arXiv:0901.0837v1 [math-ph] 7 Jan 2009

DESY 08–206 SFB-CPP/09–002 January 2009

Structural Relations of Harmonic Sums and Mellin Transforms at Weight w = 6^1

Johannes Blümlein

Deutsches Elektronen–Synchrotron, DESY, Platanenallee 6, D-15735 Zeuthen, Germany

Abstract

We derive the structural relations between nested harmonic sums and the corresponding Mellin transforms of Nielsen integrals and harmonic polylogarithms at weight w = 6. They emerge in the calculations of massless single–scale quantities in QED and QCD, such as anomalous dimensions and Wilson coefficients, to 3– and 4–loop order. We consider the set of the multiple harmonic sums at weight six without index {−1}. This restriction is sufficient for all known physical cases. The structural relations supplement the algebraic relations, due to the shuffle product between harmonic sums, studied earlier. The original amount of 486 possible harmonic sums contributing at weight w = 6 reduces to 99 sums with no index {−1}. Algebraic and structural relations lead to a further reduction to 20 basic functions. These functions supplement the set of 15 basic functions up to weight w = 5 derived formerly. We line out an algorithm to obtain the analytic representation of the basic sums in the complex plane.

1Proceedings of the “Motives, Quantum Field Theory, and Pseudodifferential Operators”, held at the Clay Mathematics Institute, Boston University, June 2–14, 2008

1 Introduction

Inclusive and semi-inclusive scattering cross sections in Quantum Field Theories as Quantum Electrodynamics (QED) and Quantum Chromodynamics (QCD) at higher loop order can be expressed in terms special classes of fundamental numbers and functions. Zero scale quantities, like the loop-expansion coefficients for renormalized couplings and masses in massless filed theories, are given by special numbers, which are the multiple ζ-values [1,2] in the known orders. At higher orders and in the massive case other quantities more will contribute [3]. The next class of interest are the single scale quantities to which the anomalous dimensions and Wilson coefficients do belong [4–6], likewise other hard scattering cross sections being differential in one variable z = L̂/L given by the ratio of two Lorentz invariants with support z ∈ [0, 1]. A natural way to study these quantities consists in representing them in Mellin-space performing the integral transform

M [f(z)] (N) =

∫_1 0 dz z^N f(z) . (1.1)

In the light-cone expansion [7] these quantities naturally emerge as moments for physical reasons with N ∈ N. Their mathematical representation is obtained in terms of nested harmonic sums [8–10] S_{b,⃗a}(N) = N∑ k=1 (signb)^k k^{|b|} S_{⃗a}(k), S_0(k) = 1 , (1.2)

which form a unified language. This is the main reason to adopt this prescription also for other quantities of this kind. The harmonic sums lead to the multiple ζ-values in the limit N → ∞ for b ≠ 1. In the latter case the harmonic sums diverge.^2 To obtain a representation which is as compact as possible we seek to find all relations between the harmonic sums. There are two classes of relations :

i) the algebraic relations, cf. [11]. They are due to the index set of the harmonic sums only and result from their quasi–shuffle algebra [12].

ii) the structural relations. These relations depend on the other properties of the harmonic sums. One sub–class refers to relations being obtained considering harmonic sums at N and integer multiples or fractions of N, which leads to a continuation of N ∈ Q. Harmonic sums can be represented in terms of Mellin-integrals of harmonic polylogarithms H_{⃗a}(z) weighted by 1/(1 ± z) [13], which belong to the Poincaré–iterated integrals [14].^3 The Mellin integrals are valid for N ∈ R, N ≥ N_0. From these representations integration-by-parts relations can be derived. Furthermore, there is a large number of differentiation relations d^l dN^l M [f(z)] (N) = M [ ln^l(z)f(z) ] (N) . (1.3)

We analyzed a wide class of physical single scale massless processes and those containing a single mass scale at two- and three loops [4–6] in the past, which led to the same set of basic harmonic sums and, related to it, basic Mellin transforms. Like in the case of zero scale quantities, this points to a unique representation, which is widely process independent and rather related

2Due to the algebraic relations [11] of the harmonic sums one may show that this divergence is at most of O(ln^m(N)), where m is the number of indices equal to one at the beginning of the index set.

3Generalized polylogarithms and Z-sums were considered in [15].

to the contributing Feynman integrals only. The representation in terms of harmonic sums is usually more compact than a corresponding representation by harmonic polylogarithms, since i) Mellin convolutions emerge as simple products; ii) harmonic polylogarithms are multiple integrals, which are usually not reduced to more compact analytic representations. The latter requires to solve (part of) these integrals analytically. In the case of harmonic sums the analytic continuation of their argument N to complex values has to be performed to apply them in physics problems. As lined out in Ref. [16–18] this is possible since harmonic sums can be represented in terms of factorial series [19] up to known algebraic terms. Harmonic sums turn out to be meromorphic functions with single poles at the non-positive integers. One may derive their asymptotic representation analytically and they obey recursion relations for complex arguments N. Due to this their unique representation is given in the complex plane.

In the present paper we derive the structural relations of the weight w = 6 harmonic sums extending earlier work on the structural relations of harmonic sums up to weight w = 5 [18]. The paper is organized as follows. In Sections 2–6 we derive the structural relations of the harmonic sums of weight w = 6 of depth 2 to 6 for the harmonic sums not containing the index {−1}. The restriction to this class of functions is valid in the massless case at least to three-loop order and the massive case to two-loop order. In Section 7 we summarize the set of basic functions chosen. The principal method to derive the analytic continuation of the harmonic sums to complex values of N is outlined in Section 8 in an example. Section 9 contains the conclusions. Some useful integrals are summarized in the appendix.

2 Twofold Sums

The following w = 6 two–fold sums occur : S_{±5,1}(N), S_{±4,±2}(N), S_{−3,3}(N) and S_{3,3}(N), S_{−3,−3}(N). The latter sums are related to single harmonic sums through Euler’s relation.

S_{a,b}(N) + S_{b,a}(N) = S_a(N)S_b(N) + S_{a∧b}(N) , (2.1)

with a ∧ b = sign(a) · sign(b)(|a| + |b|). For the former six sums we only consider the algebraically irreducible cases. In Ref. [18] the basic functions, which determine the harmonic sums without index {−1} through their Mellin transform, up to w = 5 were found :

w = 1 : 1/(x − 1) (2.2) w = 2 : ln(1 + x)/(x + 1) (2.3) w = 3 : Li_2(x)/(x ± 1) (2.4) w = 4 : Li_3(x)/(x + 1), S_{1,2}(x)/(x ± 1) (2.5) w = 5 : Li_4(x)/(x ± 1), S_{1,3}(x)/(x ± 1), S_{2,2}(x)/(x ± 1),

Li^2(x)/(x ± 1), [ln(x)S_{1,2}(−x) − Li^2(−x)/2]/(x ± 1) (2.6)

In the following we determine the corresponding basic functions for w = 6.

In case of the double sums we show that they all can be related to M [ Li_5(x) 1 + x ] (N) (2.7) up to derivatives of basic functions of lower degree and polynomials of known harmonic sums. The representation of S_{±5,1}(N) read :

S_{5,1}(N) = M [( Li_5(x) x − 1 ) + ] (N) − S_1(N)ζ_5 + S_2(N)ζ_4 − S_3(N)ζ_3 + S_4ζ_2 (2.8)

S_{−5,1}(N) = (−1)^N M [ Li_5(x) 1 + x ] (N) + 15 16 ζ_5 ln(2) − s_6 − S_{−1}(N)ζ_5 + S_{−2}(N)ζ_4

−S_{−3}(N)ζ_3 + S_{−4}ζ_2 , (2.9) with

∫_1 0 dxg(x)[f(x)]_+ =

∫_1 0 dx[g(x) − g(1)]f(x) (2.10) and s_6 = 15 16 ln(2)ζ_5 +

∫_1 0 dz Li_5(z) 1 + z

(2.11)

being one of the basic constants at weight w = 6. For the determination of the constants in the alternating case we use the tables associated to Ref. [10]. To express one of the sums given below we also give a second representation of S_{−5,1}(N),

S_{−5,1}(N) = S_{−5}(N)S_1(N) + S_{−6}(N)

+(−1)^{(N+1)} M [ Li_5(−x) − ln(x)Li_4(−x) + ln^2(x)Li_3(−x)/2 x + 1 ] (N)

+(−1)^{(N+1)} M [ − ln^3(x)Li_2(−x)/6 − ln^4(x) ln(1 + x)/24 x + 1 ] (N) − 15 16 ζ_5 [S_{−1}(N) − S_1(N)] − 23 70 ζ^3_2 + 3 4 ζ^2_3 + 23 8 ζ_5 ln(2) − s_6 . (2.12)

The other two-fold sums are

S_{−4,−2}(N) = − M [( 4Li_5(−x) − ln(x)Li_4(−x) x − 1 ) + ] (N) + 1 2 ζ_2 [S_4(N) − S_{−4}(N)] − 3 2 ζ_3S_3(N) + 21 8 ζ_4S_2(N) − 15 4 ζ_5S_1(N) (2.13)

S_{−4,2}(N) = (−1)^N M [ 4Li_5(x) − Li_4(x) ln(x) 1 + x ] (N) +2ζ_3S_{−3}(N) − 3ζ_4S_{−2}(N) + 4ζ_5S_{−1}(N) + 239 840 ζ^3_2 − 3 4 ζ^2_3 − 15 4 ζ_5 ln(2) + 4s_6 (2.14)

S_{4,−2}(N) = 1 2 ζ_2 [S_{−4}(N) − S_4(N)] − 3 2 ζ_3S_{−3}(N) + 21 8 ζ_4S_{−2}(N) − 15 4 ζ_5S_{−1}(N)

+(−1)^{N+1} M [ 4Li_5(−x) − ln(x)Li_4(−x)

1 + x ] (N) − 313 840 ζ^3_2 + 15 16 ζ^2_3 + 4ζ_5 ln(2) − 4s_6 (2.15)

S_{4,2}(N) = − M [( 4Li_5(x) − ln(x)Li_4(x) x − 1 ) + ] (N) + 2ζ_3S_3(N) − 3ζ_4S_2(N) + 4ζ_5S_1(N)

(2.16)

S_{−3,−3}(N) = M [ 6Li_5(−x) − 3 ln(x)Li_4(−x) + ln^2(x)Li_3(−x)/2 x − 1 ] (N) − 3 4 ζ_3 [S_{−3}(N) − S_3(N)] − 21 8 ζ_4S_2(N) + 45 8 ζ_5S_1(N) = 1 2 [ S^2_{−3}(N) + S_6(N) ] (2.17)

S_{−3,3}(N) = 3ζ_4S_{−2}(N) − 6ζ_5S_{−1}(N) + (−1)^{N+1}6 M [( S_{1,4}(1 − x) − ζ_5

1 + x ) + ] (N)

+(−1)^{N+1} M [( 3 ln(x) [S_{1,3}(1 − x) − ζ_4] + ln^2(x) [S_{1,2}(1 − x) − ζ_3] /2 1 + x ) + ] (N) − 271 280 ζ^3_2 + 81 32 ζ^2_3 + 45 8 ζ_5 ln(2) − 6s_6 (2.18)

S_{3,3}(N) = 3ζ_4S_2(N) − 6ζ_5S_1(N) − 6 M [( S_{1,4}(1 − x) − ζ_5 x − 1 ) + ] (N) − M [( ln^2(x) [S_{1,2}(1 − x) − ζ_3] /2 + 3 ln(x) [S_{1,3}(1 − x) − ζ_4] x − 1 ) + ] (N) = 1 2 [ S^2_3 (N) + S_6(N) ] . (2.19)

In the above relations Nielsen integrals, [20], given by S_{p,n}(x) = (−1)^{p+n+1} (p − 1)!n!

∫_1 0 dz z ln^{p−1}(z) ln^n(1 − xz) (2.20)

occur. The corresponding functions S_{1,k}(1 − x) are given by

S_{1,2}(1 − x) = −Li_3(x) + log(x)Li_2(x) + 1 2 log(1 − x) log^2(x) + ζ(3)

S_{1,3}(1 − x) = −Li_4(x) + log(x)Li_3(x) − 1 2 log^2(x)Li_2(x) − 1 6 log^3(x) log(1 − x) + ζ(4)

S_{1,4}(1 − x) = −Li_5(x) + ln(x)Li_4(x) − 1 2 ln^2(x)Li_3(x) + 1 6 ln^3(x)Li_2(x) + 1 24 ln^4(x) ln(1 − x) + ζ_5 . (2.21)

They are used to express the respective sums in terms of the Mellin transforms of basic functions and their derivatives w.r.t. N.

The algebraic relation for S_{3,3}(N) can be used to express M[(Li_5(x)/(x−1))_+](N). The Mellin transform in S_{−3,−3}(N) allows to express S_{−4,−2}(N) and S_{−4,2}(N) through (2.12). S_{4,2}(N) and S_{−3,3}(N) do not contain new Mellin transforms. Therefore the only non-trivial Mellin transform needed to express the double sums at w = 6 is M[Li_5(x)/(1 + x)](N).

In some of the harmonic sums Mellin transforms of the type Li_k(−x) x ± 1 . (2.22)

contribute. For odd values of k = 2l + 1 the harmonic sums S_{1,−(k−1)}(N), S_{−(k−1),1}(N) and S_{−l,−l}(N) allow to substitute the Mellin transforms of these functions in terms of Mellin transforms of basic functions and derivatives thereof.

For even values of k this argument applies to M[Li_k(−x)/(1 + x)](N) but not to M[Li_k(−x)/(1 + x)](N). In the latter case one may use the relation 1 2^{k−2} Li_k(x^2) 1 − x^2 = Li_k(x) 1 − x + Li_k(x) 1 + x + Li_k(−x) 1 − x + Li_k(x) 1 + x

. (2.23)

Since in massless quantum field-theoretic calculations both denominators occur, one may apply this decomposition based on the first two cyclotomic polynomials, cf. [21], and the relation between Li_k(x^2) and Li_k(±x), [22]. The corresponding Mellin transforms also require half– integer arguments. In more general situations other cyclotomic polynomials might emerge. The relation 1 2^{k−1} M [( Li_k(x^2) x^2 − 1 ) + ] ( N − 1 2 ) = M [( Li_k(x) x − 1 ) + ] (N) + M [( Li_k(x) x + 1 ) + ] (N) + M [( Li_k(−x) x − 1 ) + ] (N) + M [( Li_k(−x) x + 1 ) + ] (N) − ∫_1 0 dx Li_k(x^2) 1 + x

(2.24)

determines M[Li_k(−x)/(1 + x)](N). For k = 2, 4 the last integral in (2.24) is given by

∫_1 0 dx Li_2(x^2) 1 + x

= ζ_2 ln(2) − 3 4 ζ_3 (2.25)

∫_1 0 dx Li_4(x^2) 1 + x = 2 5 ln(2)ζ^2_2 + 3ζ_2ζ_3 − 25 4 ζ_5 . (2.26)

The corresponding relations for M[Li_k(−x)/(1 + x)](N) are : M [ Li_2(−x) x + 1 ] (N) = − 1 2 M [( Li_2(x) x − 1 ) + ] ( N − 1 2 ) + M [( Li_2(x) x − 1 ) + ] (N) + M [( Li_2(−x) x − 1 ) + ] (N) − M [ Li_2(x) x + 1 ] (N) + 3 8 ζ_3 − 1 2 ζ_2 ln(2) (2.27) M [ Li_4(−x) x + 1 ] (N) = − 1 8 M [( Li_4(x) x − 1 ) + ] ( N − 1 2 ) + M [( Li_4(x) x − 1 ) + ] (N) + M [( Li_4(−x) x − 1 ) + ] (N) − M [ Li_4(x) x + 1 ] (N) − 1 20 ζ^2_2 ln(2) − 3 8 ζ_2ζ_3 + 25 32 ζ_5 . (2.28)

In the case of w = 6 these relations do not lead to a further reduction of basic functions but are required at lower weights, cf. [18].

3 Threefold Sums

The triple sums are :

S_{4,1,1}(N) = − M [( S_{3,2}(x) x − 1 ) + ] (N) + S_1(N)(2ζ_5 − ζ_2ζ_3) − ζ_4 4 S_2(N) + ζ_3S_3(N) (3.1)

S_{−4,1,1}(N) = (−1)^{N+1} M [ S_{3,2}(x) 1 + x ] (N) + (2ζ_5 − ζ_2ζ_3)S_{−1}(N) − ζ_4 4 S_{−2}(N)

+ζ_3S_{−3}(N) + 71 840 ζ^3_2 + 1 8 ζ^2_3 − 29 32 ζ_5 ln(2) − ζ_2ζ_3 ln(2) + 3 2 s_6 (3.2)

S_{−3,−2,1}(N) = M [ H_{0,0,−1,0,1}(x) x − 1 ] (N) + ζ_2S_{−3,−1}(N) + [S_{−3}(N) − S_3(N)] [ ζ_2 ln(2) − 5 8 ζ_3 ]

+ 3 40 ζ^2_2 S_2(N) − ( 9 4 ζ_2ζ_3 − 67 16 ζ_5 ) S_1(N) (3.3) S_{−2,−3,1}(N) = S_{−2}(N)S_{−3,1}(N) + S_{5,1}(N) + S_{−3,−3}(N) − S_{−3,1,−2} − S_{−3,−2,1} (3.4) S_{1,−2,−3}(N) = S_{−3}(N)S_{1,−2}(N) + S_{1,5}(N) − S_1(N)S_{−3,−2}(N) − S_{−3,−3}(N) +S_{−3,−2,1}(N) (3.5) S_{1,−3,−2}(N) = S_1(N)S_{−3,−2}(N) + S_{−4,−2}(N) + S_{−3,−3}(N) − S_{−3,1,−2}(N) − S_{−3,−2,1}(N) (3.6) S_{−2,1,−3}(N) = S_{−3,−3}(N) − S_{−3}(N)S_{1,−2}(N) − S_{1,5}(N) + S_1(N)S_{−2,−3}(N) −S_{−2}(N)S_{−3,1}(N) − S_{5,1}(N) + S_{−2,−4}(N) + S_1(N)S_{−3,−2}(N) +S_{−3,1,−2}(N) (3.7)

S_{−3,1,−2}(N) = M [( A_1(−x)/2 + S_{3,2}(−x) − S_{2,2}(−x) ln(x) x − 1 ) + ] (N) − 1 2 ζ_2 [S_{−3,1}(N) − S_{−3,−1}(N)] − [ 1 8 ζ_3 − 1 2 ζ_2 ln(2) ] [S_{−3}(N) − S_3(N)] + 1 8 ζ^2_2 S_2(N) +

[ 23 16 ζ_5 − 7 8 ζ_2ζ_3 ] S_1(N) (3.8)

S_{−3,2,1}(N) = (−1)^N M [ 2S_{3,2}(x) − A_1(x)/2 x + 1 ] (N) + ζ_2S_{−3,1}(N) − 3 4 ζ_4S_{−2}(N) − ( 11 2 ζ_5 − 3ζ_2ζ_3 ) S_{−1}(N) + 23 168 ζ^3_2 + 59 64 ζ^2_3 + 41 32 ζ_5 ln(2) + 1 2 ζ^2_2 ln^2(2) + 5 4 ζ_2ζ_3 ln(2) − 1 12 ζ_2 ln^4(2) − 2ζ_2Li_4 ( 1 2 ) − 7 2 s_6 (3.9)

S_{2,−3,1}(N) = (−1)^N M [ H_{0,−1,0,0,1}(x) 1 + x ] (N) − ( 83 16 ζ_5 − 21 8 ζ_2ζ_3 ) S_{−1}(N)

+ζ_2S_{2,−2}(N) − ζ_3S_{2,−1}(N) + [ − 3 5 ζ^2_2 + 2Li_4 ( 1 2 ) + 3 4 ζ_3 ln(2) − 1 2 ζ_2 ln^2(2) + 1 12 ln^4(2) ] [S_2(N) − S_{−2}(N)] − 7 8 ζ_2ζ_3 ln(2) − 1 6 ζ_2 ln^4(2) − 4ζ_2Li_4 ( 1 2 ) + ζ^2_2 ln^2(2) + 11 12 ζ^3_2 + 87 64 ζ^2_3 − 11 32 ζ_5 ln(2) − 5 2 s_6 (3.10) S_{1,2,−3}(N) = S_{−3}(N)S_{1,2}(N) + S_{1,−5}(N) − S_1(N)S_{−3,2}(N) − S_{−3,3}(N) + S_{−3,2,1}(N) (3.11) S_{1,−3,2}(N) = −S_2(N)S_{−3,1}(N) − S_{−5,1}(N) + S_{2,−3,1}(N) + S_1(N)S_{−3,2}(N) +S_{−4,2}(N) (3.12)

S_{2,1,−3}(N) = S_{3,−3}(N) − S_{−3}(N)S_{1,2}(N) − S_{1,−5}(N) + S_1(N)S_{2,−3}(N) − S_{2,−3,1}(N) +S_{2,−4}(N) + S_1(N)S_{−3,2}(N) + S_{−3,3}(N) − S_{−3,2,1}(N) (3.13) S_{−3,1,2}(N) = S_2(N)S_{−3,1}(N) + S_{−5,1}(N) + S_{−3,3}(N) − S_{2,−3,1}(N) − S_{−3,2,1}(N) (3.14)

S_{−2,3,1}(N) = (−1)^N M [ (3/2)A_1(x) − Li_2(x)Li_3(x)

x + 1 ] (N) + ζ_2S_{−2,2}(N) − ζ_3S_{−2,1}(N) + ( 9 2 ζ_5 − 2ζ_2ζ_3 ) S_{−1}(N) − 13 12 ζ^3_2 − 43 32 ζ^2_3 + 51 32 ζ_5 ln(2) − ζ^2_2 ln^2(2) + 3 2 ζ_2ζ_3 ln(2) + 1 6 ζ_2 ln^4(2) + 4ζ_2Li_4 ( 1 2 ) + 3 2 s_6 (3.15) S_{3,−2,1}(N) = S_{3,−3}(N) − S_{3,1,−2}(N) − S_{−2,3,1}(N) + S_{−2}(N)S_{3,1}(N) + S_{−5,1}(N) (3.16) S_{1,−2,3}(N) = S_{−3,3}(N) − S_3(N)S_{−2,1}(N) − S_{−2,4}(N) + S_{−2}(N)S_{1,3}(N) + S_{1,−5}(N) +2S_{−2}(N)S_{3,1}(N) + S_{3,−3}(N) − S_1(N)S_{3,−2}(N) − S_{4,−2}(N) + S_{−5,1}(N) −S_{3,1,−2}(N) − S_{−2,3,1}(N) (3.17) S_{1,3,−2}(N) = −S_{−2}(N)S_{3,1}(N) − S_{−5,1}(N) + S_{−2,3,1}(N) + S_1(N)S_{3,−2}(N) +S_{4,−2}(N) (3.18) S_{−2,1,3}(N) = S_3(N)S_{−2,1}(N) + S_{−2,4}(N) − S_{−2}(N)S_{3,1}(N) − S_{3,−3}(N) + S_{3,1,−2}(N) (3.19)

S_{3,1,−2}(N) = (−1)^N M [ A_1(−x)/2 + S_{3,2}(−x) − ln(x)S_{2,2}(−x) 1 + x ] (N) − 1 2 ζ_2 [S_{3,1}(N) − S_{3,−1}(N)] − [ 1 8 ζ_3 − 1 2 ζ_2 ln(2) ] [S_3(N) − S_{−3}(N)] + 1 8 ζ^2_2 S_{−2}(N) +

[ 23 16 ζ_5 − 7 8 ζ_2ζ_3 ] S_{−1}(N) + 113 560 ζ^3_2 − 17 64 ζ^2_3 − 1 2 ζ_5 ln(2) − 7 8 ζ_2ζ_3 ln(2) + s_6 (3.20)

S_{3,2,1}(N) = M [( 2S_{3,2}(x) − A_1(x)/2 x − 1 ) + ] (N) +ζ_2S_{3,1}(N) − 3 4 ζ_4S_2(N) −

( 11 2 ζ_5 − 3ζ_2ζ_3 ) S_1(N) (3.21)

S_{2,3,1}(N) = M [( (3/2)A_1(x) − Li_2(x)Li_3(x) x − 1 ) + ] (N) +ζ_2S_{2,2}(N) − ζ_3S_{2,1}(N) + ( 9 2 ζ_5 − 2ζ_2ζ_3 ) S_1(N) (3.22) S_{1,2,3}(N) = S_3(N)S_{1,2}(N) + S_{1,5}(N) − S_1(N)S_{3,2}(N) − S_{3,3}(N) + S_{3,2,1}(N) (3.23) S_{2,1,3}(N) = 2S_{3,3}(N) − S_3(N)S_{1,2}(N) − S_{1,5}(N) + S_1(N)S_{2,3}(N) − S_{2,3,1}(N) +S_{2,4}(N) + S_1(N)S_{3,2}(N) − S_{3,2,1}(N) (3.24) S_{1,3,2}(N) = −S_2(N)S_{3,1}(N) − S_{5,1}(N) + S_{2,3,1}(N) + S_1(N)S_{3,2}(N) + S_{4,2}(N) (3.25) S_{3,1,2}(N) = S_2(N)S_{3,1}(N) + S_{5,1}(N) + S_{3,3}(N) − S_{2,3,1}(N) − S_{3,2,1}(N) (3.26)

S_{2,2,2}(N) = − M [( 2A_1(x) + Li^2(x) ln(x)/2 − 2S_{2,2}(x) ln(x) x − 1 ) + ] (N) − M [( 4S_{3,2}(x) − 2Li_2(x)Li_3(x) x − 1 ) + ] (N) +2ζ_3S_{2,1}(N) + 2 (ζ_5 − ζ_2ζ_3) S_1(N)

= 1 6 S^3_2 (N) + 1 2 S_2(N)S_4(N) + 1 3 S_6(N) (3.27)

S_{−2,2,2}(N) = (−1)^{(N+1)} M [ 2A_1(x) + Li^2(x) ln(x)/2 − 2S_{2,2}(x) ln(x) x + 1 ] (N) +(−1)^{(N+1)} M [ 4S_{3,2}(x) − 2Li_2(x)Li_3(x)

x + 1 ] (N) +2ζ_3S_{−2,1}(N) + 2 (ζ_5 − ζ_2ζ_3) S_{−1}(N) − 1 4 ζ_2ζ_3 ln(2) + 1 12 ζ_2 ln^4(2) + 2ζ_2Li ( 1 2 ) − 1 2 ζ^2_2 ln^2(2) + 37 80 ζ^3_2 − 2ζ^2_3 − 23 4 ζ_5 ln(2) + 4s_6 (3.28) S_{2,−2,2}(N) = −2S_{−2,2,2}(N) + S_2(N)S_{−2,2}(N) + S_{−4,2}(N) + S_{−2,4}(N) (3.29) S_{2,2,−2}(N) = S_{−2,2,2}(N) − 1 2 [S_2(N)S_{−2,2}(N) + S_{−4,2}(N) + S_{−2,4}(N) −S_2(N)S_{2,−2}(N) − S_{4,−2}(N) − S_{2,−4}(N)] (3.30)

S_{−2,2,−2}(N) = M [( −4S_{3,2}(−x) − ln(x)Li^2(−x)/2 + 2 ln(x)S_{2,2}(−x) x − 1 ) + ] (N) + M [( 2Li_3(−x)Li_2(−x) − 2A_1(−x) x − 1 ) + ] (N) − 3 2 ζ_3S_{−2,−1}(N) + 1 2 ζ_2 [S_{−2,−2}(N) − S_{−2,2}(N)] + [ − 11 8 ζ^2_2 + 4Li_4 ( 1 2 ) + 2ζ_3 ln(2) − ζ_2 ln^2(2) + 1 6 ln^4(2) ] [S_{−2}(N) − S_2(N)] + (11 4 ζ_2ζ_3 − 23 4 ζ_5 ) S_1(N) (3.31) S_{2,−2,−2}(N) = 1 2 [−S_{−2,2,−2}(N) + S_{−2}(N)S_{2,−2}(N) + S_{−4,−2}(N) + S_{2,4}(N)] (3.32) S_{−2,−2,2}(N) = 1 2 [−S_{−2,2,−2}(N) + S_{−2}(N)S_{−2,2}(N) + S_{4,2}(N) + S_{−2,−4}(N)] (3.33) S_{−2,−2,−2}(N) = 1 6 S^3_{−2}(N) + 1 2 S_{−2}(N)S_4(N) + 1 3 S_{−6}(N) . (3.34)

There emerge numerator functions, which do not belong to the class of Nielsen integrals^4,

A_1(x) = ∫_x 0 dy y Li^2(y)

A_2(x) = ∫_x 0 dy y ln(1 − y)S_{1,2}(y)

A_3(x) = ∫_x 0 dy y [Li_4(1 − y) − ζ_4] . (3.35)

As seen in Eqs. (3.27), (A_1(x)/(x − 1))_+ is not a basic function since its Mellin transform reduces to single harmonic sums and known Mellin transforms algebraically. Furthermore, some numerator functions are given by harmonic polylogarithms H_{a1,... ,ak} (x), a_i ∈ {−1, 0, +1}, which cannot be reduced significantly further. Harmonic polylogarithms are Poincaré–iterated

4Note a misprint in Eq. (14), [17]. Li_4(y) should read Li_4(1 − y).

integrals [14] over the alphabet [f_0, f_1, f_{−1}] = [1/x, 1/(x − 1), 1/(x + 1)], [13], with

H_0(x) = ln(x) (3.36) H_1(x) = − ln(1 − x) (3.37) H_{−1}(x) = ln(1 + x) (3.38) and H_{a,⃗b}(x) = ∫_x 0 dy f_a(y)H_{⃗b}(y) . (3.39)

4 Fourfold Sums

The quadruple–index sums are :

S_{−3,1,1,1}(N) = (−1)^N M [ S_{2,3}(x) x + 1 ] (N) + ζ_4S_{−2}(N) − (2ζ_5 − ζ_2ζ_3)S_{−1}(N) + 1 8 ζ_2ζ_3 ln(2) − 1 6 ζ_2 ln^4(2) − ζ_2Li_4 ( 1 2 ) + 1 4 ζ^2_2 ln^2(2) − 257 840 ζ^3_2 + 7 24 ζ_3 ln^3(2) + 41 64 ζ^2_3 − 33 32 ζ_5 ln(2) + 2 ln(2)Li_5 ( 1 2 ) + ln^2(2)Li_4 ( 1 2 )

+ 1 36 ln^6(2) + 2Li_6 ( 1 2 ) − s_6 2 (4.1)

S_{3,1,1,1}(N) = − M [( S_{2,3}(x) x − 1 ) + ] (N) + ζ_4S_2(N) − (2ζ_5 − ζ_2ζ_3)S_1(N) (4.2)

S_{−2,2,1,1}(N) = (−1)^{N+1} M [ 3S_{2,3}(x) + A_2(x) x + 1 ] (N) + ζ_3S_{−2,1}(N) +

( 11 2 ζ_5 − 3ζ_2ζ_3 ) S_{−1}(N) − 5 4 ζ_2ζ_3 ln(2) + 1 3 ζ_2 ln^4(2) + 2ζ_2Li_4 ( 1 2 ) − 1 2 ζ^2_2 ln^2(2) + 411 560 ζ^3_2 − 7 12 ζ_3 ln^3(2) − 9 8 ζ^2_3 + 73 64 ζ_5 ln(2) − 4 ln(2)Li_5 ( 1 2 ) − 2 ln^2(2)Li_4 ( 1 2 ) − 1 18 ln^6(2)

−4Li_6 ( 1 2 ) + 9 4 s_6 (4.3)

S_{2,−2,1,1}(N) = (−1)^{N+1} M [ H_{0,−1,0,1,1}(x) 1 + x ] (N) + ζ_3S_{2,−1}(N) +

[ 11 16 ζ_2ζ_3 − 41 32 ζ_5 ] S_{−1}(N) + [ −Li_4 ( 1 2 ) + 1 8 ζ^2_2 + 1 8 ζ_3 ln(2) + 1 4 ζ_2 ln^2(2) − 1 24 ln^4(2) ] [S_2(N) − S_{−2}(N)] − 17 16 ζ_2ζ_3 ln(2) − 1 3 ζ_2 ln^4(2) − 2ζ_2Li_4 ( 1 2 ) + 1 2 ζ^2_2 ln^2(2) − 87 280 ζ^3_2 + 7 12 ζ_3 ln^3(2) + 105 128 ζ^2_3 − 103 32 ζ_5 ln(2) + 4 ln(2)Li_5 ( 1 2 ) + 2 ln^2(2)Li_4 ( 1 2 ) + 1 18 ln^6(2)

+4Li_6 ( 1 2 ) + s_6 (4.4)

S_{−2,1,1,2}(N) = (−1)^N M [ A_3(x) 1 + x ] (N) − (ζ_2ζ_3 − 3ζ_5) S_{−1}(N) − ζ_3S_{−2,1}(N) + ζ_2S_{−2,1,1}(N) + 5 16 ζ_2ζ_3 ln(2) + 1 16 ζ_2 ln^4(2) + 3 2 ζ_2Li_4 ( 1 2 ) − 3 8 ζ^2_2 ln^2(2) + 11 120 ζ^3_2 − 27 16 ζ^2_3

− 59 32 ζ_5 ln(2) + 5 2 s_6 (4.5) S_{−2,−2,1,1}(N) = − M [( H_{0,−1,0,1,1}(x) x − 1 ) + ] (N) + ζ_3S_{−2,−1}(N) +

( 11 16 ζ_2ζ_3 − 41 32 ζ_5 ) S_1(N) + ( −Li_4 ( 1 2 ) + 1 8 ζ^2_2 + 1 8 ζ_3 ln(2) + 1 4 ζ_2 ln^2(2) − 1 24 ln^4(2) ) [S_{−2}(N) − S_2(N)] (4.6)

S_{2,2,1,1}(N) = − M [( 3S_{2,3}(x) + A_2(x) x − 1 ) + ] (N) + ζ_3S_{2,1}(N) +

( 11 2 ζ_5 − 3ζ_2ζ_3 ) S_1(N) .

(4.7)

Here, the harmonic polylogarithm H_{0,−1,0,1,1}(x) is given by H_{0,−1,0,1,1}(x) = ∫_x 0 dy y ∫_y 0 dz S_{1,2}(z) 1 + z

. (4.8)

We tested the above sum-relations containing harmonic polylogarithms in the Mellin transforms numerically using the code of Ref. [23].

5 Fivefold Sums

Two 5–fold sums contribute :

S_{2,1,1,1,1}(N) = − M [( S_{1,4}(x) x − 1 ) + ] (N) + ζ_5S_1(N) (5.1)

S_{−2,1,1,1,1}(N) = (−1)^{N+1} M [ S_{1,4}(x) 1 + x ] (N) + ζ_5S_{−1}(N) + 7 16 ζ_2ζ_3 ln(2) + 1 12 ζ_2 ln^4(2) + 1 2 ζ_2Li_4 ( 1 2 ) − 1 8 ζ^2_2 ln^2(2) − 7 48 ζ_3 ln^3(2) − 49 128 ζ^2_3 − ln(2)Li_5 ( 1 2 ) − 1 2 ln^2(2)Li_4 ( 1 2 ) − 1 72 ln^6(2) − Li_6 ( 1 2 ) + ln(2)ζ_5 .

(5.2)

All other sums can be traced back to these sums using algebraic relations [11]. The other Mellin transforms emerging in their representation were all calculated in Refs. [9, 18] before.

6 Sixfold Sums

Only one sixfold sum contributes at w = 6, S_{1,1,1,1,1,1}(N). This sum is completely reducible into a polynomial of single harmonic sums, cf. [9],

S_{1, . . . ,1} 6 = 1 720 S^6_1 + 1 48 S_2 S^4_1 + 1 18 S_3 S^3_1 + 1 8 S_4S^2_1 + 1 5 S_5 S_1 + 1 16 S^2_1 S^2_2 + 1 6 S_1 S_2 S_3 + 1 48 S^3_2 + 1 8 S_2 S_4 + 1 18 S^2_3 + 1 6 S_6 (6.1)

7 The Basic Functions

In the following we summarize the basic functions the Mellin transforms of which represents the harmonic sums up to weight w = 6 without those carrying an index {−1}. The corresponding sums of lower weight were determined in Refs. [8, 18, 24]. The new 20 functions are given by

w = 6 : Li_5(x)/(x + 1), S_{1,4}(x)/(x ± 1), S_{2,3}(x)/(x ± 1),

S_{3,2}(x)/(x ± 1), Li_2(x)Li_3(x)/(x ± 1), A_1(x)/(x + 1), A_2(x)/(x ± 1), A_3(x)/(x + 1) (7.1) H_{0,−1,0,1,1}(x)/(x ± 1), H_{0,0,−1,0,1}(x)/(x ± 1) [A_1(−x) + 2S_{3,2}(−x) − 2S_{2,2}(−x) ln(x)]/(x ± 1) [A_1(−x) + 2S_{3,2}(−x) − S_{2,2}(−x) ln(x) + Li^2(−x) ln(x)/4 − Li_3(−x)Li_2(−x)]/(x − 1)

and extend the set Eqs. (2.2–2.6). The algebraic relations allow to express the initial set of 99 functions by 30 functions and the structural relations reduce the basis further to 20 functions.

8 Complex Analysis of Harmonic Sums

The anomalous dimensions and Wilson coefficients expressed in Mellin space allow simple representations of the scale evolution of single-scale observables, which are given by ordinary differential equations. The experimental measurement of the observables requires the representation in z–space. Therefore, one has to perform the analytic continuation of harmonic sums to complex values of N. Precise numerical representations for the analytic continuation of the basic functions up to weight w = 5 were derived in [25] based on the MINIMAX-method [26]. One may even obtain corresponding representations for quite general functions Φ(z), z ∈ [0, 1], as worked out for the heavy flavor Wilson coefficients to 2-loop order in [27].^5 For other effective parameterizations see [28].

Here we aim on an exact representations. The inverse Mellin transforms are obtained by a contour integral around the singularities of the respective functions in the complex plane.

We traced back all the harmonic sums to Mellin transforms of basic functions f_i(z),

F^−_i (N) =

∫_1 0 dzf_i(z) z^N − 1 z − 1 , F^+_i (N) =

∫_1 0 dzf_i(z) (−z)^N − 1 z + 1

. (8.1)

Eqs. (8.1) imply the recursion relations

F^−_i (N + 1) = −F^−_i (N) +

∫_1 0 dzz^N f_i(z) , (8.2)

F^+_i (N + 1) = F^+_i (N) + (−1)^{N+1}

∫_1 0 dzz^N f_i(z) . (8.3)

The remaining integrals are simpler Mellin transforms, which correspond to harmonic sums of lower weight.

5For another proposal for the analytic continuation of harmonic sums to N ∈ R, for which some simple examples were presented, cf. [29].

If the functions f_i(z)/(z − 1), f_i(z)/(z + 1) are analytic at z = 1 the Mellin transforms (8.1) can be represented in terms of factorial series [19]. Not all basic functions chosen above have this property. A corresponding analytic relation replacing

f_i(z) → f_i(1 − z) (8.4)

always exists. The additional terms are lower weight functions in N or are related to these by differentiation. We use this representation and consider the factorial series. Due to this both the pole–structure and the asymptotic relation for |N| → ∞ are known.^6. The poles are located at the integers below a fixed value N_0. The recursion relations (8.1) are used to express the respective harmonic sums at any value N ∈ C except the poles.

Let us illustrate this representation in an example for the harmonic sum S_{2,1,1,1,1}(N). The corresponding basic function is ( S_{1,4}(z) z − 1 ) + . (8.5)

The recursion relation is given by M [ S_{1,4}(z) z − 1 ] (N + 1) = M [( S_{1,4}(z) z − 1 ) + ] (N) + M [S_{1,4}(z)] (N) , (8.6)

with

M [S_{1,4}(z)] (N) = 1 N + 1 [ ζ_5 − 1 N + 1 S_{1,1,1,1}(N) ] , (8.7)

cf. [33].

The numerator function possesses a branch–point at z = 1. The contributions related to terms ln^k(1 − z)/(z ± 1) contained have to be subtracted explicitely due to there logarithmic growth (to a power) for |N| → ∞. This is either possible using the relation S_{1,4}(z) to Li_5(1 − z)

S_{1,4}(z) = −Li_5(1 − z) + ln(1 − z)Li_4(1 − z) − 1 2 ln^2(1 − z)Li_3(1 − z) + 1 6 ln^3(1 − z)Li_2(1 − z) + 1 24 ln^4(1 − z) ln(z) + ζ_5 (8.8)

or considering harmonic sums, which are algebraic equivalent to the above and are related to a basic function which is regular at z → 1. We will follow the latter way and use the algebraic relations [11] to express S_{2,1,1,1,1}(N) afterwards,

S_{2,1,1,1,1} = S_{1,1,1,1,2} + 1 4 S_1S_{2,1,1,1} + S_{3,1,1,1,} + S_{2,2,1,1} + S_{2,1,2,1} + S_{2,1,1,2}

− 1 12 S_1S_{1,2,1,1} + S_{2,2,1,1} + S_{1,3,1,1} + S_{1,2,1,2} − S_1S_{1,1,2,1} − S_{2,1,2,1} − S_{1,1,3,1} − S_{1,1,2,2}

− 1 4 S_1S_{1,1,1,2} + S_{2,1,1,2} + S_{1,2,1,2} + S_{1,1,2,2} + S_{1,1,1,3}

(8.9)

6In [30] asymptotic relations for non-alternating harmonic sums to low orders in 1/N^k were derived. Our algorithm given below is free of these restrictions. The main ideas were presented in January 2004 [31], see also [32].

through known harmonic sums of lower weight. The latter sum obeys the representation

S_{1,1,1,1,2}(N) = − M [ Li_5(1 − x) 1 − x ] (N) + ζ_2S_{1,1,1,1}(N) − ζ_3S_{1,1,1}(N)

+ζ_4S_{1,1}(N) − ζ_5S_1(N) + ζ_6 . (8.10)

The function in the remaining Mellin transform is regular at z = 1 and can be represented in terms of a factorial series. The remainder terms in (8.10) are polynomials of single harmonic sums. Therefore the poles of S_{1,1,1,1,2}(N), resp. S_{2,1,1,1,1}(N), are located at the non-positive integers. Finally we need the asymptotic representations of M [Li_5(1 − x)/(1 − x)] (N), M [ Li_5(1 − x) 1 − x ] (z) ∼ 1 z + 1 32z^2 − 179 7776 1 z^3 + 515 41472 1 z^4 − 216383 194400000 1 z^5 − 183781 25920000 1 z^6 + 4644828197 653456160000 1 z^7 + 153375307 49787136000 1 z^8 − 371224706507 25204737600000 1 z^9 + 959290541 160030080000 1 z^{10} + 575134377343021 16913534146740000 1 z^{11} − 14855426650259 312400053504000 1 z^{12} − 29106619674489691525729 319702820637227227200000 1 z^{13} + 225456132288901603 788601079506240000 1 z^{14} + 263567702701300558681 1053965342760089760000 1 z^{15} − 355061945309358701 187184432058624000 1 z^{16} − 1432477558547377054456843733 4988266898917709221214400000 1 z^{17} + 192140702840923335916939 13028192458306945920000 1 z^{18} − 2027981189268747465011536794768001 254294408120596135866406712880000 1 z^{19} + O ( 1 z^{20} ) (8.11)

The corresponding representations for all other harmonic sums of weight w = 6 will be given in a forthcoming paper.

9 Conclusions

We derived the basic functions spanning the nested harmonic (alternating) sums up to weight w = 6 with no index {−1}. This sub-class governs the functions contributing to the massless single-scale quantities, like the anomalous dimensions and Wilson coefficients to 3-loop order in QED and QCD. There are first indications, that in the massive case, even in the limit Q^2 ≫ m^2 this class needs to be extended at 3-loop order, cf. [34]. Up to weight w = 5 all basic functions were given by polynomials of Nielsen integrals, Eq. (2.20), of argument x or −x weighted by 1/(x ± 1). Although most of the basic functions at w = 6 share this property, some contain 1-dimensional integrals over polynomials of Nielsen integrals A_i(±x)|_{1...3} and more dimensional integrals, which are not reducible. This is generally expected and the cases up to w = 5 form an exception.

We lined out how the exact the representation of the Mellin transforms of the basic functions can be obtained, generalizing effective numerical high-precision representations [25, 27]. Up to terms which can be determined algebraically the Mellin transforms of the basic functions are factorial series. The singularities of the Mellin transforms are located at the non-positive integers. They obey recursion relations for N → N + 1. The asymptotic representation of the Mellin transforms can be determined analytically. The basic Mellin transforms are thus generalizations of Euler’s ψ-function and their derivatives, which describe the single harmonic sums.

Acknowledgment.

I would like to thank Steve Rosenberg for his invitation and the organization of a very interesting and stimulating workshop. For useful conversations I would like to thank J. Ablinger, Y. Andre, F. Brown, and C. Schneider. This paper was supported in part by the Clay Mathematics Institute, DFG Sonderforschungsbereich Transregio 9, Computergestützte Theoretische Physik, and by the European Commission MRTN HEPTOOLS under Contract No. MRTN-CT-2006- 035505.

10 Appendix A: Useful Integrals

In this appendix we list useful constants and integrals.

Li_k(1) = ζ_k (10.1) S_{1,k}(1) = ζ_{k+1} (10.2)

S_{2,2}(1) = 1 10 ζ^2_2 (10.3) S_{3,2}(1) = 2ζ_5 − ζ_2ζ_3 (10.4)

S_{3,2}(−1) = − 29 32 ζ_5 + 1 2 ζ_2ζ_3 (10.5) S_{2,3}(1) = 2ζ_5 − ζ_2ζ_3 (10.6) A_1(1) = −3ζ_5 + 2ζ_2ζ_3 (10.7)

A_1(−1) = − 17 16 ζ_5 + 3 4 ζ_2ζ_3 (10.8)

A_2(1) = − 1 2 ζ_5 (10.9) A_3(1) = −3ζ_5 + ζ_2ζ_3 (10.10)

∫_x 0 dy Li_3(−y) 1 + y

= ln(1 + x)Li_3(−x) + 1 2 Li^2(−x) (10.11) ∫_x 0 dy ln(y)Li_2(−y) 1 + y

= ln(1 + x) ln(x)Li_2(−x) + 1 2 Li^2(−x)

−2S_{2,2}(−x) + 2 ln(x)S_{1,2}(−x) (10.12) ∫_x 0 dy S_{1,2}(y) y − 1 = ln(1 − x)S_{1,2}(x) + 3S_{1,3}(x) (10.13) ∫_x 0 dy y [Li_2(1 − y) − ζ_2] = −2Li_3(x) + ln(x)Li_2(x) (10.14) ∫_x 0 dy Li_3(y) y − 1 = 1 2 Li^2(x) + ln(1 − x)Li_3(x) (10.15) ∫_x 0 dy ln(y) y − 1 Li_2(y) = 1 2 Li^2(x) + ln(x) ln(1 − x)Li_2(x)

−2S_{2,2}(x) + 2 ln(x)S_{1,2}(x) (10.16) ∫_x 0 dy y ln(1 − y)Li_3(y) = −Li_2(x)Li_3(x) + A_1(x) (10.17) ∫_x 0 dy y Li_2(y) ln(y) ln(1 − y) = − 1 2 ln(x)Li^2(x) + 1 2 A_1(x) (10.18) ∫_x 0 dy y Li_2(−y) ln(y) ln(1 + y) = − 1 2 ln(x)Li^2(−x) + 1 2 A_1(−x) (10.19) ∫_x 0 dy y Li_3(−y) ln(1 + y) = −Li_2(−x)Li_3(−x) + A_1(−x) (10.20) ∫_x 0 dy y [Li_3(1 − x) − ζ_3] = −S_{1,2}(x) ln(x) + 1 2 Li^2(x) − ζ_2Li_2(x) (10.21)

∫_x 0 dy y S_{1,2}(y) ln(y) = S_{2,2}(x) ln(x) − S_{3,2}(x) (10.22) ∫_x 0 dy y S_{1,2}(−y) ln(y) = S_{2,2}(−x) ln(x) − S_{3,2}(−x) (10.23)

References

[1] L. Euler, Novi Comm. Acad. Sci. Petropol. 20 (1775) 140;

D. Zagier, First European Congress of Mathematics, (Birkhäuser, Boston, 1994), Vol.II, p. 497; For a recent study of relations between non-alternating resp. alternating multiple zeta values to weight w=24 resp. w=12 see : J. Blümlein, D. Broadhurst, J.A.M. Vermaseren, The Multiple Zeta Value Data Mine, DESY 09-003.

[2] A wide range of references on multiple zeta values and harmonic sums is maintained by M.E. Hoffman : http://www.usna.edu/Users/math/meh/biblio.html

[3] D. J. Broadhurst, Eur. Phys. J. C 8 (1999) 311 [arXiv:hep-th/9803091];

F. Brown, arxiv:0804.1660 [math.AG]; Y. Andre, these Proceedings.

[4] D. J. Gross and F. Wilczek, Phys. Rev. D 8 (1973) 3633; Phys. Rev. D 9 (1974) 980;

H. Georgi and H. D. Politzer, Phys. Rev. D 9 (1974) 416; G. Altarelli and G. Parisi, Nucl. Phys. B 126 (1977) 298;

E. G. Floratos, D. A. Ross and C. T. Sachrajda, Nucl. Phys. B 129 (1977) 66 [Erratum-ibid. B 139 (1978) 545]; Nucl. Phys. B 152 (1979) 493;

G. Curci, W. Furmanski and R. Petronzio, Nucl. Phys. B 175 (1980) 27; W. Furmanski and R. Petronzio, Phys. Lett. B 97 (1980) 437; R. Hamberg and W. L. van Neerven, Nucl. Phys. B 379 (1992) 143; R. Mertig and W. L. van Neerven, Z. Phys. C 70 (1996) 637 [arXiv:hep-ph/9506451]; W. Vogelsang, Nucl. Phys. B 475 (1996) 47 [arXiv:hep-ph/9603366]; S. Moch, J. A. M. Vermaseren and A. Vogt, Nucl. Phys. B 688 (2004) 101 [arXiv:hepph/0403192]; Nucl. Phys. B 691 (2004) 129 [arXiv:hep-ph/0404111].

[5] J. Blümlein, M. Kauers, S. Klein, and C. Schneider, Inverting Exact Functions from Mellin Moments in Quantum Field Theory, DESY 09-002.

[6] E.B. Zijlstra and W.L. van Neerven, Phys. Lett. B273 (1991) 476; Nucl. Phys. B383 (1992) 525;

W.L. van Neerven and E.B. Zijlstra, Phys. Lett. B272 (1991) 127;

D. I. Kazakov and A. V. Kotikov, Nucl. Phys. B 307 (1988) 721 [Erratum-ibid. B 345 (1990) 299];

J. Sanchez Guillen, J. Miramontes, M. Miramontes, G. Parente and O. A. Sampayo, Nucl. Phys. B 353 (1991) 337;

S. Moch and J. A. M. Vermaseren, Nucl. Phys. B 573 (2000) 853 [arXiv:hep-ph/9912355]; J. A. M. Vermaseren, A. Vogt and S. Moch, Nucl. Phys. B 724 (2005) 3 [arXiv:hepph/0504242];

M. Buza, Y. Matiounine, J. Smith, R. Migneron and W. L. van Neerven, Nucl. Phys. B 472 (1996) 611 [arXiv:hep-ph/9601302];

M. Buza, Y. Matiounine, J. Smith and W. L. van Neerven, Eur. Phys. J. C 1 (1998) 301 [arXiv:hep-ph/9612398];

J. Blümlein, A. De Freitas, W. L. van Neerven and S. Klein, Nucl. Phys. B 755 (2006) 272 [arXiv:hep-ph/0608024];

I. Bierenbaum, J. Blümlein, S. Klein and C. Schneider, Nucl. Phys. B 803 (2008) 1 [arXiv:0803.0273 [hep-ph]];

I. Bierenbaum, J. Blümlein and S. Klein, Nucl. Phys. B 780 (2007) 40 [arXiv:hepph/0703285]; Phys. Lett. B 648 (2007) 195 [arXiv:hep-ph/0702265].

[7] K.G. Wilson, Phys. Rev. 179 (1969) 1699;

R.A. Brandt and G. Preparata, Fortschr. Phys. 18 (1970) 249;

W. Zimmermann, Lect. on Elementary Particle Physics and Quantum Field Theory, Brandeis Summer Inst., Vol. 1, (MIT Press, Cambridge, 1970), p. 395; Y. Frishman, Ann. Phys. 66 (1971) 373.

[8] A. Gonzalez-Arroyo, C. Lopez and F. J. Yndurain, Nucl. Phys. B 153 (1979) 161.

[9] J. Blümlein and S. Kurth, Phys. Rev. D 60 (1999) 014018 [arXiv:hep-ph/9810241].

[10] J. A. M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037 [arXiv:hep-ph/9806280].

[11] J. Blümlein, Comput. Phys. Commun. 159 (2004) 19 [arXiv:hep-ph/0311046].

[12] M.E. Hoffman, J. Algebra, 194 (1997) 477.

[13] E. Remiddi and J. A. M. Vermaseren, Int. J. Mod. Phys. A 15 (2000) 725 [arXiv:hepph/9905237].

[14] H. Poincaré, Acta Math 4 (1884) 201;

J.A. Lappo-Danielevsky, Mémoirs sur la Théorie des Systèmes Différentielles Linéaires, (Chelsea Publishing Company, New York, 1953).

[15] A.B. Goncharov, Math. Res. Lett. 5 (1998) 497;

J.M. Borwein, D.M. Bradley, D.J. Broadhurst, and P. Lisonek Trans. Am. Math. Soc. 353 (2001) 907 [math.CA/9910045];

S. Moch, P. Uwer and S. Weinzierl, J. Math. Phys. 43 (2002) 3363 [arXiv:hep-ph/0110083].

[16] J. Blümlein and S. Klein, PoS A CAT (2007) 084 [arXiv:0706.2426 [hep-ph]].

[17] J. Blümlein, Nucl. Phys. Proc. Suppl. 183 (2008) 232 [arXiv:0807.0700 [math-ph]].

[18] J. Blümlein, Structural Relations of Harmonic Sums and Mellin Transforms at Weight w = 5, DESY 07–042.

[19] N. Nielsen, Handbuch der Theorie der Gammafunktion, (Teubner, Leipzig, 1906); reprinted by Chelsea Publishing Company, Bronx, NY, 1965;

E. Landau, Über die Grundlagen der Theorie der Fakultätenreihen, S.-Ber. math.-naturw. Kl. Bayerische Akad. Wiss. München, 36 (1906) 151.

[20] N. Nielsen, Der Eulersche Dilogarithmus und seine Verallgemeinerungen, Nova Acta Leopoldina, Vol. XC, Nr. 3, Halle, 1909;

K.S. Kölbig, SIAM J. Math. Anal. 16 (1986) 1232.

[21] S. Lang, Algebra, (Springer, Berlin, 2002).

[22] L. Lewin, Dilogarithms and Associated Functions, (Macdonald, London, 1958); Polylogarithms and Associated Functions, (North-Holland, New York, 1981); A. Devoto and D.W. Duke, Riv. Nuovo Cimento 7 (1981) 1.

[23] T. Gehrmann and E. Remiddi, Comput. Phys. Commun. 141 (2001) 296 [arXiv:hepph/0107173].

[24] J. Blümlein and V. Ravindran, Nucl. Phys. B 716 (2005) 128 [arXiv:hep-ph/0501178]; Nucl.

Phys. B 749 (2006) 1 [arXiv:hep-ph/0604019]. J. Blümlein and S. Moch, in preparation.

[25] J. Blümlein, Comput. Phys. Commun. 133 (2000) 76 [arXiv:hep-ph/0003100];

J. Blümlein and S. O. Moch, Phys. Lett. B 614 (2005) 53 [arXiv:hep-ph/0503188].

[26] C. Hastings, jr., Approximations for Digital Computers, (Princeton University Press, Princeton/NJ, 1953);

M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions, (NBS, Washington, 1964);

L.A. Lyusternik, O.A. Chervonenkis, and A.R. Yanpol’skii, Handbook for Computing of Elementary Functions, Russian ed. (Fizmatgiz, Moscow, 1963); (Pergamon Press, New York, 1964);

C. Lanczos, J. Math. Phys. 17 (1938) 123;

F. Lösch and F. Schoblik, Die Fakultät und verwandte Funktionen, (Teubner, Stuttgart, 1951).

[27] S. I. Alekhin and J. Blümlein, Phys. Lett. B 594 (2004) 299 [arXiv:hep-ph/0404034].

[28] D. Graudenz, M. Hampel, A. Vogt and C. Berger, Z. Phys. C 70 (1996) 77 [arXiv:hepph/9506333].

[29] see also: A. V. Kotikov and V. N. Velizhanin, arXiv:hep-ph/0501274.

[30] C. Costermans, J.N. Enjalbert, Hoang Ngoc Minh, and M. Petitot, Proceedings ISSAC ’05, Beijing, China, p. 100.

[31] J. Blümlein, KITP Workshop on Collider Physics Jan. 12- Apr. 2, 2004, Santa Barbara, CA, http://online.kitp.ucsb.edu/online/collider04/bluemlein/; Transparencies presented at the Lille MZV2005 Workshop, June 2005.

[32] J. Blümlein, Nucl. Phys. Proc. Suppl. 135 (2004) 225 [arXiv:hep-ph/0407044].

[33] J. Blümlein and H. Kawamura, Nucl. Phys. B 708 (2005) 467 [arXiv:hep-ph/0409289].

[34] I. Bierenbaum, J. Blümlein and S. Klein, arXiv:0812.2427 [hep-ph].