arXiv:0901.0416v2 [hep-th] 21 Jan 2011

January 24, 2011

N = 1 Supergravity BPS Domain Walls on Kähler-Ricci Soliton

Bobby E. Gunara^♭, Freddy P. Zen^♭, and Arianto^{♭,♯ 1}

♭Indonesia Center for Theoretical and Mathematical Physics (ICTMP), and Theoretical Physics Laboratory, Theoretical High Energy Physics and Instrumentation Research Group, Faculty of Mathematics and Natural Sciences, Institut Teknologi Bandung Jl. Ganesha 10 Bandung 40132, Indonesia.

♯Department of Physics, Faculty of Mathematics and Natural Sciences, Udayana University Jl. Kampus Bukit Jimbaran-Kuta Denpasar 80361, Indonesia.

ABSTRACT

This paper provides a study of some aspects of flat and curved BPS domain walls together with their Lorentz invariant vacua of four dimensional chiral N = 1 supergravity. The scalar manifold can be viewed as a one-parameter family of Kähler manifolds generated by a Kähler-Ricci flow equation. Consequently, a vacuum manifold characterized by (m, λ) where m and λ are the dimension and the index of the manifold, respectively, does deform with respect to the flow parameter related to the geometric soliton. Moreover, one has to carry out the renormalization group analysis to verify the existence of such a vacuum manifold in the ultraviolet or infrared regions. At the end, we discuss a simple model with linear superpotential on U(n) symmetric Kähler-Ricci orbifolds.

Keyword: domain walls, supergravity, Kähler-Ricci flow, Morse theory

1email: bobby@fi.itb.ac.id, fpzen@fi.itb.ac.id, feranie@upi.edu

1 Introduction

A Kähler-Ricci flow equation has gained both mathematical and physical interests due to several developments. In the mathematical context, particularly in compact Kähler manifolds with the first Chern class c_1 = 0 or c_1 < 0, this equation could give a new proof of the well-known Calabi conjecture [1]. Moreover, it has been shown the existence of solutions of the Kähler-Ricci equation with U(n) symmetry on lC^n [2, 3] and line bundles over lCP^{n−1} [4].

In the physical context, for example, four dimensional chiral N = 1 supersymmetries on Kähler-Ricci solitons generating a one-parameter family of Kähler manifolds together with their domain wall solutions have been studied by two of the authors in serial papers [5, 6, 7]. Those works might provide preliminary studies of the Anti de Sitter/Conformal Field Theory (AdS/CFT) correspondence (for a review, see for example [8]) in four dimensions and its evolution on special cases of Kähler-Ricci solitons, namely Kähler-Einstein manifolds, U(n) symmetric cone-dominated Kähler-Ricci solitons on line bundles over lCP^{n−1} [4], and two dimensional Kähler-Ricci solitons.

The aim of this paper is to study flat and curved BPS domain walls of four dimensional N = 1 supergravity coupled to chiral multiplets whose scalar manifold is considered to be a one-parameter family of Kähler geometries generated by the Kähler-Ricci flow equation. This soliton can be regarded as a volume deformation of a Kähler geometry for finite τ ∈ IR, where τ is the flow parameter. Two direct consequences of such treatment can be mentioned as follows. Firstly, all couplings such as the shifting quantities, the masses of the fields, and the scalar potential evolve with respect to τ since those quantities depend on the shape of geometries [5, 6, 7]. Secondly, it is possible to have a situation where the signature of the metric changes. For example, as observed in our previous works [5, 6, 7] a model with positive definite metric could be changed into a model with negative definite metric. At the classical level such a situation is permitted, but at the quantum level this would provides a negative norm states in the Fock space, which are removed as unphysical 2. Then, several aspects of their Lorentz invariant vacua will also be discussed. Our study here is in the context of Morse(-Bott) theory and the renormalization group (RG) flow analysis that generalizes the previous works for flat domain walls on Kähler-Einstein manifolds and the U(n) symmetric cone-dominated Kähler-Ricci solitons [5], and also, curved (AdS sliced) domain walls on two dimensional Kähler-Ricci solitons [6]. At the end, we apply the study to a case of U(n) symmetric Kähler-Ricci solitons admitting an orbifold-type singularity at the origin (called U(n) symmetric Kähler-Ricci orbifolds) [4].

We organize this paper as follows. Section 2 is devoted to review general descriptions of Kähler-Ricci soliton and the construction of an example, namely U(n) symmetric Kähler- Ricci orbifolds. Then, some possible cases of the soliton near the orbifold point (the origin) which can be viewed as a one-parameter family of Kähler manifolds are summarized in Theorem 1 and Lemma 2. In Section 3 we provide a review of N = 1 supergravity coupled to chiral multiplets where the scalar manifold is considered to be a one-parameter family of Kähler manifolds generated by a Kähler-Ricci soliton. In Section 4 flat domain walls are reviewed and then, we study some aspects of their vacuum structure on general Kähler-Ricci soliton using Morse(-Bott) theory and the RG flow analysis. Some results are written down in Theorem 3 and Theorem 4. Then, we extend the previous case to

2See also Section 3.

curved domain walls in Section 5. In Section 6 we discuss properties of vacua of N = 1 theory on U(n) symmetric Kähler-Ricci orbifolds near the origin. Finally, we put our conclusions in Section 7.

2 Kähler-Ricci Flow

The structure of this section is as follows. Firstly, we review some general aspects of the the Kähler-Ricci flow. Secondly, the construction of Kähler-Ricci solitons on complex line bundles over lCP^{n−1} , n ≥ 2, with orbifold-type singularities called Kähler-Ricci orbifolds will also be reviewed [4]. Then, we particularly discuss some possible cases where the soliton near the orbifold point can be viewed as a one-parameter family of Kähler manifolds. Here, our convention follows rather closely the reference [5]^3.

2.1 General Picture

Let us first consider a general picture of the Kähler-Ricci soliton. A complex Kähler manifold (M, g(τ)) satisfying ∂g_i¯_j ∂τ (z, z̄; τ) = −2R_i¯_j (z, z̄; τ) , 0 ≤ τ < T , (2.1)

is called Kähler-Ricci soliton where (z, z̄) ∈ M and the metric g(τ) ≡ g_i¯_j(z, z̄; τ) dz^idz̄^{j̄} . (2.2) In particular, the metric g(τ) can be written as g(τ) = σ(τ)ψ^∗_τ (g(0)) , 0 ≤ τ < T , (2.3) with σ(τ) ≡ (1 − 2Λτ) and the diffeomorphism map ψ_τ . The initial metric at τ = 0, namely g(0), fulfills the following relation − 2R_i¯_j (0) = ∇_iY¯_j(0) + ¯∇¯_jY_i(0) − 2Λg_i¯_j(0) , (2.4) for Λ ∈ IR and some holomorphic vector fields^4 Y (0) = Y^i(z, 0)∂_i + Y^ī(z̄, 0) ¯∂¯_i , (2.5) on M where i, j = 1, ..., dim_{lC}(M). Moreover, using the vector field Y (0), we can define a τ-dependent vector field X(τ) X(τ) = 1 σ(τ) Y (0) , (2.6)

generating a family of diffeomorphisms ψ_τ . In addition, the vector field X(τ) satisfies the following equation ∂ẑ^i ∂τ = X^i(ẑ, τ) , (2.7)

where ẑ ≡ ψ_τ (z) . (2.8)

3We also recommend [9, 10, 11] for a review of the Ricci flow equation.

4Holomorphicity of Y (0) is coming from the fact that we impose the condition ψ^∗_τ (J) = J on M where J is the complex structure on M.

2.2 An Example: U(n) Symmetric Kähler-Ricci Orbifold

Before constructing Kähler-Ricci orbifolds, we firstly discuss the construction of a Kähler metric on lC^n\{0}. Our starting point is to define the initial Kähler potential at τ = 0, namely K(z, z̄, 0) = ϕ(u) , (2.9) where u ≡ 2 ln(δ_i¯_j z^iz̄^{j̄} ) = 2 ln|z|^2 , (2.10) on lC^n\{0}. Thus, the ansatz (2.9) maintains a U(n) symmetry. For a sake of simplicity we take the vector field Y^i(0) to be holomorphic and linear

Y^i(0) = μz^i , (2.11)

where μ ∈ IR. Then, the Kähler potential (2.9) implies that the metric is given by

g(0) = g_i¯_j(0) dz^i dz̄^{j̄} = [ 2e^{−u/2}ϕ_u δ_i¯_j + 4e^{−u}(ϕ_{uu} − 1 2 ϕ_u) z̄^ī z^j ] dz^i dz̄^{j̄} , (2.12)

together with its inverse

g^{−1}(0) = g^{j̄i}(0) ¯∂¯_j ∂_i = e^{u/2} 2ϕ_u [ δ^{j̄i} − e^{−u/2} ϕ_{uu} −^1_2 ϕ_u ϕ_{uu} z̄^{j̄} z^i ] ¯∂_{j̄} ∂_i , (2.13)

where the positivity of the metric (2.12) implies ϕ_u ≡ dϕ du > 0 , ϕ_{uu} ≡ d^2ϕ du^2 > 0 . (2.14)

Inserting (2.11) and (2.12) into (2.4), and defining Φ ≡ ϕ_u and Φ_u ≡ F (Φ), we then obtain dF dΦ + ( n − 1 Φ − 4μ)F − ( n 2 − 2ΛΦ) =

A_0 Φ e^{(1−n)u/2} , (2.15)

with A_0 is an arbitrary constant. Taking simply A_0 = 0, the solution of (2.15) has the form

Φ_u = F (Φ) = A_1 e^{4μΦ} Φ^{n−1} + Λ 2μ Φ + 2(Λ − μ) (4μ)^{n+1} n−1∑ j=0 n! j! (4μ)^j Φ^{j+1−n} , (2.16)

where A_1 is also an arbitrary constant. Note that for μ = 0 we obtain the Kähler-Einstein geometry as the solution of (2.15).

Recalling (2.6) and (2.11) we find that the vector field X^i(τ) has the form

X^i(τ) = μ σ(τ) z^i , (2.17)

which generates the diffeomorphisms

ẑ ≡ ψ_τ (z) = σ(τ)^{−μ/2Λ}z . (2.18)

Thus, the complete τ-dependent Kähler-Ricci soliton on lC^n\{0} is given by g(z, z̄; τ) = σ(τ)^{1−μ/Λ}g_i¯_j ( σ(τ)^{−μ/2Λ}z ) dz^idz̄^{j̄} . (2.19)

Now, we turn to construct the gradient Kähler-Ricci soliton on line bundles over lCP^{n−1} with n ≥ 2. Let us first define the metric (2.12) on ( lC^n\{0})/Z_ℓ, where Z_ℓ acting on lC^n\{0} by z → e^{2πi/ℓ}z with ℓ is a positive integer and ℓ ≠ 0. A positive line bundle over lCP^{n−1}, denoting by L^ℓ, can then be constructed by gluing lCP^{n−1} into ( lC^n\{0})/Z_ℓ at infinity. Note that for ℓ = 1, L is called hyperplane bundle which is dual to the tautological line bundle L^{−1}. Moreover, we replace the above coordinates z by new coordinates of the form ξ^i ≡ (z^i)^ℓ , (2.20) parameterizing ( lC^n\{0})/Z_ℓ. This follows that around infinity, the initial metric (2.12) can be changed into the form

g(0) = Φ g_{F S} + Φ_v dw dw̄ , (2.21)

where g_{F S} is the standard Fubini-Study metric of lCP^{n−1}

g_{F S} = ( δ_a¯_b 1 + ζ^cζ̄^{c̄} − ζ^bζ̄^ā (1 + ζ^cζ̄^{c̄})^2 ) dζ^a dζ̄^{b̄} , (2.22)

with ζ^a ≡ ξ^a/ξ^n, ζ^n = 1 and a, b, c = 1, ..., n − 1. Here, w ≡ w(ξ, ξ̄) is a nonholomorphic coordinate and v ≡ 2 ln|ξ|^2. So, in this case we have lim v→+∞ Φ(v) = a > 0 , F (a) = 0 , dF dΦ (a) < 0 , (2.23)

with a = 1 4Λ (n + ℓ) . (2.24)

The condition F (a) = 0 implies

A_1(Λ, a; μ) = −e^{4μa} [ Λ 2μ a^n +

2n!(Λ − μ) (4μ)^{n+1} n−1∑ j=0 (4μ)^j j! a^j ] . (2.25)

For the case at hand we only have Λ > 0 and ℓ > 0 which describe a shrinking Kähler- Ricci soliton.

Next, let us consider a condition for adding a point to ( lC^n\{0})/Z_ℓ at z = 0. We begin by mentioning a similar condition as (2.23), namely lim v→−∞ Φ(v) = 0 , F (0) = 0 , dF dΦ (0) > 0 . (2.26)

From F (0) = 0, it follows A_1(Λ, 0; μ) = −

2n!(Λ − μ) (4μ)^{n+1}

. (2.27)

After some computations, we then obtain

Φ(v) = |ξ|^2B(|ξ|^2) , (2.28)

where B(0) > 0. It is easy to see that around z = 0, the initial metric (2.12) simplifies to

g(0) = 2 [ B ( |ξ|^2 ) δ_i¯_j + Ḃ ( |ξ|^2 )¯ ξ^īξ^j ] dξ^idξ̄^{j̄} . (2.29)

The complete τ-dependent soliton has the form g(τ) = 2 σ(τ)^{1−μ/Λ} [ B ( σ(τ)^{−μ/Λ}|ξ|^2 ) δ_i¯_j + σ(τ)^{−μ/Λ}Ḃ ( σ(τ)^{−μ/Λ}|ξ|^2 )¯ ξ^īξ^j ] dξ^idξ̄^{j̄} . (2.30)

Some comments are as follows. Firstly, taking (2.25) and (2.27) satisfy simultaneously, we find that for Λ ≥ 1 and small μ > 0, one positive root μ indeed exists in 0 < μ < Λ. Secondly, the condition (2.26) means L^ℓ ∪ {0} ≃ lCP^n/Z_ℓ. For ℓ = 1, we have μ = 0 which means that the soliton is the Kähler-Einstein geometry lCP^n. In other words, we smoothly add a point at z = 0 and the initial metric (2.29) becomes flat. In the other case, namely the ℓ ≥ 2 case, the metric (2.29) vanishes at z = 0 showing that this is an orbifold singularity at the origin. Finally, the flow (2.30) also diverges at τ = 1/2Λ.

For the rest of the paper we will consider the case where the Kähler-Ricci soliton can be viewed as one-parameter family of Kähler manifolds. In order to obtain a consistent picture we take the functions B ( σ(τ)^{−μ/Λ}|ξ|^2 ) and Ḃ ( σ(τ)^{−μ/Λ}|ξ|^2 ) to be real valued for τ ≥ 0 and τ ≠ 1/2Λ. For the case at hand, namely the soliton (2.30), the first possibility can be written down in the following statements.

Theorem 1 Let us consider the Kähler-Ricci soliton around the origin (2.30) where p/q ≡ 1 − μ/Λ is taken to be a rational number with 0 < p < q. Assuming that there exist such p and q for Λ ≥ 1 and 0 < μ < Λ. Then, the possible cases are as follows.

1. If both p and q are odd integers, one has then σ(τ)^{p/q} > 0 for τ < 1/2Λ , σ(τ)^{p/q} < 0 for τ > 1/2Λ . (2.31)

The functions B ( σ(τ)^{−μ/Λ}|ξ|^2 ) and Ḃ ( σ(τ)^{−μ/Λ}|ξ|^2 ) are positive definite for τ ≥ 0 and τ ≠ 1/2Λ.

2. If p and q are even and odd integers respectively, then σ(τ)^{p/q} > 0 for τ ≥ 0 and τ ≠ 1/2Λ. But, the sign of both B ( σ(τ)^{−μ/Λ}|ξ|^2 ) and Ḃ ( σ(τ)^{−μ/Λ}|ξ|^2 ) might be altered after hitting the singularity at τ = 1/2Λ.

3. If p and q are odd and even respectively, then σ(τ)^{p/q} becomes imaginary for τ > 1/2Λ. In other words, no Kähler manifold exists for τ > 1/2Λ.

The second possibility is then

Lemma 2 If 1 − μ/Λ is an irrational number, then it does not exist any Kähler manifold for τ > 1/2Λ because σ(τ)^{1−μ/Λ} turns into a complex number for τ > 1/2Λ.

We put the proof of Theorem 1 and Lemma 2 in Appendix A. In addition, since ξ ≈ 0 we could have B ( σ(τ)^{−μ/Λ}|ξ|^2 ) ≈ B(0) , Ḃ(σ(τ)^{−μ/Λ}|ξ|^2) ≈ Ḃ(0) , (2.32) for some finite τ that far away from τ = 1/2Λ. This is the simplest case of Theorem 1 and Lemma 2 where the functions B and Ḃ are positive definite. Some of these results will be applied to study a vacuum structure of the N = 1 theory in Section 6.

3 N = 1 Chiral Supergravity on Kähler-Ricci Soliton

This section is devoted to review properties of four dimensional N = 1 chiral supergravity on a one-parameter family of Kähler manifolds generated by a Kähler-Ricci soliton [5]. Here, we only consider some aspects which are useful for our analysis for the rest of the paper. Some excellent references for a review of N = 1 supergravity in four dimensions can be found, for example in [12, 13].

The N = 1 theory is simply a gravitational multiplet coupled with n chiral multiplets. The gravitational multiplet has a vierbein e^a_μ and a vector spinor ψ_μ where a = 0, ..., 3 and ν = 0, ..., 3 are the flat and the curved indices, respectively. The chiral multiplet consists of a complex scalar z and a spin-^1_2 fermion χ.

The construction of the local N = 1 theory on a Kähler-Ricci is as follows. First, we consider the Lagrangian in [14] as the initial Lagrangian at τ = 0. Then, by replacing all couplings that depend on the geometric quantities such as the metric g_i¯_j(0) by the soliton g^{ij̄}(τ), the bosonic parts of the Lagrangian has the form

L^{N=1} = −

M^2_P 2 R + g_i¯_j (z, z̄; τ) ∂_ν z^i ∂^νz̄^{j̄} − V (z, z̄; τ) , (3.1)

where M_P is the Planck mass. The quantity R is the Ricci scalar of the four dimensional spacetime; the scalar fields (z, z̄) span a Hodge-Kähler manifold endowed with metric g_i¯_j(z, z̄; τ) ≡ ∂_i∂¯_j K(z, z̄; τ) satisfying (2.1); and K(z, z̄; τ) is a real function, called the Kähler potential. Then, the N = 1 scalar potential V (z, z̄; τ) has the form V (z, z̄; τ) = e^{K(τ )/M 2P} ( g^{ij̄}(τ)∇_iW ¯∇¯_jW̄ − 3 M^2_P W W̄ ) , (3.2)

where W is a holomorphic superpotential and ∇_iW ≡ ∂_iW + (K_i(τ)/M^2_P )W . Furthermore, the Lagrangian (3.1) admits a symmetry realized in the following supersymmetry transformations up to three-fermion terms δψ_{1ν} = M_P ( D_ν ϵ_1 + i 2 e^{K(τ )/2M 2P} W γ_νϵ^1 + i 2M_P Q_ν (τ)ϵ_1 ) , δχ^i = i∂_νz^i γ^ν ϵ^1 + N^i(τ)ϵ_1 , (3.3) δe^a_ν = − i M_P (ψ̄_{1ν} γ^aϵ^1 + ψ̄^1_ν γ^aϵ_1) ,

δz^i = χ̄^iϵ_1 ,

where N^i(τ) ≡ e^{K(τ )/2M 2P} g^{ij̄}(τ) ¯∇¯_jW̄ , g^{ij̄}(τ) is the inverse of g_i¯_j (τ), and the U(1) connection Q_ν (τ) ≡ − ( K_i(τ) ∂_ν z^i − K¯_i(τ) ∂_νz̄^ī ) . In addition, we have also introduced ϵ_1 ≡ ϵ_1(x, τ).

It is important to notice, as mentioned in the previous section, that the metric g_i¯_j(τ) could possibly turn into a negative definite metric. Such a theory would be a non-unitary with ghosts. At the classical level, it may be possible to have theories of this type. However, at the quantum level this would provide negative norm states in the standard Fock space which are discarded as unphysical [7].

4 Flat BPS Domain Walls on Kähler-Ricci Soliton

The organization of this section is as follows. First, we provide a short review of flat BPS domain walls of the four dimensional N = 1 supergravity coupled to arbitrary chiral multiplets whose the scalar fields span a one-parameter family of Kähler manifolds generated by the Kähler-Ricci flow (2.1). These have originally discussed in [5]^5. Here, we use similar convention as in [5, 17, 18]. Then, we describe general aspects of supersymmetric vacua of the N = 1 theory on general Kähler-Ricci soliton in the context of Morse theory.

4.1 BPS Equations for Flat Domain Walls

The flat background domain walls can be viewed as

ds^2 = a^2(u, τ) η_{ν λ} dx^ν dx^λ − du^2 , (4.1)

where ν, λ = 0, 1, 2, η_{ν λ} is the metric on the three dimensional Minkowskian spacetime IR^{1,2}, and then, the components of the corresponding Ricci tensor of the metric (4.1) are given by

R_{λ ν} = [( a^′ a )_′ + 3 ( a^′ a )_2] a^2η_{λ ν} ,

R_{33} = −3 [( a^′ a )_′ + ( a^′ a )_2] , (4.2)

and the Ricci scalar has the form

R = 6 [( a^′ a )_′ + 2 ( a^′ a )_2] , (4.3)

where a^′ ≡ ∂a/∂u. Here, a(u, τ) is the warped factor taken to be τ dependent.

In order to derive a set of equations that preserves partially supersymmetry on the walls, we firstly have to consider the supersymmetry transformation (3.3) on the background (4.1). Setting ψ_μ = χ^i = 0, z = z(u, τ), and correspondingly, solving the equations δψ_μ = 0, δχ^i = 0, it then results in [5] a^′ a = ± W(τ) , z^{i′} = ∓2g^{ij̄}(τ) ¯∂¯_j W(τ) , (4.4) z̄^{ī′} = ∓2g^{jī}(τ)∂_j W(τ) , where W(τ) ≡ e^{K(τ )}|W (z)|, K(τ) ≡ K(z, z̄; τ) is the Kähler potential, and W (z) is a holomorphic superpotential. In this case, the warped factor a is monotonically decreasing related to the c-function in the holographic correspondence [19]. The second and the third equations in (4.4) are the BPS equations for flat domain walls describing supersymmetric gradient flows. Another relevant supersymmetric flows for our analysis is the

5Flat BPS domain walls have been firstly considered in [15] and reviewed in [16].

renormalization group flow given by the beta functions β^i ≡ a ∂z^i ∂a = −2g^{ij̄}(τ) ¯∂_{j̄} W W , β̄^ī ≡ a∂z̄^ī ∂a = −2g^{īj}(τ) ∂_j W W , (4.5)

describing the behavior of the couplings (z^i, z̄^ī) with respect to the energy scale a in the context of the conformal field theory (CFT) on the boundary IR^{1,2} [17, 19, 20].

Furthermore, the scalar potential (3.2) can be cast into the form V (z, z̄; τ) = 4 g^{ij̄}(τ) ∂_iW ¯∂¯_j W − 3 M^2_P

W^2 , (4.6)

and then, its first derivative with respect to (z, z̄) is

∂_iV = 4 g^{jk̄} ∇_i∂_j W ¯∂¯_kW + 4 g^{jk̄} ∂_j W ∂_i ¯∂¯_kW − 6 M^2_P W ∂_iW , ∂¯_iV = 4 g^{jk̄} ¯∇¯_i ¯∂¯_kW ∂_j W + 4 g^{jk̄} ¯∂¯_kW ¯∂¯_i∂_j W − 6 M^2_P

W ¯∂¯_iW , (4.7)

where ∇_i∂_j W = ∂_i∂_j W − Γ^k_{ij}∂_kW. All above quantities are useful to study properties of supersymmetric Lorentz invariant vacua in the next subsection^6.

4.2 General Picture of Supersymmetric Vacua

Let us first discuss general properties of vacua of the N = 1 theory. A point p_0 ≡ (z_0, z̄_0) is a vacuum if ∂_iV (p_0) = ∂¯_iV (p_0) = 0 . (4.8) Supersymmetry further demands that p_0 defines a critical point of the real function W(τ), namely ∂_iW(p_0) = ∂¯_iW(p_0) = 0 , (4.9) which can be regarded as a fixed point of the BPS equations in (4.4). At p_0, the scalar potential (4.6) becomes

V (p_0; τ) = − 3 M^2_P

W^2(p_0; τ) ≡ − 3 M^2_P

W^2_0 , (4.10)

which shows that the spacetime is AdS with negative cosmological constant (or W_0 ≠ 0) and the warped factor a(u, τ) = a_0(τ) e^{±W0u} . (4.11) The Hessian matrix of the scalar potential (4.6) evaluated at p_0 is given by

∂_i∂_j V (p_0; τ) = − 1 M^2_P

M_{ij}(p_0; τ)L̄(p_0; τ) ,

¯∂_ī ¯∂_{j̄} V (p_0; τ) = − 1 M^2_P

M̄_{īj̄} (p_0; τ)L(p_0; τ) , (4.12)

∂_i ¯∂¯_j V (p_0; τ) = g^{kl̄}(p_0; τ)M_{ik}(p_0; τ)M̄¯_l¯_j(p_0; τ) − 2 M^4_P g_i¯_j (p_0; τ)W^2_0 ,

6For the rest of paper we mention Lorentz invariant vacuum (vacua) as vacuum (vacua) or ground state.

where the quantities

L(p_0; τ) = e^{K(p0;τ )/2M 2P} W (z_0) ,

M_{ij}(p_0; τ) = e^{K(p0;τ )/2M 2P} ( ∂_i∂_j W (z_0) + 1 M^2_P

K_{ij}(p_0; τ)W (z_0) + 1 M^2_P

K_j (p_0; τ)∂_iW (z_0) ) , (4.13) with their complex conjugate are related to the couplings in two-fermions terms in the N = 1 Lagrangian providing the masses of the gravitino field and the masses of the spinhalf fermions, respectively. Moreover, using real coordinates defined as z^i ≡ x^i +ix^{i+n} one can then show that the Hessian matrix (4.12) in this case is indeed a Hermitian matrix, and therefore, it only admits real eigenvalues.

The eigenvalues of the Hessian matrix (4.12) determine the stability of domain walls in the context of dynamical system. For negative eigenvalues we have unstable walls since the gradient flow provided by the last two equations in (4.4) is unstable along this direction, whereas stable walls are for positive eigenvalues. In addition, the number of negative eigenvalues of (4.12) is called the Morse index of a vacuum.

Then, the existence of the vacuum p_0 could also be checked by using the first order expansion of the beta function (4.5) at p_0, namely U ≡ − ∂_j β^i ∂_jβ̄^ī

¯∂_{j̄} βi ¯∂_{j̄}β̄^¯i

(p_0; τ) , (4.14)

where

∂_j β^i(p_0; τ) = −2g^{ik̄}(p_0; τ)

∂_j ¯∂¯_kW_0 W_0 = − 1 M^2_P δ^i_j , ¯∂_{j̄} β^i(p_0; τ) = −2g^{ik̄}(p_0; τ)

¯∂_{j̄} ¯∂_{k̄}W_0 W_0

, (4.15)

together with their complex conjugate with ∂_j ¯∂¯_kW_0 ≡ ∂_j ¯∂¯_kW(p_0; τ). It is easy then to see that the matrix (4.14) has real eigenvalues since it is also a Hermitian matrix. Thus, we have a consistent theory.

In the ultraviolet (UV) region we have the energy scale a → +∞ and the matrix (4.14) must have at least a positive eigenvalue because the RG flow is flowing away from the region in this direction. On the other side, namely in the infrared (IR) region, the energy scale a → 0 and the RG flow approaches the vacuum in the direction of negative eigenvalue of (4.14).

Here, we consider a general case, but the results are similar as in the Kähler-Einstein case [5]. First of all, we consider a case where only nondegenerate vacuum exists as follows.

Theorem 3 Let the scalar potential V(τ) be a Morse function, i.e. no degenerate vacuum exists. Defining

V_{ij}(p_0; τ) ≡ − ε(σ) M^2_P

M_{ij}(p_0; τ)L̄(p_0; τ) , (4.16)

V_i¯_j(p_0; τ) ≡ |g^{kl̄}(p_0; τ)|M_{ik}(p_0; τ)M̄¯_l¯_j (p_0; τ) − 2 M^4_P

|g_i¯_j(p_0; τ)|W^2_0 , where ε(σ) = { 1 if 0 ≤ τ < 1/2Λ , −1 if τ > 1/2Λ , (4.17)

with Λ > 0 for τ ≥ 0 and taking the inequalities Re ( V_{ij}(p_0; τ) ) > 0 , Im ( V_{ij}(p_0; τ) ) > 0 , Re ( V_i¯_j(p_0; τ) ) > 0 , Im ( V_i¯_j (p_0; τ) ) > 0 , (4.18)

for τ ≥ 0 and τ ≠ 1/2Λ, then there exists a parity transformation of the Hessian matrix (4.12) caused by the Kähler-Ricci soliton (2.19). In other words, if p_0 is a vacuum of the index λ in τ < 1/2Λ, then it becomes p̂_0 of the index 2n − λ in τ > 1/2Λ.

The proof of the above theorem has similar way with the case of Kähler-Einstein geometries discussed in [5]. We have assumed that the Kähler-Ricci soliton is well defined for τ ≥ 0 unless at τ = 1/2Λ. Note that since V(τ) is Morse function, then no index modification of the index λ in τ < 1/2Λ and of the index 2n − λ in τ > 1/2Λ. If the conditions (4.18) do not hold, then there is no parity transformation and the index remains unchanged.

To make the above statements clearer, we now take a look at a case where all spin-^1_2 fermions are massless at the ground states. This means

M_{ij} (p_0; τ) = 0 ⇒ ∂_i∂_j W_0 = 0 . (4.19)

Then, the Hessian matrix (4.12) simplifies to

∂_i ¯∂¯_j V (p_0; τ) = − 2 M^4_P g_i¯_j(p_0; τ)W^2_0 , (4.20)

and the matrix (4.14) becomes

U ≡ 1 M^2_P δ^i_j 0

0 δ^ī_{j̄}

, (4.21)

showing that these vacua exist only in UV region. If g_i¯_j(p_0; τ) is positive definite for finite τ, then the walls are unstable in this case. The other case, namely for negative definite g_i¯_j(p_0; τ) we have only stable walls. If g_i¯_j(p_0; τ) vanishes, then we have singularity of the theory.

Next, we consider a generalized case where the theory possibly admits degenerate vacua. Or in other words, the scalar potential (4.6) is a Morse-Bott function. The construction can be structured as follows. Let S be a m dimensional be a vacuum submanifold of a Kähler geometry M. Then at any p_0 ∈ S we can split the tangent space T_{p0} M as

T_{p0} M = T_{p0} S ⊕ N_{p0} S , (4.22)

where T_{p0} S is the tangent space of S and N_{p0} S is the normal space S. Moreover, the Hessian matrix (4.12) is non-degenerate in the normal direction to S. So we have a rich and complicated structure of vacua. In the following we list some possibilities.

Theorem 4 Let S be an m-dimensional submanifold of M with index λ in 0 ≤ τ < τ_0 and τ_0 < 1/2Λ. Then we have the following cases.

1. S deforms to an m_1-dimensional vacuum submanifold S_1 ⊆ M of the index λ_1 in τ_0 ≤ τ < 1/2Λ. If m_1 ≠ m, then the index λ_1 ∈ {0, ..., 2n − m_1}. On the other hand, if m_1 = m, then λ_1 ≠ λ and λ_1 ∈ {0, ..., 2n − m_1}.

2. If the inequalities (4.18) hold, then there exists a parity pair of S, namely an mdimensional submanifold ^S ⊆ M of the index 2n − λ in τ > 1/2Λ.

3. If the inequalities (4.18) do not hold, then S deforms to an n_1-dimensional vacuum submanifold ^S_1 ⊆ M of the index λ_2 in τ > 1/2Λ. If n_1 ≠ m, then we have λ_2 ∈ {0, ..., 2n_c−n_1}. However, if n_1 = m, then λ_2 ≠ 2n−λ and λ_2 ∈ {0, ..., 2n−n_1}.

Furthermore, ^S is the parity pair of S, and the others, namely S_1 and ^S_1, are not the parity pair. All S, S_1, ^S, and ^S_1 may exist in the UV or IR regions.

We leave the proof of Theorem 4 in appendix B.

We close this section by pointing out flat Minkowskian vacua. In this case we have the condition ∂_iW (z_0) = W (z_0) = 0 , (4.23) which implies that the matrix (4.14) diverges. Therefore, these vacua do not correspond to the AdS/CFT correspondence. This case is excluded in the paper.

5 Generalization to Curved BPS Domain Walls

In this section we generalize the previous case to the curved (AdS sliced) domain walls. The structure of this section is as follows. Firstly, we discuss shortly some aspects of the curved domain walls on arbitrary dimensional Kähler-Ricci soliton. These have been studied for two dimensional case in [6]. Secondly, general properties of vacua will be discussed.

5.1 BPS Equations For Curved Domain Walls

Similar as in the flat case, we consider the curved domain walls by taking the ansatz metric of the four dimensional spacetime as

ds^2 = a^2(u, τ) g_{λ ν} dx^λ dx^ν − du^2 , (5.1)

where λ, ν = 0, 1, 2, a(u, τ) is again the warped factor, and g_{λ ν} is the metric on the three dimensional AdS spacetime. Therefore, the corresponding components of the Ricci tensor of the metric (5.1) are given by

R_{λ ν} = [( a^′ a )_′ + 3 ( a^′ a )_2 − Λ_3 a^2 ] a^2g_{λ ν} ,

R_{33} = −3 [( a^′ a )_′ + ( a^′ a )_2] , (5.2) and the Ricci scalar has the form

R = 6 [( a^′ a )_′ + 2 ( a^′ a )_2] − 3Λ_3 a^2

, (5.3)

where Λ_3 is the negative three dimensional cosmological constant.

A set of equations that describes curved domain walls with residual supersymmetry, can be derived by writing the supersymmetry transformation (3.3) on the background (5.1). Using similar way as in the flat case, it then results in [6] a^′ a = ± | | |e^{K(τ )/2M 2P} W (z) − ℓ a | | | , z^{i′} = ∓ 2e^{iθ(τ )} g^{ij̄}(τ) ¯∂¯_j W(τ) , (5.4) z̄^{ī′} = ∓ 2e^{−iθ(τ )} g^{īj} (τ) ∂_j W(τ) ,

where the phase function θ(z, z̄; u, τ) has been introduced with

e^{iθ(τ )} = ( 1 − ℓe^{−K(τ )/2M 2P} (aW )^{−1} ) | |1 − ℓe−K(τ )/2M^2_P (aW )−1 | | . (5.5)

Note that at θ = 0 the flat domain wall case is regained, which corresponds to ℓ = 0. The second and the third equations in (5.4) are called the BPS equations for curved domain walls. Again, the renormalization group (RG) flow is given by the beta functions β^i_c(τ) ≡ a ∂z^i ∂a = − 2e^{iθ(τ )} | |eK(τ )/2M^2_P W (z) − ℓ/a | | g^i j̄(τ) ¯∂¯_j W(τ) , β̄^ī_c(τ) ≡ a∂z̄^ī ∂a = − 2e^{−iθ(τ )} | |eK(τ )/2M^2_P W (z) − ℓ/a | | g īj(τ) ∂_j W(τ) . (5.6)

which give a description of a conformal field theory (CFT) on the three dimensional AdS spacetime. Therefore, the scalars (z^i, z̄^ī) and the warped factor a can be viewed as coupling constants and an energy scale, respectively [17, 19, 20].

5.2 Generalized Vacuum Structure

As mentioned in the preceding section, vacua of the N = 1 theory are in general defined by (4.8). Then, in order to maintain supersymmetry one has to add the condition (4.9) which can be viewed as the critical point of the BPS equations in (5.4). The scalar potential (4.6) evaluated at a vacuum p_0 has the form (4.10), however it is not the cosmological constant of the four dimensional spacetime.

In this case the warped factor at p_0 is given by a(u, τ) = l W^2_0 ± ( ℓ^2 W^2_0 − l^2 W^4_0 )_{1/2} [ A_0 e^{±W0u} − A^{−1}_0 e^{∓W0u} ] , (5.7)

where l ≡ ℓ e^{K(p0;τ )/2M 2P} ReW (z_0) and A_0 ≠ 0. Since a is real, then W_0 > |l|/ℓ. Moreover, we have (a^′/a)^′ ≠ 0 near p_0. Inserting (5.7) into (5.2), one can then show that the spacetime in general is non-Einstein whose components of the Ricci tensor are given by

R_{λ ν} = ( ±k^′ + 3k^2 + 2ℓ^2 e^{∓2 ∫ k du} ) e^{±2 ∫ k du}g_{λ ν} , R_{33} = −3 ( ±k^′ + k^2 ) , (5.8)

where k ≡ | | |e^{K(p0;τ )/2M 2P} W (z^0) − ℓ a | | | . (5.9)

Note that if we take ℓ → 0 and A_0 → ±∞, then we obtain the flat wall case [5, 18]. For k = 0, one has ImW (z_0) = 0 , (5.10)

and the spacetime becomes simply AdS_3 × IR which corresponds to the singularity of the beta function (5.6). So, this vacuum is not related to the CFT on AdS_3.

Since the ground states are defined by (4.8), the next step would be to analyze the Hessian matrix of the scalar potential given by (4.12). These have been described by Theorem 3 for only nondegenerate cases and Theorem 4 for general cases. Thus, this level is the common step.

Next, similar as in the flat case, we also need to look at the RG flows described by the first order expansion of the beta function (5.6) at p_0, namely

U_c ≡ − ∂_j β^i_c ∂_jβ̄^ī_c

¯∂_{j̄} βi_c ¯∂_{j̄}β̄^¯i_c

(p_0; τ) , (5.11)

where

∂_j β^i_c(p_0; τ) = − e^{iθ0(τ )} k M^2_P

W_0 δ^i_j ,

¯∂_{j̄} β^i_c(p_0; τ) = −2e^{iθ0(τ )} k g^{ik̄}(p_0; τ) ¯∂¯_j ¯∂¯_kW_0 , (5.12)

together with their complex conjugate with θ_0(τ) ≡ θ(p_0; τ). In general, the matrix (5.11) is not Hermitian and thus, has complex eigenvalues. In order to have a consistent theory, one has to diagonalize (5.11) and then, in this basis imposes Hermiticity condition on it. This will result a consistency condition for RG flows.

In two dimensional cases, it is much easier to achieve the consistency condition in which the eigenvalues of (5.11) are real. As studied in [6], such condition does exist, namely |TrU_c| ≥ 2 |DetU_c|^{1/2} . (5.13)

6 Vacuum Structure Near Orbifold Point

In this section, some aspects of the vacua on the Kähler-Ricci orbifold are discussed. We particularly consider those aspects near the origin (which is the orbifold point), since around ξ → +∞ the soliton becomes the Kähler-Einstein geometry lCP^{n−1} which has been studied in [5].

Before turning to the main discussion of this section, let us first mention two quantities which are useful for our analysis around the orbifold point, namely the origin. These are the U(1) connection and the Kähler potential related to the metric (2.30) of the theory given by Q(ξ, ξ̄; τ) = − 2i M^2_P σ(τ)^{1−μ/Λ} B ( σ(τ)^{−μ/Λ}|ξ|^2 ) [¯ ξ^ī dξ^i − ξ^i dξ̄^ī ] , K(ξ, ξ̄; τ) = σ(τ)^{1−μ/Λ} ∫ e^{v/2}B ( σ(τ)^{−μ/Λ}e^{v/2} ) dv + c , (6.1)

respectively where v ≡ 2 ln|ξ|^2 and c is a real constant. Here, the order 1 − μ/Λ = p/q satisfies the conditions given in Theorem 1.

Firstly, we consider the case where the scalar potential (4.6) is Morse function. Let p_0 ≡ (ξ_0, ξ̄_0) be a ground state and exists around the origin. We assume that p_0 ≠ 0 and it is not an orbifold point. Then, for the cases 1 and 2 of Theorem 1, it might be possible to have a situation described in Theorem 3 if the condition (4.18) is fulfilled. In the massless case, the case 1 can be easily seen, but it might be not possible for the case 2 if the sign of both B ( σ(τ)^{−μ/Λ}|ξ|^2 ) and Ḃ ( σ(τ)^{−μ/Λ}|ξ|^2 ) could not be altered after τ = 1/2Λ. For the case 3 of Theorem 1 and Lemma 2, the condition (4.18) does not exist since there is no Kähler geometry in τ > 1/2Λ.

Secondly, if the scalar potential (4.6) is Morse-Bott function, then we might have the situations stated in Theorem 4 for the cases 1 and 2 of Theorem 1. However, only the situation 1 in Theorem 4 are possible for the case 3 of Theorem 1 and Lemma 2 because no Kähler geometry exists after the singularity at τ = 1/2Λ.

In the following we simply take a simple case near τ → +∞. So, it is valid only for the cases 1 and 2 of Theorem 1. Since ξ ≈ 0, then the quantities in (6.1) are simplified to Q(ξ, ξ̄; τ) ≈ − 2i M^2_P σ(τ)^{p/q} B (0) [ ξ̄^ī dξ^i − ξ^i dξ̄^ī ] , K(ξ, ξ̄; τ) ≈ 2σ(τ)^{p/q} B (0) |ξ|^2 + c . (6.2)

Moreover, for a sake of simplicity the form of the superpotential W (ξ) is taken to be linear, namely W (ξ) = a_0 + a_i ξ^i , (6.3)

with a_0, a_i ∈ IR. For a_i = 0 and a_0 ≠ 0, we find that the solution of (4.9) is the origin which is the orbifold point. This further implies that all spin-^1_2 fermions are massless, but it is an ill defined N = 1 theory. On the other case, for finite a_i > 0, a_0 > 0, and a_0 ≫ a_i, the equation (4.9) gives

ξ^i_0(τ) ≈ − 1 2 M^2_p σ(τ)^{−p/q} a_i a_0

, (6.4)

which can then be shown that all spin-^1_2 fermions are massive. In this case we may have a well defined theory.

7 Conclusions

First of all, we particularly have studied the U(n) Kähler-Ricci soliton that admits an orbifold-type singularity at the origin. This soliton may be considered as a one-parameter family of Kähler geometries. As mentioned in Theorem 1, near the orbifold point (or the origin) if there exists a rational number p/q = 1 − μ/Λ with 0 < p < q, then there are three possible situations. In the situations 1 and 2, we possibly have a family of Kähler geometries even after the singularity at τ = 1/2Λ. For the situation 3, the Kähler geometry exists only in τ < 1/2Λ. Such situation also occurs in Lemma 2.

Next, some aspects of the N = 1 supergravity domain walls on Kähler-Ricci soliton have been discussed. Firstly, we considered flat domain walls together with their vacuum structure. For the case at hand, it is natural that both the Hessian matrix (4.12) and the matrix (4.14) describing RG flows are Hermitian matrices and therefore, they have real eigenvalues. Thus, we have a consistent theory for the flat case. In addition, a ground state is characterized by the pair (m, λ) where m and λ are the dimension and the Morse index of a ground state, respectively. As stated in Theorems 3 and 4, the pair (m, λ) may in general be deformed with respect to the flow parameter of the Kähler-Ricci soliton. The results here is the same as in the previous results for Kähler-Einstein geometry [5].

Secondly, curved domain walls with their vacuum structure have also been discussed. In this case, the pair (m, λ) also characterizes a vacuum and possibly has a deformation caused by the Kähler-Ricci soliton. However, the matrix (5.11) describing RG flows has in general complex eigenvalues. Then, we have to impose Hermiticity condition in the basis where the matrix (5.11) has the diagonal form.

Finally, we have considered some aspects of vacuum structure on the U(n) Kähler- Ricci orbifold near the origin. The cases 1 and 2 of Theorem 1 have a possibility of having the situations described in Theorems 3 and 4. But in the case 3 of Theorem 1 and Lemma 2, the possible case is only the case 1 of Theorem 4. At the end, we simply considered a simple case when the flow parameter τ → +∞ and the superpotential W (ξ) = a_0 + a_i ξ^i. We find that the vacuum structure related to a_0 ≠ 0 and a_i = 0 is an ill defined massless N = 1 theory at the origin (which is the orbifold point). On the other side, for finite and positive definite a_0, a_i and a_0 ≫ a_i we may have a well defined theory which is valid only for the cases 1 and 2 of Theorem 1.

Acknowledgement

We thank L. Andrianopoli, J. M. Maldacena, T. Mohaupt, and M. Zagermann for useful discussions. One of us (BEG) is grateful to the organizer of the Abdus Salam ICTP Spring School on Superstring Theory and Related Topics for providing a good atmosphere where parts of this work was done. This work was initiated by Hibah Kompetensi DIKTI 2009 No. 223/SP2H/PP/DP2M/V/2009 and Riset KK ITB 2009 No. 243/K01.7/PL/2009, and is extensively supported by ITB Alumni Association Research Grant (HR IA-ITB) 2009 No. 180a/K01.7/PL/2009 and Hibah Kompetensi DIKTI 2010 no. 227/SP2H/PP/DP2M/III/2010.

A Proof of Theorem 1 and Lemma 2

Let us first look at the functions B(|ξ|^2) and Ḃ(|ξ|^2) defined in (2.29). Since ξ ≈ 0 those functions can be expanded as

B(|ξ|^2) = B(0) + |ξ|^2Ḃ(0) + O(ξ, ξ̄) , Ḃ(|ξ|^2) = Ḃ(0) + |ξ|^2B̈(0) + ~O(ξ, ξ̄) . (A.1)

Positivity of the metric (2.29) implies Ḃ(|ξ|^2) > B(|ξ|^2). Employing the diffeomorphism (2.18) we obtain B(σ(τ)^{−μ/Λ}|ξ|^2) = B(0) + σ(τ)^{−μ/Λ}|ξ|^2Ḃ(0) + O(ξ, ξ̄; τ) , Ḃ(σ(τ)^{−μ/Λ}|ξ|^2) = Ḃ(0) + σ(τ)^{−μ/Λ}|ξ|^2B̈(0) + ~O(ξ, ξ̄; τ) . (A.2)

Thus, we have a consistent theory if the above functions are real valued. Assuming that there exists a rational number p/q = 1 − μ/Λ and 0 < p < q. For the case 3 there are no Kähler manifolds for τ > 1/2Λ since the functions (A.2) become complex valued. In the case 1 the functions (A.2) are always positive definite for τ ≥ 0 and τ ≠ 1/2Λ because the order μ/Λ has the form 2n/2m + 1 for some positive integer m, n. In the case 2 for τ → +∞ the functions (A.2) are positive definite since the leading terms are B(0) and Ḃ(0). However, around τ = 1/2Λ the second and the higher order terms would be dominant and the sign of the functions (A.2) could be changed after τ = 1/2Λ.

Using the same statement as the case 3 of Theorem 1, we have thus proved Lemma 2.

B Proof of Theorem 4

Our starting point is to consider the Hessian matrix of the scalar potential H_V whose components are given in (4.12). In particular, H_V is a 2n × 2n matrix in real coordinates such that z^i ≡ x^i + ix^{n+i}. First of all, we want to mention that the proof of the case 2 is similar like in Theorem 3 which has been proved for Kähler-Einstein geometries. Generalization to any Kähler-Ricci soliton is straightforward. So, the rest step is only to prove that the cases 1 and 3 are possible. As we will see, the proof of the case 1 has a similar logical way as the case 3. Therefore, we just have to prove the case 1.

Suppose at τ = τ_0 < 1/2Λ, we have an m-dimensional submanifold S of the index λ = 2n − m. This corresponds to the existence of m numbers zero eigenvalues and of 2n − m numbers negative eigenvalues of H_V . Let us denote each eigenvalue by α_i, and in this case there are some α_i < 0, i = 1, ..., 2n − m.

i. Then, at τ = τ_1 with τ_0 < τ_1 < 1/2Λ one of the eigenvalues vanishes, say α_{2n−m} = 0.

Thus, S deforms to another m + 1-dimensional submanifold S_1 of the index λ_1 = 2n − m − 1. This proves m_1 ≠ m and λ_1 ≠ λ.

ii. Then, at τ = τ_2 with τ_1 < τ_2 < 1/2Λ one of the eigenvalues becomes positive, say α_{2n−m} > 0. So, S deforms to another m-dimensional submanifold S_1 of the index λ_1 = 2n − m − 1. This proves m_1 = m and λ_1 ≠ λ.

iii. Comparing i. and ii., we have proved m_1 ≠ m and λ_1 = λ.

The case 3 can be straightforwardly proved using the above steps.

References

[1] H.-D. Cao, Deformation of Kähler metrics to Kähler-Einstein metrics on compact Kähler manifolds, Invent. Math. 81 (1985) 359.

[2] H.-D. Cao, Existence of gradient Kähler-Ricci solitons, Elliptic and parabolic methods in geometry (B. Chow, R. Gulliver, S. Levy, J. Sullivan, editors), A K Peters (1996) 1.

[3] H.-D. Cao, Limits of solutions to the Kähler-Ricci flow, J. Differential Geom. 45 (1997) 257.

[4] M. Feldman, T. Ilmanen, and D. Knopf, Rotationally Symmetric Shrinking and Expanding Gradient Kähler-Ricci Solitons, J. Differential Geom. 65 (2003) 169 and references therein.

[5] B. E. Gunara and F. P. Zen, Kähler-Ricci Flow, Morse Theory, and Vacuum Structure Deformation of N = 1 Supersymmetry in Four Dimensions, Adv. Theor. Math. Phys. 13 (2009) 217, hep-th/0708.1036.

[6] B. E. Gunara and F. P. Zen, Deformation of Curved BPS Domain Walls and Supersymmetric Flows on 2d Kähler-Ricci Soliton, Commun. Math. Phys. 287 (2009) 849, hep-th/0801.0896.

[7] B. E. Gunara and F. P. Zen, Flat BPS Domain Walls on 2d Kähler-Ricci Soliton, J.

Math. Phys. 50 (2009) 063514, hep-th/0901.0303.

[8] For a review see, for example:

O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri, and Y. Oz, Large N Field Theories, String Theory and Gravity, Phys. Rep. 323 183 (2000), and references therein, hep-th/9905111.

[9] P. Topping, Lectures on Ricci Flow, London Mathematical Society Lecture Note Series 325, Cambridge University Press, Cambridge (2006) and references therein.

[10] B. Chow, Lectures on Ricci Flow, Lectures given at Clay Mathematics Institutes Summer School, Berkeley, 2005, and references therein, available at http://www.claymath.org/programs/summer school/2005/program.php# perelman1.

[11] H.-D. Cao and X.-P. Zhu, Hamilton-Perelman’s Proof of the Poincaré and the Geometrization Conjecture, Asian J. Math. 10 (2006) 165, math.DG/0612069 (revised version) and references therein.

[12] J. Wess and J. Bagger, Supersymmetry and Supergravity, 2nd ed., Princeton University Press, Princeton (1992).

[13] R. D’Auria and S. Ferrara , On Fermion Masses, Gradient Flows and Potential in Supersymmetric Theories, JHEP 0105, (2001) 034, hep-th/0103153.; L. Andrianopoli, R. D’Auria, and S. Ferrara, Supersymmetry reduction of N-extended supergravities in four dimensions, JHEP 0203, (2002) 025, hep-th/0110277.

[14] E. Cremmer, B. Julia, J. Scherk, S. Ferrara, L. Girardello, and P. van Nieuwenhuizen, Spontaneous Symmetry Breaking and Higgs Effect in Supergravity Without Cosmological Constant, Nucl Phys B147, (1979) 105.; E. Witten and J. Bagger, Quantization of Newton’s Constant in Certain Supergravity Theories, Phys. Lett. B115, (1982) 202.

[15] M. Cvetic, S. Griffies and S. J. Rey, Static domain walls in N=1 supergravity, Nucl.

Phys. B 381 301 (1992), hep-th/9201007.

[16] M. Cvetic and H. H. Soleng, Supergravity domain walls, Phys. Rep. 282 159 (1997), hep-th/9604090.

[17] A. Ceresole, G. Dall’Agata, A. Girvayets, R. Kallosh, and A. Linde, Domain walls, near-BPS bubbles and probabilities in the landscape, Phys. Rev. D74 (2006) 086010, hep-th/0605266.

[18] B. E. Gunara, F. P. Zen, and Arianto, BPS Domain Walls and Vacuum Structure of N=1 Supergravity Coupled To A Chiral Multiplet, J. Math. Phys. 48 (2007), 053505, hep-th/0612017.

[19] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormalization group flows from holography-supersymmetry and a c-theorem, Adv. Theor. Math. Phys. 3 (1999) 363, hep-th/9904017.

[20] A. Ceresole, G. Dall’Agata, R. Kallosh, and A. van Proeyen, Hypermultiplets, Domain Walls and Supersymmetric Attractor, Phys. Rev. D64 (2001) 104006, hepth/0104056.