2j3} = q^i_{j1j2j3} + q^i_{j1i2} q^{i2}_{j2j3} + q^i_{1j3} q^{i1}_{j1j2} . (33) Moving on to foruth order, we have T^i_{j1j2j3j4} = q^i_{1i2i3i4} T^{i1}_{j1} T^{i2}_{j2} T^{i3}_{j3} T^{i4}_{j4} +q^i_{1i2i3} T^{i1}_{j1} T^{i2}_{j2} T^{i3}_{j3j4} + q^i_{1i2i3} T^{i1}_{j1} T^{i2}_{j2j3} T^{i3}_{j4} + q^i_{1i2i3} T^{i1}_{j1j2} T^{i2}_{j3} T^{i3}_{j4} +q^i_{1i2} T^{i1}_{j1} T^{i2}_{j2j3j4} + q^i_{1i2} T^{i1}_{j1j2} T^{i2}_{j3j4} + q^i_{1i2} T^{i1}_{j1j2j3} T^{i2}_{j4} . (34)

Using the results of (30), (31) and (33), we have

T^i_{j1j2j3j4} = q^i_{j1j2j3j4} + q^i_{j1j2i3} q^{i3}_{j3j4} + q^i_{j1i2j4} q^{i2}_{j2j3} + q^i_{1j3j4} q^{i1}_{j1j2} +q^i_{j1i2} q^{i2}_{j2j3j4} + q^i_{j1i2} q^{i2}_{j2i′2} q^{i′2}_{j3j4} + q^i_{j1i2} q^{i2}_{i′1j4} q^{i′4}_{j2j3} +q^i_{1j4} q^{i1}_{j1j2j3} + q^i_{1j4} q^{i1}_{j1i′2} q^{i′2}_{j2j3} + q^i_{1j4} q^{i1}_{i′1j3} q^{i′1}_{j1j2} . (35) The full series can be written as a sum of tree network diagrams.

3.1 Convergence arguments We will now establish some notion of convergence for the expansion. Let n^i ∈ V where V is a Banach space. Define ‖⃗n| = √ |n^1|^2 + |n^2|^2 + |n^3|^2 ≡ n; A_n = √ ∑ i,i_1...i_n ‖q^i_{1i2...in} ‖^2 (36)

where the operator norms ‖q^i_{1i2...in} ‖ must be suitably defined.^2 Then equation (26) must satisfy the following inequality ‖n^i‖ ≤ ‖q^i‖ + ‖q^i_{1i2...in} ‖‖⃗n‖^n. (37) This can be written as n ≤ q + g(n); g(n) = ∞∑ p=2 a_pn^p. (38)

where we have defined a norem for the source term ‖⃗q| = √ |q^1|^2 + |q^2|^2 + |q^3|^2 ≡ q. (39) Define n_{max} as the solution to the inequality (38), which we assume to be bounded. Then |⃗n| ≤ n_{max} for all cconfigurations.

We will now establish criteria for convergence of the solution to (26). Define a sequence n^i_{(n)} where n^i_{(0)} = q^i and the following recursion relation holds n^i_{(n+1)} = q^i + f^i[⃗n_{(n)}]. (40) Then the solution is given by n^i = lim_{n→∞}n^i_{(n)}, which we propose is given by the tree-network expansion. To establish criteria for convergence, we subtract sucessive terms of (40)

n^i_{(n+1)} − n^i_{(n)} = f^i[⃗n_{(n)}] = f^i[⃗n_{(n−1)}] = ∫ dt d dt f^i[⃗u], (41)

2This assumes that the operators in question must be bounded, which is a necessary condition to have a solution ot (26).

where we have deinfed u^i = n^i_{(n−1)} + t(n^i_{(n)} − n^i_{(n−1)}). Then we have

n^i_{(n+1)} − n^i_{(n)} =

∫_1 0 dt ( δf i δu^j ) (n^j_{(n)} − n^j_{(n−1)}). (42)

Note that the operator δf^i/δu^j must satisfy the following inequality ‖ ‖( δf^i δu^j )‖ ‖ ≤ ( ∂g ∂n ) ⃗n=⃗n_{max} ≡ k (43)

where g is given by (38). Then (42) must satisfy the following norm inequal- ity ‖⃗n_{(n+1)} − ⃗n_{(n)}‖ ≤ k‖ ⃗(n) − ⃗n_{(n−1)}‖ ≤ k^n‖⃗n_{(1)} − ⃗n_{(0)}‖. (44) A sufficient condition for convergence is that k < 1, which is pointwise in the sense that k must be evaluated for each configuration at each point is Σ once suitable norms for the operators have been defined.

4 Summary

We have proved that general relativity can be reduced to its physical degrees of freedom using the instanton representation of Plebanski gravity. The result hold provided that det(δg_a/δN^i) ≠ 0, whence the grauge-fixing procedure can be carried out. The resulting kinematic phase spsace I_{Kin} will provide a useful starting point for quantization as well as for Hamiltonian dynamics.