arXiv:0811.0508v2 [math-ph] 22 May 2012

March 27, 2013 8:43 WSPC/INSTRUCTION FILE kfte

COVARIANT HAMILTONIAN FIELD THEORY

JÜRGEN STRUCKMEIER and ANDREAS REDELBACH GSI Helmholtzzentrum für Schwerionenforschung GmbH Planckstr. 1, 64291 Darmstadt, Germany and Johann Wolfgang Goethe-Universität Frankfurt am Main Max-von-Laue-Str. 1, 60438 Frankfurt am Main, Germany j.struckmeier@gsi.de

Received March 27, 2013

A consistent, local coordinate formulation of covariant Hamiltonian field theory is presented. Whereas the covariant canonical field equations are equivalent to the Euler- Lagrange field equations, the covariant canonical transformation theory offers more general means for defining mappings that preserve the form of the field equations than the usual Lagrangian description. It is proved that Poisson brackets, Lagrange brackets, and canonical 2-forms exist that are invariant under canonical transformations of the fields. The technique to derive transformation rules for the fields from generating functions is demonstrated by means of various examples. In particular, it is shown that the infinitesimal canonical transformation furnishes the most general form of Noether’s theorem. We furthermore specify the generating function of an infinitesimal space-time step that conforms to the field equations.

Keywords: Field theory; Hamiltonian density; covariant.

PACS numbers: 11.10.Ef, 11.15Kc

1. Introduction

Relativistic field theories and gauge theories are commonly formulated on the basis of a Lagrangian density L1^,2^,3^,4. The space-time evolution of the fields is obtained by integrating the Euler-Lagrange field equations that follow from the fourdimensional representation of Hamilton’s action principle. A characteristic feature of this approach is that the four independent variables of space and time are treated on equal footing, which automatically ensures the description to be relativisticly correct. This is reflected by the fact that the Lagrangian density L depends — apart from a possible explicit dependence on the four space-time coordinates x^μ — on the set of fields ϕ^I and evenly on all four derivatives ∂ϕ^I of those fields with respect to the space-time coordinates, i.e. L = L(ϕ^I , ∂ϕ^I , x^μ). Herein, the index “I” enumerates the individual fields that are involved in the given physical system.

When the transition to a Hamiltonian description is made in textbooks, the equal footing of the space-time coordinates is abandoned5^,1^,2. In these presentations, the Hamiltonian density H is defined to depend on the set of scalar fields 1

2 J. Struckmeier

ϕ^I and on one set of conjugate scalar fields π_I that counterpart the time derivatives of the ϕ^I . Keeping the dependencies on the three spatial derivatives ∂_ν ϕ^I of the fields ϕ^I , the functional dependence of the Hamiltonian is then defined as H = H(ϕ^I , π_I , ∂_ν ϕ^I , x^μ). The canonical field equations then emerge as time derivatives of the scalar fields ϕ^I and π_I . In other words, the time variable is singled out of the set of independent space-time variables. While this formulation is doubtlessly valid and obviously works for the purpose pursued in these presentations, it closes the door to a full-fledged Hamiltonian field theory. In particular, it appears to be impossible to formulate a theory of canonical transformations on the basis of this particular definition of a Hamiltonian density.

On the other hand, numerous papers were published that formulate a covariant Hamiltonian description of field theories where — similar to the Lagrangian formalism — the four independent variables of space-time are treated equally. These papers are generally based on the pioneering works of De Donder6 and Weyl7. The key point of this approach is that the Hamiltonian density H is now defined to depend on a set of conjugate 4-vector fields π^μ_I that counterbalance the four derivatives ∂_μϕ^I of the Lagrangian density L, so that H = H(ϕ^I , π^μ_I , x^μ). Corresponding to the Euler-Lagrange equations of field theory, the canonical field equations then take on a symmetric form with respect to the four independent variables of space-time. This approach is commonly referred to as “multisymplectic” or “polysymplectic field theory”, thereby labelling the covariant extension of the symplectic geometry of the conventional Hamiltonian theory8^,9^,10^,11^,12^,13^,14^,15. Mathematically, the phase space of multisymplectic Hamiltonian field theory is defined within modern differential geometry in the language of “jet bundles”16^,17.

Obviously, this theory has not yet found its way into mainstream textbooks. One reason for this is that the differential geometry approach to covariant Hamiltonian field theory is far from being straightforward and raises mathematical issues that are not yet clarified (see, for instance, the discussion in Ref. 12). Furthermore, the approach is obviously not unique — there exist various options to define geometric objects such as Poisson brackets8^,11^,14. As a consequence, any discussion of the matter is unavoidably shifted into the realm of mathematics.

With the present paper, we do not pursue the differential geometry path but provide a local coordinate treatise of De Donder and Weyl’s covariant Hamiltonian field theory. The local description enables us to keep the mathematics on the level of tensor calculus. Nevertheless, the description is chart-independent and thus applies to all local coordinate systems. With this property, our description is sufficiently general from the point of view of physics. Similar to textbooks on Lagrangian gauge theories, we maintain a close tie to physics throughout the paper.

Our paper is organized as follows. In Sec. 2, we give a brief review of De Donder and Weyl’s approach to Hamiltonian field theory in order to render the paper self-contained and to clarify notation. After reviewing the covariant canonical field equations, we evince the Hamiltonian density H to represent the eigenvalue of the

Covariant Hamiltonian Field Theory 3

energy-momentum tensor and discuss the non-uniqueness of the field vector π_I .

The main benefit of the covariant Hamiltonian approach is that it enables us to formulate a consistent theory of covariant canonical transformations. This is demonstrated in Sec. 3. Strictly imitating the point mechanics’ approach18^,19, we set up the transformation rules on the basis of a generating function by requiring the variational principle to be maintained20. In contrast to point mechanics, the generating function F^μ_1 now emerges in our approach as a 4-vector function. We recover a characteristic feature of canonical transformations by deriving the symmetry relations of the mutual partial derivatives of original and transformed fields. By means of covariant Legendre transformations, we show that equivalent transformation rules are obtained from generating functions F^μ_2 , F^μ_3 , and F^μ_4 . Very importantly, each of these generating functions gives rise to a specific set of symmetry relations of original and transformed fields.

The symmetry relations set the stage for proving that 4-vectors of Poisson and Lagrange brackets exist that are invariant with respect to canonical transformations of the fields. We furthermore show that each vector component of our definition of a (1, 2)-tensor, i.e. a “4-vector of 2-forms ω^μ” is invariant under canonical transformations — which establishes Liouville’s theorem of canonical field theory. We conclude this section deriving the field theory versions of the Jacobi identity, Poisson’s theorem, and the Hamilton-Jacobi equation. Similar to point mechanics, the action function S^μ of the Hamilton-Jacobi equation is shown to represent a generating function S^μ ≡ F^μ_2 that is associated with the particular canonical transformation that maps the given Hamiltonian into an identically vanishing Hamiltonian.

In Sec. 4, examples of Hamiltonian densities are reviewed and their pertaining field equations are derived. As the relativistic invariance of the resulting fields equations is ensured if the Hamiltonian density H is a Lorentz scalar, various equations of relativistic quantum field theory are demonstrated to embody, in fact, canonical field equations. In particular, the Hamiltonian density engendering the Klein-Gordon equation manifests itself as the covariant field theory analog of the harmonic oscillator Hamiltonian of point mechanics.

Section 5 starts sketching simple examples of canonical transformations of Hamiltonian systems. Similar to the case of classical point mechanics, the main advantage of the Hamiltonian over the Lagrangian description is that the canonical transformation approach is not restricted to the class of point transformations, i.e., to cases where the transformed fields Φ^I only depend on the original fields ϕ^I . The most general formulation of Noether’s theorem is, therefore, obtained from a general infinitesimal canonical transformation. As an application of this theorem, we show that an invariance with respect to a shift in a space-time coordinate leads to a corresponding conserved current that is given by the pertaining column vector of the energy-momentum tensor.

By specifying its generating function, we furthermore show that an infinitesimal step in space-time which conforms to the canonical field equations itself establishes a canonical transformation. Similar to the corresponding time-step transformation

4 J. Struckmeier

of point mechanics, the generating function is mainly determined by the system’s Hamiltonian density. It is precisely this canonical transformation which ensures that a Hamiltonian systems remains a Hamiltonian system in the course of its spacetime evolution. The existence of this canonical transformation is thus crucial for the entire approach to be consistent.

As canonical transformations establish mappings of one physical system into another, canonically equivalent system, it is remarkable that Higgs’ mechanism of spontaneous symmetry breaking can be formulated in terms of a canonical transformation. This is shown in Sec. 5.9. We close our treatise with a discussion of the generating function of a non-Abelian gauge transformation. With Appendix B, we add an excursion to differential geometry by providing a geometrical representation of the canonical field equations.

2. Covariant Hamiltonian density

2.1. Covariant canonical field equations

The transition from particle dynamics to the dynamics of a continuous system is based on the assumption that a continuum limit exists for the given physical problem. This limit is defined by letting the number of particles involved in the system increase over all bounds while letting their masses and distances go to zero. In this limit, the information on the location of individual particles is replaced by the value of a smooth function ϕ(x) that is given at a spatial location x^1, x^2, x^3 at time t ≡ x^0. The differentiable function ϕ(x) is called a field. In this notation, the index μ runs from 0 to 3, hence distinguishes the four independent variables of space-time x^μ ≡ (x^0, x^1, x^2, x^3) ≡ (ct, x, y, z), and x_μ ≡ (x_0, x_1, x_2, x_3) ≡ (ct, −x, −y, −z). We furthermore assume that the given physical problem can be described in terms of I = 1, . . . , N — possibly interacting — scalar fields ϕ^I (x), with the index “I” enumerating the individual fields. In order to clearly distinguish scalar quantities from vector quantities, we denote the latter with boldface letters. Throughout our paper, the summation convention is used. This means that whenever a pair of the same upper and lower indexes appears on one side of an equation, this index is to be summed over. If no confusion can arise, we omit the indexes in the argument list of functions in order to avoid the number of indexes to proliferate.

The Lagrangian description of the dynamics of a continuous system is based on the Lagrangian density function L that is supposed to carry the complete information on the given physical system. In a first-order field theory, the Lagrangian density L is defined to depend on the ϕ^I , possibly on the vector of independent variables x, and on the four first derivatives of the fields ϕ^I with respect to the independent variables, i.e., on the 1-forms ∂ϕ^I ≡ (∂_{ct}ϕ^I , ∂_xϕ^I , ∂_yϕ^I , ∂_zϕ^I ). The Euler-Lagrange field equations are then obtained as the zero of the variation

Covariant Hamiltonian Field Theory 5

δS of the action integral S = ∫ L(ϕ^I , ∂ϕ^I , x) d^4x (1) as ∂ ∂x^α ∂L ∂(∂_αϕ^I ) − ∂L ∂ϕ^I = 0. (2)

To derive the equivalent covariant Hamiltonian description of continuum dynamics, we first define for each field ϕ^I (x) a 4-vector of conjugate momentum fields π^μ_I (x). Its components are given by

π^μ_I = ∂L ∂(∂_μϕ^I ) ≡ ∂L ∂ (_{∂ϕI} ∂x^μ ). (3) The 4-vector π_I is thus induced by the Lagrangian L as the dual counterpart of the 1-form ∂ϕ^I . For the entire set of N scalar fields ϕ^I (x), this establishes a set of N conjugate 4-vector fields. With this definition of the 4-vectors of canonical momenta π_I (x), we can now define the Hamiltonian density H(ϕ^I , π_I , x) as the covariant Legendre transform of the Lagrangian density L(ϕ^I , ∂ϕ^I , x) H(ϕ^I , π_I , x) = π^α_J ∂ϕ^J ∂x^α − L(ϕ^I , ∂ϕ^I , x). (4) At this point we suppose that L is regular, hence that for each index “I” the Hesse matrices (∂^2L/∂(∂_μϕ^I ) ∂(∂_ν ϕ^I )) are non-singular. This ensures that H takes over the complete information on the given dynamical system from L by means of the Legendre transformation. The definition of H by Eq. (4) is referred to in literature as the “De Donder-Weyl” Hamiltonian density.

Obviously, the dependencies of H and L on the ϕ^I and the x^μ only differ by a sign, ∂H ∂ϕ^I = − ∂L ∂ϕ^I , ∂H ∂x^μ | | | expl = − ∂L ∂x^μ | | | expl . These variables do not take part in the Legendre transformation of Eqs. (3), (4). With regard to this transformation, the Hamiltonian density H is, therefore, to be considered as a function of the π^μ_I only, and, correspondingly, the Lagrangian density L as a function of the ∂_μϕ^I only. In order to derive the canonical field equations, we calculate from Eq. (4) the partial derivative of H with respect to π^μ_I , ∂H ∂π^μ_I = δ^I_J δ^α_μ ∂ϕ^J ∂x^α = ∂ϕ^I ∂x^μ . According to the definition of π^μ_I in Eq. (3), the second and the third terms on the right hand side cancel. In conjunction with the Euler-Lagrange equation, we obtain the set of covariant canonical field equations finally as ∂H ∂π^μ_I = ∂ϕ^I ∂x^μ , ∂H ∂ϕ^I = − ∂π^α_I ∂x^α . (5)

6 J. Struckmeier

This pair of first-order partial differential equations is equivalent to the set of second-order differential equations of Eq. (2). We observe that in this formulation of the canonical field equations all coordinates of space-time appear symmetrically — similar to the Lagrangian formulation of Eq. (2). Provided that the Lagrangian density L is a Lorentz scalar, the dynamics of the fields is invariant with respect to Lorentz transformations. The covariant Legendre transformation (4) passes this property to the Hamiltonian density H. It thus ensures a priori the relativistic invariance of the fields that emerge as integrals of the canonical field equations if L — and hence H — represents a Lorentz scalar.

2.2. Energy-Momentum Tensor In the Lagrangian description, the energy-momentum tensor T^ν_μ is defined as the following mixed second rank tensor

T^ν_μ = ∂L ∂(∂_ν ϕ^I ) ∂ϕ^I ∂x^μ − L δ^ν_μ. (6) With the definition (3) of the conjugate momentum fields π^μ_I , and the Hamiltonian density of Eq. (4), the energy-momentum tensor (6) is equivalently expressed as

T^ν_μ = H δ^ν_μ + π^ν_I ∂ϕ^I ∂x^μ − δ^ν_μ π^α_I ∂ϕ^I ∂x^α . (7)

An important property of the energy-momentum tensor is revealed by calculating the divergence ∂T^α_μ /∂x^α. From the definition (7), we find ∂T^α_μ ∂x^α = δ^α_μ ( ∂H ∂ϕ^I ∂ϕ^I ∂x^α + ∂H ∂π^β_I ∂π^β_I ∂x^α + ∂H ∂x^α | | | |_{expl.} ) + ∂π^α_I ∂x^α ∂ϕ^I ∂x^μ + π^α_I

∂^2ϕ^I ∂x^μ∂x^α − δ^α_μ ( ∂π^β_I ∂x^α ∂ϕ^I ∂x^β + π^β_I

∂^2ϕ^I ∂x^α∂x^β )

Inserting the canonical field equations (5), this becomes ∂T^α_μ ∂x^α = ∂H ∂x^μ | | |_{expl.} . (8)

We observe that the Hamiltonian H — through its ϕ^I and explicit x^ν dependencies — only determines the divergences ∂π^j_I /∂x^j and ∂T^j_ν /∂x^j of both the canonical momentum tensor and the energy-momentum tensor, but not the individual components π^ν_I and T^ν_μ .

If the Hamiltonian density H does not explicitly depend on the independent variable x^μ, then H is obviously invariant with respect to a shift of the reference system along the x^μ axis. Then, the components of the μ-th column of the energymomentum tensor satisfy the continuity equation ∂T^α_μ ∂x^α = 0 ⇐⇒ ∂H ∂x^μ | | | |_{expl.} = 0.

Covariant Hamiltonian Field Theory 7

Using the definition (7) of the energy-momentum tensor, we infer from Eq. (8) ∂T^α_μ ∂x^α = ∂T^α_μ ∂x^α | | |_{expl.} .

Based on the four independent variables x^μ of space-time, this divergence relation for the energy-momentum tensor constitutes the counterpart to the relation dH/dt = ∂H/∂t of the time derivatives of the Hamiltonian function of point mechanics. Yet, such a relation does not exist in general for the Hamiltonian density H of field theory. As we easily convince ourselves, the derivative of H with respect to x^μ is not uniquely determined by its explicit dependence on x^μ ∂H ∂x^μ = ∂H ∂x^μ | | |_{expl.} + ∂H ∂π^α_I ∂π^α_I ∂x^μ + ∂H ∂ϕ^I ∂ϕ^I ∂x^μ = ∂H ∂x^μ | | | |_{expl.} + ∂ϕ^I ∂x^α ∂π^α_I ∂x^μ − ∂ϕ^I ∂x^μ ∂π^β_I ∂x^β = ∂H ∂x^μ | | | |_{expl.} + ( ∂π^α_I ∂x^μ − δ^α_μ ∂π^β_I ∂x^β ) ∂ϕ^I ∂x^α . (9)

Owing to the fact that the number of independent variables is greater than one, the two rightmost terms of Eq. (9) constitute a sum. In contrast to the case of point mechanics, these terms generally do not cancel by virtue of the canonical field equations.

2.3. Non-uniqueness of the conjugate vector fields π_I From the right hand side of the second canonical field equation (5) we observe that the dependence of the Hamiltonian density H on ϕ^I only determines the divergence of the conjugate vector field π_I . Vice-versa, the canonical field equations are invariant with regard to all transformations of the mixed tensor (∂π^μ_I /∂x^ν ) that preserve its trace. The expression ∂H/∂ϕ^I thus only quantifies the change of the flux of π_I through an infinitesimal space-time volume around a space-time location x. The vector field π_I itself is, therefore, only determined up to a vector field η_I (x) that leaves its divergence invariant π^μ_I → π^μ_{I,e} = π^μ_I − η^μ_I . (10) This is obviously the case if ∂η^α_I ∂x^α = 0. (11)

With this condition fulfilled, we are allowed to subtract a field η_I (x) from π_I (x) without changing the canonical field equations (5), hence the description of the dynamics of the given system.

8 J. Struckmeier

In the Lagrangian formalism, the transition (10) corresponds to the transformation L → L^′ = L − η^α_I (x) ∂ϕ^I (x) ∂x^α . which leaves — under the condition (11) — the Euler-Lagrange equations (2) invariant.

The Hamiltonian density H^′, expressed as a function of π_{I,e}, is obtained from the Legendre transformation π^μ_{I,e} = ∂L^′ ∂(∂_μϕ^I ) = π^μ_I − η^μ_I H^′(ϕ^I , π_{I,e}, x) = π^α_{I,e} ∂ϕ^I ∂x^α − L^′(ϕ^I , ∂ϕ^I , x) = π^α_I ∂ϕ^I ∂x^α − η^α_I ∂ϕ^I ∂x^α − L + η^α_I ∂ϕ^I ∂x^α = H(ϕ^I , π_I , x). The value of the Hamiltonian density H thus remains invariant under the action of the shifting transformation (10), (11). This means for the canonical field equations (5) ∂H^′ ∂π^μ_{I,e} = ∂H ∂π^μ_I = ∂ϕ^I ∂x^μ , ∂H^′ ∂ϕ^I = ∂H ∂ϕ^I = − ∂π^α_I ∂x^α , ∂H^′ ∂x^μ | | |_{expl.} = ∂H ∂x^μ | | |_{expl.} .

Thus, both momentum fields π_{I,e} and π_I equivalently describe the same physical system. In other words, we can switch from π_I to π_{I,e} = π_I −η_I with ∂η^α_I /∂x^α = 0 without changing the physical description of the given system.

3. Canonical transformations in covariant Hamiltonian field theory 3.1. Generating functions of type F_1(ϕ, Φ, x) Similar to the canonical formalism of point mechanics, we call a transformation of the fields (ϕ, π) → (Φ, Π) canonical if the form of the variational principle that is based on the action integral (1) is maintained, δ ∫ R ( π^α_I ∂ϕ^I ∂x^α − H(ϕ, π, x) ) d^4x = δ ∫ R ( Π^α_I ∂Φ^I ∂x^α − H^′(Φ, Π, x) ) d^4x. (12)

Equation (12) tells us that the integrands may differ by the divergence of a vector field F^μ_1 , whose variation vanishes on the boundary ∂R of the integration region R within space-time δ ∫ R ∂F^α_1 ∂x^α d^4x = δ ∮ ∂R F^α_1 dS_α^!= 0.

Covariant Hamiltonian Field Theory 9

The immediate consequence of the form invariance of the variational principle is the form invariance of the covariant canonical field equations (5) ∂H^′ ∂Π^μ_I = ∂Φ^I ∂x^μ , ∂H^′ ∂Φ^I = − ∂Π^α_I ∂x^α . (13)

For the integrands of Eq. (12) — hence for the Lagrangian densities L and L^′ — we thus obtain the condition

L = L^′ + ∂F^α_1 ∂x^α (14) π^α_I ∂ϕ^I ∂x^α − H(ϕ, π, x) = Π^α_I ∂Φ^I ∂x^α − H^′(Φ, Π, x) + ∂F^α_1 ∂x^α . (15)

With the definition F^μ_1 ≡ F^μ_1 (ϕ, Φ, x), we restrict ourselves to a function of exactly those arguments that now enter into transformation rules for the transition from the original to the new fields. The divergence of F^μ_1 writes, explicitly, ∂F^α_1 ∂x^α = ∂F^α_1 ∂ϕ^I ∂ϕ^I ∂x^α + ∂F^α_1 ∂Φ^I ∂Φ^I ∂x^α + ∂F^α_1 ∂x^α | | |_{expl}. (16)

The rightmost term denotes the sum over the explicit dependence of the generating function F^μ_1 on the x^ν . Comparing the coefficients of Eqs. (15) and (16), we find the local coordinate representation of the field transformation rules that are induced by the generating function F^μ_1

π^μ_I = ∂F^μ_1 ∂ϕ^I , Π^μ_I = − ∂F^μ_1 ∂Φ^I , H^′ = H + ∂F^α_1 ∂x^α | | | expl

. (17)

The transformation rule for the Hamiltonian density implies that summation over α is to be performed. In contrast to the transformation rule for the Lagrangian density L of Eq. (15), the rule for the Hamiltonian density is determined by the explicit dependence of the generating function F^μ_1 on the x^μ. Hence, if a generating function does not explicitly depend on the independent variables, x^μ, then the value of the Hamiltonian density is not changed under the particular canonical transformation emerging thereof.

Differentiating the transformation rule for π^μ_I with respect to Φ^J , and the rule for Π^μ_J with respect to ϕ^I , we obtain a symmetry relation between original and transformed fields ∂π^μ_I ∂Φ^J = ∂^2F^μ_1 ∂ϕ^I ∂Φ^J = − ∂Π^μ_J ∂ϕ^I . (18)

The emerging of symmetry relations is a characteristic feature of canonical transformations. As the symmetry relation directly follows from the second derivatives of the generating function, is does not apply for arbitrary transformations of the fields that do not follow from generating functions.

To derive the transformation rule for the energy-momentum tensor (7), we express the tensor in terms of the transformed coordinates, subsequently apply the

10 J. Struckmeier

transformation rules (17), and insert the divergence expression from Eq. (16)

T^{ν′}_μ = δ^ν_μ H^′ + Π^ν_I ∂Φ^I ∂x^μ − δ^ν_μ Π^α_I ∂Φ^I ∂x^α = δ^ν_μ H + δ^ν_μ ∂F^α_1 ∂x^α | | |_{expl} − ∂F^ν_1 ∂Φ^I ∂Φ^I ∂x^μ + δ^ν_μ ∂F^α_1 ∂Φ^I ∂Φ^I ∂x^α = δ^ν_μ H + δ^ν_μ ∂F^α_1 ∂x^α | | |_{expl} − ( ∂F^ν_1 ∂x^μ − ∂F^ν_1 ∂x^μ | | |_{expl} − ∂F^ν_1 ∂ϕ^I ∂ϕ^I ∂x^μ )

+ δ^ν_μ ( ∂F^α_1 ∂x^α − ∂F^α_1 ∂x^α | | |_{expl} − ∂F^α_1 ∂ϕ^I ∂ϕ^I ∂x^α )

= δ^ν_μ H + π^ν_I ∂ϕ^I ∂x^μ − δ^ν_μπ^α_I ∂ϕ^I ∂x^α + ∂F^ν_1 ∂x^μ | | |_{expl} − ∂F^ν_1 ∂x^μ + δ^ν_μ ∂F^α_1 ∂x^α = T^ν_μ + ∂F^ν_1 ∂x^μ | | |_{expl} − k^νμ (x), k^νμ = ∂F^ν_1 ∂x^μ − δ^ν_μ ∂F^α_1 ∂x^α . The divergences ∂k^β_μ /∂x^β vanish identically, ∂k^β_μ ∂x^β = ∂^2F^β_1 ∂x^μ∂x^β − δ^β_μ ∂^2F^α_1 ∂x^α∂x^β ≡ 0. As already discussed in Sect. 2.2, we have seen in Eq. (8) that the energy-momentum tensor T^ν_μ is determined only up to divergence-free functions. Therefore, the k^ν_μ terms can be skipped from the transformation rule for the energy-momentum tensor elements, yielding

T^{μ′}_ν = T^μ_ν + ∂F^μ_1 ∂x^ν | | |_{expl.} .

3.2. Generating functions of type F_2(ϕ, Π, x) The generating function of a canonical transformation can alternatively be expressed in terms of a function of the original fields ϕ^I and of the new conjugate fields Π^μ_I . To derive the pertaining transformation rules, we perform the covariant Legendre transformation F^μ_2 (ϕ, Π, x) = F^μ_1 (ϕ, Φ, x) + Φ^J Π^μ_J , Π^μ_I = − ∂F^μ_1 ∂Φ^I . (21)

By definition, the functions F^μ_1 and F^μ_2 agree with respect to their ϕ^I and x^μ dependencies ∂F^μ_2 ∂ϕ^I = ∂F^μ_1 ∂ϕ^I = π^μ_I , ∂F^α_2 ∂x^α | | | expl = ∂F^α_1 ∂x^α | | | expl = H^′ − H. The variables ϕ^I and x^μ do not take part in the Legendre transformation from Eq. (21). Therefore, the two F^μ_2 -related transformation rules coincide with the respective rules derived previously from F^μ_1 . As F^μ_1 does not depend on the Π^μ_I

Covariant Hamiltonian Field Theory 11

whereas F^μ_2 does not depend on the the Φ^I , the new transformation rule thus follows from the derivative of F^μ_2 with respect to Π^ν_J , ∂F^μ_2 ∂Π^ν_I = Φ^J ∂Π^μ_J ∂Π^ν_I = Φ^J δ^I_J δ^μ_ν .

We thus end up with set of transformation rules

π^μ_I = ∂F^μ_2 ∂ϕ^I , Φ^I δ^μ_ν = ∂F^μ_2 ∂Π^ν_I , H^′ = H + ∂F^α_2 ∂x^α | | |_{expl}, (22)

which is equivalent to the set (17) by virtue of the Legendre transformation (21) if the matrices (∂^2F^μ_1 /∂ϕ^I ∂Φ^J ) are non-singular for all indexes “μ”. From the second partial derivations of F^μ_2 one immediately derives the symmetry relation ∂π^μ_I ∂Π^ν_J = ∂^2F^μ_2 ∂ϕ^I ∂Π^ν_J = ∂Φ^J ∂ϕ^I δ^μ_ν . (23)

3.3. Generating functions of type F_3(Φ, π, x) By means of the Legendre transformation F^μ_3 (Φ, π, x) = F^μ_1 (ϕ, Φ, x) − ϕ^J π^μ_J , π^μ_I = ∂F^μ_1 ∂ϕ^I , (24)

the generating function of a canonical transformation can be converted into a function of the new fields Φ^I and the original conjugate fields π^μ_I . The functions F^μ_1 and F^μ_3 agree in their dependencies on Φ^I and x^μ, ∂F^μ_3 ∂Φ^I = ∂F^μ_1 ∂Φ^I = −Π^μ_I , ∂F^α_3 ∂x^α | | |_{expl} = ∂F^α_1 ∂x^α | | |_{expl} = H^′ − H.

Consequently, the pertaining transformation rules agree with those of Eq. (17). The new rule follows from the dependence of F^μ_3 on the π^ν_I : ∂F^μ_3 ∂π^ν_I = −ϕ^J ∂π^μ_J ∂π^ν_I = −ϕ^J δ^I_J δ^μ_ν = −ϕ^I δ^μ_ν .

For (∂^2F^μ_1 /∂ϕ^I ∂Φ^J ) non-singular, we thus get a third set of equivalent transformation rules,

Π^μ_I = − ∂F^μ_3 ∂Φ^I , ϕ^I δ^μ_ν = − ∂F^μ_3 ∂π^ν_I , H^′ = H + ∂F^α_3 ∂x^α | | |_{expl}. (25)

The pertaining symmetry relation between original and transformed fields emerging from F^μ_3 writes ∂Π^μ_I ∂π^ν_J = − ∂^2F^μ_3 ∂Φ^I ∂π^ν_J = ∂ϕ^J ∂Φ^I δ^μ_ν . (26)

12 J. Struckmeier

3.4. Generating functions of type F_4(π, Π, x) Finally, by means of the Legendre transformation F^μ_4 (π, Π, x) = F^μ_3 (Φ, π, x) + Φ^J Π^μ_J , Π^μ_I = − ∂F^μ_3 ∂Φ^I (27)

we may express the generating function of a canonical transformation as a function of both the original and the transformed conjugate fields π^μ_I , Π^μ_I . The functions F^μ_4 and F^μ_3 agree in their dependencies on the π^μ_I and x^μ, ∂F^μ_4 ∂π^ν_I = ∂F^μ_3 ∂π^ν_I = −ϕ^I δ^μ_ν , ∂F^α_4 ∂x^α | | | |_{expl} = ∂F^α_3 ∂x^α | | | |_{expl} = H^′ − H.

The related pair of transformation rules thus corresponds to that of Eq. (25). The new rule follows from the dependence of F^μ_4 on the Π^ν_J , ∂F^μ_4 ∂Π^ν_I = Φ^J ∂Π^μ_J ∂Π^ν_I = Φ^J δ^I_J δ^μ_ν = Φ^I δ^μ_ν .

Under the condition that (∂^2F^μ_3 /∂Φ^I ∂π^ν_J ) non-singular, we thus get a fourth set of equivalent transformation rules

Φ^I δ^μ_ν = ∂F^μ_4 ∂Π^ν_I , ϕ^I δ^μ_ν = − ∂F^μ_4 ∂π^ν_I , H^′ = H + ∂F^α_4 ∂x^α | | | |_{expl}. (28)

The subsequent symmetry relation between original and transformed fields that is associated with F^μ_4 follows as ∂ϕ^I ∂Π^β_J δ^μ_α = −

∂^2F^μ_4 ∂π^α_I ∂Π^β_J = − ∂Φ^J ∂π^α_I δ^μ_β . (29)

For the particular cases α = β = μ, this means ∂ϕ^I ∂Π^μ_J = − ∂Φ^J ∂π^μ_I . (30)

With regard to Eq. (30), we observe that the symmetry relation (18) similarly depicts only the particular cases α = β = μ. Making use of the complete set of symmetry relations, we show in Appendix A that — in analogy to Eq. (29) — the general form of Eq. (18) is given by ∂Π^β_J ∂ϕ^I δ^α_μ = − ∂π^α_I ∂Φ^J δ^β_μ . (31)

3.5. Consistency check of the canonical transformation rules As a test of consistency of the canonical transformation rules derived in the preceding four sections, we now rederive the rules obtained from the generating function F^μ_1 from a Legendre transformation of F^μ_4 . Both generating functions are related by F^μ_1 (ϕ, Φ, x) = F^μ_4 (π, Π, x) + ϕ^J π^μ_J − Φ^J Π^μ_J , Φ^I δ^μ_ν = ∂F^μ_4 ∂Π^ν_I , ϕ^I δ^μ_ν = − ∂F^μ_4 ∂π^ν_I .

Covariant Hamiltonian Field Theory 13

In this case, the generating functions F^μ_1 and F^μ_4 only agree in their explicit dependence on x^μ. This involves the common transformation rule ∂F^α_1 ∂x^α | | |_{expl} = ∂F^α_4 ∂x^α | | |_{expl} = H^′ − H.

In the actual case, we thus transform at once two field variables ϕ^I , Φ^I and π^μ_I , Π^μ_I . The transformation rules associated with F^μ_1 follow from its dependencies on both ϕ^I and Φ^I according to ∂F^μ_1 ∂ϕ^I + ∂F^μ_1 ∂Φ^J ∂Φ^J ∂ϕ^I = ∂F^μ_4 ∂π^α_J ∂π^α_J ∂ϕ^I + ∂F^μ_4 ∂Π^α_J ∂Π^α_J ∂ϕ^I + π^μ_I + ϕ^J ∂π^μ_J ∂ϕ^I − Π^μ_J ∂Φ^J ∂ϕ^I − Φ^J ∂Π^μ_J ∂ϕ^I = Φ^J δ^μ_α ∂Π^α_J ∂ϕ^I + π^μ_I − Π^μ_J ∂Φ^J ∂ϕ^I − Φ^J ∂Π^μ_J ∂ϕ^I = π^μ_I − Π^μ_J ∂Φ^J ∂ϕ^I . Comparing the coefficients on the left- and right-hand sides, we encounter the transformation rules

π^μ_I = ∂F^μ_1 ∂ϕ^I , Π^μ_I = − ∂F^μ_1 ∂Φ^I . As expected, the rules obtained previously in Eq. (17) are recovered. The same result follows if we differentiate F^μ_1 with respect to Φ^I .

3.6. Poisson brackets, Lagrange brackets For a system with given Hamiltonian density H(ϕ^I , π_I , x), and for two differentiable functions f(ϕ^I , π_I , x), g(ϕ^I , π_I , x) of the fields ϕ^I , π^μ_I and the independent variables x^μ, we define the μ-th component of the Poisson bracket of f and g as follows [ f, g ] ϕ,π^μ = ∂f ∂ϕ^I ∂g ∂π^μ_I − ∂f ∂π^μ_I ∂g ∂ϕ^I . (32)

With this definition, the four Poisson brackets [f, g]_{ϕ,π}μ constitute the components of a dual 4-vector, i.e., a 1-form. Obviously, the Poisson bracket (32) satisfies the following algebraic rules [ f, g ] ϕ,π^μ = − [ g, f ] ϕ,π^μ [ cf, g ] ϕ,π^μ = c [ f, g ] ϕ,π^μ , c ∈ R [ f, g ] ϕ,π^μ + [ h, g ] ϕ,π^μ = [ f + h, g ] ϕ,π^μ

14 J. Struckmeier

The Leibnitz rule is obtained from (32) via [ f, gh ] ϕ,π^μ = ∂f ∂ϕ^I ∂ ∂π^μ_I (gh) − ∂f ∂π^μ_I ∂ ∂ϕ^I (gh) = ∂f ∂ϕ^I ( h ∂g ∂π^μ_I + g ∂h ∂π^μ_I ) − ∂f ∂π^μ_I ( g ∂h ∂ϕ^I + h ∂g ∂ϕ^I )

= h ( ∂f ∂ϕ^I ∂g ∂π^μ_I − ∂f ∂π^μ_I ∂g ∂ϕ^I ) + g ( ∂f ∂ϕ^I ∂h ∂π^μ_I − ∂f ∂π^μ_I ∂h ∂ϕ^I )

= h [ f, g ] ϕ,π^μ + g [ f, h ] ϕ,π^μ For an arbitrary differentiable function f(ϕ^I , π_I , x) of the field variables, we can, in particular, set up the Poisson brackets with the canonical fields ϕ^I , and π_I . As the individual field variables ϕ^I and π^μ_I are independent by assumption, we immediately get [ ϕ^I , f ] ϕ,π^μ = ∂ϕ^I ∂ϕ^J ∂f ∂π^μ_J − ∂ϕ^I ∂π^μ_J ∂f ∂ϕ^J = δ^I_J ∂f ∂π^μ_J = ∂f ∂π^μ_I [ π^ν_I , f ] ϕ,π^μ = ∂π^ν_I ∂ϕ^J ∂f ∂π^μ_J − ∂π^ν_I ∂π^μ_J ∂f ∂ϕ^J = −δ^J_I δ^ν_μ ∂f ∂ϕ^J = −δ^ν_μ ∂f ∂ϕ^I . The Poisson bracket of a function f of the field variables with a particular field variable thus corresponds to the derivative of that function f with respect to the conjugate field variable. The fundamental Poisson brackets are constituted by pairing field variables ϕ^I and π^μ_I , [ ϕ^I , ϕ^J ] ϕ,π^μ = ∂ϕ^I ∂ϕ^K ∂ϕ^J ∂π^μ_K − ∂ϕ^I ∂π^μ_K ∂ϕ^J ∂ϕ^K = 0, [ ϕ^I , π^ν_J ] ϕ,π^μ = ∂ϕ^I ∂ϕ^K ∂π^ν_J ∂π^μ_K − ∂ϕ^I ∂π^μ_K ∂π^ν_J ∂ϕ^K = ∂π^ν_J ∂π^μ_I = δ^ν_μ δ^I_J , (33) [ π^α_I , π^β_J ] ϕ,π^μ = ∂π^α_I ∂ϕ^K ∂π^β_J ∂π^μ_K − ∂π^α_I ∂π^μ_K ∂π^β_J ∂ϕ^K = 0.

Similar to point mechanics, we can define the Lagrange brackets as the dual counterparts of the Poisson brackets. In local description, we define the components of a 4-vector of Lagrange brackets {f, g}^{ϕ,πμ} of two differentiable functions f, g by {f, g}^{ϕ,πμ} = ∂ϕ^I ∂f ∂π^μ_I ∂g − ∂π^μ_I ∂f ∂ϕ^I ∂g . (34)

The fundamental Lagrange bracket then emerge as { ϕ^I , ϕ^J }_{ϕ,π}μ = ∂ϕ^K ∂ϕ^I ∂π^μ_K ∂ϕ^J − ∂π^μ_K ∂ϕ^I ∂ϕ^K ∂ϕ^J = 0, { ϕ^I , π^ν_J }_{ϕ,π}μ = ∂ϕ^K ∂ϕ^I ∂π^μ_K ∂π^ν_J − ∂π^μ_K ∂ϕ^I ∂ϕ^K ∂π^ν_J = ∂π^μ_I ∂π^ν_J = δ^μ_ν δ^J_I , (35) { π^α_I , π^β_J }_{ϕ,π}μ = ∂ϕ^K ∂π^α_I ∂π^μ_K ∂π^β_J − ∂π^μ_K ∂π^α_I ∂ϕ^K ∂π^β_J = 0.

Covariant Hamiltonian Field Theory 15

In the next section, we shall prove that both the Poisson brackets as well as the Lagrange brackets are invariant under canonical transformations of the fields ϕ^I , π_I .

3.7. Canonical invariance of Poisson and Lagrange brackets In the first instance, we will show that the fundamental Poisson brackets are invariant under canonical transformations, hence that the relations (33) equally apply for canonically transformed fields Φ^I and Π_I . Making use of the symmetry relations (23), (26), (30), and (31), we get [ Φ^I , Φ^J ] ϕ,π^μ = ∂Φ^I ∂ϕ^K ∂Φ^J ∂π^μ_K − ∂Φ^I ∂π^μ_K ∂Φ^J ∂ϕ^K = ∂Φ^I ∂ϕ^K ∂Φ^J ∂π^μ_K − ∂Φ^I ∂π^ν_K ∂Φ^J ∂ϕ^K δ^ν_μ = − ∂Φ^I ∂ϕ^K ∂ϕ^K ∂Π^μ_J − ∂Φ^I ∂π^ν_K ∂π^ν_K ∂Π^μ_J = − ∂Φ^I ∂Π^μ_J = 0 = [ ϕ^I , ϕ^J ] ϕ,π^μ (36) [ Φ^I , Π^ν_J ] ϕ,π^μ = ∂Φ^I ∂ϕ^K ∂Π^ν_J ∂π^μ_K − ∂Φ^I ∂π^μ_K ∂Π^ν_J ∂ϕ^K = ∂Φ^I ∂ϕ^K δ^α_μ ∂Π^ν_J ∂π^α_K − ∂Φ^I ∂π^μ_K ∂Π^ν_J ∂ϕ^K = ∂π^α_K ∂Π^μ_I ∂Π^ν_J ∂π^α_K + ∂ϕ^K ∂Π^μ_I ∂Π^ν_J ∂ϕ^K = ∂Π^ν_J ∂Π^μ_I = δ^ν_μδ^I_J = [ ϕ^I , π^ν_J ] ϕ,π^μ (37) (38)

[ Π^α_I , Π^β_J ] ϕ,π^μ = ∂Π^α_I ∂ϕ^K ∂Π^β_J ∂π^μ_K − ∂Π^α_I ∂π^μ_K ∂Π^β_J ∂ϕ^K = ∂Π^α_I ∂ϕ^K ∂ϕ^K ∂Φ^J δ^β_μ − ∂Π^α_I ∂π^γ_K ∂Π^β_J ∂ϕ^K δ^γ_μ = ( ∂Π^α_I ∂ϕ^K ∂ϕ^K ∂Φ^J + ∂Π^α_I ∂π^γ_K ∂π^γ_K ∂Φ^J ) δ^β_μ = ∂Π^α_I ∂Φ^J δ^β_μ = 0 = [ π^α_I , π^β_J ] ϕ,π^μ (39) The Poisson bracket of two arbitrary differentiable functions f(ϕ, π, x) and g(ϕ, π, x), as defined by Eq. (32), can now be expanded in terms of transformed

16 J. Struckmeier

fields Φ^I and Π_I . For a general transformation (ϕ, π) → (Φ, Π), we have

[ f, g ] ϕ,π^μ= ∂f ∂ϕ^K ∂g ∂π^μ_K − ∂f ∂π^μ_K ∂g ∂ϕ^K = ( ∂f ∂Φ^I ∂Φ^I ∂ϕ^K + ∂f ∂Π^α_I ∂Π^α_I ∂ϕ^K ) ( ∂g ∂Φ^J ∂Φ^J ∂π^μ_K + ∂g ∂Π^β_J ∂Π^β_J ∂π^μ_K )

− ( ∂f ∂Φ^I ∂Φ^I ∂π^μ_K + ∂f ∂Π^α_I ∂Π^α_I ∂π^μ_K ) ( ∂g ∂Φ^J ∂Φ^J ∂ϕ^K + ∂g ∂Π^β_J ∂Π^β_J ∂ϕ^K ) .

After working out the multiplications, we can recollect all products in terms of fundamental Poisson brackets

[ f, g ] ϕ,π^μ = ∂f ∂Φ^I ∂g ∂Φ^J [ Φ^I , Φ^J ] ϕ,π^μ + ∂f ∂Π^α_I ∂g ∂Π^β_J [ Π^α_I , Π^β_J ] ϕ,π^μ + ( ∂f ∂Φ^I ∂g ∂Π^α_J − ∂f ∂Π^α_J ∂g ∂Φ^I ) [ Φ^I , Π^α_J ] ϕ,π^μ .

For the special case that the transformation is canonical, the equations (36), (37), and (39) for the fundamental Poisson brackets apply. We then get

[ f, g ] ϕ,π^μ = ( ∂f ∂Φ^I ∂g ∂Π^α_J − ∂f ∂Π^α_J ∂g ∂Φ^I ) δ^α_μ δ^I_J = [ f, g ] Φ,Π^μ . (40)

We thus abbreviate in the following the index notation of the Poisson bracket by writing [ f, g ] μ ≡ [ f, g ] ϕ,π^μ , as the brackets do not depend on the underlying set of

canonical field variables ϕ^I , π_I .

Covariant Hamiltonian Field Theory 17

The proof of the canonical invariance of the fundamental Lagrange brackets is based on the symmetry relations (18), (23), (26), and (29). Explicitly, we have

{ Φ^I , Φ^J }_{ϕ,π}μ = ∂ϕ^K ∂Φ^I ∂π^μ_K ∂Φ^J − ∂π^μ_K ∂Φ^I ∂ϕ^K ∂Φ^J = − ∂ϕ^K ∂Φ^I ∂Π^μ_J ∂ϕ^K − ∂π^ν_K ∂Φ^I ∂ϕ^K ∂Φ^J δ^μ_ν = − ∂ϕ^K ∂Φ^I ∂Π^μ_J ∂ϕ^K − ∂π^ν_K ∂Φ^I ∂Π^μ_J ∂π^ν_K = − ∂Π^μ_J ∂Φ^I = 0 = { ϕ^I , ϕ^J }_{ϕ,π}μ (41) { Φ^I , Π^ν_J }_{ϕ,π}μ = ∂ϕ^K ∂Φ^I ∂π^μ_K ∂Π^ν_J − ∂π^μ_K ∂Φ^I ∂ϕ^K ∂Π^ν_J = ∂ϕ^K ∂Φ^I δ^μ_α ∂π^α_K ∂Π^ν_J + ∂Π^μ_I ∂ϕ^K ∂ϕ^K ∂Π^ν_J = ∂Π^μ_I ∂π^α_K ∂π^α_K ∂Π^ν_J + ∂Π^μ_I ∂ϕ^K ∂ϕ^K ∂Π^ν_J = ∂Π^μ_I ∂Π^ν_J = δ^μ_ν δ^J_I = { ϕ^I , π^ν_J }_{ϕ,π}μ (42) { Π^α_I , Π^β_J }_{ϕ,π}μ = ∂ϕ^K ∂Π^α_I ∂π^μ_K ∂Π^β_J − ∂π^μ_K ∂Π^α_I ∂ϕ^K ∂Π^β_J = ∂ϕ^K ∂Π^α_I ∂Φ^J ∂ϕ^K δ^μ_β − ∂π^γ_K ∂Π^α_I ∂ϕ^K ∂Π^β_J δ^μ_γ = ( ∂ϕ^K ∂Π^α_I ∂Φ^J ∂ϕ^K + ∂π^γ_K ∂Π^α_I ∂Φ^J ∂π^γ_K ) δ^μ_β = ∂Φ^J ∂Π^α_I δ^μ_β = 0 = { π^α_I , π^β_J }_{ϕ,π}μ . (43)

The Lagrange bracket (34) of two arbitrary differentiable functions f(ϕ, π, x) and g(ϕ, π, x) can now be expressed in terms of transformed fields Φ^I , Π_I

{ f, g }_{ϕ,π}μ = ∂ϕ^K ∂f ∂π^μ_K ∂g − ∂π^μ_K ∂f ∂ϕ^K ∂g = ( ∂ϕ^K ∂Φ^I ∂Φ^I ∂f + ∂ϕ^K ∂Π^α_I ∂Π^α_I ∂f ) ( ∂π^μ_K ∂Φ^J ∂Φ^J ∂g + ∂π^μ_K ∂Π^β_J ∂Π^β_J ∂g )

− ( ∂π^μ_K ∂Φ^I ∂Φ^I ∂f + ∂π^μ_K ∂Π^α_I ∂Π^α_I ∂f ) ( ∂ϕ^K ∂Φ^J ∂Φ^J ∂g + ∂ϕ^K ∂Π^β_J ∂Π^β_J ∂g ) .

18 J. Struckmeier

Multiplication and regathering the terms to form fundamental Lagrange brackets yields { f, g }_{ϕ,π}μ = ∂Φ^I ∂f ∂Φ^J ∂g { Φ^I , Φ^J }_{ϕ,π}μ + ∂Π^α_I ∂f ∂Π^β_J ∂g { Π^α_I , Π^β_J }_{ϕ,π}μ

+ ∂Φ^I ∂f ∂Π^β_J ∂g { Φ^I , Π^β_J }_{ϕ,π}μ − ∂Π^α_I ∂f ∂Φ^J ∂g { Φ^J , Π^α_I }_{ϕ,π}μ . For canonical transformations, we can make use of the relations (41), (42), and (43) for the fundamental Lagrange brackets. We thus obtain { f, g }_{ϕ,π}μ = ∂Φ^I ∂f ∂Π^β_J ∂g δ^J_I δ^μ_β − ∂Π^α_I ∂f ∂Φ^J ∂g δ^I_J δ^μ_α = ∂Φ^I ∂f ∂Π^μ_I ∂g − ∂Π^μ_I ∂f ∂Φ^I ∂g = { f, g }_{Φ,Π}μ . The notation of the Lagrange brackets (34) can thus be simplified as well. In the following, we denote these brackets as { f, g }_μ since their value does not depend on the particular set of canonical field variables ϕ^I , π_I .

3.8. Liouville’s theorem of covariant Hamiltonian field theory Based on the theory of canonical transformations from Sect. 3, we may express Liouville’s theorem of covariant field theory in the following general way: the volume form dV = dϕ^1 . . . dϕ^N dπ^μ_1 . . . dπ^μ_I of a Hamiltonian system of N fields ϕ^I is invariant with respect to canonical transformations for each individual index μ = 0, . . . , 3 of the set of independent variables

dϕ^1 . . . dϕ^N dπ^μ_1 . . . dπ^μ_N^{can. transf.}= dΦ^1 . . . dΦ^N dΠ^μ_1 . . . dΠ^μ_N .

For general transformations of the system’s coordinates, the transformation of the volume form dV is determined by the determinant det J of the associated Jacobi matrix J

dϕ^1 . . . dϕ^N dπ^μ_1 . . . dπ^μ_N = det J dΦ^1 . . . dΦ^N dΠ^μ_1 . . . dΠ^μ_N

det J = ∂ ( ϕ^1, . . . , ϕ^N , π^μ_1 , . . . , π^μ_N ) ∂ (Φ^1, . . . , Φ^N , Π^μ_1 , . . . , Π^μ_N ) .

Liouville’s theorem thus states that the determinant det J of the transformation’s Jacobi matrix equals one, det J = 1, in case that the transformation is canonical.

Covariant Hamiltonian Field Theory 19

To prove this, we write det J in explicit form,

det J =

| | | | | | | | | | | | | | |

∂ϕ^1 ∂Φ^1 . . . ∂ϕ^1 ∂Φ^N ∂ϕ^1 ∂Π^μ_1 . . . ∂ϕ^1 ∂Π^μ_N . . .. . . . . . . . . . . ∂ϕ^N ∂Φ^1 . . . ∂ϕ^N ∂Φ^N ∂ϕ^N ∂Π^μ_1 . . . ∂ϕ^N ∂Π^μ_N ∂π^μ_1 ∂Φ^1 . . . ∂π^μ_1 ∂Φ^N ∂π^μ_1 ∂Π^μ_1 . . . ∂π^μ_1 ∂Π^μ_N . . .. . . . . . . . . . . ∂π^μ_N ∂Φ^1 . . . ∂π^μ_N ∂Φ^N ∂π^μ_N ∂Π^μ_1 . . . ∂π^μ_N ∂Π^μ_N

| | | | | | | | | | | | | | |

,

where no summation over μ is understood. In terms of a 2 × 2 block matrix, det J

can be written concisely as the determinant

det J = | | | A B C D | | | (45)

with the four N × N blocks A, B, C, and D defined by A = ( ∂ϕ^n ∂Φ^m ) , B = ( ∂ϕ^n ∂Π^μ_m )

C = ( ∂π^μ_n ∂Φ^m ) , D = ( ∂π^μ_n ∂Π^μm ) . (46)

Herein, m = 1, . . . , N denotes the column index, and n = 1, . . . , N the row index,

respectively whereas μ ∈ [1, . . . , r] is held fixed.

For the inverse transformation, we pursue a similar procedure

dΦ^1 . . . dΦ^N dΠ^μ_1 . . . dΠ^μ_N = (det J)^{−1} dϕ^1 . . . dϕ^N dπ^μ_1 . . . dπ^μ_N

(det J)^{−1} = ∂ ( Φ^1, . . . , Φ^N , Π^μ_1 , . . . , Π^μ_N ) ∂ (ϕ^1, . . . , ϕ^N , π^μ_1 , . . . , π^μ_N ) . The explicit form of (det J)^{−1}

(det J)^{−1} =

| | | | | | | | | | | | | | |

∂Φ^1 ∂ϕ^1 . . . ∂Φ^1 ∂ϕ^N ∂Φ^1 ∂π^μ_1 . . . ∂Φ^1 ∂π^μ_N . . .. . . . . . .. . . . ∂Φ^N ∂ϕ^1 . . . ∂Φ^N ∂ϕ^N ∂Φ^N ∂π^μ_1 . . . ∂Φ^N ∂π^μ_N ∂Π^μ_1 ∂ϕ^1 . . . ∂Π^μ_1 ∂ϕ^N ∂Π^μ_1 ∂π^μ_1 . . . ∂Π^μ_1 ∂π^μ_N . . .. . . . . . .. . . . ∂Π^μ_N ∂ϕ^1 . . . ∂Π^μ_N ∂ϕ^N ∂Π^μ_N ∂π^μ_1 . . . ∂Π^μ_N ∂π^μ_N

| | | | | | | | | | | | | | | can be written equivalently as the determinant of a 2 × 2 block matrix

(det J)^{−1} = | | | | E F G H | | | | (47)

20 J. Struckmeier

with the four N × N blocks E, F , G, and H (no summation over μ!) given by E = ( ∂Φ^n ∂ϕ^m ) , F = ( ∂Φ^n ∂π^μm )

G = ( ∂Π^μ_n ∂ϕ^m ) , H = ( ∂Π^μ_n ∂π^μ_m ) . (48)

Making use of the symmetry relations (18), (23) (26), and (29) that apply exactly if the respective transformation is canonical, the following identities hold for the block matrices (46) and (48) E = ( ∂π^μ_m ∂Π^μn ) = D^T , F = ( − ∂ϕ^m ∂Π^μn ) = −B^T G = ( − ∂π^μ_m ∂Φ^n ) = −C^T , H = ( ∂ϕ^m ∂Φ^n ) = A^T . (49)

We shall now show that det J and (det J)^{−1} must be equal. The determinant of the block matrix J can be expressed in terms of the determinants of its blocks as

det J = det A det S, S = D − CA^{−1}B. (50) (det J)^{−1} = det H det S̃, S̃ = E − F H^{−1}G. (51)

The matrix S is referred to as the “Schur complement” of A, and, correspondingly, S̃ as the Schur complement of H. Starting from formula (51) we find, inserting the identities (49),

(det J)^{−1} = det H det ( E − F H^{−1}G ) = det A^T det [ D^T − B^T ( A^T )_{−1} C^T ]

= det A^T det [ D^T − B^T ( A^{−1} )_T C^T ]

= det A^T det [ D − CA^{−1}B ]_T = det A det ( D − CA^{−1}B ) = det J

according to Eq. (50). From (det J)^{−1} = det J, we finally conclude that

det J = 1, (52)

which proves the assertion.

3.9. Jacobi’s identity and Poisson’s theorem in canonical field theory In order to derive the canonical field theory analog of Jacobi’s identity of point mechanics, we let f(ϕ, π, x), g(ϕ, π, x), and h(ϕ, π, x) denote arbitrary differentiable

Covariant Hamiltonian Field Theory 21

functions of the canonical fields. The sum of the three cyclicly permuted nested Poisson brackets be denoted by a_{μν} , a_{μν} = [ f, [ g, h ] μ ] ν + [ h, [ f, g ] μ ] ν + [ g, [ h, f ] μ ] ν . (53)

We will now show that the a_{μν} are the components of a skew-symmetric (0, 2) tensor, hence that

a_{μν} + a_{νμ} = 0. (54)

Writing Eq. (53) explicitly, we get a sum of 24 terms, each of them consisting of a triple product of two first-order derivatives and one second-order derivative of the functions f, g, and h

a_{μν} = ∂f ∂ϕ^J ∂ ∂π^ν_J ( ∂g ∂ϕ^I ∂h ∂π^μ_I − ∂g ∂π^μ_I ∂h ∂ϕ^I )

− ∂f ∂π^ν_J ∂ ∂ϕ^J ( ∂g ∂ϕ^I ∂h ∂π^μ_I − ∂g ∂π^μ_I ∂h ∂ϕ^I )

+ ∂h ∂ϕ^J ∂ ∂π^ν_J ( ∂f ∂ϕ^I ∂g ∂π^μ_I − ∂f ∂π^μ_I ∂g ∂ϕ^I )

− ∂h ∂π^ν_J ∂ ∂ϕ^J ( ∂f ∂ϕ^I ∂g ∂π^μ_I − ∂f ∂π^μ_I ∂g ∂ϕ^I )

+ ∂g ∂ϕ^J ∂ ∂π^ν_J ( ∂h ∂ϕ^I ∂f ∂π^μ_I − ∂h ∂π^μ_I ∂f ∂ϕ^I )

− ∂g ∂π^ν_J ∂ ∂ϕ^J ( ∂h ∂ϕ^I ∂f ∂π^μ_I − ∂h ∂π^μ_I ∂f ∂ϕ^I ) .

The proof can be simplified making use of the fact that the terms of a_{μν} from Eq. (53) emerge as cyclic permutations of the functions f, g, and h. With regard to the explicit form of Eq. (53) from above it suffices to show that Eq. (54) is fulfilled for all terms containing second derivatives of, for instance, f,

a_{μν} = ∂h ∂ϕ^J ∂g ∂π^μ_I ∂^2f ∂π^ν_J ∂ϕ^I − ∂h ∂ϕ^J ∂g ∂ϕ^I ∂^2f ∂π^ν_J ∂π^μ_I − ∂h ∂π^ν_J ∂g ∂π^μ_I ∂^2f ∂ϕ^J ∂ϕ^I + ∂h ∂π^ν_J ∂g ∂ϕ^I ∂^2f ∂ϕ^J ∂π^μ_I + ∂g ∂ϕ^J ∂h ∂ϕ^I ∂^2f ∂π^ν_J ∂π^μ_I − ∂g ∂ϕ^J ∂h ∂π^μ_I ∂^2f ∂π^ν_J ∂ϕ^I − ∂g ∂π^ν_J ∂h ∂ϕ^I ∂^2f ∂ϕ^J ∂π^μ_I + ∂g ∂π^ν_J ∂h ∂π^μ_I ∂^2f ∂ϕ^J ∂ϕ^I + . . . (55)

22 J. Struckmeier

Resorting and interchanging the sequence of differentiations yields

a_{μν} = − ∂h ∂ϕ^I ∂g ∂π^ν_J ∂^2f ∂π^μ_I ∂ϕ^J + ∂h ∂ϕ^I ∂g ∂ϕ^J ∂^2f ∂π^μ_I ∂π^ν_J + ∂h ∂π^μ_I ∂g ∂π^ν_J ∂^2f ∂ϕ^I ∂ϕ^J − ∂h ∂π^μ_I ∂g ∂ϕ^J ∂^2f ∂ϕ^I ∂π^ν_J − ∂g ∂ϕ^I ∂h ∂ϕ^J ∂^2f ∂π^μ_I ∂π^ν_J + ∂g ∂ϕ^I ∂h ∂π^ν_J ∂^2f ∂π^μ_I ∂ϕ^J + ∂g ∂π^μ_I ∂h ∂ϕ^J ∂^2f ∂ϕ^I ∂π^ν_J − ∂g ∂π^μ_I ∂h ∂π^ν_J ∂^2f ∂ϕ^I ∂ϕ^J + . . . (56)

Mutually renaming the formal summation indexes I and J, the right hand sides of Eqs. (55) and (56) differ only by the sign and the interchange of the indexes μ and ν. Thereby, Eq. (54) is proved.

Poisson’s theorem in the realm of canonical field theory is based on the identity

∂ ∂x^ν [ f, g ] μ = [ ∂f ∂x^ν , g ] μ + [ f, ∂g ∂x^ν ] μ . (57)

In contrast to point mechanics, this identity is most easily proved directly, i.e., without referring to the Jacobi identity (54).

Covariant Hamiltonian Field Theory 23

From to the definition (32) of the Poisson brackets, we conclude for two arbitrary differentiable functions f(ϕ, π, x) and g(ϕ, π, x) ∂ ∂x^ν [ f, g ] μ = ∂ ∂x^ν ( ∂f ∂ϕ^I ∂g ∂π^μ_I − ∂f ∂π^μ_I ∂g ∂ϕ^I )

= ∂g ∂π^μ_I ∂ ∂x^ν ( ∂f ∂ϕ^I ) + ∂f ∂ϕ^I ∂ ∂x^ν ( ∂g ∂π^μ_I )

− ∂g ∂ϕ^I ∂ ∂x^ν ( ∂f ∂π^μ_I ) − ∂f ∂π^μ_I ∂ ∂x^ν ( ∂g ∂ϕ^I )

= ∂g ∂π^μ_I ( ∂^2f ∂ϕ^I ∂ϕ^J ∂ϕ^J ∂x^ν + ∂^2f ∂ϕ^I ∂π^α_J ∂π^α_J ∂x^ν + ∂^2f ∂ϕ^I ∂x^ν | | | expl )

+ ∂f ∂ϕ^I ( ∂^2g ∂π^μ_I ∂ϕ^J ∂ϕ^J ∂x^ν + ∂^2g ∂π^μ_I ∂π^α_J ∂π^α_J ∂x^ν + ∂^2g ∂π^μ_I ∂x^ν | | | |_{expl} )

− ∂g ∂ϕ^I ( ∂^2f ∂π^μ_I ∂ϕ^J ∂ϕ^J ∂x^ν + ∂^2f ∂π^μ_I ∂π^α_J ∂π^α_J ∂x^ν + ∂^2f ∂π^μ_I ∂x^ν | | |_{expl} )

− ∂f ∂π^μ_I ( ∂^2g ∂ϕ^I ∂ϕ^J ∂ϕ^J ∂x^ν + ∂^2g ∂ϕ^I ∂π^α_J ∂π^α_J ∂x^ν + ∂^2g ∂ϕ^I ∂x^ν | | |_{expl} )

= ∂g ∂π^μ_I ∂ ∂ϕ^I ( ∂f ∂ϕ^J ∂ϕ^J ∂x^ν + ∂f ∂π^α_J ∂π^α_J ∂x^ν + ∂f ∂x^ν | | | |_{expl} )

− ∂g ∂ϕ^I ∂ ∂π^μ_I ( ∂f ∂ϕ^J ∂ϕ^J ∂x^ν + ∂f ∂π^α_J ∂π^α_J ∂x^ν + ∂f ∂x^ν | | | |_{expl} )

+ ∂f ∂ϕ^I ∂ ∂π^μ_I ( ∂g ∂ϕ^J ∂ϕ^J ∂x^ν + ∂g ∂π^α_J ∂π^α_J ∂x^ν + ∂g ∂x^ν | | |_{expl} )

− ∂f ∂π^μ_I ∂ ∂ϕ^I ( ∂g ∂ϕ^J ∂ϕ^J ∂x^ν + ∂g ∂π^α_J ∂π^α_J ∂x^ν + ∂g ∂x^ν | | | expl )

= ∂g ∂π^μ_I ∂ ∂ϕ^I ( ∂f ∂x^ν ) − ∂g ∂ϕ^I ∂ ∂π^μ_I ( ∂f ∂x^ν )

+ ∂f ∂ϕ^I ∂ ∂π^μ_I ( ∂g ∂x^ν ) − ∂f ∂π^μ_I ∂ ∂ϕ^I ( ∂g ∂x^ν )

= [ ∂f ∂x^ν , g ] μ + [ f, ∂g ∂x^ν ] μ . Provided that both the first derivative ∂/∂x^ν as well as the two second derivatives ∂^2/∂ϕ^I ∂x^ν and ∂^2/∂π^μ_I ∂x^ν vanish for both functions f and g, then the first derivative with respect to x^ν of the Poisson bracket [f, g]_μ also vanishes ∂f ∂x^ν = 0, ∂g ∂x^ν = 0,

∂^2f ∂ϕ^I ∂x^ν = 0,

∂^2f ∂π^μ_I ∂x^ν = 0 =⇒ ∂ ∂x^ν [ f, g ] μ = 0. This establishes Poisson’s theorem for canonical field theory.

24 J. Struckmeier

3.10. Hamilton-Jacobi equation In the realm of canonical field theory, we can set up the Hamilton-Jacobi equation as follows: we look for a generating function F^μ_1 (ϕ, Φ, x) of a canonical transformation that maps a given Hamiltonian density H into a transformed density that vanishes identically, H^′ ≡ 0. In the transformed system, all partial derivatives of H^′ thus vanish as well — and hence the derivatives of all fields Φ^I (x), Π_I (x) with respect to the system’s independent variables x^μ, ∂H^′ ∂Φ^I = 0 = ∂Π^α_I ∂x^α , ∂H^′ ∂Π^μ_I = 0 = ∂Φ^I ∂x^μ . According to the transformation rules (17) that arise from a generating function of type S ≡ F_1(ϕ, Φ, x), this means for a given Hamiltonian density H H(ϕ, π, x) + ∂S^α ∂x^α | | | |_{expl} = 0. (58)

In conjunction with the transformation rule π^μ_I = ∂S^μ/∂ϕ^I , we may subsequently set up the Hamilton-Jacobi equation as a partial differential equation for the 4- vector function S H ( ϕ, ∂S ∂ϕ , x ) + ∂S^α ∂x^α | | | |_{expl} = 0.

This equation illustrates that the generating function S defines exactly that particular canonical transformation which maps the space-time state of the system into its fixed initial state

Φ^I = ϕ^I (0 ¯ ) = const., Π^μ_I = π^μ_I (0 ¯ ) = const.

The inverse transformation then defines the mapping of the system’s initial state into its actual state in space-time.

As a result of the fact that H^′ as well as all ∂Φ^I /∂x^μ vanish, the divergence of S(ϕ, Φ, x) simplifies to ∂S^α ∂x^α = ∂S^α ∂ϕ^I ∂ϕ^I ∂x^α + ∂S^α ∂x^α | | |_{expl} = π^α_I ∂ϕ^I ∂x^α − H = L. This equation coincides with the transformation rule (15) of the Lagrangians for the particular case L^′ ≡ 0. The 4-vector function S thus embodies the field theory analogue of Hamilton’s principal function S, dS/dt = L of point mechanics.

Covariant Hamiltonian Field Theory 25

4. Examples for Hamiltonian densities in covariant field theory 4.1. Ginzburg-Landau Hamiltonian density We consider the scalar field ϕ(x, t) whose Lagrangian density L is given by

L(ϕ, ∂_tϕ, ∂_xϕ) =^1_2 [ (∂_tϕ)^2 − v^2(∂_xϕ)^2 ] + λ ( ϕ^2 − 1

)_2

. (59)

Herein, v and λ are supposed to denote constant quantities. The particular Euler- Lagrange equation for this Lagrangian density simplifies the general form of Eq. (2) to ∂ ∂t ∂L ∂(∂_tϕ) + ∂ ∂x ∂L ∂(∂_xϕ) − ∂L ∂ϕ = 0.

The resulting field equation is ∂^2ϕ ∂t^2 − v^2 ∂^2ϕ ∂x^2 − 4λ ϕ ( ϕ^2 − 1 ) = 0. (60)

In order to derive the equivalent Hamiltonian representation, we first define the conjugate momentum fields from L π_t(x, t) = ∂L ∂(∂_tϕ) = ∂ϕ ∂t , π_x(x, t) = ∂L ∂(∂_xϕ) = −v^2 ∂ϕ ∂x . The Hamiltonian density H now follows as the Legendre transform of the Lagrangian density L H(ϕ, π_t, π_x) = π_t ∂ϕ ∂t + π_x ∂ϕ ∂x − L(ϕ, ∂_tϕ, ∂_xϕ). The Ginzburg-Landau Hamiltonian density H is thus given by

H(ϕ, π_t, π_x) =^1_2 [ π^2_t − 1 v^2 π^2_x ] − λ ( ϕ^2 − 1

)_2

. (61)

The canonical field equations for the density H of Eq. (61) are ∂H ∂π_t = ∂ϕ ∂t , ∂H ∂π_x = ∂ϕ ∂x , ∂H ∂ϕ = − ∂π_t ∂t − ∂π_x ∂x , from which we derive the following set coupled first order equations

π_t = ∂ϕ ∂t , π_x = −v^2 ∂ϕ ∂x , ∂π_t ∂t + ∂π_x ∂x − 4λ ϕ ( ϕ^2 − 1 ) = 0.

As usual, the canonical field equations for the scalar field ϕ(x, t) just reproduce the definition of the momentum fields π_t and π_x from the Lagrangian density L.

By inserting π_t and π_x into the second field equation the coupled set of first order field equations is converted into a single second order equation for ϕ(x, t):

∂^2ϕ ∂t^2 − v^2 ∂^2ϕ ∂x^2 − 4λ ϕ ( ϕ^2 − 1 ) = 0,

which coincides with Eq. (60), as expected.

26 J. Struckmeier

4.2. “Natural” Hamiltonian density A general Hamiltonian system with a quadratic momentum dependence is often referred to as a “natural”

H =^1_2 π^απ_α + W (ϕ, x).

We note that this Hamiltonian density H resembles the Hamiltonian function H of a conservative Hamiltonian system of classical particle mechanics, which is given by H = T + V as the sum of kinetic energy T and potential energy V . The first set of canonical field equations then follows as ∂ϕ ∂x^μ = ∂H ∂π^μ =^1_2 π_μ +^1_2 π^α ∂π_α ∂π^μ =^1_2 π_μ +^1_2 π_α ∂π^α ∂π^μ =^1_2 π_μ +^1_2 π_αδ^α_μ = π_μ. (62)

The second canonical field equation writes for the present Hamiltonian density ∂H ∂ϕ = ∂W ∂ϕ = − ∂π^α ∂x^α = − ∂π_α ∂x_α . Inserting the momentum fields π^μ, π_μ we again end up with a second order equation for the scalar field ϕ(x) ∂ ∂x_α ∂ ∂x^α ϕ(x) + ∂W (ϕ, x) ∂ϕ = 0.

For a “harmonic” potential W (ϕ, x) =^1_2 V (x) ϕ^2, we immediately obtain the Klein-Gordon equation [ ∂ ∂x_α ∂ ∂x^α + V (x) ] ϕ(x) = 0. (63) Equation (63) is thus the field equation pertaining to the Klein-Gordon Hamiltonian density

H_{KG} =^1_2 π^απ_α +^1_2 V (x) ϕ^2.

In this regard, the Klein-Gordon equation is nothing else as the field theory analog of the equation of motion of the harmonic oscillator of point mechanics. For the constant potential factor V (x) = (mc ℏ )_2

=⇒ H_{KG} =^1_2 π^απ_α +^1_2 ( mc ℏ )_2 ϕ^2, (64)

we obtain the particular Klein-Gordon equation which describes in relativistic quantum field theory the dynamics of a free particle of zero spin and mass m [ ∂^2 ∂x_α∂x^α + (mc ℏ )_2] ϕ(x) = 0.

Covariant Hamiltonian Field Theory 27

Regarding the first canonical field equation (62) that follows from the “natural” Hamiltonian density, we observe that the momentum fields π^μ(x), π_μ(x) coincide with the partial derivatives of the scalar field ϕ(x).

This reminds of the method of “canonical quantization”, where the transition from the classical mechanics is made by replacing the canonical momenta p^μ with corresponding operators p̂^μ that are supposed to act on a complex-valued “wave function” ϕ(x). In position representation, these operators are p̂^μ = iℏ ∂ ∂x_μ , p̂_μ = iℏ ∂ ∂x^μ . (65)

Solved for the conjugate momentum fields π^μ of covariant field theory, this yields the connection of the π^μ to the operator notation of quantum mechanics for all “natural” Hamiltonian densities π^μ(x) ≡ − i ℏ p̂^μϕ(x), π_μ(x) ≡ − i ℏ p̂_μϕ(x). In the usual quantum mechanics’ formulation, the Klein-Gordon equation is derived by replacing according to Eq. (65) the physical quantities momentum and energy in the relativistic energy-momentum relation

p_μp^μ = m^2c^2

by the corresponding operators p^μ → p̂^μ and letting the resulting operator act on a wave function ϕ(x). Obviously, this yields exactly the same field equation that we obtain in covariant field theory for the “harmonic” Hamiltonian density from Eq. (64).

4.3. Klein-Gordon Hamiltonian density for a set of N complex scalar fields We first consider the Klein-Gordon Lagrangian density L_{KG} for a complex scalar field ϕ (see, for instance, Ref. 1):

L_{KG} ( ϕ, ϕ, ∂^μϕ, ∂_μϕ ) = ∂ϕ_I ∂x^α ∂ϕ^I ∂x_α − Ω^2 ϕ_I ϕ^I . (66)

Herein ϕ_I denotes the complex conjugate field of ϕ^I . Both quantities are to be treated as independent. The Euler-Lagrange equations (2) for ϕ^I and ϕ_I follow from this Lagrangian density as ∂^2 ϕ_I ∂x_α∂x^α = −Ω^2 ϕ_I ,

∂^2ϕ^I ∂x_α∂x^α = −Ω^2 ϕ^I . (67)

As a prerequisite for deriving the corresponding Hamiltonian density H_{KG} we must first define from L_{KG} the conjugate momentum fields, π^{Iμ} = ∂L_{KG} ∂ (_{∂ϕI} ∂x^μ ) = ∂ϕ^I ∂x_μ , π_{Iμ} = ∂L_{KG} ∂ (_{∂ϕI} ∂x_μ ) = ∂ϕ_I ∂x^μ .

28 J. Struckmeier

The Hamiltonian density H then follows as the Legendre transform of the Lagrangian density H(π^μ, π^μ, ϕ, ϕ) = π^α_I ∂ϕ^I ∂x^α + ∂ϕ_I ∂x^α π^{Iα} − L. The Klein-Gordon Hamiltonian density H_{KG} is thus given by H_{KG}(π_μ, π^μ, ϕ, ϕ) = π_{Iα}π^{Iα} + Ω^2 ϕ_I ϕ^I . (68) For the Hamiltonian density (68), the canonical field equations (5) provide the following set of coupled first order partial differential equations ∂H_{KG} ∂π^{Iμ} = ∂ϕ_I ∂x^μ = π_{Iμ}, ∂H_{KG} ∂π_{Iμ} = ∂ϕ^I ∂x_μ = π^{Iμ} ∂H_{KG} ∂ϕ^I = − ∂π^α_I ∂x^α = Ω^2ϕ_I , ∂H_{KG} ∂ϕ_I = − ∂π^{Iα} ∂x^α = Ω^2ϕ^I .

Again, the canonical field equations for the scalar fields ϕ^I and ϕ_I coincide with the definitions of the momentum fields π_{Iμ} and π^{Iμ} from the Lagrangian density L_{KG}. Eliminating the π_{Iμ}, π^{Iμ} from the canonical field equations then yields the Euler-Lagrange equations of Eq. (67).

For complex fields, the energy-momentum tensor in the Lagrangian formalism is defined analogously to the real case of Eq. (6)

T^ν_μ = ∂L ∂ (_{∂ϕI} ∂x_μ ) ∂ϕ^I ∂x_ν + ∂L ∂ (_{∂ϕI} ∂x^ν ) ∂ϕ_I ∂x^μ − δ^ν_μ L. Expressed by means of the complex Hamiltonian density H, this means

T^ν_μ = δ^ν_μ H + ∂ϕ_I ∂x^μ π^{Iν} − δ^ν_μ ∂ϕ_I ∂x^α π^{Iα} + π_{Iμ} ∂ϕ^I ∂x_ν − δ^ν_μ π_{Iα} ∂ϕ^I ∂x_α (69)

For the Klein-Gordon Hamiltonian density H_{KG} from Eq. (68), we thus get the particular energy-momentum tensor T^ν_{μ,KG} T^ν μ,KG = ( π_{Iμ}π^{Iν} + π^{Iν} π_{Iμ} − δ^ν_μ π_{Iα}π^{Iα} ) + δ^ν_μ Ω^2 ϕ_I ϕ^I .

4.4. Maxwell’s equations as canonical field equations The Lagrangian density L_M of the electromagnetic field is given by L_M(A, ∂A, x) = −^1_4 f_{αβ}f^{αβ} − 4π c j^α(x) A_α, f_{μν} = ∂A_ν ∂x^μ − ∂A_μ ∂x^ν . (70)

Herein, the four components A^μ of the 4-vector potential A now take the place of the scalar fields ϕ^I ≡ A^μ in the notation used so far. The Lagrangian density (70) thus entails a set of four Euler-Lagrange equations, i.e., an equation for each component A_μ. The source vector j = (cρ, j_x, j_y, j_z ) denotes the 4-vector of electric currents combining the usual current density vector (j_x, j_y, j_z ) of configuration space with

Covariant Hamiltonian Field Theory 29

the charge density ρ. In a local Lorentz frame, i.e., in Minkowski space, the Euler- Lagrange equations (2) take on the form, ∂ ∂x^α ∂L_M ∂(∂_αA_μ) − ∂L_M ∂A_μ = 0, μ = 0, . . . , 3. (71)

With L_M from Eq. (70), we obtain directly ∂f^{μα} ∂x^α + 4π c j^μ = 0. (72)

In Minkowski space, this is the tensor form of the inhomogeneous Maxwell equation. In order to formulate the equivalent Hamiltonian description, we first define, according to Eq. (3), the canonically field components π^{μν} as the conjugate objects of the derivatives of the 4-vector potential A π^{μν} = ∂L_M ∂(∂_ν A_μ) ≡ ∂L_M ∂A_{μ,ν} (73)

With the particular Lagrangian density (70), Eq. (73) means, in detail,

π^{μν} = −^1_4 ( ∂f_{αβ} ∂ (∂_ν A_μ) f^{αβ} + ∂f^{αβ} ∂ (∂_ν A_μ) f_{αβ} )

= −^1_4 ( ∂f_{αβ} ∂ (∂_ν A_μ) f^{αβ} + ∂f_{αβ} ∂ (∂_ν A_μ) f^{αβ} )

= −^1_2 f^{αβ} ∂f_{αβ} ∂ (∂_ν A_μ)

= −^1_2 f^{αβ} ∂ ∂ (_{∂Aμ} ∂x^ν ) ( ∂A_β ∂x^α − ∂A_α ∂x^β )

= −^1_2 f^{αβ} ( δ^μ_β δ^ν_α − δ^μ_αδ^ν_β ) = −^1_2 (f^{νμ} − f^{μν} ) = f^{μν} . The tensor π^{μν} thus matches exactly the electromagnetic field tensor f^{μν} from Eq. (70) and hence inherits the skew-symmetry of f^{μν} because of the particular dependence of L_M on the A_{μ,ν} ≡ ∂A_μ/∂x^ν .

As the Lagrangian density (70) now decribes the dynamics of a vector field, A_μ, rather than a set of scalar fields ϕ^I , the canonical momenta π^{μν} now constitute a second rank tensor rather than a vector. The Legendre transformation corresponding to Eq. (4) then comprises the product π^{αβ} ∂_β A_α. The skew-symmetry of the momentum tensor π^{μν} picks out the skew-symmetric part of ∂_ν A_μ as the symmetric part of ∂_ν A_μ vanishes identically calculating the product π^{αβ} ∂_β A_α π^{αβ} ∂A_α ∂x^β =^1_2 π^{αβ} ( ∂A_α ∂x^β − ∂A_β ∂x^α ) +^1_2 π^{αβ} ( ∂A_α ∂x^β + ∂A_β ∂x^α )

≡0 .

30 J. Struckmeier

For a skew-symmetric momentum tensor π^{μν} , we thus obtain the Hamiltonian density H_M as the Legendre-transformed Lagrangian density L_M H_M(A, π, x) =^1_2 π^{αβ} ( ∂A_α ∂x^β − ∂A_β ∂x^α ) − L_M(A, ∂A, x). From this Legendre transformation prescription and the Euler-Lagrange equations (71), the canonical field equations are immediately obtained as ∂H_M ∂π^{μν} = 1 2 ( ∂A_μ ∂x^ν − ∂A_ν ∂x^μ )

∂H_M ∂A_μ = − ∂L_M ∂A_μ = − ∂ ∂x^α ∂L_M ∂(∂_αA_μ) = − ∂π^{μα} ∂x^α ∂H_M ∂x^ν = − ∂L_M ∂x^ν . The Hamiltonian density for the Lagrangian density (70) follows as H_M(A, π, x) = −^1_2 π^{αβ} π_{αβ} +^1_4 π^{αβ} π_{αβ} + 4π c j^α(x) A_α = −^1_4 π^{αβ} π_{αβ} + 4π c j^α(x) A_α. (74) The first canonical field equation follows from the derivative of the Hamiltonian density (74) with respect to π^{μν} and π_{μν} 1 2 ( ∂A_μ ∂x^ν − ∂A_ν ∂x^μ ) = ∂H_M ∂π^{μν} = −^1_2 π_{μν} , 1 2 ( ∂A^μ ∂x_ν − ∂A^ν ∂x_μ ) = ∂H_M ∂π_{μν} = −^1_2 π^{μν} , (75)

which reproduces the definition of π_{μν} and π^{μν} from Eq. (73).

The second canonical field equation is obtained calculating the derivative of the Hamiltonian density (74) with respect to A_μ − ∂π^{μα} ∂x^α = ∂H_M ∂A_μ = 4π c j^μ. Inserting the first canonical equation, the second order field equation for the A_μ is thus obtained for the Maxwell Hamiltonian density (74) as ∂f^{μα} ∂x^α + 4π c j^μ = 0, (76)

which agrees, as expected, with the corresponding Euler-Lagrange equation (72).

4.5. The Proca Hamiltonian density In relativistic quantum theory, the dynamics of particles of spin 1 and mass m is derived from the Proca Lagrangian density L_P,

L_P = −^1_4 f^{αβ} f_{αβ} +^1_2 ω^2A^αA_α, f_{μν} = ∂A_ν ∂x^μ − ∂A_μ ∂x^ν , ω = mc ℏ . (77)

Covariant Hamiltonian Field Theory 31

We observe that the kinetic term of L_P agrees with that of the Lagrangian density L_M of the electromagnetic field of Eq. (70). Therefore, the field equations emerging from the Euler-Lagrange equations (71) are similar to those of Eq. (72) ∂f^{μα} ∂x^α − ω^2A^μ = 0. (78)

The transition to the corresponding Hamilton description is performed by defining on the basis of the actual Lagrangian L_P the canonical momentum field tensors π^{μν} as the conjugate objects of the derivatives of the 4-vector A π^{μν} = ∂L_P ∂ (∂_ν A_μ) ≡ ∂L_P ∂A_{μ,ν} . Similar to the preceding section, we find π^{μν} = f^{μν} , π_{μν} = f_{μν} because of the particular dependence of L_P on the derivatives of the A^μ. With π^{αβ} being skew-symmetric in α, β, the product π^{αβ} A_{α,β} picks out the skew-symmetric part of the partial derivative ∂A_α/∂x^β as the product with the symmtric part vanishes identically. Denoting the skew-symmetric part by A_{[α,β]}, the Legendre transformation prescription

H_P = π^{αβ} A_{α,β} − L_P = π^{αβ} A_{[α,β]} − L_P =^1_2 π^{αβ} ( ∂A_α ∂x^β − ∂A_β ∂x^α ) − L_P, leads to the Proca Hamiltonian density by following the path of Eq. (74)

H_P = −^1_4 π^{αβ} π_{αβ} −^1_2 ω^2A^αA_α. (79)

The canonical field equations emerge as A_{[μ,ν]} ≡ 1 2 ( ∂A_μ ∂x^ν − ∂A_ν ∂x^μ ) = ∂H_P ∂π^{μν} = −^1_2 π_{μν} − ∂π^{μα} ∂x^α = ∂H_P ∂A_μ = −ω^2A^μ.

By means of eliminating π^{μν} , this coupled set of first order equations can be converted into second order equations for the vector field A(x), ∂ ∂x_α ( ∂A_μ ∂x^α − ∂A_α ∂x^μ ) − ω^2A_μ = 0.

As expected, this equation coincides with the Euler-Lagrange equation (78).

32 J. Struckmeier

4.6. Canonical field equations of a coupled Klein-Gordon-Maxwell system The Lagrangian density L_{KGM} of a complex Klein-Gordon field ϕ that couples minimally to an electromagnetic 4-vector potential A is given by

L_{KGM} = ( ∂ϕ ∂x_α − iqA^αϕ ) ( ∂ϕ ∂x^α + iqA_αϕ ) − Ω^2ϕϕ −^1_4 f^{αβ}f_{αβ} . (80)

The components f_{μν} of the electromagnetic field tensor are defined in Eq. (70). The conjugate fields of ϕ and A are obtained from the Lagrangian L_{KGM} via

π^ν =

∂L_{KGM} ∂ (∂_ν ϕ) = ∂ϕ ∂x_ν − iqA^ν ϕ π_ν =

∂L_{KGM} ∂ ( ∂^ν ϕ ) = ∂ϕ ∂x^ν + iqA_ν ϕ Π^{μν} =

∂L_{KGM} ∂ (∂_ν A_μ) = f^{μν} ≡ ∂A^ν ∂x_μ − ∂A^μ ∂x_ν The corresponding Hamiltonian density H_{KGM} is now emerges from L_{KGM} by the Legendre transformation prescription

H_{KGM} = Π^{αβ} A_{[α,β]} + π^α ∂ϕ ∂x^α + ∂ϕ ∂x_α π_α − L_{KGM}

with A_{[α,β]} denoting the skew-symmetric part of ∂A_α/∂x^β. The Hamiltonian H_{KGM} is found by replacing all partial derivatives of the fields ϕ and A by the respective conjugate fields, π^μ and Π^{μν} ,

H_{KGM} = π_απ^α + iqA_α ( π^αϕ − ϕπ^α ) + Ω^2ϕϕ −^1_4 Π^{αβ} Π_{αβ} . (81)

Corresponding to Sect. 4.4, the derivative of the Hamiltonian density H_{KGM} with respect to the Π_{μν} yields the canonical equation A_{[μ,ν]} ≡ 1 2 ( ∂A_μ ∂x^ν − ∂A_ν ∂x^μ ) = ∂H_{KGM} ∂Π^{μν} = −^1_2 Π_{μν} .

From the derivatives of H_{KGM} with respect to the π^μ and π_μ, the following canonical field equations emerge ∂ϕ ∂x^μ = ∂H_{KGM} ∂π^μ = π_μ − iqA_μϕ ∂ϕ ∂x_μ = ∂H_{KGM} ∂π_μ = π^μ + iqA^μϕ.

Covariant Hamiltonian Field Theory 33

The third group of canonical field equations results from the derivatives of H_{KGM} with respect to the A_μ, and with respect to the ϕ, ϕ as − ∂Π^{μα} ∂x^α = ∂H_{KGM} ∂A_μ = iq ( π^μϕ − ϕπ^μ )_{Def.} = −j^μ − ∂π^α ∂x^α = ∂H_{KGM} ∂ϕ = Ω^2ϕ + iqA_απ^α − ∂π^α ∂x^α = ∂H_{KGM} ∂ϕ = Ω^2ϕ − iqA^απ_α. Due to the property of Π^{μν} being skew-symmetric in its indexes, the divergence of j^μ must vanish in order for the system of canonical equations to be consistent, ∂j^α ∂x^α = ∂^2Π^{αβ} ∂x^α∂x^β = 0.

This requirement is indeed fulfilled, for, inserting the canonical equations, we find ∂j^α ∂x^α = iq ∂ ∂x^α ( ϕπ^α − π^αϕ )

= iq ( ∂ϕ ∂x^α π^α + ϕ ∂π^α ∂x^α − ∂π^α ∂x^α ϕ − π^α ∂ϕ ∂x^α )

= iq [( π_α − iqA_αϕ ) π^α − ϕ ( Ω^2ϕ − iqA^απ_α ) + ( Ω^2ϕ + iqA_απ^α ) ϕ − π^α (π_α + iqA_αϕ) ] = 0.

By eliminating the conjugate fields Π^{μν} and π^μ, the canonical field equations can be rewritten as second order partial differential equations,

∂^2ϕ ∂x^α∂x_α + ( Ω^2 − q^2A_αA^α ) ϕ + 2iqA_α ∂ϕ ∂x_α + iqϕ ∂A^α ∂x^α = 0 ∂^2ϕ ∂x^α∂x_α + ( Ω^2 − q^2A_αA^α ) ϕ − 2iqA_α ∂ϕ ∂x_α − iqϕ ∂A^α ∂x^α = 0,

which coincide exactly with those that follow directly from the Euler-Lagrange equations for the Lagrangian density L_{KGM}. With the 4-current density j^μ expressed in terms of ϕ, ϕ and their derivatives, j^μ = iq [ ϕ ( ∂ϕ ∂x_μ − iqA^μϕ ) − ( ∂ϕ ∂x_μ + iqA^μϕ ) ϕ ]

= iq ( ϕ ∂ϕ ∂x_μ − ∂ϕ ∂x_μ ϕ ) + 2q^2ϕϕA^μ, we equally verify that ∂j^α/∂x^α = 0 by inserting the second order field equations.

34 J. Struckmeier

4.7. The Dirac Hamiltonian density The dynamics of particles with spin^1_2 and mass m is described by the Dirac equation. With γ^i, i = 1, . . . , 4 denoting the 4×4 Dirac matrices, and ψ a four component Dirac spinor, the Dirac Lagrangian density L_D is given by L_D = iψγ^α ∂ψ ∂x^α − mψψ, (82) wherein ψ ≡ ψ^†γ^0 denotes the adjoint spinor of ψ. In the following we summarize some fundamental relations that apply for the Dirac matrices γ^μ, and their duals, γ_μ, {γ^μ, γ^ν } ≡ γ^μγ^ν + γ^ν γ^μ = 2η^{μν} 1 γ^μγ_μ = γ_μγ^μ = 4 1 (83) [γ^μ, γ^ν ] ≡ γ^μγ^ν − γ^ν γ^μ ≡ −2iσ^{μν} [γ_μ, γ_ν ] ≡ γ_μγ_ν − γ_ν γ_μ ≡ −2iσ_{μν} det σ^{μν} = 1, μ ≠ ν σ_{μλ}σ^{λν} = σ^{νλ}σ_{λμ} = δ^ν_μ 1 3σ_{μν} = 2iη_{μν} 1 − σ_{μν} γ^μσ_{μν} = σ_{νμ}γ^μ = − i 3 γ_ν γ_μσ^{μν} = σ^{νμ}γ_μ = 3iγ^ν γ^μσ_{μν} γ^ν = − 4i 3 1 (84)

Herein, the symbol 1 stands for the 4 × 4 unit matrix, and the real numbers η^{μν} , η_{μν} ∈ R for an element of the Minkowski metric (η^{μν} ) = (η_{μν} ) = diag(1, −1, −1, −1). The matrices (σ^{μν} ) and (σ_{μν} ) are to be understood as 4 × 4 block matrices, with each block σ^{μν} , σ_{μν} representing a 4 × 4 matrix of complex numbers. Thus, (σ^{μν} ) and (σ_{μν} ) are actually 16 × 16 matrices of complex numbers.

The Dirac Lagrangian density L_D can be rendered symmetric by combining the Lagrangian density Eq. (82) with its adjoint, which leads to

L_D = i 2 ( ψγ^α ∂ψ ∂x^α − ∂ψ ∂x^α γ^αψ ) − mψψ. (85) The resulting Euler-Lagrange equations are identical to those derived from Eq. (82), iγ^α ∂ψ ∂x^α − mψ = 0 i ∂ψ ∂x^α γ^α + mψ = 0. (86)

As both Lagrangians (82) and (85) are linear in the derivatives of the fields, the determinant of the Hessian vanishes, det [ ∂^2L_D ∂ (∂_μψ) ∂ ( ∂_ν ψ ) ] = 0. (87)

Covariant Hamiltonian Field Theory 35

Therefore, Legendre transformations of the Lagrangian densities (82) and (85) are irregular. Nevertheless, as a Lagrangian density is determined only up to the divergence of an arbitrary vector function F^μ according to Eq. (15), one can construct an equivalent Lagrangian density L^′_D that yields identical Euler-Lagrange equations while yielding a regular Legendre transformation. The additional term21 emerges as the divergence of a vector function F^μ, which may be expressed in symmetric form as

F^μ = i 2m ( ψ σ^{μα} ∂ψ ∂x^α + ∂ψ ∂x^α σ^{αμ} ψ ) . The factor m^{−1} was chosen to match the dimensions correctly. Explicitly, the additional term is given by ∂F^β ∂x^β = i 2m ( ∂_β ψσ^{βα}∂_αψ + ψσ^{βα}∂_β ∂_αψ + ∂_β ∂_αψσ^{αβ} ψ + ∂_αψσ^{αβ} ∂_β ψ )

= i m ∂ψ ∂x^α σ^{αβ} ∂ψ ∂x^β . Note that the double sums σ^{βα}∂_β ∂_αψ and ∂_β ∂_αψσ^{αβ} vanish identically, as we sum over a symmetric (∂_μ∂_ν ψ = ∂_ν ∂_μψ) and a skew-symmetric (σ^{μν} = −σ^{νμ}) factor. Following Eq. (15), the equivalent Lagrangian density is given by L^′_D = L_D − ∂F^β/∂x^β , which means, explicitly,

L^′_D = i 2 ( ψγ^α ∂ψ ∂x^α − ∂ψ ∂x^α γ^αψ ) − i m ∂ψ ∂x^α σ^{αβ} ∂ψ ∂x^β − mψψ. (88) Due to the skew-symmetry of the σ^{μν} , the Euler-Lagrange equations (2) for L^′_D yield again the Dirac equations (86). As desired, the Hessian of L^′_D is not singular,

det [ ∂^2L^′_D ∂ ( ∂_μψ ) ∂ (∂_ν ψ) ] = − i m det σ^{μν} = − i m , ν ≠ μ, (89)

hence, the Legendre transformation of the Lagrangian density L^′_D is now regular. It is remarkable that it is exactly a term which does not contribute to the Euler- Lagrange equations that makes the Legendre transformation of L^′_D regular and thus transfers the information on the dynamical system that is contained in the Lagrangian to the Hamiltonian description. The canonical momenta follow as

π^μ = ∂L^′_D ∂ (∂_μψ) = i 2 ψγ^μ − i m ∂ψ ∂x^α σ^{αμ} π^μ = ∂L^′_D ∂ ( ∂_μψ ) = − i 2 γ^μψ − i m σ^{μα} ∂ψ ∂x^α . (90)

36 J. Struckmeier

The Legendre transformation can now be worked out, yielding H_D = π^ν ∂_ν ψ + ( ∂_ν ψ ) π^ν − L^′_D = − i m ∂_μψ σ^{μν} ∂_ν ψ + mψψ = ( π^ν − i 2 ψγ^ν ) ∂ψ ∂x^ν + mψψ. As the Hamiltonian density must always be expressed in terms of the canonical momenta rather then by the velocities, we must solve Eq. (90) for ∂_μψ and ∂_μψ. To this end, we multiply π^μ by σ_{μν} from the right, and π^μ by σ_{νμ} from the left, ∂ψ ∂x^ν = im ( π^μ − i 2 ψγ^μ ) σ_{μν} ∂ψ ∂x^ν = im σ_{νμ} ( π^μ + i 2 γ^μψ ) . (91)

The Dirac Hamiltonian density is then finally obtained as

H_D = im ( π^ν − i 2 ψγ^ν ) σ_{νμ} ( π^μ + i 2 γ^μψ ) + mψψ. (92) We may expand the products in Eq. (92) using Eqs. (84) to find

H_D = im ( π^μσ_{μν} π^ν + 1 6 π^ν γ_ν ψ − 1 6 ψγ_ν π^ν ) + 4 3 m ψψ. (93) In order to show that the Hamiltonian density H_D describes the same dynamics as L_D from Eq. (82), we set up the canonical equations ∂ψ ∂x^ν = ∂H_D ∂π^ν = im ( π^μσ_{μν} − 1 6 ψ γ_ν )

∂ψ ∂x^μ = ∂H_D ∂π^μ = im ( σ_{μν} π^ν + 1 6 γ_μψ ) . Obviously, these equations reproduce the definition of the canonical momenta from Eqs. (90) in their inverted form given by Eqs. (91). The second set of canonical equations follows from the ψ and ψ dependence of the Hamiltonian H_D, ∂π^α ∂x^α = − ∂H_D ∂ψ = − im 6 π^μγ_μ − 4m 3 ψ = − im 6 ( i 2 ψγ^μ − i m ∂_ν ψ σ^{νμ} ) γ_μ − 4m 3 ψ = −mψ − i 2 ∂_ν ψγ^ν ∂π^α ∂x^α = − ∂H_D ∂ψ = − im 6 γ_μπ^μ − 4m 3 ψ = im 6 γ_μ ( i 2 γ^μψ + i m σ^{μν} ∂_ν ψ ) − 4m 3 ψ = −mψ + i 2 γ^ν ∂_ν ψ.

Covariant Hamiltonian Field Theory 37

The divergences of the canonical momenta follow equally from the derivatives of the first canonical equations, or, equivalently, from the derivatives of Eqs. (90),

∂_μπ^μ = i 2 ∂_μψγ^μ − i m ∂_μ∂_ν ψ σ^{νμ} = i 2 ∂_μψγ^μ ∂_μπ^μ = − i 2 γ^μ∂_μψ − i m σ^{νμ} ∂_μ∂_ν ψ = − i 2 γ^μ∂_μψ. The terms containing the second derivatives of ψ and ψ vanish due to the skewsymmetry of σ^{μν} . Equating finally the expressions for the divergences of the canonical momenta, we encounter, as expected, the Dirac equations (86) i 2 ∂ψ ∂x^α γ^α = −mψ − i 2 ∂ψ ∂x^ν γ^ν − i 2 γ^α ∂ψ ∂x^α = −mψ + i 2 γ^ν ∂ψ ∂x^ν . It should be mentioned that this section is similar to the derivation of the Dirac Hamiltonian density in Ref. 22. We will show in Sect. 5.11.1 by means of a canonical transformation that the transition from the Lagrangian L_D (Eq. (85)) to L^′_D corresponds in the Hamiltonian formalism to the transition from π^μ, π^μ to equivalent vectors of canonical momenta, Π^μ, Π^μ, i.e. momentum vectors of identical divergences. It will be furthermore shown in Sect. 5.11.2 that there exists a canonical transformation that interchanges the fields, ψ, ψ, with their canonical conjugates, π^μ, π^μ, while maintaining exactly the form of the Hamiltonian (93).

We finally note that the additional term in the Dirac Lagrangian density L^′_D from Eq. (88) — as compared to the Lagrangian L_D from Eq. (85) — entails additional terms in the energy-momentum tensor, defined in Eq. (6), namely, T^{ν′}_μ − T^ν_μ ≡ j^ν_μ(x) = − i m ( ∂_αψσ^{αν} ∂_μψ + ∂_μψσ^{να}∂_αψ − δ^ν_μ∂_αψσ^{αβ} ∂_β ψ ) . We easily convince ourselves by direct calculation that the divergences of T^{ν′}_μ and T^ν_μ coincide, ∂j^λ_μ ∂x^λ = − i m ( ∂_λ∂_αψσ^{αλ}∂_μψ + ∂_αψσ^{αλ}∂_λ∂_μψ + ∂_λ∂_μψσ^{λα}∂_αψ + ∂_μψσ^{λα}∂_λ∂_αψ − δ^λ_μ∂_λ∂_αψσ^{αβ} ∂_β ψ − δ^λ_μ ∂_αψσ^{αβ} ∂_λ∂_β ψ )

= − i m ( ∂_αψσ^{αλ}∂_λ∂_μψ + ∂_λ∂_μψσ^{λα}∂_αψ − ∂_μ∂_αψσ^{αβ} ∂_β ψ − ∂_αψσ^{αβ} ∂_μ∂_βψ ) = 0,

38 J. Struckmeier

which means that both energy-momentum tensors represent the same physical system. For each index μ, j^ν_μ(x) represents a conserved current vector which are all associated with the transformation from L_D to L^′_D.

5. Examples of canonical transformations in covariant

Hamiltonian field theory 5.1. Point transformation Canonical transformations for which the transformed fields Φ^I only depend on on the original fields ϕ^I , and possibly on the independent variables x^μ, but not on the original conjugate fields π_I are referred to as point transformations. The generic form of a 4-vector generating function F_2 that defines such transformations has the components

F^μ_2 (ϕ^I , Π_I , x) = f^J (ϕ^I , x) Π^μ_J . (94)

Herein, f^J = f^J (ϕ^I , x) denotes a set of differentiable but otherwise arbitrary functions. According to the general rules (22) for generating functions of type F_2, the transformed field Φ^K follows as

Φ^K δ^μ_ν = ∂F^μ_2 ∂Π^ν_K = f^J (ϕ^I , x) ∂Π^μ_J ∂Π^ν_K = f^J (ϕ^I , x) δ^K_J δ^μ_ν . The complete set of transformation rules is then

π^μ_I = Π^μ_J ∂f^J ∂ϕ^I , Φ^K = f^K (ϕ^I , x), H^′ = H + Π^α_J ∂f_J ∂x^α | | |_{expl}.

As a trivial example of a point transformation, we consider the generating function of the identical transformation. Defining f^J (ϕ^I ) ≡ ϕ^J in the generating function (94)

F^μ_2 (ϕ^I , Π_I ) = ϕ^J Π^μ_J , (95)

the pertaining transformation rules for this particular case are

π^μ_I = Π^μ_I , Φ^I = ϕ^I , H^′ = H.

The existence of a neutral element is a necessary condition for the set of canonical transformations to form a group.

5.2. Canonical shift of the conjugate momentum vector field π_I The generator of a canonical transformation that shifts the conjugate 4-vector field π_I (x) into an equivalent conjugate 4-vector field Π_I (x) can be defined in terms of a function of type F_2(ϕ^I , Π_I , x) as

F^μ_2 = ϕ^J Π^μ_J + ϕ^J ∂ ∂x_α ( ∂h^μ_J ∂x^α − δ^μ_α ∂h^β_J ∂x^β ) , (96)

Covariant Hamiltonian Field Theory 39

with arbitrary differentiable x^μ-dependent parameter functions h^μ_I (x). From the general transformation rules (25), the particular rules for this generating function are π^μ_I = ∂F^μ_2 ∂ϕ^I = Π^μ_I + ∂ ∂x_α ( ∂h^μ_I ∂x^α − δ^μ_α ∂h^β_I ∂x^β )

Φ^I δ^μ_ν = ∂F^μ_2 ∂Π^ν_I = ϕ^I δ^μ_ν H^′ − H = ∂F^γ_2 ∂x^γ | | | |_{expl} = ϕ^I ( ∂^3h^γ_I ∂x^α∂x_α∂x^γ − δ^γ_α ∂^3h^β_I ∂x^β ∂x_α∂x^γ ) ≡ 0. hence

Π^μ_I = π^μ_I +

∂^2h^α_I ∂x_μ∂x^α − ∂^2h^μ_I ∂x_α∂x^α , Φ^I = ϕ^I , H^′ = H. (97)

The divergences of the fields π_I and Π_I coincide since ∂Π^β_I ∂x^β = ∂π^β_I ∂x^β + ∂^3h^α_I ∂x^β ∂x_β ∂x^α − ∂^3h^β_I ∂x^β ∂x_α∂x^α = ∂π^β_I ∂x^β . With regard to the canonical field equations (5), this means that both vector fields, π_I (x) and Π_I (x), emerge from the same Hamiltonian H, hence are canonically equivalent.

5.3. Local and global gauge transformation of the fields ϕ^I A common phase transformation of the fields ϕ^I (x) of the form ϕ^I (x) → Φ^I (x) = ϕ^I (x) e^{iθ(x)} (98) is commonly called a “local gauge transformation”. We can conceive this as a point transformation that is generated by a 4-vector function of type F_2

F^μ_2 (ϕ^I , Π_I , x) = Π^μ_I e^{iθ(x)} ϕ^I . (99)

The pertaining transformation rules follow directly from the general rules of Eqs. (22) Φ^I = ϕ^I e^{iθ(x)}, Π^μ_I = π^μ_I e^{−iθ(x)}, H^′ = H + i π^α_I ∂θ(x) ∂x^α ϕ^I . In the particular case that θ does not depend on the x^μ, hence if θ = const., then the gauge transformation is referred to as “global”. In that case, the generating function (99) itself does no longer explicitly depend on the x^μ. In contrast to the case of local gauge transformations, the Hamiltonian density is thus always conserved under global gauge transformations ϕ^I (x) → ϕ^I (x) e^{iθ},

Φ^I = ϕ^I e^{iθ}, Π^μ_I = π^μ_I e^{−iθ}, H^′ = H.

40 J. Struckmeier

A generalization of the gauge transformation (98) of the fields ϕ^I (x) is straightforward. With S^I_J (x) an invertible matrix, we may define the generating function

F^μ_2 (ϕ^I , Π_I , x) = Π^μ_I S^I_J (x) ϕ^J . (100)

With T^I_J (x) the inverse matrix of S^I_J (x), hence S^I_K T^K_J = δ^I_J , the transformation rules follow as

Φ^I = S^I_J (x) ϕ^J , Π^μ_I = π^μ_J T^J_I (x), H^′ = H + π^α_I T^I_K ∂S^K_J ∂x^α ϕ^J .

5.4. Example: Interchange of canonical coordinates and

momentum We consider the canonical transformation that is generated by the following function of type F_1

F^α_1 (ϕ^μ, Φ^μ) = ϕ^I Φ_Ie^α = ϕ_I Φ^Ie^α, (101)

with e^α, α = 0, . . . , 3 denoting a normalized base vector of 4-dimensional spacetime. The transformation rules follow from Eq. (17) as

π^α_I = ∂F^α_1 ∂ϕ^I = Φ_Ie^α, Π^α_I = − ∂F^α_1 ∂Φ^I = −ϕ_Ie^α, H^′ = H. (102) We may solve these transformation rules for Φ_I and ϕ_I π^α_I e_β = Φ_Ie^αe_β = Φ_I δ^α_β , Π^α_I e_β = −ϕ_Ie^αe_β = −ϕ_I δ^α_β , (103) with e_β a dual base vector, which is characterized by the property e^αe_β = δ^α_β . (104) The linear transformation from Eq. (102) can be expressed in matrix form as ( Φ_Ie^α Π^α_I ) = ( 0 1 −1 0 ) ( ϕ_Ie^α π^α_I ) . (105)

We thus encounter the familiar symplectic unit matrix. It reflects the fact that the momentum tensor components π^α_I and the ϕ_Ie^α play equivalent parts.

As required, the coordinates satisfy the symmetry relations, with the only nontrivial relations for the actual transformation given by Eq. (18) ∂π^α_I ∂Φ^J = ∂Φ_I ∂Φ^J e^α = η_{IK} ∂Φ^K ∂Φ^J e^α = η_{IK} δ^K_J e^α = η_{IJ}e^α = η_{JI}e^α = η_{JK} δ^K_I e^α = η_{JK} ∂ϕ^K ∂ϕ^I e^α = ∂ϕ_J ∂ϕ^I e^α = − ∂Π^α_J ∂ϕ^I ,

Covariant Hamiltonian Field Theory 41

and by Eq. (29) ∂ϕ^I ∂Π^β_J δ^α_ν = η^{IK} ∂ϕ_K ∂Π^β_J δ^α_ν = −η^{IK} ∂Π^α_K ∂Π^β_J e_ν = −η^{IK} δ^J_K δ^α_β e_ν = −η^{IJ} δ^α_β e_ν = −η^{JI} δ^α_ν e_β = −η^{JK} δ^I_K δ^α_ν e_β = −η^{JK} ∂π^α_K ∂π^ν_I e_β = −η^{JK} ∂Φ_K ∂π^ν_I δ^α_β = − ∂Φ^J ∂π^ν_I δ^α_β . Herein, η^{IJ} and its inverse, η_{IJ} , denote metric tensor of the N-dimensional isospace. The iso-space metric η_{IJ} induces the spacetime metric g_{αβ} according to (I, J = 1, . . . , N, α, β = 0, . . . , 3) e_α · e_β ≡ g_{αβ} = η_{IJ} ∂ϕ^I ∂x^α ∂ϕ^J ∂x^β . (106)

5.5. Infinitesimal canonical transformation, generalized Noether theorem Canonical transformations were derived in Sect. 3 as the particular subset of general transformations of the fields ϕ^I and their conjugate momentum fields π^μ_I that preserve the action integral (12). Such a transformation depicts a symmetry transformation that is associated with a conserved four-current vector, hence with a vector whose space-time divergence vanishes. In the following, we shall work out the correlation of this conserved current with an infinitesimal canonical transformation of the field variables. The generating function F^μ_2 of an infinitesimal transformation differs from that of an identical transformation (95) by a small quantity ϵg^μ(ϕ, π, x)

F^μ_2 (ϕ, Π, x) = ϕ^J Π^μ_J + ϵg^μ(ϕ, π, x). (107) To first order in ϵ, the subsequent transformation rules (22) are

Π^μ_I = π^μ_I − ϵ ∂g^μ ∂ϕ^I , Φ^I δ^μ_ν = ϕ^I δ^μ_ν + ϵ ∂g^μ ∂π^ν_I , H^′ = H + ϵ ∂g^α ∂x^α | | |_{expl},

hence δπ^μ_I = −ϵ ∂g^μ ∂ϕ^I , δϕ^I δ^μ_ν = ϵ ∂g^μ ∂π^ν_I , δH|_{CT} = ϵ ∂g^α ∂x^α | | | expl

. (108)

As the transformation does not change the independent variables, x^μ, all primed and unprimed quantities refer to the same space-time event x, hence δx^μ = 0. With the transformation rules (108), the divergence of the four-vector of characteristic

42 J. Struckmeier

functions g^μ is given by

ϵ ∂g^α ∂x^α = ϵ ∂g^α ∂ϕ^I ∂ϕ^I ∂x^α + ϵ ∂g^α ∂π^β_I ∂π^β_I ∂x^α + ϵ ∂g^α ∂x^α | | | |_{expl} = −δπ^α_I ∂ϕ^I ∂x^α + δϕ^I δ^α_β ∂π^β_I ∂x^α + δH|_{CT} = −δπ^α_I ∂ϕ^I ∂x^α + δϕ^I ∂π^α_I ∂x^α + δH|_{CT}. Along the system’s space-time evolution, the canonical equations (5) apply. The derivatives of the fields with respect to the independent variables may be then replaced accordingly to yield ϵ ∂g^α ∂x^α = − ∂H ∂π^α_I δπ^α_I − ∂H ∂ϕ^I δϕ^I + δH|_{CT}. If and only if the infinitesimal transformation rule δH|_{CT} for the Hamiltonian coincides with the variation δH due to the variations δϕ^I and δπ^μ_I of the canonical field variables at δx^μ = 0 from Eqs. (108), δH = ∂H ∂ϕ^I δϕ^I + ∂H ∂π^α_I δπ^α_I , then this set of infinitesimal transformation rules actually defines a canonical transformation. We thus have

δH|_{CT}^!= δH ⇒ ∂g^α ∂x^α != 0. (109)

Thus, the divergence of the g^μ(x) must vanish in order for the transformation (108) to be canonical, and hence to preserve the action integral (12). The g^μ(x) then define a conserved four-current vector, commonly referred to as Noether current j(x), j^μ(x) ≡ g^μ(ϕ, π, x), ∂j^α(x) ∂x^α = 0. (110)

This is the generalized Noether theorem of classical field theory in the Hamiltonian formulation. To summarize, the theorem thus states that the characteristic functions g^μ in the generating function (107) must have zero divergences, ∂g^α/∂x^α = 0, in order for the subsequent infinitesimal transformation (108) to be canonical and hence to preserve the action integral (12). In contrast to the usual derivation of this theorem in the Lagrangian formalism, we are not restricted to point transformations as the g^μ may represent any divergence-free four-vector function of the canonical variables.

Covariant Hamiltonian Field Theory 43

5.6. Canonical transformation inducing an infinitesimal

space-time step We now consider the generating function F^μ_2 of an infinitesimal canonical transformation induced by the energy-momentum tensor from Eq. (7)

T^μ_α = δ^μ_α H + π^μ_I ∂ϕ^I ∂x^α − δ^μ_απ^β_I ∂ϕ^I ∂x^β . (111)

The infinitesimal canonical space-time step transformation is then generated by

F^μ_2 (ϕ, Π, x) = ϕ^I Π^μ_I + T^μ_α δx^α. (112)

In order to illustrate this generating function, we imagine for a moment a system with only one independent variable, t. As a consequence, only one conjugate field π_I could exist for each ϕ^I . In that system, the last two terms of Eq. (111) would obviously cancel, hence, the generating function F_2 would simplify to

F_2(ϕ^I , Π_I , t) = ϕ^I Π_I + H δt.

We recognize this function from point mechanics as the generator of the infinitesimal canonical transformation that shifts an arbitrary Hamiltonian system along an infinitesimal time step δt.

Applying the general transformation rules (22) for generating functions of type F_2 to the generator from Eq. (112), then — similar to the preceding example — only terms of first order in δx^μ need to be taken into account. As the partial derivatives of ϕ^I and π^μ_I are no canonical variables, these terms must be treated as explicitly x^ν -dependent coefficients. The derivative of F^μ_2 with respect to ϕ^I yields

π^μ_I = ∂F^μ_2 ∂ϕ^I = Π^μ_I + δx^αδ^μ_α ∂H ∂ϕ^I = Π^μ_I − δx^μ ∂π^α_I ∂x^α . This means for δπ^μ_I ≡ Π^μ_I − π^μ_I δπ^μ_I = ∂π^α_I ∂x^α δx^μ. (113)

To first order, the general transformation rule (22) for the field ϕ^I takes on the particular form for the actual generating function (112):

Φ^I δ^μ_ν = ∂F^μ_2 ∂Π^ν_I = ϕ^I δ^μ_ν + δx^α ( δ^μ_α ∂H ∂π^ν_I + δ^μ_ν ∂ϕ^I ∂x^α − δ^μ_αδ^β_ν ∂ϕ^I ∂x^β )

= ϕ^I δ^μ_ν + δx^α ( δ^μ_α ∂ϕ^I ∂x^ν + δ^μ_ν ∂ϕ^I ∂x^α − δ^μ_α ∂ϕ^I ∂x^ν )

= ϕ^I δ^μ_ν + δ^μ_ν ∂ϕ^I ∂x^α δx^α,

44 J. Struckmeier

hence with δϕ^I ≡ Φ^I − ϕ^I δϕ^I = ∂ϕ^I ∂x^α δx^α. (114)

The transformation rule δH|_{CT} ≡ H^′ −H for the Hamiltonian density finally follows from the explicit dependence of the generating function on the x^μ as δH|_{CT} = δx^α ( δ^μ_α ∂H ∂x^μ | | |_{expl} + π^μI

∂^2ϕ^I ∂x^α∂x^μ − δ^μ_α π^β_I ∂^2ϕ^I ∂x^β ∂x^μ )

= δx^α ∂H ∂x^α | | | |_{expl} . (115)

The variation δH of the Hamiltonian due to the variations δϕ^I and δπ^μ_I that are induced by the canonical transformation is given by δH = ∂H ∂ϕ^I δϕ^I + ∂H ∂π^α_I δπ^α_I + ∂H ∂x^α | | | expl δx^α = − ∂π^β_I ∂x^β ∂ϕ^I ∂x^α δx^α + ∂ϕ^I ∂x^α ∂π^β_I ∂x^β δx^α + ∂H ∂x^α | | | |_{expl} δx^α = ∂H ∂x^α | | | |_{expl} δx^α.

As δH|_{CT} = H, the infinitesimal transformation generated by (112) is thus indeed canonical. Summarizing, we infer from the transformation rules (113), (114), and (115) that the generating function (112) defines the particular canonical transformation that infinitesimally shifts a given system in space-time in accordance with the canonical field equations (5). As such a canonical transformation can be repeated an arbitrary number of times, we can induce that a transformation along finite steps in space-time is also canonical. We thus have the important result the space-time evolution of a system that is governed by a Hamiltonian density itself constitutes a canonical transformation. As canonical transformations map Hamiltonian systems into Hamiltonian systems, it is ensured that each Hamiltonian system remains so in the course of its space-time evolution.

5.7. Lorentz gauge as a canonical point transformation of the Maxwell Hamiltonian density

The Hamiltonian density H_M of the electromagnetic field was derived in Sec. 4.4. The correlation of the conjugate fields π_{μν} with the 4-vector potential a is determined by the first field equation (75) as the generalized curl of a. This means, on the other hand, that the correlation between a and the π_{μν} is not unique, hence that there is a gauge freedom of a. Defining a transformed vector potential A according to A_μ = a_μ + ∂χ(x) ∂x^μ , (116)

Covariant Hamiltonian Field Theory 45

with χ = χ(x) an arbitrary differentiable function of the independent variables, we find Π_{μν} = ∂A_ν ∂x^μ − ∂A_μ ∂x^ν = ∂a_ν ∂x^μ + ∂^2χ(x) ∂x^ν ∂x^μ − ∂a_μ ∂x^ν − ∂^2χ(x) ∂x^μ∂x^ν = ∂a_ν ∂x^μ − ∂a_μ ∂x^ν = π_{μν} . (117) We will now show that the gauge transformation (116) can be regarded as a canonical point transformation, whose generating function F^ν_2 is given by F^μ_2 (a, Π, x) = a_αΠ^{αμ} + ∂ ∂x^α (Π^{αμ}χ(x)) . (118) In the notation of this example, the general transformation rules (22) are rewritten as π^{νμ} = ∂F^μ_2 ∂a_ν , A_ν δ^μ_β = ∂F^μ_2 ∂Π^{νβ} , H^′ = H + ∂F^α_2 ∂x^α | | | expl

, (119)

which yield for the particular generating function of Eq. (118) the transformation prescriptions π^{νμ} = ∂a_α ∂a_ν Π^{αμ} = δ^ν_αΠ^{αμ} = Π^{νμ}

A_ν δ^μ_β = a_αδ^α_ν δ^μ_β + δ^α_ν δ^μ_β ∂χ(x) ∂x^α ⇒ A_ν = a_ν + ∂χ(x) ∂x^ν H^′ − H =

∂^2Π^{αβ} ∂x^α∂x^β χ(x) + ∂Π^{αβ} ∂x^α ∂χ(x) ∂x^β + Π^{αβ} ∂^2χ(x) ∂x^α∂x^β = ∂π^{αβ} ∂x^α ∂χ(x) ∂x^β = − ∂π^{αβ} ∂x^β ∂χ(x) ∂x^α = 4π c j^α(x) ∂χ(x) ∂x^α . (120)

The canonical field transformation rules coincide with the correlations of Eqs. (116) and (117) that define the Lorentz gauge. Deriving the transformation rule for the Hamiltonian density, two of the three terms vanish because of the skew-symmetry of the canonical momentum tensor Π^{νμ} = −Π^{μν} .

In the realm of the canonical transformation formalism of covariant Hamiltonian field theory, we must always explicitly verify that the canonical transformation rule for the Hamiltonians actually agrees with the transformation of H due to the transformation of the fields. For the Maxwell Hamiltonian H_M from Eq. (74), we find H_M = −^1_4 π_{αβ} π^{αβ} + 4π c j^α(x) a_α = −^1_4 Π_{αβ} Π^{αβ} + 4π c j^α(x) ( A_α − ∂χ(x) ∂x^α )

= H^′_M − 4π c j^α(x) ∂χ(x) ∂x^α .

46 J. Struckmeier

Obviously, this relation of original and transformed Maxwell Hamiltonians agrees with the canonical transformation rule (120), which means that the transformation generated by F^μ_2 from Eq. (118) is actually canonical.

In oder to determine the conserved Noether current that is associated with the canonical point transformation generated by F_2 from Eq. (118), we need the generator of the corresponding infinitesimal canonical point transformation, F^μ_2 (a, Π, x) = a_αΠ^{αμ} + ϵg^μ(π, x), g^μ = ∂ ∂x^α ( π^{αμ}χ(x) ) . (121)

The pertaining canonical transformation rules are

Π^{νμ} = π^{νμ}, A_ν = a_ν + ϵ ∂χ(x) ∂x^ν , δH|_{CT} = H^′ − H = −ϵ ∂π^{αβ} ∂x^β ∂χ(x) ∂x^α . Because of δπ^{νμ} ≡ Π^{νμ} − π^{νμ} = 0 and δa_ν ≡ A_ν − a_ν , the variation δH of H due to the variation of the canonical variables simplifies to δH = ∂H ∂a_α δa_α = −ϵ ∂π^{αβ} ∂x^β ∂χ(x) ∂x^α and hence agrees with the corresponding infinitesimal canonical transformation δH|_{CT}, as required for the transformation to be canonical. The characteristic function g^μ in the generating function (121) then directly yields the conserved 4-current j_N(x), j^ν_N ≡ g^ν according to Noether’s theorem from Eq. (110) ∂j^β_N(x) ∂x^β = 0, j^μ_N(x) = ∂ ∂x^α ( π^{αμ}χ(x) ) . We verify that j_N(x) is indeed the conserved Noether current by calculating its divergence ∂j^β_N(x) ∂x^β = ∂ ∂x^β ( ∂π^{αβ} ∂x^α χ + π^{αβ} ∂χ ∂x^α )

= ∂^2π^{αβ} ∂x^α∂x^β χ + ∂π^{αβ} ∂x^α ∂χ ∂x^β + ∂π^{αβ} ∂x^β ∂χ ∂x^α + π^{αβ} ∂^2χ ∂x^α∂x^β (122)

= 0.

The first and the fourth term on the right hand side of Eq. (122) vanish individually due to π^{νμ} = −π^{μν} . The second and the third terms cancel each other for the same reason.

5.8. Gauge transformation of the coupled Klein-Gordon-Maxwell field, local gauge invariance The Hamiltonian density H_{KGM} of a complex Klein-Gordon field that couples to an electromagnetic 4-vector potential A was introduced in Sec. 4.6 by Eq. (81). We now define for this Hamiltonian density a local gauge transformation by means of the generating function F^μ_2 = ϕ Π^μe^{−iqχ(x)} + Π^μϕ e^{iqχ(x)} + ( a_α + ∂χ(x) ∂x^α ) P^{αμ}. (123)

Covariant Hamiltonian Field Theory 47

In this context, the notation “local” refers to the fact that the generator (123) depends explicitly on x. The general transformation rules (22), (119) applied to the actual generating function yield

P^{μν} = p^{μν} , A_μ = a_μ + ∂χ ∂x^μ Π^μ = π^μe^{iqχ(x)}, Φ = ϕ e^{iqχ(x)} Π^μ = π^μ e^{−iqχ(x)}, Φ = ϕ e^{−iqχ(x)} H^′ = H + iq ( π^α ϕ − ϕ π^α ) ∂χ(x) ∂x^α . In the transformation rule for the Hamiltonian density, the term P^{αβ} ∂^2χ/∂x^α∂x^β vanishes due to Π^{αβ} being skew-symmetric. The transformed Hamiltonian density H^′_{KGM} is now obtained by inserting the transformation rules into the Hamiltonian density H_{KGM} of Eq. (81),

H^′_{KGM} = Π_α Π^α + iqA_α ( Π^αΦ − ϕ Π^α ) + Ω^2Φ Φ −^1_4 P^{αβ} P_{αβ} .

We observe that the Hamiltonian density (81) is form-invariant under the local canonical transformation generated by F_2 from Eq. (123).

In order to derive the conserved Noether current that is associated with this symmetry transformation, we first set up the generating function of the infinitesimal canonical transformation corresponding to (123) F^μ_2 = ϕ Π^μ + Π^μϕ + a_ν P^{νμ} + ϵ (g^μ_1 + g^μ_2 + g^μ_3 ) , with the characteristic functions g^μ_{1,2,3} given by: g^μ_1 = −iq ϕ π^μχ(x), g^μ_2 = iq π^μϕχ(x), g^μ_3 = ∂χ(x) ∂x^α p^{αμ}. The subsequent transformation rules are

P^{μν} = p^{μν} , A_μ = a_μ + ϵ ∂χ ∂x^μ Π^μ = π^μ(1 + ϵiqχ(x)), Φ = ϕ(1 + ϵiqχ(x)) Π^μ = π^μ(1 − ϵiqχ(x)), Φ = ϕ(1 − ϵiqχ(x)) δH|_{CT} = H^′ − H = ϵiq ( π^αϕ − ϕ π^α ) ∂χ(x) ∂x^α δH = ∂H ∂π^α δπ^α + ∂H ∂ϕ δϕ + ∂H ∂ϕ δϕ + ∂H ∂a_α δa_α + ∂H ∂p^{αβ} δp^{αβ} . Since δH|_{CT} = δH, the Noether theorem from Eq. (110) now directly yields the conserved Noether current j_N(x), j^μ_N = g^μ_1 + g^μ_2 + g^μ_3 hence for the present case j^μ_N(x) = iqχ(x) ( π^μϕ − ϕ π^μ ) + ∂χ(x) ∂x^α p^{αμ}.

48 J. Struckmeier

By direct calculation, we verify that ∂j^α_N/∂x^α = 0, inserting the respective canonical field equations that emerge from the Hamiltonian H_{KGM}.

5.9. Spontaneous breaking of gauge symmetry, Higgs mechanism

In order to present the Higgs mechanism in the context of the canonical transformation approach, we consider the Hamiltonian density

H_H = π^απ_α − Ω^2 ϕ ϕ +^1_2 λ^2 ( ϕ ϕ )_2

−^1_4 p^{αβ} p_{αβ} − iq ( π^αϕ − ϕ π^α ) a_α. (124)

This Hamiltonian density differs from the density (81) of Sec. 4.6 by an additional fourth order potential term and a negative sign of the quadratic potential term. As all terms of the form ϕϕ are invariant with respect to local gauge transformations generated by Eq. (123), the Hamiltonian density (124) is also invariant. The potential U(ϕ) of the Hamiltonian density (124)

U(ϕ) = −Ω^2 ϕϕ +^1_2 λ^2 ( ϕϕ )_2

has a minimum ( ϕϕ ) min =

Ω^2 λ^2 . Thus, ϕ_{min} lies on a circle in the complex plane

ϕ_{min} = Ω λ e^{iω}, 0 ≤ ω ≤ 2π. We now want to express the Hamiltonian density from Eq. (124) in terms of a shifted potential Φ whose origin coincides with ϕ_{min} of the original potential ϕ

Φ = ϕ − ϕ_{min}, ∂Φ ∂x^μ = ∂ϕ ∂x^μ . Because of ϕ_{min} = const., the derivatives of ϕ with respect to the x^μ must be unchanged under this transformation. Being defined by the generating function

F^μ_2 = ( Π^μ − iq ϕ_{min} a^μ ) (ϕ − ϕ_{min}) + (Π^μ + iq ϕ_{min} a^μ) ( ϕ − ϕ_{min} ) , (125)

this transformation is actually canonical. As the transformation only affects the fields ϕ and π^μ, the other fields, a_μ and p^{μν} that are contained in the Hamiltonian density (124) must be treated as constant parameters. The transformation rules following from the generating function (125) are

π^μ = Π^μ − iq ϕ_{min} a^μ, π^μ = Π^μ + iq ϕ_{min} a^μ ϕ = Φ + ϕ_{min}, ϕ = Φ + ϕ_{min}.

As the generating function (125) does not explicitly depend on the x^μ, we conclude that H^′_H = H_H. The transformed Hamiltonian density H^′_H is thus obtained by expressing the original quantities of (124) in terms of the transformed ones,

H^′_H = Π^αΠ_α +^1_2 λ^2 ( Φ Φ + Φ ϕ_{min} + Φ ϕ_{min}

)_2 −^1_4 p^{αβ}p_{αβ} − iq ( Π^αΦ − Φ Π^α ) a_α − q^2 ( Φ ϕ_{min} + Φ ϕ_{min} + (ϕϕ)_{min} ) a^αa_α −^1_2 λ^2(ϕϕ)^2_{min}. (126)

Covariant Hamiltonian Field Theory 49

We directly verify that the transformation does not change the derivatives of ϕ, as requested, ∂Φ ∂x^μ = ∂H^′_H ∂Π^μ = Π_μ − iq Φa_μ

= π_μ − iq ϕ_{min} − iq (ϕ − ϕ_{min}) a_μ = π_μ − iq ϕa_μ = ∂H_H ∂π^μ = ∂ϕ ∂x^μ . The complex fields in the Hamiltonian density (126) can be expressed in terms of real field components, Φ = Φ_1 + iΦ_2 and Π^μ = Π^μ_1 + iΠ^μ_2 . We thus encounter the equivalent representation of H^′_H,

H^′_H = Π^α_1 Π_{1,α} + Π^α_2 Π_{2,α} +^1_2 [ λ ( Φ^2_1 + Φ^2 ) + 2Ω (Φ_1 cos ω + Φ_2 sin ω)

]_2

+ 2q (Π^α_1 Φ_2 − Π^α_2 Φ_1) a_α −

2Ωq^2 λ (Φ_1 cos ω + Φ_2 sin ω) a^αa_α −

Ω^4 2λ^2

−^1_4 p^{αβ}p_{αβ} −

Ω^2q^2 λ^2 a^αa_α. (127)

We now observe that the massless gauge field a_μ that is contained in the original Hamiltonian density from Eq. (124) now appears as massive field through the term (q Ω/λ)^2a^αa_α = q^2( ϕϕ)_{min}a^αa_α in the transformed Hamiltonian density from Eq. (127) — independently of the angle ω. This term thus originates in the shift of the reference system of ϕ. The amount of the emerging mass depends on the depth of the potential’s minimum, hence on the underlying potential model.

Because of the gauge freedom of the original Hamiltonian density (124), we may define ω = 0. The transformed Hamiltonian density from Eq. (127) then simplifies to H^′_H = Π^α_1 Π_{1,α} + Π^α_2 Π_{2,α} +^1_2 [ λ ( Φ^2_1 + Φ^2 ) + 2ΩΦ_1

]_2

+ 2q (Π^α_1 Φ_2 − Π^α_2 Φ_1) a_α − 2Ωq^2 λ Φ_1 a^αa_α −

Ω^4 2λ^2

−^1_4 p^{αβ} p_{αβ} −

Ω^2q^2 λ^2 a^αa_α. With Φ_2 ≡ 0, Π^μ_2 ≡ 0, this finally yields

H^′_H = Π^α_1 Π_{1,α} +^1_2 ( λΦ^2_1 + 2ΩΦ_1

)_2 − 2Ωq^2 λ Φ_1 a^αa_α −

Ω^4 2λ^2

−^1_4 p^{αβ} p_{αβ} −

Ω^2q^2 λ^2 a^αa_α. (128)

The physical system that is described by the Hamiltonian density (128) emerged by means of a canonical transformation from the original density (124). Therefore, both systems are canonically equivalent. In the transformed system, we only consider the real part Φ_1 of the complex field ϕ. The corresponding degree of freedom now finds itself in the mass of the massive vector field a_μ. The transformation of two massive scalar fields ϕ_{1,2} that interact with a massless vector field a_μ into a single massive

50 J. Struckmeier

scalar field Φ_1 that interacts with a now massive vector field a_μ is commonly referred to as the Higgs mechanism.

5.10. General local U(N) gauge transformation

5.10.1. External gauge field

We consider a system consisting of a vector of N complex fields ϕ_I , I = 1, . . . , N, and the adjoint field vector, ϕ^†,

ϕ = ϕ_1 . . ϕ_N , ϕ^† = ( ϕ_1 · · · ϕ_N ) .

A general local linear transformation may be expressed in terms of a complex matrix U(x) = (u_{IJ} (x)) and its adjoint, U^† that may depend explicitly on the independent variables, x^μ, as Φ = U ϕ, Φ^† = ϕ^† U^† (129) Φ_I = u_{IJ} ϕ_J , Φ_I = ϕ_J u_{JI} .

With this notation, ϕ_I may stand for

• one complex scalar field ϕ or one Dirac spinor ϕ_I with ϕ_1, . . . ϕ_4 denoting the spinor components (N = 1), hence U ≡ u ∈ C, which means that each spinor component is multiplied with the same complex number u, • a real or complex vector field of dimension N, ϕ_1, . . . , ϕ_N , or a N component vector of Dirac spinors ϕ_1, . . . , ϕ_N .

In other words, U is supposed to define an isomorphism within the space of the ϕ_I , hence to map the ϕ_I into objects of the same type. The uppercase Latin letter indexes label the field or spinor number. Their transformation in iso-space are not associated with any metric. We, therefore, do not use superscripts for these indexes as there is not distinction between covariant and contravariant components. In contrast, Greek indexes are used for those components that are associated with a metric — such as the derivatives with respect to a space-time variable, x^μ. As usual, summation is understood for indexes occurring as pairs.

We restrict ourselves to transformations that preserve the norm ϕϕ ΦΦ = ϕ U^†U ϕ = ϕϕ =⇒ U^†U = 1 = UU^† Φ_I Φ_I = ϕ_J u_{JI} u_{IK} ϕ_K = ϕ_K ϕ_K =⇒ u_{JI} u_{IK} = δ_{JK} = u_{JI} u_{IK} .

This means that U^† = U^{−1}, hence that the matrix U is supposed to be unitary. The transformation (129) follows from a generating function that — corresponding

Covariant Hamiltonian Field Theory 51

to H — must be a real-valued function of the generally complex fields ϕ and their canonical conjugates, π^μ, F^μ_2 (ϕ, ϕ, Π^μ, Π^μ, x) = Π^μU ϕ + ϕ U^† Π^μ = Π^μ_K u_{KJ} ϕ_J + ϕ_K u_{KJ} Π^μ_J . (130)

According to Eqs. (22) the set of transformation rules follows as

π^μ_I = ∂F^μ_2 ∂ϕ_I = Π^μ_K u_{KJ} δ_{IJ} , Φ_I δ^μ_ν = ∂F^μ_2 ∂Π^ν_I = ϕ_K u_{KJ} δ^μ_ν δ_{IJ} π^μ_I = ∂F^μ_2 ∂ϕ_I = δ_{IK} u_{KJ} Π^μ_J , Φ_I δ^μ_ν = ∂F^μ_2 ∂Π^ν_I = δ^μ_ν δ_{IK} u_{KJ} ϕ_J . The complete set of transformation rules and their inverses then read in component notation

Φ_I = u_{IJ} ϕ_J , Φ_I = ϕ_J u_{JI} , Π^μ_I = u_{IJ} π^μ_J , Π^μ_I = π^μ_J u_{JI} (131) ϕ_I = u_{IJ} Φ_J , ϕ_I = Φ_J u_{JI} , π^μ_I = u_{IJ} Π^μ_J , π^μ_I = Π^μ_J u_{JI} .

We assume the Hamiltonian H to be form-invariant under the global gauge transformation (129), which is given for U = const., hence for all u_{IJ} not depending on the independent variables, x^μ. In contrast, if U = U(x), the transformation (131) is referred to as a local gauge transformation. The transformation rule for the Hamiltonian is then determined by the explicitly x^μ-dependent terms of the generating function F^μ_2 according to H^′ − H = ∂F^α_2 ∂x^α | | | |_{expl} = Π^αI ∂u_{IJ} ∂x^α ϕ_J + ϕ_I ∂u_{IJ} ∂x^α Π^α_J = π^α_K u_{KI} ∂u_{IJ} ∂x^α ϕ_J + ϕ_I ∂u_{IJ} ∂x^α u_{JK} π^α_K = ( π^α_K ϕ_J − ϕ_K π^α_J ) u_{KI} ∂u_{IJ} ∂x^α (132)

= Π^α_I ∂u_{IJ} ∂x^α u_{JK} Φ_K + Φ_K u_{KI} ∂u_{IJ} ∂x^α Π^α_J = ( Π^α_K Φ_J − Φ_K Π^α_J ) ∂u_{KI} ∂x^α u_{IJ} . (133)

If we want to set up a Hamiltonian H̄ that is form-invariant under the local, hence x^μ-dependent transformation generated by (130), then we must compensate the additional terms (132) that emerge from the explicit x^μ-dependence of the generating function (130). This can only be done by adjoining the Hamiltonian H of our system with terms that correspond to (132) with regard to their dependence on the canonical variables, ϕ, ϕ, π^μ, π^μ. With a unitary matrix U, the u_{IJ} -dependent terms in Eq. (132) are skew-hermitian, u_{KI} ∂u_{IJ} ∂x^μ = ∂u_{JI} ∂x^μ u_{IK} = −u_{JI} ∂u_{IK} ∂x^μ , ∂u_{KI} ∂x^μ u_{IJ} = u_{JI} ∂u_{IK} ∂x^μ = − ∂u_{JI} ∂x^μ u_{IK} ,

52 J. Struckmeier

or in matrix notation ( U^† ∂U ∂x^μ )_† = ∂U^† ∂x^μ U = −U^† ∂U ∂x^μ , ( ∂U ∂x^μ U^† )_† = U ∂U^† ∂x^μ = − ∂U ∂x^μ U^†. The u-dependent terms in Eqs. (132) and (133) can thus be compensated by a Hermitian matrix (a_{KJ} ) of “4-vector gauge fields”, with each off-diagonal matrix element, a_{KJ} , K ≠ J, a complex 4-vector field with components a_{KJμ}, μ = 0, . . . , 3 a_{KJμ} = a_{JKμ}. The number of independent gauge fields thus amount to N^2 real 4-vectors. The amended Hamiltonian H̄ thus reads H̄ = H + H_a, H_a = −iq (π^α_K ϕ_J − ϕ_K π^α_J ) a_{KJα}. (134)

With the real coupling constant q, the real interaction Hamiltonian H_a is thus real. We require the modified system H̄ to be form-invariant, H̄^′ = H^′ + H^′_a, H^′_a = −iq ( Π^α_K Φ_J − Φ_K Π^α_J ) A_{KJα}, (135) with the A_{IJμ}(x) denoting the gauge fields of the transformed system. Inserting H^′ from Eq. (132) and H from Eq. (134) into (135), we find

H̄^′ − H̄ = H^′_a − H_a + H^′ − H = H^′_a − H_a + ∂F^{α2} ∂x^α | | |_{expl} = −iq ( Π^α_K Φ_J − Φ_K Π^α_J ) A_{KJα} + iq ( π^α_K ϕ_J − ϕ_K π^α_J ) a_{KJα} + Π^α_I ∂u_{IJ} ∂x^α ϕ_J + ϕ_I ∂u_{IJ} ∂x^α Π^α_J

!= 0. (136)

The modified system H̄ is thus invariant (H̄^′ = H̄) under the canonical transformation generated by (130) if and only if − iq ( Π^α_K Φ_J − Φ_K Π^α_J ) A_{KJα} + iq ( Π^α_K Φ_J − Φ_K Π^α_J ) u_{KL} a_{LIα} u_{IJ} + ( Π^α_K Φ_J − Φ_K Π^α_J ) ∂u_{KI} ∂x^α u_{IJ} = 0. We thus find the inhomogeneous transformation rules for the gauge fields A_{KJμ} = u_{KL} a_{LIμ} u_{IJ} − i q ∂u_{KI} ∂x^μ u_{IJ} (137)

We observe that for any type of canonical field variables ϕ_I and for any Hamiltonian system H, the transformation of the 4-vector gauge fields a_{IJ} (x) is uniquely determined according to Eq. (137) by the transformation matrix U(x) for the N fields ϕ_I . In the notation of the 4-vector gauge fields a_{KJ} (x), K, J = 1, . . . , N, the transformation rule is equivalently expressed as A_{KJ} = u_{KL} a_{LI} u_{IJ} − i q ∂u_{KI} ∂x u_{IJ} ,

Covariant Hamiltonian Field Theory 53

or, in matrix notation

Â_μ = Uâ_μU^† − i q ∂U ∂x^μ U^†, Â = U â U^† − i q ∂U ∂x U^†, (138)

with â_μ denoting the N × N matrices of the μ-components of the 4-vectors A_{IK} (x), and, finally, â the N × N matrix of gauge 4-vectors a_{IK} (x). The matrix U(x) is unitary, hence belongs to the group U(N) U^†(x) = U^{−1}(x), | det U(x)| = 1. For det U(x) = +1, the matrix U(x) is an element of the group SU(N).

Equation (138) is the general transformation law for gauge bosons. U and â_μ do not commute if N > 1, hence if U is a unitary matrix rather than a complex number of modulus 1. We are then dealing with a non-Abelian gauge theory. As the matrices â_μ are Hermitian, the number of independent gauge 4-vectors a_{IK} amounts to N real vectors on the main diagonal, and (N^2 − N)/2 independent complex off-diagonal vectors, which corresponds to a total number of N^2 independent real gauge 4-vectors for a U(N) symmetry transformation, and hence N^2 − 1 real gauge 4-vectors for a SU(N) symmetry transformation.

5.10.2. Including the gauge field dynamics

With the knowledge of the required transformation rule for the gauge fields from Eq. (137), it is now possible to redefine the generating function (130) to also describe the gauge field transformation. This simultaneously defines the transformation of the canonical conjugates, p^{μν}_{JK} , of the gauge fields a_{JKμ}, and thereby leads to the description of their dynamics. Of course, in order for the Hamiltonian to be invariant under local gauge transformations, the additional terms must be invariant as well. The transformation rules for the fields ϕ and the gauge field matrices â (Eq. (138)) can be regarded as a canonical transformation that emerges from an explicitly x^μ-dependent and real-valued generating function vector of type F^μ_2 = F^μ_2 (ϕ, ϕ, Π, Π, â, P̂ , x), F^μ_2 = Π^μ_K u_{KJ} ϕ_J + ϕ_K u_{KJ} Π^μ_J + P^{αμ}_{JK} ( u_{KL} a_{LIα} u_{IJ} − i q ∂u_{KI} ∂x^α u_{IJ} ) . (139)

Accordingly, the subsequent transformation rules for canonical variables ϕ, ϕ and their conjugates, π^μ, π^μ, agree with those from Eqs. (131). The rule for the gauge fields a_{IKα} emerge as intended, A_{KJα} δ^μ_ν = ∂F^μ_2 ∂P^{αν}_{JK} = δ^μ_ν ( u_{KL} a_{LIα} u_{IJ} − i q ∂u_{KI} ∂x^α u_{IJ} )

and obviously coincides with Eq. (137). The transformation of the momentum fields is obtained from the generating function (139) as p^{αμ}_{IL} = ∂F^μ_2 ∂a_{LIα} = u_{IJ} P^{αμ}_{JK} u_{KL}. (140)

54 J. Struckmeier

It remains to work out the difference of the Hamiltonians H^′ −H under the canonical transformation generated by (139). To this end, we must calculate the divergence of the explicit x^μ-dependent terms of F^μ_2 , H^′ − H = ∂F^β_2 ∂x^β | | | |_{expl}

= Π^β_I ∂u_{IJ} ∂x^β ϕ_J + ϕ_I ∂u_{IJ} ∂x^β Π^β_J (141)

+ P^{αβ}_{JK} ( ∂u_{KL} ∂x^β a_{LIα}u_{IJ} + u_{KL}a_{LIα} ∂u_{IJ} ∂x^β − i q ∂u_{KI} ∂x^α ∂u_{IJ} ∂x^β − i q ∂^2u_{KI} ∂x^α∂x^β u_{IJ} ) . We are now going to replace all u_{IJ} -dependencies in (141) by canonical variables making use of the canonical transformation rules. The first two terms on the righthand side of Eq. (141) are determined by Eq. (136),

Π^α_I ∂u_{IJ} ∂x^α ϕ_J + ϕ_I ∂u_{IJ} ∂x^α Π^α_J = iq ( Π^α_K Φ_J − Φ_K Π^α_J ) A_{KJα} − iq ( π^α_K ϕ_J − ϕ_K π^α_J ) a_{KJα}. The second derivative term is symmetric in the indexes α and β. As any second rank tensor, we can split P^{αβ}_{JK} into a symmetric P^{(αβ)}_{JK} and a skew-symmetric part P^{[αβ]}_{JK} in α and β

P^{αβ}_{JK} = P^{(αβ)}_{JK} + P^{[αβ]}_{JK} . (142)

Then the second derivative term vanishes for P^{[αβ]}_{JK} since by definition

P^{[αβ]}_{JK} =^1_2 ( P^{αβ}_{JK} − P^{βα}_{JK} ) , P^{(αβ)}_{JK} =^1_2 ( P^{αβ}_{JK} + P^{βα}_{JK} ) . By inserting the transformation rules for the gauge fields from Eqs. (137), the remaining terms of (141) for the skew-symmetric part of P^{αβ}_{JK} are converted into P^{[αβ]}_{JK} ( ∂u_{KL} ∂x^β a_{LIα} u_{IJ} + u_{KL} a_{LIα} ∂u_{IJ} ∂x^β − i q ∂u_{KI} ∂x^α ∂u_{IJ} ∂x^β )

= iq ( p^{[αβ]}_{JK} a_{KIα} a_{IJβ} − P^{[αβ]}_{JK} A_{KIα} A_{IJβ} )

=^1_2 iq [( p^{αβ}_{JK} − p^{βα}_{JK} ) a_{KIα} a_{IJβ} − ( P^{αβ}_{JK} − P^{βα}_{JK} ) A_{KIα} A_{IJβ} ]

=^1_2 iq [ p^{αβ}_{JK} (a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα}) − P^{αβ}_{JK} (A_{KIα} A_{IJβ} − A_{KIβ} A_{IJα}) ] . For the symmetric part of P^{αβ}_{JK} , the u_{KI} -dependence can be eliminated as well by means of both the canonical transformation rules for the gauge fields (137) that for the momenta from Eqs. (140) P^{(αβ)}_{JK} ( ∂u_{KL} ∂x^β a_{LIα} u_{IJ} + u_{KL}a_{LIα} ∂u_{IJ} ∂x^β − i q ∂u_{KI} ∂x^α ∂u_{IJ} ∂x^β − i q ∂^2u_{KI} ∂x^α∂x^β u_{IJ} )

= P^{(αβ)}_{JK} ( ∂A_{KJα} ∂x^β − u_{KL} ∂a_{LIα} ∂x^β u_{IJ} )

= P^{(αβ)}_{JK} ∂A_{KJα} ∂x^β − p^{(αβ)}_{JK} ∂a_{LIα} ∂x^β =^1_2 P^{αβ}_{JK} ( ∂A_{KJα} ∂x^β + ∂A_{KJβ} ∂x^α ) −^1_2 p^{αβ}_{JK} ( ∂a_{KJα} ∂x^β + ∂a_{KJβ} ∂x^α ) .

Covariant Hamiltonian Field Theory 55

The total divergence of the explicit x^μ-dependent terms of F^μ_2 finally sum up to H^′ − H = iq [ ( Π^α_K Φ_J − Φ_K Π^α_J ) A_{KJα} − ( π^α_K ϕ_J − ϕ_K π^α_J ) a_{KJα} −^1_2 P^{αβ}_{JK} (A_{KIα} A_{IJβ} − A_{KIβ} A_{IJα}) ] +^1_2 p^{αβ}_{JK} (a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα}) +^1_2 P^{αβ}_{JK} ( ∂A_{KJα} ∂x^β + ∂A_{KJβ} ∂x^α ) −^1_2 p^{αβ}_{JK} ( ∂a_{KJα} ∂x^β + ∂a_{KJβ} ∂x^α ) , hence, after garthering the original and the transformed variables on either side of the equation H^′ − iq [ ( Π^α_K Φ_J − Φ_K Π^α_J ) A_{KJα} +^1_2 P^{αβ}_{JK} (A_{KIα} A_{IJβ} − A_{KIβ} A_{IJα}) ]

−^1_2 P^{αβ}_{JK} ( ∂A_{KJα} ∂x^β + ∂A_{KJβ} ∂x^α )

= H − iq [ ( π^α_K ϕ_J − ϕ_K π^α_J ) a_{KJα} +^1_2 p^{αβ}_{JK} (a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα}) ]

−^1_2 p^{αβ}_{JK} ( ∂a_{KJα} ∂x^β + ∂a_{KJβ} ∂x^α ) . We observe that all u_{IJ} -dependencies of Eq. (141) were expressed symmetrically in terms of the original and transformed complex scalar fields ϕ_J , Φ_J and 4-vector gauge fields a_{JK} , A_{JK} , in conjunction with their respective canonical momenta. Thereby any dependence of H̄ on the u_{IJ} and their derivatives is eliminated, which reflects the “gauge independence” of H̄.

In order to completely describe the dynamics of the gauge fields â(x), we must further amend the Hamiltonian by a kinetic term that describes the dynamics of the vector fields a_{IJ} , namely −^1_4 p^{αβ}_{IJ} p_{JIαβ}. We must check whether this additional term is also invariant under the infinitesimal transformation generated by Eq. (139). From the transformation rule (140), we find p^{αβ}_{IJ} p_{JIαβ} = ( u_{IK} P^{αβ}_{KL} u_{LJ} ) ( u_{JM} P_{MNαβ} u_{NI} ) = δ_{NK} P^{αβ}_{KL} δ_{LM} P_{MNαβ} = P^{αβ}_{IJ} P_{JIαβ} . Thus, on the basis of a given system Hamiltonian H(ϕ, ϕ, π, π) that is invariant under the global gauge transformation, the total amended Hamiltonian H̄ that is form-invariant under a local U(N) symmetry transformation (129) of the fields ϕ, ϕ is given by

H̄ = H + H_g (143)

H_g = −^1_4 p^{αβ}_{JK} p_{KJαβ} − iq ( π^α_K a_{KJα} ϕ_J − ϕ_K a_{KJα} π^α_J ) +^1_2 iq p^{αβ}_{JK} (a_{KIα} a_{IJβ} − a_{KIβ} a_{IJα}) −^1_2 p^{αβ}_{JK} ( ∂a_{KJα} ∂x^β + ∂a_{KJβ} ∂x^α ) .

56 J. Struckmeier

Compared to the massless Proca Hamiltonian H_P from Eq. (79) that describes a free bosonic field of zero mass, we notice that the gauge field Hamiltonian H̄ contains additional self-coupling terms, i.e. terms that only involve the gauge fields and their canonical conjugates. The derivatives of the gauge fields that are contained in the last term do not represent canonical variables. Rather, these terms are to be treated as explicitly x^μ-dependent quantities. Such terms render the Hamiltonian non-autonomous and thereby describe an exchange of energy and momentum with the external environment. This is reflected by the fact that the divergences (8) of the column vectors the energy-momentum tensor no longer vanish.

For the case q = 0 and p^{(αβ)}_{JK} = 0, the Hamiltonian (143) coincides with the massless Proca Hamiltonian H_P.

The first canonical equation for the gauge fields follow as ∂a_{LMμ} ∂x^ν = ∂H̄ ∂p^{μν}_{ML} = −^1_2 p_{LMμν} +^1_2 iq (a_{LIμ} a_{IMν} − a_{LIν} a_{IMμ})

−^1_2 ( ∂a_{LMμ} ∂x^ν + ∂a_{LMν} ∂x^μ ) . Solved for the canonical momenta p_{LMμν} p_{LMμν} = − ∂a_{LMν} ∂x^μ − 3 ∂a_{LMμ} ∂x^ν + iq (a_{LIμ} a_{IMν} − a_{LIν} a_{IMμ}) (144) = ∂a_{LMν} ∂x^μ − ∂a_{LMμ} ∂x^ν + iq (a_{LIμ} a_{IMν} − a_{LIν} a_{IMμ}) − 2 ( ∂a_{LMν} ∂x^μ + ∂a_{LMμ} ∂x^ν ) . Therefore, the skew-symmetric and the symmetric components of p_{LMμν} are p_{LM[μν]} = ∂a_{LMν} ∂x^μ − ∂a_{LMμ} ∂x^ν + iq (a_{LIμ} a_{IMν} − a_{LIν} a_{IMμ}) p_{LM(μν)} = −2 ( ∂a_{LMν} ∂x^μ + ∂a_{LMμ} ∂x^ν ) . The divergences of the columns of the energy-momentum tensor is determined by the symmetric part of the momenta, p_{LM(μν)} ∂T^α_μ ∂x^α = ∂H_g ∂x^μ | | | expl.

= −^1_2 p^{αβ}_{JK} ∂ ∂x^μ ( ∂a_{KJα} ∂x^β + ∂a_{KJβ} ∂x^α )

=^1_4 p^{αβ}_{JK} ∂p_{KJ(αβ)} ∂x^μ =^1_8 ∂ ∂x^μ ( p^{αβ}_{JK} p_{KJ(αβ)} )

= ∂ ∂x^μ [ ∂a^α_{JK} ∂x_β ( ∂a_{KJα} ∂x^β + ∂a_{KJβ} ∂x^α )] . Hence, if p_{LMμν} is skew-symmetric, then energy and momenta are conserved, in agreement with that fact that H_g is then autonomous.

Covariant Hamiltonian Field Theory 57

5.10.3. Gauge-invariant Lagrangian

The equivalent gauge invariant Lagrangian L̄ is derived by means of the Legendre transformation

L̄ = L + L_g, L_g = −p^{αβ}_{IJ} ∂a^{JIα} ∂x^β − H_g,

with p^{μν}_{IJ} from Eq. (144). Thus 1 2 p^{αβ}_{IJ} f_{JIαβ} =^1_2 p^{αβ}_{IJ} p_{JIαβ} −^1_2 iq p^{αβ}_{IJ} (a_{JKα} a_{KIβ} − a_{JKβ} a_{KIα}) .

The Lagrangian L_g that renders L̄ locally gauge invariant is then

L_g = iq ( π^α_I ϕ_J − ϕ_I π^α_J ) a_{IJα} −^1_4 p^{βα}_{IJ} p_{JIαβ} = iq ∂L ∂ (_{∂ϕI} ∂x^α ) ϕ_J − ϕ_I ∂L ∂ (_{∂ϕJ} ∂x^α ) a_{IJα} −^1_4 F^{αβ}_{IJ} F_{JIαβ} , (145)

wherein F^{αβ}_{IJ} is simply identified with p^{αβ}_{IJ} from Eq. (144),

F^{αβ}_{IJ} = f^{αβ}_{IJ} + iq ( a^α_{IK} a^β_{KJ} − a^β_{IK} a^α_{KJ} ) .

For any given Lagrangian L, the amended Lagrangian L̄ from Eq. (145) describes the associated physical system that is invariant under local gauge transformations.

According to Eq. (15), the Lagrangian L̄ is invariant under local gauge transformations defined by Eqs. (129) and (138) if

L̄ − L̄^′ = ∂F^{α1} ∂x^α = 0,

with

F^μ_1 = F^μ_2 − Φ_I Π^μ_I − Π^μ_I Φ_I − P^{αμ}_{IJ} A_{JIα}

and F_2 given by Eq. (139). To prove this, we must show that the divergence of the

58 J. Struckmeier

above defined function F^μ_1 actually vanishes, ∂F^β_1 ∂x^β = ∂Π^β_I ∂x^β u_{IJ} ϕ_J + Π^β_I u_{IJ} ∂ϕ_J ∂x^β + Π^β_I ∂u_{IJ} ∂x^β ϕ_J + ϕ_I u_{IJ} ∂Π^β_J ∂x^β + ∂ϕ_I ∂x^β u_{IJ} Π^β_J + ϕ_I ∂u_{IJ} ∂x^β Π^β_J − ∂Φ_J ∂x^β Π^β_J −

Φ_I ∂Π^β_I ∂x^β − ∂Π^β_I ∂x^β Φ_I − Π^β_I ∂Φ_I ∂x^β − ∂P^{αβ}_{IJ} ∂x^β A_{JIα} − P^{αβ}_{IJ} ∂A_{JIα} ∂x^β + ∂P^{αβ}_{IJ} ∂x^β ( u_{JL}a_{LKα}u_{KI} − i q ∂u_{JK} ∂x^α u_{KI} )

+ P^{αβ}_{IJ} ∂ ∂x^β ( u_{JL}a_{LKα}u_{KI} − i q ∂u_{JK} ∂x^α u_{KI} )

= Π^β_I ∂ ∂x^β (u_{IJ} ϕ_J − Φ_I ) + [ ∂ ∂x^β ( ϕ_I u_{IJ} − Φ_J ) ] Π^β_J + P^{αβ}_{IJ} ∂ ∂x^β ( u_{JL}a_{LKα}u_{KI} − i q ∂u_{JK} ∂x^α u_{KI} − A_{JIα} )

= 0 as — by virtue of the transformation rules — all expressions under the differential operators vanish identically. The amended Lagrangian from Eq. (145) is thus indeed invariant under local gauge transformations (129).

As an example, for a Dirac Lagrangian (85) describing N spin-^1_2 fields each being associated with mass m_I

L_D = i 2 ( ψ_I γ^α∂_αψ_I − ∂_αψ_I γ^αψ_I ) − ψ_I M_{IJ} ψ_J , with (M_{IJ} ) = diag(m_1, . . . , m_N ) the diagonal mass matrix, the gauge invariant Lagrangian is then

L̄_D = i 2 ( ψ_I γ^α∂_αψ_I − ∂_αψ_I γ^αψ_I ) − ψ_I M_{IJ} ψ_J +^1_4 f^{αβ}_{IJ} f_{JIβα} + g ψ_I γ^αa_{IJα}ψ_J ,

since a_{IJα} ∈ C commutes with γ^α.

For the particular case N = 1, U ≡ u is in fact a complex number of modulus 1, whereas â_μ ≡ a_μ are the components of a single 4-vector gauge potential a(x). These quantities commute and thereby establish an Abelian gauge theory. With u = exp ( iqλ(x) ) , the corresponding transformation rules for ϕ and the components a_μ of the single 4-vector gauge potential a(x) are Φ = e^{iqλ(x)} ϕ, Φ = e^{−iqλ(x)} ϕ, A_μ = a_μ + ∂λ(x) ∂x^μ .

Covariant Hamiltonian Field Theory 59

5.11. Canonical transformations of the Dirac Hamiltonian 5.11.1. Shift of the canonical momentum vectors The canonical momenta emerging from the Dirac Lagrangian L_D from Eq. (85) are

π^μ = ∂L_D ∂ (∂_μψ) = i 2 ψγ^μ, π^μ = ∂L_D ∂ ( ∂_μψ ) = − i 2 γ^μψ, whereas those emerging from L^′_D (Eq. (88)) were already derived in Eq. (90), π^{μ′} = i 2 ψγ^μ − i m ∂ψ ∂x^α σ^{αμ}, π^{μ′} = − i 2 γ^μψ − i m σ^{μα} ∂ψ ∂x^α . We may regard this as a transformation of the canonical momenta, π^{μ′} = π^μ − i m ∂ψ ∂x^α σ^{αμ}, π^{μ′} = π^μ − i m σ^{μα} ∂ψ ∂x^α , (146)

which is uniquely determined by an explicitly x^ν -dependent generating function of type F^μ_2 (ψ, ψ, π^{μ′} , π^{μ′} , x), F^μ_2 = ψπ^{μ′} + π^{μ′} ψ + i m ( ψσ^{μα} ∂ψ ∂x^α + ∂ψ ∂x^α σ^{αμ}ψ ) . As the derivatives of ψ and ψ are no canonical variables, these quantities must be treated as explicitly x-dependent coefficients. According to the general rules (22), the transformation of the momenta is given by Eq. (146),

π^μ = ∂F^μ_2 ∂ψ = π^{μ′} + i m ∂ψ ∂x^α σ^{αμ}, π^μ = ∂F^μ_2 ∂ψ = π^{μ′} + i m σ^{μα} ∂ψ ∂x^α . The corresponding rules for the fields ψ and ψ yield identities,

ψ^′δ^μ_ν = ∂F^μ_2 ∂π^{ν′} = ψ δ^μ_ν , ψ^′δ^μ_ν = ∂F^μ_2 ∂π^{ν′} = ψ δ^μ_ν . The transformation rule for the Hamiltonian follows from the explicit x-dependence of the generating function

H^′_D − H_D = ∂F^β_2 ∂x^β | | | |_{expl} = i m ( ψσ^{βα} ∂^2ψ ∂x^α∂x^β + ∂^2ψ ∂x^β∂x^α σ^{αβ} ψ ) = 0.

Again, both terms in parentheses vanish as they involve summations over purely symmetric and skew-symmetric factors in the α, β. For the same reason, the divergences of the original and the transformed vectors of canonical momenta coincide, ∂π^{β′} ∂x^β = ∂π^β ∂x^β − i m ∂^2ψ ∂x^β ∂x^α σ^{αβ} = ∂π^β ∂x^β ∂π^{β′} ∂x^β = ∂π^β ∂x^β − i m σ^{αβ} ∂^2ψ ∂x^β ∂x^α = ∂π^β ∂x^β . The primed and the unprimed sets of canonical momenta are thus equivalent as only their divergences are determined by the Hamiltonian H. The transformation of the

60 J. Struckmeier

Dirac Lagrangian L_D to the equivalent Lagrangian L^′_D thus appears in the Hamiltonian formalism as a shift of the canonical momentum vectors π^μ → π^{μ′} , π^μ → π^{μ′} that maintains their divergences, hence that emerge from the same Hamiltonian H_D.

5.11.2. Interchange of the canonical variables The generating function of a canonical transformation that interchanges fields and their canonical conjugates is F^μ_1 ( ψ, Ψ, ψ, Ψ ) = ψγ^μΨ + Ψγ^μψ. (147)

Here, we assume the ψ, Ψ to represent Dirac spinors, ψ = ψ^†γ^0, Ψ = (Ψ)^†γ^0 their adjoints, and that γ^μ, μ = 0, 1, 2, 3 denote the Dirac matrices. The general transformation rules (17) yield for the particular generating function (147)

π^μ = ∂F^μ_1 ∂ψ = γ^μΨ, Π^μ = − ∂F^μ_1 ∂Ψ = −γ^μψ, H^′ = H π^μ = ∂F^μ_1 ∂ψ = Ψγ^μ, Π^μ = − ∂F^μ_1 ∂Ψ = −ψγ^μ. (148)

The inverse rules are immediately obtained by contracting Eqs. (148) with γ_μ, Ψ =^1_4 γ_μπ^μ, ψ = −^1_4 γ_μΠ^μ Ψ =^1_4 π^μγ_μ, ψ = −^1_4 Π^μγ_μ. (149) The consistency of these rules with the definition of the adjoint spinors can be verified, taking into account that γ^0γ^0 = 1, γ^0(γ^μ)^†γ^0 = γ^μ, and γ^0γ^†_μγ^0 = γ_μ,

ψ = ψ^†γ^0 = −^1_4 (Π^μ)^†γ^†_μγ^0 = −^1_4 (Π^μ)^†γ^0 γ^0γ^†_μγ^0 = −^1_4 Π^μγ_μ Ψ = (Ψ)^†γ^0 = −^1_4 (π^μ)^†γ^†_μγ^0 = −^1_4 (π^μ)^†γ^0 γ^0γ^†_μγ^0 = −^1_4 π^μγ_μ π^μ = (π^μ)^†γ^0 = (Ψ)^†(γ^μ)^†γ^0 = (Ψ)^†γ^0 γ^0(γ^μ)^†γ^0 = Ψγ^μ Π^μ = (Π^μ)^†γ^0 = −ψ^†(γ^μ)^†γ^0 = −ψ^†γ^0 γ^0(γ^μ)^†γ^0 = −ψγ^μ. The Dirac Hamiltonian was derived in Sect. 4.7,

H_D = im ( π^ασ_{αβ} π^β + 1 6 π^αγ_αψ − 1 6 ψγ_απ^α ) + 4 3 m ψψ. (150) As the generating function (147) does not explicitly depend on the independent variables, x^μ, we have H^′ = H. The transformed Dirac Hamiltonian is thus obtained

Covariant Hamiltonian Field Theory 61

by expressing the original canonical variables in terms of the new ones. Explicitly, the four components of the Hamiltonian (150) transform as

iπ^ασ_{αβ} π^β = iΨγ^ασ_{αβ} γ^β Ψ = iΨ ( − 4i 3 ) Ψ = 4 3 ΨΨ 4 3 ψψ = iψ ( − 4i 3 ) ψ = iψγ^ασ_{αβ} γ^βψ = iΠ^ασ_{αβ} Π^β π^αγ_αψ = Ψγ^αγ_αψ = Ψ4ψ = −Ψγ_αΠ^α −ψγ_απ^α = 1 4 Π^β γ_β γ_απ^α = 1 4 Π^β γ_β 4Ψ = Π^β γ_βΨ.

The complete transformed Dirac Hamiltonian H^′_D is now given by

H^′_D = im ( Π^ασ_{αβ} Π^β + 1 6 Π^αγ_αΨ − 1 6 Ψγ_αΠ^α ) + 4 3 m ΨΨ, and obviously has exactly the form of the original one. We conclude that it is precisely the Dirac Hamiltonian density (150) that has the additional symmetry to be invariant under the canonical transformation that interchanges the expressions γ^μψ with their conjugates, π^μ.

5.11.3. Local gauge invariance of a spinor field ψ(x) With ψ(x) denoting a four-component Dirac spinor, the Dirac Hamiltonian (4.7) describes a single spin-^1_2 field. For a local point transformation of ψ(x), this means that the particle indexes are restricted to the case I, J, K, L = 1 in the general transformation rule (137) of gauge fields a_μ(x). As u(x), u(x) = u^{−1}(x) denote complex numbers rather than matrices in that case, the transformation rules for ψ, π^μ and their adjoints simplify to Ψ = u(x)ψ, Ψ = u(x)ψ Π^μ = u(x)π^μ, Π^μ = u(x)π^μ. Due to the gauge field matrix being Hermitian, a_{JI} = a_{IJ} , the gauge field components a_{11μ}(x) ≡ a_μ(x) are then real numbers obeying the transformation rules A_μ(x) = a_μ(x) − i q ∂ ∂x^μ ln u(x). We may express u(x) in terms of a phase function θ(x) u(x) = e^{iθ(x)}, u(x) = e^{−iθ(x)}. The transformation rule for the gauge fields then simplifies to

A_μ = a_μ + 1 q ∂θ(x) ∂x^μ .

62 J. Struckmeier

According to Eq. (134), the supplemented Dirac Hamiltonian H̄_D, which is invariant under the local phase transformation Ψ = ψ exp (iθ(x)), is then given by

H̄_D = im [ π^ασ_{αβ} π^β + 1 6 π^αγ_αψ − 1 6 ψγ_απ^α ] + 4 3 m ψψ + iga_α [ π^αψ − ψπ^α ] . In this form, H̄_D describes the dynamics of the spinor ψ(x) in a static background vector field a(x). The dynamics of a free vector field that is associated with mass m_P is described by the Proca Hamiltonian from Eq. (79),

H_P = −^1_4 p^{αβ} p_{αβ} −^1_2 m^2_Pa^αa_α, p_{μν} = ∂a_ν ∂x^μ − ∂a_μ ∂x^ν . Yet, the total Hamiltonian H_{EQD} = H̄_D + H_P is only invariant under a local phase transformation, if and only if the Proca Hamiltonian is also invariant. As is easily verified, the generalized curl, p_{μν} , is indeed invariant, P_{μν} = ∂A_ν ∂x^μ − ∂A_μ ∂x^ν = ∂a_ν ∂x^μ + 1 q ∂^2θ(x) ∂x^ν ∂x^μ − ∂a_μ ∂x^ν − 1 q ∂^2θ(x) ∂x^μ∂x^ν = ∂a_ν ∂x^μ − ∂a_μ ∂x^ν = p_{μν} . In contrast, the Proca mass term a^αa_α is obviously not invariant. The total Hamiltonian is thus invariant if and only if the particle that is associated with the gauge field a_α is massless. The combined Hamiltonian that describes both the dynamics of the spin-^1_2 particle with mass m and the massless 4-vector field a(x) in conjunction with their interaction is now

H̄_{QED} = im [ π^ασ_{αβ} π^β + 1 6 π^αγ_αψ − 1 6 ψγ_απ^α ] + 4 3 m ψψ + iga_α [ π^αψ − ψπ^α ] − 1 4 p^{αβ} p_{αβ}. This is the Hamiltonian density of quantum electrodynamics.

6. Conclusions With the present paper, we have worked out a consistent local coordinate description of the foundations of covariant Hamiltonian field theory. The essential feature of this field theory is to define for each scalar field ϕ^I a 4-vector π_I of conjugate fields. Similar to classical Hamiltonian point dynamics, these fields, ϕ^I and the four π^μ_I , are treated as independent variables. All mappings (ϕ^I , π_I ) → (Φ^I , Π_I ) of these fields that preserve the Hamiltonian structure of the given dynamical system are referred to as canonical transformations. The local coordinate description enables us to explicitly formulate the field transformation rules for canonical transformations as derivatives of generating functions. In contrast to the scalar generating functions of Hamiltonian point dynamics, the generating functions in the realm of Hamiltonian field theory are now 4-vectors. Similarly, Poisson brackets, Lagrange

Covariant Hamiltonian Field Theory 63

brackets, as well as the canonical 2-forms now equally emerge as components of vector quantities. This emerging of 4-vector quantities in place of the scalar quantities in Hamiltonian point dynamics reflects the transition to four independent variables in Lorentz-invariant field theories.

In the usual Lagrangian description that is based on a covariant Lagrangian density L, mappings of the fields ϕ^I and their four partial derivatives ∂_μϕ^I are formulated in terms of point transformations — which constitute a subgroup of the superordinated group of canonical transformations. Thus, all point transformations in the Lagrangian formalism can be reformulated as canonical point transformations in the Hamiltonian description. This was demonstrated in our example section, where several well-known symmetry transformations of Lagrangian densities L were reformulated as canonical point transformations of corresponding Hamiltonian densities H.

Yet, the converse is not true. There exist canonical transformations of the fields that cannot be expressed as point transformations in the Lagrangian formalism. We provided two examples of canonical transformations like that, namely the general infinitesimal canonical transformation yielding the generalized Noether theorem, and the canonical transformation inducing an infinitesimal space-time step that conforms to the canonical field equations. Compared to the Lagrangian description, the canonical transformation formalism of covariant Hamiltonian field theory thus allows to define more general classes of gauge transformations in relativistic quantum field theories.

Appendix A. Proof of the symmetry relation from Eq. (31)

From the transformation rules for the generating functions F_{1,2,3,4}, the symmetry relations (18), (23), (26), and (29) were derived, viz, ∂ϕ^I ∂Φ^J δ^μ_β = ∂Π^μ_J ∂π^β_I , ∂ϕ^I ∂Π^ν_J δ^μ_β = − ∂Φ^J ∂π^β_I δ^μ_ν ∂π^μ_I ∂Φ^J = − ∂Π^μ_J ∂ϕ^I , ∂π^μ_I ∂Π^ν_J = ∂Φ^J ∂ϕ^I δ^μ_ν .

The third symmetry relation represents the particular case μ = α = β of the general relation ∂π^α_I ∂Φ^J δ^β_μ = − ∂Π^β_J ∂ϕ^I δ^α_μ .

To prove this, we first consider the following identities that hold for the derivatives of the fields that emerge from a general, not necessarily canonical transformation

64 J. Struckmeier

ϕ^I = ϕ^I ( Φ(ϕ, π), Π(ϕ, π) ) and π^μ_I = π^μ_I ( Φ(ϕ, π), Π(ϕ, π) ) : δ^I_J = ∂ϕ^I ∂ϕ^J = ∂ϕ^I ∂Φ^K ∂Φ^K ∂ϕ^J + ∂ϕ^I ∂Π^α_K ∂Π^α_K ∂ϕ^J 0 = ∂ϕ^I ∂π^ν_J = ∂ϕ^I ∂Φ^K ∂Φ^K ∂π^ν_J + ∂ϕ^I ∂Π^α_K ∂Π^α_K ∂π^ν_K 0 = ∂π^μ_I ∂ϕ^J = ∂π^μ_I ∂Φ^K ∂Φ^K ∂ϕ^J + ∂π^μ_I ∂Π^α_K ∂Π^α_K ∂ϕ^J δ^J_I δ^μ_ν = ∂π^μ_I ∂π^ν_J = ∂π^μ_I ∂Φ^K ∂Φ^K ∂π^ν_J + ∂π^μ_I ∂Π^α_K ∂Π^α_K ∂π^ν_J . We express these identities in matrix form as

δ^I_J 0

0 δ^J_I δ^μ_ν = ∂ϕ^I ∂Φ^K ∂ϕ^I ∂Π^α_K ∂π^μ_I ∂Φ^K ∂π^μ_I ∂Π^α_K

∂Φ^K ∂ϕ^J ∂Φ^K ∂π^ν_J ∂Π^α_K ∂ϕ^J ∂Π^α_K ∂π^ν_J .

Both sides of this equation are now multiplied from the right by the matrix ∂Π^β_M ∂π^ν_J − ∂Φ^M ∂π^ν_J −^{∂ΠβM}_{∂ϕJ}^{∂ΦM}_{∂ϕJ} .

We thus get ∂Π^β_M ∂π^ν_I − ∂Φ^M ∂π^ν_I −^{∂ΠβM}_{∂ϕI} δ^μ_ν^{∂ΦM}_{∂ϕI} δ^μ_ν = ∂ϕ^I ∂Φ^K ∂ϕ^I ∂Π^α_K ∂π^μ_I ∂Φ^K ∂π^μ_I ∂Π^α_K ×

∂Φ^K ∂ϕ^J ∂Π^β_M ∂π^ν_J − ∂Φ^K ∂π^ν_J ∂Π^β_M ∂ϕ^J − ∂Φ^K ∂ϕ^J ∂Φ^M ∂π^ν_J + ∂Φ^K ∂π^ν_J ∂Φ^M ∂ϕ^J

∂Π^α_K ∂ϕ^J ∂Π^β_M ∂π^ν_J − ∂Π^α_K ∂π^ν_J ∂Π^β_M ∂ϕ^J − ∂Φ^M ∂π^ν_J ∂Π^α_K ∂ϕ^J + ∂Φ^M ∂ϕ^J ∂Π^α_K ∂π^ν_J

= ∂ϕ^I ∂Φ^K ∂ϕ^I ∂Π^α_K ∂π^μ_I ∂Φ^K ∂π^μ_I ∂Π^α_K

[ Φ^K , Π^β_M ] ν [ Φ^M , Φ^K ] ν [ Π^α_K , Π^β_M ] ν [ Φ^M , Π^α_K ] ν If the transformation is canonical, then we can insert the identities for the fundamental Poisson brackets from Eqs. (36) and (37), ∂Π^β_M ∂π^ν_I − ∂Φ^M ∂π^ν_I −^{∂ΠβM}_{∂ϕI} δ^μ_ν^{∂ΦM}_{∂ϕI} δ^μ_ν = ∂ϕ^I ∂Φ^K ∂ϕ^I ∂Π^α_K ∂π^μ_I ∂Φ^K ∂π^μ_I ∂Π^α_K δ^K_M δ^β_ν 0 [ Π^α_K , Π^β_M ] ν δ^M_K δ^α_ν .

Covariant Hamiltonian Field Theory 65

The matrix products on the right hand side is ∂Π^β_M ∂π^ν_I − ∂Φ^M ∂π^ν_I −^{∂ΠβM}_{∂ϕI} δ^μ_ν^{∂ΦM}_{∂ϕI} δ^μ_ν = ∂ϕ^I ∂Φ^M δ β ν +^{∂ϕI}_{∂Π}α_K [ Π^α_K , Π^β_M ] ν ∂ϕ^I ∂Π^ν_M ∂π^μ_I ∂Φ^M δ β ν +^{∂πμI}_{∂Π}α_K [ Π^α_K , Π^β_M ] ν ∂π^μ_I ∂Π^ν_M .

By comparing the individual matrix components, we obtain the following four relations: ∂Π^β_M ∂π^ν_I = ∂ϕ^I ∂Φ^M δ^β_ν + ∂ϕ^I ∂Π^α_K [ Π^α_K , Π^β_M ] ν (A.1a) − ∂Φ^M ∂π^ν_I = ∂ϕ^I ∂Π^ν_M (A.1b) − ∂Π^β_M ∂ϕ^I δ^μ_ν = ∂π^μ_I ∂Φ^M δ^β_ν + ∂π^μ_I ∂Π^α_K [ Π^α_K , Π^β_M ] ν (A.1c) ∂Φ^M ∂ϕ^I δ^μ_ν = ∂π^μ_I ∂Π^ν_M . (A.1d)

Comparing now Eq. (A.1a) with the symmetry relation from Eq. (26), we conclude ∂ϕ^I ∂Π^α_K [ Π^α_K , Π^β_M ] ν = 0. Consequently, the inner product of this expression with ∂Φ^J /∂ϕ^I must also vanish, ∂Φ^J ∂ϕ^I ∂ϕ^I ∂Π^α_K [ Π^α_K , Π^β_M ] ν = 0. Because of ∂Φ^J /∂Π^α_K = 0, this equation is equivalent to ∂Φ^J ∂π^μ_I ∂π^μ_I ∂Π^α_K [ Π^α_K , Π^β_M ] ν = 0. As this equation must hold for arbitrary coefficients ∂Φ^J /∂π^μ_I , it must hold separately for each index μ, ∂π^μ_I ∂Π^α_K [ Π^α_K , Π^β_M ] ν = 0. In conjunction with Eq. (A.1c), this proves the assertion.

Appendix B. Geometric representation of the field equations Let f = f(ϕ^I , ∂ϕ^I ) denote a function depending on the fields ϕ^I and on the 1-form ∂ϕ^I that is constituted by their first derivatives. Of course, the dynamics of the fields ϕ^I is supposed to follow from the Euler-Lagrange field equations (2). The change of f due to a change of the ϕ^I and the ∂ϕ^I is then ∂f ∂x^μ = Δ^L_μ f, Δ^L_μ = ∂ϕ^I ∂x^μ ∂ ∂ϕ^I + ∂^2ϕ^I ∂x^μ∂x^α ∂ ∂(∂_αϕ^I ) .

66 J. Struckmeier

We refer to Δ^L_μ as the Lagrangian vector field. Acting on the function f, this is identical to the Lie derivative of f with respect to the vector field Δ^L_μ Δ^L_μ f ≡ L_ΔL_μ f. Herein L_ΔL_μ , μ = 0, . . . , 3 denotes the four Lie operators that act of the function f.

We now define the Liouville 1-forms θ^μ in local coordinates by

θ^μ = ∂L ∂(∂_μϕ^I ) dϕ^I . The Lie derivative of this 1-form along the vector field Δ^L_μ , followed by a summation over μ yields another 1-form,

L_ΔL_μ θ^μ = Δ^L_μ ⌟ dθ^μ + d ( Δ^L_μ ⌟ θ^μ ) = Δ^L_μ ⌟ [ ∂^2L ∂(∂_μϕ^I )∂(∂_ν ϕ^J ) d ( ∂_ν ϕ^J ) ∧ dϕ^I + ∂^2L ∂(∂_μϕ^I )∂ϕ^J dϕ^J ∧ dϕ^I ]

+ d [ ∂L ∂(∂_μϕ^I ) ∂ϕ^I ∂x^μ ]

= [ ∂^2L ∂(∂_μϕ^I )∂(∂_ν ϕ^J )

∂^2ϕ^J ∂x^μ∂x^ν + ∂^2L ∂(∂_μϕ^I )∂ϕ^J ∂ϕ^J ∂x^μ ] dϕ^I + ∂L ∂(∂_μϕ^I ) d ( ∂_μϕ^I )

= [ ∂ ∂x^μ ( ∂L ∂(∂_μϕ^I ) )] dϕ^I + ∂L ∂(∂_μϕ^I ) d ( ∂_μϕ^I )

Inserting the Euler-Lagrange field equation (2), we finally get L_ΔL_μ θ^μ = ∂L ∂ϕ^I dϕ^I + ∂L ∂(∂_μϕ^I ) d ( ∂ϕ^I ∂x^μ )

= dL. The 1-form equation

L_ΔL_μ θ^μ = dL (B.1)

is thus the geometric representation of the Euler-Lagrange field equation (2). The Lie derivative of the 1-Form θ^μ along the μ component Δ^L_μ of the Lagrangian vector field, summed over all μ = 0, . . . , 3, equals the exterior derivative dL of the Lagrangian density L. All three constituents of this equation, namely, the operators L_ΔL_μ of the Lie derivative along the Lagrangian vector field Δ^L_μ , the 1-forms θ^μ, and the exterior derivative of the Lagrangian density L show up as geometric quantities, hence without any reference to a local coordinate system.

Covariant Hamiltonian Field Theory 67

In order to formulate the corresponding geometric representation of the covariant canonical field equations (5), we define the Hamiltonian vector field Δ^H_μ as the Legendre transformed vector field Δ^L_μ ,

Δ^H_μ = ∂ϕ^I ∂x^μ ∂ ∂ϕ^I + ∂π^α_I ∂x^μ ∂ ∂π^α_I . (B.2)

In terms of the conjugate fields π^μ_I , we rewrite the 1-form θ^μ as θ^μ = π^μ_I dϕ^I . (B.3) The 2-form ω^μ can now be defined as the negative exterior derivative of the 1-form θ^μ ω^μ = −dθ^μ = −d ( π^μ_I dϕ^I ) , hence as the wedge product ω^μ = −dπ^μ_I ∧ dϕ^I = dϕ^I ∧ dπ^μ_I . We calculate the inner product Δ^H_μ ⌟ ω^μ, i.e., the 1-form that emerges from contracting the 2-forms ω^μ with the vector fields Δ^H_μ , Δ^H_μ ⌟ ω^μ = Δ^H_μ ⌟ ( dϕ^I ∧ dπ^μ_I ) = ( Δ^H_μ ⌟ dϕ^I ) dπ^μ_I − ( Δ^H_μ ⌟ dπ^μ_I ) dϕ^I = ∂ϕ^I ∂x^μ dπ^μ_I − ∂π^α_I ∂x^α dϕ^I . Inserting the canonical field equations (5) yields

Δ^H_μ ⌟ ω^μ = ∂H ∂π^μ_I dπ^μ_I + ∂H ∂ϕ^I dϕ^I = dH. The 1-form equation Δ^H_μ ⌟ ω^μ = dH (B.4) thus embodies the geometric representation of the covariant canonical field equations (5). The contraction of the Hamiltonian vector fields Δ^H_μ with the 2-forms ω^μ is equal to the exterior derivative dH of the Hamiltonian density H.

We can now furthermore calculate the sum of the Lie derivatives L_ΔH_μ of the 1-forms θ^μ along the pertaining Hamiltonian vector fields Δ^H_μ , L_ΔH_μ θ^μ = d ( Δ^H_μ ⌟ θ^μ ) + Δ^H_μ ⌟ dθ^μ = d ( π^μ_I ∂ϕ^I ∂x^μ − H ) = dL. We immediately conclude that the sum of the Lie derivatives of the 2-forms ω^μ must vanish L_ΔH_μ ω^μ = −L_ΔH_μ (dθ^μ) = −dL_ΔH_μ θ^μ = −ddL = 0.

68 J. Struckmeier

The sum of the 2-forms ω^μ along the fluxes that are generated by the Δ^H_μ is thus invariant.

Vice versa, if L_ΔH_μ ω^μ = 0 holds, then we have, because of dω^μ = 0 L_ΔH_μ ω^μ = d ( Δ^H_μ ⌟ ω^μ ) . The 2-form L_ΔH_μ ω^μ = 0 is thus closed and also exact, according to Poincaré’s Lemma. Therefore, we can always find a function H with dH = Δ^H_μ ⌟ ω^μ.

B.1. Geometric representation of Liouville’s theorem For general transformations (ϕ^I , π_I ) → (Φ^I , Π_I ) of the scalar fields ϕ^I and the pertaining conjugate vector fields π_I , the transformation of the 2-form ω^μ = dϕ^I ∧ dπ^μ_I is determined by dϕ^I ∧ dπ^μ_I = ( ∂ϕ^I ∂Φ^J dΦ^J + ∂ϕ^I ∂Π^α_J dΠ^α_J ) ∧ ( ∂π^μ_I ∂Φ^K dΦ^K + ∂π^μ_I ∂Π^β_K dΠ^β_K )

= ∂ϕ^I ∂Φ^J ∂π^μ_I ∂Φ^K dΦ^J ∧ dΦ^K + ∂ϕ^I ∂Π^α_J ∂π^μ_I ∂Π^β_K dΠ^α_J ∧ dΠ^β_K + ( ∂ϕ^I ∂Φ^J ∂π^μ_I ∂Π^α_K − ∂ϕ^I ∂Π^α_K ∂π^μ_I ∂Φ^J ) dΦ^J ∧ dΠ^α_K =^1_2 ( ∂ϕ^I ∂Φ^J ∂π^μ_I ∂Φ^K − ∂ϕ^I ∂Φ^K ∂π^μ_I ∂Φ^J ) dΦ^J ∧ dΦ^K +^1_2 ( ∂ϕ^I ∂Π^α_J ∂π^μ_I ∂Π^β_K − ∂ϕ^I ∂Π^β_K ∂π^μ_I ∂Π^α_J ) dΠ^α_J ∧ dΠ^β_K + ( ∂ϕ^I ∂Φ^J ∂π^μ_I ∂Π^α_K − ∂ϕ^I ∂Π^α_K ∂π^μ_I ∂Φ^J ) dΦ^J ∧ dΠ^α_K .

The terms in parentheses can be expressed as Lagrange brackets

dϕ^I ∧ dπ^μ_I =^1_2 {Φ^J , Φ^K }^μ dΦ^J ∧ dΦ^K +^1_2 {Π^α_J , Π^β_K }^μ dΠ^α_J ∧ dΠ^β_K + {Φ^J , Π^α_K }^μ dΦ^J ∧ dΠ^α_K .

If the transformation of the fields is canonical, then we can apply the transformation rules for the fundamental Lagrange brackets of Eqs. (41), (42), and (43). Then, the transformation of the 2-form ω^μ simplifies to

ω^μ ≡ dϕ^I ∧ dπ^μ_I = δ^K_J δ^μ_α dΦ^J ∧ dΠ^α_K = dΦ^I ∧ dΠ^μ_I ≡ Ω^μ. (B.5)

The 2-forms ω^μ are thus invariant under canonical transformations. We may thus refer to the ω^μ as the canonical 2-forms.

References 1. W. Greiner, B. Müller, and J. Rafelski, Quantum Electrodynamics of Strong Fields, (Springer-Verlag, Berlin, 1985).

March 27, 2013 8:43 WSPC/INSTRUCTION FILE kfte

Covariant Hamiltonian Field Theory 69

2. S. Weinberg, The Quantum Theory of Fields, Vol. I, (Cambridge University Press, Cambridge, 1996).

3. L. H. Ryder, Quantum Field Theory, (Cambridge University Press, Cambridge, 2006). 4. D. Griffiths, Introduction to Elementary Particles, (J. Wiley & Sons, New York, 1987). 5. J. V. José, E. J. Saletan, Classical Dynamics, (Cambridge University Press, Cambridge, 1998).

6. Th. De Donder, Théorie Invariantive Du Calcul des Variations, (Gaulthier-Villars & Cie., Paris, 1930).

7. H. Weyl, Geodesic Fields in the Calculus of Variation for Multiple Integrals, in Annals of Mathematics 36 607 (1935).

8. I. V. Kanatchikov, Canonical Structure of Classical Field Theory in the Polymomentum Phase Space, in Reports on Mathematical Physics 41 49 (1998).

9. M. J. Gotay, J. Isenberg, J. E. Marsden, and R. Montgomery, Momentum Maps and Classical Fields, Part I, Covariant Field Theory, arXiv:physics/9801019 v2, 19 Aug 2004.

10. H. A. Kastrup, Canonical Theories of Lagrangian Dynamical Systems in Physics, in Physics Reports 101 1 (1983).

11. P. C. Paufler, Multisymplektische Feldtheorie, Thesis, University of Freiburg im Breisgau, Germany (2001).

12. M. Forger, C. Paufler, and H. Römer, The Poisson Bracket for Poisson Forms in Multisymplectic Field Theory, in Reviews in Mathematical Physics 15 705 (2003).

13. A. Echeverría-Enríquez, M. C. Muñoz-Lecanda, and N. Román-Roy, Geometry of Lagrangian First-oder Classical Field Theories, in Fortschr. Phys. 44 235 (1996).

14. G. Sardanashvily, Generalized Hamiltonian Formalism for Field Theory, (World Scientific Publishing Co., Singapore, 1995).

15. V. V. Kisil, p-mechanics as a physical theory: an introduction, in J. Phys. A:

Math. Gen. 37 183 (2004).

16. D. J. Saunders, The Geometry of Jet Bundles, (Cambridge University Press, Cambrigde, 1989).

17. Ch. Günther, The Polysymplectic Hamiltonian Formalism in Field Theory and Calculus of Variations I: The Local Case, in J. Differential Geometry 25 23 (1987).

18. W. Greiner, Classical Mechanics, (Springer Verlag, New York, 2003). 19. H. Goldstein, C. Poole, and J. Safko, Classical Mechanics, 3rd ed. (Pearson, Addison- Wesley, Upper Saddle River, NJ, 2002).

20. D. Mušicki, On canonical formalism in field theory with derivatives of higher order— canonical transformations, in J. Phys. A: Math. Gen. 11 39 (1978).

21. S. Gasiorowicz, Elementary particle physics, (Wiley, New York, 1966). 22. J. von Rieth, The Hamilton-Jacobi theory of De Donder and Weyl applied to some relativistic field theories, in J. Math. Phys. 25 1102 (1984).

23. Ta-Pei Cheng and Ling-Fong Li, Gauge theory of elementary particle physics, (Oxford University Press, Oxford, 2000).

24. J. Struckmeier, Hamiltonian dynamics on the symplectic extended phase space for autonomous and non-autonomous systems, J. Phys. A: Math. Gen. 38 1257 (2005).

25. J. Struckmeier, Extended Hamilton-Lagrange formalism and its application to Feynman’s path integral for relativistic quantum physics, Int. J. Mod. Phys. 18 79 (2009).

26. H. Stephani, Relativity, (Cambridge University Press, Cambridge, 2004).