arXiv:0901.1256v3 [hep-th] 17 Feb 2009

Preprint typeset in JHEP style - HYPER VERSION AEI-2009-001

Four loop reciprocity of twist two operators in N = 4 SYM

Matteo Beccaria

Physics Department, Salento University, Via Arnesano, 73100 Lecce INFN, Sezione di Lecce E-mail: matteo.beccaria@le.infn.it

Valentina Forini

Max-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut, Am Mühlenberg 1, D-14476 Potsdam, Germany E-mail: forini@aei.mpg.de

ABSTRACT: The four loop universal anomalous dimension of twist-2 operators in N = 4 SYM has been recently conjectured. In this paper, we prove that it obeys a generalized Gribov-Lipatov reciprocity, previously known to hold at the three loop level.

Contents

1. Introduction 1

2. Proof of reciprocity 2 2.1 Definite-parity linear combinations of harmonic sums 3 2.2 The four loop P -kernel 4

3. Expansions at large N and inheritance violation 5

4. Conclusions 6

A. Harmonic sums 7 A.1 Basic definitions 7 A.2 Complementary and subtracted sums 7 A.3 Asymptotic expansions of harmonic sums 7 A.4 Mellin transforms 8

B. Proofs of Theorems 1 and 2 9 B.1 Proof of Theorem 1, no rightmost unit indices 9 B.2 Proof of Theorem 1, extension to general a 11 B.3 Proof of Theorem 2 11

C. Asymptotic expansions of fl and P 11

1. Introduction

The four loop universal anomalous dimension of N = 4 SYM twist ø = 2 operators with general spin has been conjectured in [1, 2]. In perturbation theory, the spin N dependent anomalous dimension fl(N) is the sum of two pieces, called the asymptotic and wrapping contributions. The asymptotic term can be computed rigorously for each N by means of the all loop asymptotic Bethe Ansatz of N = 4 SYM [3]. The wrapping correction starts at loop order ø +2 and is currently believed to be correctly predicted by generalized Lüscher formulas [4].

At three loops, the sequence of values ffl(N)g_{N=1;2;:::} can be expressed as a closed function of the spin N [5, 6, 7] as a linear combination of nested harmonic sums. This exact result is in agreement with the QCD-inspired maximum transcendentality principle [8] which is usually accepted to hold at any loop order. This leads to the four loop conjecture of [1, 2] which, as a check, reproduces the correct cusp anomaly as well as the pole structure predicted by the next-to-leading order BFKL equations [9].

– 1 –

Another property, known to be valid at three loops, emerges as a higher order generalization of the one-loop Gribov-Lipatov reciprocity [10, 11, 12]. The crossed QCD processes of deep inelastic scattering and e^+e^� annihilation can be treated symmetrically in an approach based on modified DGLAP evolution equations for parton distributions with kernel P (N) obeying perturbatively

fl(N) = P ı N +^1_2 fl(N) ȷ : (1.1)

The reciprocity condition is a constraint on the large spin N behavior of fl(N) [11] which can be written as the following asymptotic condition on P (N)

P (N) = X ‘˘0 a_‘(log J^2) J^{2 ‘}

; J^2 = N (N + 1); (1.2)

where a_‘ are suitable coupling-dependent polynomials. J^2 is the Casimir of the collinear subgroup SL(2; R) æ SO(2; 4) of the conformal group [13] and the above constraint is simply parity invariance under (large) J ! �J. A generic expansion around N = 1 can involve odd powers of 1=J. These are forbidden in Eq. (1.2).

We remark that reciprocity is not a rigorous prediction. Instead, it is a property which is based on sound physical arguments and deserve to be tested at higher loop order. Its persistent validity is an intriguing empirical observation which deserves a deeper understanding. Indeed it has been observed in several QCD and N = 4 SYM multi-loop calculations [14]. In particular, three-loop tests of reciprocity for QCD and for the universal twist 2 supermultiplet in N = 4 SYM were discussed in [11, 12], a four-loop test for the twist 3 anomalous dimension was performed in [15] in the scalar sector, and in [16] in the ”gluon” sector. All these examples did not require the wrapping correction.

Here, we show that the twist-2 four loop result is again reciprocity respecting, including wrapping, although certain additional simplicity features of the three loop result will be shown to be broken. Finally, we refer the reader to the five loop, twist three results of Ref. [17], which show strict analogies with the present case for the presence of a wrapping contribution, the reciprocity analysis and the asymptotic features.

2. Proof of reciprocity

The twist-2 anomalous dimension is written perturbatively as

fl(N) = g^2 fl_1(N) + g^4 fl_2(N) + g^6 fl_3(N) + g^8 � fl^{ABA}_4 (N) + fl^{wrapping}

4 (N) � + O(g^{10}); (2.1)

where g^2 =^{g2YMN}_{16 ß2} . For fl_1(N); fl_2(N); fl_3(N), explicit formulas in terms of linear combinations of harmonic sums can be found in Refs. [5, 6, 7]. fl^{ABA}_4 (N) is the asymptotic Bethe Ansatz result reported in Table 1 of [1], while the wrapping contribution fl^{wrapping}_4 (N) can be found in [2].

The P -kernel defined via (1.1) can be derived from the anomalous dimension by simply inverting (1.1). Expanding perturbatively P as

P (N) = g^2 P_1(N) + g^4 P_2(N) + g^6 P_3(N) + g^8 P_4(N) + O(g^{10}); (2.2)

– 2 – one finds the four loop contribution to be

P_4 = P^{ABA}_4 + P^{wrapping}

4 ; (2.3)

P^{ABA}_4 = fl^{ABA}_4 � 1 48 fl^{(3)}_1 fl^3_1 � 3 16 fl^0_1fl^{00}_1 fl^2_1 + 1 8 fl^{00}_2 fl^2_1 � 1 8 � fl^0_1

�_3 fl_1 + 1 2 fl^0_1fl^0_2fl_1 � 1 2 fl^0_3fl_1 + + 1 4 fl_2fl^{00}_1 fl_1 + 1 4 fl_2 � fl^0_1

�_2 � 1 2 fl_3fl^0_1 � 1 2 fl_2fl^0_2; (2.4)

P^{wrapping}

4 = fl^{wrapping}

4 : (2.5)

The above expression is an explicit linear combination of products of harmonic sums, that for the purpose of proving reciprocity it is useful to rewrite in a canonical basis, i.e. as linear combinations of single sums. This can be done by repeatedly using the shuffle algebra relation (A.2).

The proof that P_4 is reciprocity respecting is based on rewriting Eq.(2.3) in terms of special linear combinations of harmonic sums with definite properties under the (large-)J parity J ! �J. We introduce them in the following section.

2.1 Definite-parity linear combinations of harmonic sums Let us consider the space � of R-linear combinations of harmonic sums S_a with generic multi-indices a = (a_1; : : : ; a_‘); a_i 2 Znf0g; (2.6) where ‘ is not fixed. At any perturbative order, P 2 �.

For any a 2 Znf0g, we define the linear map !_a : � ! � by assigning its action on single harmonic sums as follows

!_a(S_{b;c}) = S_{a;b;c} � 1 2 S_{a^b;c}; (2.7)

where, for n; m 2 Znf0g, the wedge-product is

n ^ m = sign(n) sign(m) (jnj + jmj): (2.8)

Besides basic harmonic sums, it is convenient to work with the complementary sums S_a defined in Appendix A. On the space � of their R-linear combinations a linear map !_a can be defined in total analogy with (2.7).

In the spirit of [12, 15], we introduce the combinations of (complementary) harmonic sums

�_a = S_a;

�_{a;b} = !_a(�_b);

�_a = S_a = S_a; �_{a;b} = !_a(�_b):

(2.9)

for which the following two theorems, proved in App. B, hold.

Theorem 1:^1 The subtracted complementary combination b�_a, a = (a_1; : : : ; a_d) has definite parity P_a under the (large-)J transformation J ! �J and

P_a = (�1)^{ja1j+�+jadj} (�1)^d dY i=1 ”_{ai} : (2.10)

1A special case of Theorem 1 appeared in [12]. A general proof of Theorem 1 in the restricted case a = (a1; : : : ; a‘) with positive ai ¿ 0 and rightmost indices a‘ 6= 1 can be found in [15]. Appendix B contains the proof of the general case.

– 3 –

Theorem 2: The combination �_a, a = (a_1; : : : ; a_d) with odd positive a_i and even negative a_i has positive parity P = 1.

Theorem 2 follows from Theorem 1 (see Appendix B). In this paper we shall use the second theorem only, but we quote the first as a separate result since it can be relevant in more involved situations [17].

2.2 The four loop P -kernel

The strategy to prove reciprocity for the kernel P is the following. For each loop order ‘, one considers in P_‘ (written in the canonical basis) the sums with maximum depth, each of them, say S_a, appearing uniquely as the maximum depth term in �_a. One then subtracts all the �’s required to cancel these terms, keeps track of this subtraction and repeats the procedure with depth decreased by one. At the end, if the remainder is zero and if the full subtraction is composed of �’s with the right parities, as prescribed by Theorem 2, we have proved that P is reciprocity respecting. This reduction algorithm can be successfully applied up to three loops, here we report the four loop case.

The expression for P^{ABA}_4 in the canonical basis is very long, and we do not show it. Applying the reduction algorithm one find the following form of the asymptotic contribution

P^{ABA}_4 = �8192 �_{1;1;1;�2;1;1} + 6144 �_{�2;�2;1;1;1} + 6144 �_{�2;1;�2;1;1} + 4096 �_{�2;1;1;�2;1} + +6144 �_{1;�2;�2;1;1}6144 �_{1;�2;1;�2;1} + 2048 �_{1;�2;1;1;�2} + 6144 �_{1;1;�2;�2;1} + +4096 �_{1;1;�2;1;�2} + 6144 �_{1;1;1;�2;�2} � 1024 �_{�2;�2;�2;1} � 1536 �_{�2;�2;1;�2} + �2048 �_{�2;1;�2;�2} + 1024 �_{1;�4;1;1} � 1536 �_{1;�2;�2;�2} + 3072 �_{1;1;�4;1} + +1024 �_{1;1;�2;3} + 2048 �_{1;1;1;�4} + 2048 �_{1;3;�2;1} + 1024 �_{3;�2;1;1} + 2048 �_{3;1;�2;1} + �2048 �_{�4;�2;1} � 1280 �_{�4;1;�2} � 2048 �_{�2;�4;1} � 768 �_{�2;�2;3} � 1536 �_{�2;1;�4} + �256 �_{�2;3;�2} � 2304 �_{1;�4;�2} � 1792 �_{1;�2;�4} � 2048 �_{1;1;5} � 1536 �_{1;5;1} + �1280 �_{3;�2;�2} � 1536 �_{5;1;1} � 768 �_{�6;1} � 128 �_{�4;3} + 384 �_{�2;5} � 1408 �_{1;�6} +

�896 �_{3;�4} � 256 �_{5;�2} + 640 �_7 +

2048 3 ß^2 �_{1;1;�2;1} + 1024ß^2 �_{1;1;1;�2} + � 512 3 ß^2 �_{�2;�2;1} � 512 3 ß^2 �_{�2;1;�2} � 512 3 ß^2 �_{1;�2;�2} � 256 3 ß^2 �_{�4;1} +

�256ß^2 �_{1;�4} � 512 3 ß^2 �_{3;�2} + 1536ı_3 �_{�2;1;1} + 1280 �_{1;�2;1}ı_3 + 1024 �_{1;1;�2}ı_3

+640ı_3 �_{1;3} + 640 �_{3;1}ı_3 � 320 �_{�4}ı_3 +

1088 15 ß^4 �_{1;1;1} � 64 3 ß^4 �_{1;�2} � 752 45 ß^4 �_3 +

+ �_{1;1} � � 256 3 ß^2ı_3 + 2560ı_5 � � 256 45 ß^6 �_1 � ı_3(2 �_{�2;1} + �_3); (2.11)

while the wrapping contribution reads

P^{wrapping}

4 = �128 �^2_1 (5 ı_5 + 4 ı_3 �_{�2} + 8 �_{�2;�2;1} + 4 �_{3;�2}): (2.12)

This proves reciprocity at four loops, since in the expressions above only allowed �’s appear. Notice that the asymptotic and wrapping contributions are separately reciprocity

– 4 – respecting, an interesting feature which happens to be present also in the twist three fiveloop analysis of [17].

3. Expansions at large N and inheritance violation

The general structure of soft gluon emission governing the very large N behaviour of fl(N) predicts the leading contribution fl(N) ¸ f(˘) log N where the coupling dependent scaling function f(˘) (cusp anomaly) is expected to be universal in both twist and flavour [18, 19] . This is precisely what is observed in the various exact multiloop expressions discussed in Appendix F of [20].

This leading logarithmic behaviour is also the leading term in the function P (N). Concerning the subleading terms, as remarked in [11, 12], the function P (N) obeys at three loops a powerful additional simplicity constraint, in that it does not contain logarithmically enhanced terms ¸ log^n(N)=N^m with n ˘ m. This immediately implies that the leading logarithmic functional relation

fl(N) = f(˘) log ı N +^1_2 f(˘) log N+::: ȷ + ::: (3.1)

predicts correctly the maximal logarithmic terms log^m N=N^m

fl(N) ¸ f log N + f^2 2 log N N � f^3 8 ln^2 N N^2

+ ::: (3.2)

whose coefficients are simply proportional to f^{m+1} [15, 21, 20].

Notice that the fact that the cusp anomaly is known at all orders in the coupling via the results of [22, 23] naturally implies (under the “simplicity” assumption for P ) a proper prediction for such maximal logarithmic terms at all orders in the coupling constant, and in particular for those appearing in the large spin expansion of the energies of certain semiclassical string configurations (dual to the operators of interest). Such prediction has been checked in [20] up to one loop in the sigma model semiclassical expansion, as well as in [24] at the classical level. An independent strong coupling confirmation of (3.2) up to order 1=M has recently been given for twist-two operators in [25].

However, the asymptotic part of the four loop anomalous dimension for twist-2 operators reveals an exception to this ”rule”, being the term log^2 N=N^2 not given only in terms of the cusp anomaly. Interestingly enough, the large spin expansion of the wrapping contribution of [2], which correctly does not change the leading asymptotic behavior (cusp anomaly), first contributes at the same order log^2 N=N^2. Thus, while on the basis of (3.2) one would expect in the large spin expansion of the four loop anomalous dimension a term of the type (we denote by (� � � )_4 the 4-th loop contribution) c log^2 N N^2 with (c)_4 = � �^{f 3}_8 � 4 = 64 ß^2 (3.3)

expanding fl_4 according to App. (A.3), one finds instead (see Appendix C, formulas (C.1) and (C.2))

(c^{ABA})_4 = 64ß^2 � 128 ı_3 and (c^{wrapping})_4 = � 64 3 ß^2 � 128 ı_3 (3.4)

– 5 – which summed up do not reproduce (3.3). This indicates that, in the case of the twist-2 operators and starting at four loops, the P -function ceases to be ”simple” in the meaning of [12]. This is confirmed by explicitely looking at the the structure of its asymptotic expansion (formula C.3 below), and prevents the tower of subleading logarithmic singularities log^m N=N^m to be simply inherited from the cusp anomaly. In order to clarify how the observed difference in the simplicity of the P at weak and strong coupling works, further orders in the semiclassical sigma model expansion would be needed.

4. Conclusions

The present analysis together with the related work in [10, 11, 12, 15, 26, 27, 28, 16, 20] leads to the following conclusions.

At weak coupling, reciprocity has been tested at higher loop order in N = 4 SYM at weak coupling for the minimal dimension of operators of twist ø = 2 and ø = 3 for all possible flavors. The present paper shows for the first time that this holds true even at wrapping order (see also [17]).

At strong coupling, reciprocity can be investigated by employing AdS/CFT correspondence, which indicates the folded string as the configuration dual to twist-2 operators [29]. This analysis, initiated in [11] for the folded string at the classical level, has been recently extended in [20] at one loop in string perturbation theory. Remarkably, the large spin expansion of the string energy does respect reciprocity, providing a strong indication that these relations hold not only in weak coupling (gauge theory) but also in strong coupling (string theory) perturbative expansions.

All this suggests reciprocity to be an underlying property of N = 4 SYM. While it would be significative to derive it from first principles (it is expected that the AdS/CFT correspondence might help in this), a reasonable attitude can be to just assume it as a heuristic guiding principle useful to formulate conjectures on closed formulae^2. The use of both the maximum transcendentality principle and reciprocity drastically reduces the number of terms that have to be calculated via Bethe Ansatz and generalised Lüscher techniques. A recent example which illustrates this approach is the five-loop anomalous dimension of twist-3 operators described in [17].

Acknowledgments

We thank N. Beisert, G. Korchemsky, A. Rej, M. Staudacher and A. Tseytlin for discussions. M. B. is greatly indebted to Y. Dokshitzer and G. Marchesini for sharing deep ideas on the issues of reciprocity.

2For example, the conjecture of [30] for the coefficient of ı5 in the twist-2 anomalous dimension at four loops contains in principle an arbitrary rational number. A precise value was suggested in [30] on the basis of some deep physical intuition and then confirmed in [2]. That same value would be unambiguously selected by requiring the reciprocity of the conjecture.

– 6 –

A. Harmonic sums

A.1 Basic definitions The basic definition of nested harmonic sums S_{a1;:::;a‘} is recursive

S_a(N) = NX n=1 ”^n_a n^{jaj}

; S_{a;b}(N) = NX n=1 ”^n_a n^{jaj}

S_b(n); (A.1)

where ”_a = +1(�1) if a ˘ 0 (a ¡ 0). The depth of a given sum S_a = S_{a1;:::;a‘} is defined by the integer ‘, while its transcendentality is the sum jaj = ja_1j + � � � + ja_nj. Product of S sums can be reduced to linear combinations of single sums by using iteratively the shuffle algebra [31] defined as follows

S_{a1;:::;a‘} (N) S_{b1 ;:::;bk} (N) = NX p=1 ”^pa_1 p^{ja1j}

S_{a2;:::;a‘} (p) S_{b1;:::;bk} (p) + (A.2)

+ NX p=1 ”^p_{b1} p^{jb1j}

S_{a1;:::;a‘} (p) S_{b2;:::;bk} (p) � NX p=1 ”^p_{a1} ”^p_{b1} p^{ja1j+jb1j}

S_{a2;:::;a‘} (p) S_{b2;:::;bk} (p):

A.2 Complementary and subtracted sums Let a = (a_1; : : : ; a_‘) be a multi-index. For a_1 6= 1, it is convenient to adopt the concise notation S_a(1) ȷ S^�_a: (A.3) Complementary harmonic sums are defined recursively by S_a = S_a and

S_a = S_a �

‘�1X k=1 S_{a1;:::;ak} S^�_{ak+1;:::;a‘} : (A.4)

The definition is ill when a has some rightmost 1 indices. In this case, we treat S^�_1 as a formal object in the above definition and set it to zero in the end. Since S_a^� ¡ 1 in all remeining cases, it is meaningful to define subtracted complementary sums as

bS_a = S_a � S^�_a: (A.5)

Explicitely,

bS_a(N) = (�1)^{‘ 1} X n_1=N+1

”^{n1}_{a1} n^{ja1j}_1 1X n_2=n_1+1

”^{n2}_{a2} n^{ja2j}_2

: : : 1X n_‘=n_{‘�1}+1

”^{n‘}_{a‘} n^{ja‘j}_‘

: (A.6)

A.3 Asymptotic expansions of harmonic sums We briefly illustrate how to derive the large N expansion of a nested harmonic sums, considering here for simplicity the case of positive indices (generalization is straightforward). We first define S^{(p)}a (N) = NX n=1 log^p n

n^a

: (A.7)

– 7 –

In the case of one index, the following expansions hold (B_k are Bernoulli’s numbers)

S_1(N) = log N + fl_E + 1 2 N � X k˘1 B_{2 k} 2 k N^{2 k}

; (A.8)

S_a(N) = ı_a + a � 2 N � 1 2 (a � 1) N^a � 1 (a � 1)! X k˘1 (2 k + a � 2)! B_{2 k} (2 k)! N^{2 k+a�1}

; a 2 N; a ¿ 1: (A.9)

The multiple sums S_a can be treated as follows. Let a = (a_1; a_2; : : : ; a_k). Suppose that the expansion of S_{a2;:::;ak} (N) is known. Its general form will be of the type

S_{a2;:::;ak} = X p;q c_{p;q} log^p N

N^q

; (A.10)

and thus

S_a = NX n=1 1 n^{a1}

S_{a2;:::;ak} (n) = X p;q c_{p;q} NX n=1 log^p n n^{a1+q}

: (A.11)

This determines the expansion of the sum apart from the constant term S_a(1), which can be evaluated using the package in [32].

A.4 Mellin transforms

Let a = fa_1; : : : ; a_‘g be a multi-index with no rightmost indices equal to 1, a_‘ 6= 1. Defining recursively the functions G(x) via

G_{a1;:::;a‘} (x) = 1 �(ja_1j)

Z_1 x dy y � ”_{a2} : : : ”_{a‘} ln^{ja1j�1} y x G_{a2;:::;a‘} (y) (A.12) : : : : : :

G_{a‘�1;a‘} (v) = 1 �(ja_{‘�1}j)

Z_1 v dw w � ”_{a‘} ln^{ja‘�1j�1} w v G_{a‘} (w)

G_{a‘} (w) = 1 �(ja_‘j) ln^{ja‘j�1} 1 w (A.13)

the Mellin transform of the subtracted sums of (A.6) is then defined via

bS_a(N) = (”_{a1} : : : ”_{a‘} )^N

Z_1 0 dx x^{N�1} x x � ”_{a1} : : : ”_{a‘}

G_{a1;:::;a‘} (x)

ȷ (”_{a1} : : : ”_{a‘} )^N M ˇ x x � ”_{a1} : : : ”_{a‘}

G_{a1;:::;a‘} (x) ˘ (A.14)

For example, for three indices it is

bS_{a;b;c}(N) = (”^a”^b”^c)^N �(jaj)�(jbj)�(jcj) M ˇ x x � ”_a”_b”_c

Z_1 x dy y � ”_b”_c ln^{jaj�1} y x Z_1 y dz z � ”_c ln^{jbj�1} z y ln^{jcj�1} 1 z ˘ (A.15)

– 8 –

For our purpose, it is important to notice that the function G in (A.14) satisfies the property

G_{a1;:::;a‘} ı_1 x ȷ = (�1)

P_‘

i=1(ja_ij�1) n G_{a1;:::;a‘} (x) �

P_{‘�1} k=1 G_{a1;:::;ak^ak+1;:::;a‘} (x) (A.16) + h^{‘�1}X k=1 G_{a1;:::;ak�1^ak^ak+1;:::;a‘} (x) +

‘�2X k=1 G_{a1;:::;ak�1^ak;ak+1^ak+2;:::;a‘} (x) i

� h^{‘�1}X k=1 G_{a1;:::;ak�2^ak�1^ak^ak+1;ak+2;:::;a‘} (x) + : : : i + � � � + (�1)^{‘�1}G_{a1^a2^�^a‘} (x) o

Above, the sign of each contribution is determined by (�1)^{nw} , with n_w is the number of the wedge-products in the G-functions appearing in that piece. For example, for three indices it is

G_{a;b;c} ı_1 x ȷ = (�1)^{jaj+jbj+jcj�1} [G_{a;b;c}(x) � G_{a^b;c}(x) � G_{a;b^c}(x) + G_{a^b^c}(x)] (A.17)

To obtain (A.16), one uses recursively the result 1 �(ja_1j)

Z_1 x dy y ln^{ja1j�1} y x G_{a2;:::;a‘} (y) = G_{a1^a2;a3;:::;a‘} (x) : (A.18)

B. Proofs of Theorems 1 and 2

To prove the Theorems presented in Section 2.1 we use of the x-space definition of reciprocity equivalent to the N-space relation Eq. 1.2. This is formulated in terms of the Mellin trasform P̃ (x) of P (N)

P (N) =

Z_1 0 dx x^{N�1} P̃ (x) = M h P̃ (x) i (B.1)

and reads eP (x) = �x eP ı_1 x ȷ : (B.2)

B.1 Proof of Theorem 1, no rightmost unit indices

It is possible to proceed iteratively starting from combinations b�_a(N) with one index. At each step we only focus on b� combinations with maximal number of indices, the iterative procedure ensures in fact that for the remainder the theorem has been already proved. The strategy is to write the b� in terms of their Mellin transforms exploiting (A.14) and use reciprocity in x-space via Eq. (B.2). For this purpose we use the notation of Appendix A and introduce the functions �(x), whose relation with the �(N) functions is exactly as the one of the functions G(x) with the subtracted sums bS(N). Our derivation mimicks the analogous construction described in Sec. (2.2.1) of [15] generalizing it to the signed case.

For technical reasons, we first consider b�_a in the case where the rightmost index in the multi-index a is not 1. This is necessary since we want to use the Mellin transform described in App. A.4 which are valid under this limitation. This is not a problem at depth

– 9 –

1 since it is well known that S_1 is parity-even. At depth larger than one, we shall discuss at the end how this limitation can be overcome. So, let us assume for the moment that a = (a_1; : : : ; a_‘) with a_‘ 6= 1.

For one index,

b�_a(N) ȷ bS_a(N) = ”^N_a M ˇ x x � ”_a

G_a(x) ˘ ȷ ”^N_a M ˇ x x � ”_a

�_a(x) ˘ (B.3)

The l.h.s. has parity P = �1 iff

�_a(x) = P ”_a � ı_1 x ȷ (B.4)

Using (A.16) it is easy to see that

”_a �_a ı_1 x ȷ = (�1)^{jaj�1} ”_a �_a(x) (B.5)

Thus, P = (�1)^{jaj�1} ”_a; (B.6)

in agreement with Theorem 1. The generalisation to ‘ indices is straightforward. Using the notation ”_i ȷ ”_{ai} , it is

b�_{a1;:::;a‘} (N) = (”_{a1} : : : ”_{a‘} )^N M ˇ x x � ”_1 : : : ”_‘

�_{a1;:::;a‘} (x) ˘ (B.7)

where

�_{a1;:::;a‘} (x) = G_{a1;:::;a‘} (x) �^1_2 ‘X k=1 G_{a1;:::;ak^ak+1} (x)

+ ı �^1_2 ȷ_2 h^{‘�1}X k=1 G_{a1;:::;ak�1^ak^ak+1;:::;a‘} (x) +

‘�2X k=1 G_{a1;:::;ak�1^ak;ak+1^ak+2;:::;a‘} (x) i

+ � � � + ı �^1_2 ȷ_{‘�1}

G_{a1^�^a‘} (x) ; (B.8)

which is nothing but the general form of Eq. (2.17) in [15]. The l.h.s. has parity P iff

�_{a1;:::;a‘} (x) = P ”_1 : : : ”_‘ �_{a1;:::;a‘} ı_1 x ȷ : (B.9)

Using the formula (A.16) for each of the G-functions evaluated in 1=x appearing in the right-hand-side of (B.9), one can see that

P = (�1)

P_‘

i=1(ja_ij�1) ”

1 : : : ”_‘; (B.10)

again in agreement with Theorem 1 which is then proved for all a = (a_1; : : : ; a_‘) with a_‘ 6= 1.

– 10 –

B.2 Proof of Theorem 1, extension to general a Define the number u_a of rightmost 1 indices as u_a = max_k f1 ˇ k ˇ ‘ j a_‘ = a_{‘�1} = � � � = a_{‘�k+1} = 1g: (B.11) One has the identity

S_1 b�_a = �_{1;a1;:::;ad} + �_{a1;1;a2;:::;ad} + � � � + �_{a1;:::;ad;1} + (B.12) � 1 4 �_{a1^a2^1;a3;:::;ad} � 1 4 �_{a1;a2^a3^1;a4;:::;ad} + � � � � 1 4 �_{a1;:::;ad�2;ad�1^ad^1}:

This can be written as �_{a;1} = S_1 b�_a + X b2B �_b; (B.13)

where each multi-index b 2 B obeys P_b = P_a; u_b ˇ u_a: (B.14) Thus, by induction over u_a and using the above proof of Theorem 1 for the initial case u_a = 0, we get the proof of Theorem 1 in the general u_a ˘ 0 case.

B.3 Proof of Theorem 2 We start from the combinatorial identity

�_{a1;:::;a‘} (N) = ‘X k=1 b�_{a1;:::;ak} (N) �_{ak+1 ;:::;a‘} (1) + �_{a1;:::;a‘} (1): (B.15)

Suppose now that all even a_i are negative and all odd a_i are positive. Then (�1)^{jaij} = �sign(a_i) and it follows that for any sub-multi-index (a_1; : : : ; a_k) we have

(�1)

P_k

i=1(ja_kj�1) kY i=1 sign(a_i) = (�1)^k kY i=1 (�1) = 1: (B.16)

Thus, from Theorem 1, all terms in the r.h.s. of Eq. (B.15) have P = +1 and Theorem 2 is proved.

C. Asymptotic expansions of fl and P We report here the first few orders for the large N expansions of the twist-2 anomalous dimension and of its kernel P at four loops. For the anomalous dimension, using the

– 11 – methods of App. (A.3), we find

fl^{ABA}_4 = �16 ı 73 630 ß^6 + 4ı^2_3 ȷ log N̄ � 1400ı_7 � 80 3 ß^2ı_5 � 56 15 ß^4ı_3 + ı96 5 ß^4 log N̄ + 640ı_5 � 32ı^2_3 + 160 3 ß^2ı_3 �

292ß^6 315 ȷ 1 N + ı� 64ß^2 � 128ı_3 � log^2 N̄ + � 448ı_3 � 32 15 ß^4 � 128ß^2 � log N̄

� 320ı_5 +

16ı^2_3 3 � 32 3 ß^2ı_3 � 384ı_3 +

146ß^6 945 + 136ß^4 15 ȷ 1 N^2 + ı512 3 log^3 N̄ + � 128ı_3 � 64 3 ß^2 � 768 � log^2 N̄ � � 576ı_3 + 64 15 ß^4 � 512 3 ß^2 � 512 � log N̄ + 320ı_5 3 � 64 9 ß^2ı_3 + 800ı_3 �

32ß^4 15 � 224ß^2 3 ȷ 1 N^3 + O ı 1 N^4 ȷ (C.1)

fl^{wrapping}

4 = � ı64 3 ß^2 + 128ı_3 ȷ log2 N̄

N^2 + ı 64 3 ß^2 + 128ı_3 ȷı log^2 N̄ � log N̄ ȷ 1 N^3 + O ı 1 N^4 ȷ (C.2)

where N̄ = N e^{flE} . The asymptotic next-to-leading constant term is in agreement with [33], see also [34]. Expanding (2.11) and (2.12) and summing them together one obtains the large N expansion of the kernel P at four loops

P_4 = �16 ı 73 630 ß^6 + 4ı^2_3 ȷ log N̄ � 1400ı_7 � 80 3 ß^2ı_5 � 56 15 ß^4ı_3 �

� 292ß^6 315 + 32ı^2_3 � 1 N + (C.3) � ı� 256ı_3 + 64 3 ß^2 � log^2 N̄ � � 64ı_3 + 112 15 ß^4 � log N̄ +

8ß^4 15 � 16ß^2ı_3 �

16ı^2_3 3 � 146ß^6 945 ȷ 1 N^2 + + ı� 256ı_3 + 64 3 ß^2 � log^2 N̄ � � 320ı_3 + 112 15 ß^4 + 64 3 ß^2 � log N̄ � 16ß^2ı_3 + 32ı_3 +

64ß^4 15 ȷ 1 N^3 + O � 1 N �_4

Notice that at order 1=N^2 a log^2 N appears, which shows the lack of ”simplicity” for P and is responsible for the formula (3.4) discussed in Section 3.

References

[1] A. V. Kotikov, L. N. Lipatov, A. Rej, M. Staudacher and V. N. Velizhanin, J. Stat. Mech. 0710, P10003 (2007) [arXiv:0704.3586 [hep-th]].

[2] Z. Bajnok, R. A. Janik and T. Lukowski, arXiv:0811.4448 [hep-th].

[3] N. Beisert and M. Staudacher, Nucl. Phys. B 727, 1 (2005) [arXiv:hep-th/0504190].

[4] R. A. Janik and T. Lukowski, Phys. Rev. D 76, 126008 (2007) [arXiv:0708.2208 [hep-th]];

M. P. Heller, R. A. Janik and T. Lukowski, JHEP 0806, 036 (2008) [arXiv:0801.4463 [hep-th]]; Z. Bajnok and R. A. Janik, Nucl. Phys. B 807, 625 (2009) [arXiv:0807.0399 [hep-th]].

[5] A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, Phys. Lett. B 595, 521 (2004) [Erratum-ibid. B 632, 754 (2006)] [arXiv:hep-th/0404092].

– 12 –

[6] M. Staudacher, JHEP 0505, 054 (2005) [arXiv:hep-th/0412188]. [7] A. V. Kotikov, A. Rej and S. Zieme, arXiv:0810.0691 [hep-th].

[8] A. V. Kotikov and L. N. Lipatov, arXiv:hep-ph/0112346; A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B 661, 19 (2003) [Erratum-ibid. B 685, 405 (2004)] [arXiv:hep-ph/0208220].

[9] L. N. Lipatov, Sov. J. Nucl. Phys. 23 (1976) 338 [Yad. Fiz. 23 (1976) 642]; E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Sov. Phys. JETP 45 (1977) 199 [Zh. Eksp. Teor. Fiz. 72 (1977) 377]; I. I. Balitsky and L. N. Lipatov, Sov. J. Nucl. Phys. 28 (1978) 822 [Yad. Fiz. 28 (1978) 1597]; V. S. Fadin and L. N. Lipatov, Phys. Lett. B 429, 127 (1998) [arXiv:hep-ph/9802290]; M. Ciafaloni and G. Camici, Phys. Lett. B 430, 349 (1998) [arXiv:hep-ph/9803389]; A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B 582, 19 (2000) [arXiv:hep-ph/0004008].

[10] Yu. L. Dokshitzer, G. Marchesini and G. P. Salam, Phys. Lett. B 634, 504 (2006) [arXiv:hep-ph/0511302].

[11] B. Basso and G. P. Korchemsky, Nucl. Phys. B 775, 1 (2007) [arXiv:hep-th/0612247]; G.

Korchemsky, talk at the 12th Claude Itzykson Meeting, Saclay, June (2007). [12] Yu. L. Dokshitzer and G. Marchesini, Phys. Lett. B 646, 189 (2007) [arXiv:hep-th/0612248]. [13] V. M. Braun, G. P. Korchemsky and D. Mueller, Prog. Part. Nucl. Phys. 51, 311 (2003) [arXiv:hep-ph/0306057].

[14] V. Forini and M. Beccaria, Nonlinear Physics. Theory and Experiment. V, Gallipoli (Italy), June 12-21, 2008 [arXiv:0810.0101,hep-th].

[15] M. Beccaria, Yu. L. Dokshitzer and G. Marchesini, Phys. Lett. B 652, 194 (2007) [arXiv:0705.2639 [hep-th]].

[16] M. Beccaria and V. Forini, JHEP 0806, 077(2008) [arXiv:0803.3768,hep-th]. [17] M. Beccaria, V. Forini, T. Lukowski and S. Zieme, arXiv:0901.4864 [hep-th]. [18] A. V. Belitsky, A. S. Gorsky and G. P. Korchemsky, Nucl. Phys. B 667, 3 (2003) [arXiv:hep-th/0304028].

[19] B. Eden and M. Staudacher, J. Stat. Mech. 0611, P014 (2006), [arXiv:hep-th/0603157]. [20] M. Beccaria, V. Forini, A. Tirziu and A. A. Tseytlin, Nucl. Phys. B, In Press, arXiv:0809.5234 [hep-th].

[21] A. V. Belitsky, G. P. Korchemsky and R. S. Pasechnik, arXiv:0806.3657 [hep-ph]. [22] N. Beisert, B. Eden and M. Staudacher, J. Stat. Mech. 0701, P021 (2007)

[arXiv:hep-th/0610251].

[23] B. Basso, G. P. Korchemsky and J. Kotanski, Phys. Rev. Lett. 100, 091601 (2008) [0708.3933 [hep-th]].

[24] R. Ishizeki, M. Kruczenski, A. Tirziu and A. A. Tseytlin, arXiv:0812.2431 [hep-th]. [25] L. Freyhult and S. Zieme, [arXiv:0901.2749 [hep-th]]. [26] M. Beccaria, JHEP 0706, 044 (2007) [arXiv:0704.3570 [hep-th]]. [27] M. Beccaria, JHEP 0709, 023 (2007) [arXiv:0707.1574 [hep-th]]. [28] M. Beccaria, JHEP 0706, 054 (2007) [arXiv:0705.0663 [hep-th]].

– 13 –

[29] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Nucl. Phys. B 636, 99 (2002) [hep-th/0204051]; S. Frolov and A. A. Tseytlin, JHEP 0206, 007 (2002) [arXiv:hep-th/0204226].

[30] V. N. Velizhanin, arXiv:0811.0607 [hep-th].

[31] J. Blumlein, Comput. Phys. Commun. 159, 19 (2004) [arXiv:hep-ph/0311046]. [32] See http://krone.physik.unizh.ch/ maitreda/HPL/ and references therein. [33] L. Freyhult, A. Rej and M. Staudacher, J. Stat. Mech. 0807, P07015 (2008) [arXiv:0712.2743 [hep-th]].

[34] D. Fioravanti, P. Grinza and M. Rossi, arXiv:0901.3161 [hep-th].

– 14 –