arXiv:0901.2311v1 [hep-th] 15 Jan 2009

Preprint typeset in JHEP style - HYPER VERSION

U(N) spinning particles and higher spin equations on complex manifolds

Fiorenzo Bastianelli and Roberto Bonezzi

Dipartimento di Fisica, Università di Bologna and INFN, Sezione di Bologna via Irnerio 46, I-40126 Bologna, Italy E-mail: bastianelli@bo.infn.it, bonezzi@bo.infn.it

Abstract: Guided by a spinning particle model with U(N)-extended supergravity on the worldline we derive higher spin equations on complex manifolds. Their minimal formulation is in term of gauge fields which satisfy suitable constraints. The latter can be relaxed by introducing compensator fields. There is an obstruction to define these systems on arbitrarily curved spaces, just as in the usual theory of higher spin fields, but we show how to couple them to Kähler manifolds of constant holomorphic curvature. Quite interestingly, the first class gauge algebra defining the U(N) particles on these manifolds is quadratic and realizes the zero mode sector of certain nonlinear U(N) superconformal algebras introduced sometimes ago by Bershadsky and Knizhnik in 2D.

Keywords: Supergravity models, Gauge symmetry, Sigma models.

Contents

1. Introduction 1

2. The U(N) spinning particle in flat space 4

3. Equations of motion in flat space 6 3.1 Gauge fields 8

4. Supersymmetry algebra in curved Kähler manifolds 14

5. Partition function and degrees of freedom 18

6. Conclusions and outlook 21

1. Introduction

Spinning particle models are quite useful for describing field theories in first quantization. In particular, spinning particles with gauged O(N)-extended susy on the worldline [1, 2] can be used to describe properties of fields of spin N/2 [3, 4, 5].

In this paper we analyze spinning particles with gauged U(N)-extended susy on the worldline and use them to derive gauge invariant higher spin equations on certain complex manifolds. The U(N) particles for N = 1, 2 were originally introduced in [6] as a dimensional reduction of the N = 2 string, and generalized to arbitrary N in [7]. Their Dirac quantization introduces constraints on the particle Hilbert space that are interpreted as equations of motion for certain tensor fields with holomorphic indices satisfying the symmetries of a rectangular Young tableau [7]. We analyze these equations on the flat complex space C^d . By integrating a subset of them in terms of gauge potentials we are led to gauge invariant field equations which are quite similar in form to the higher spin equations introduced by Fronsdal [8].

– 1 –

An example of these equations is that of a gauge field φ_{μ1...μN} with N symmetric holomorphic indices (we use complex coordinates x^μ, x̄^{μ̄} of C^d ; tensor indices are raised and lowered with the flat hermitian metric δ_{μν̄} ). It satisfies the equation ∂_α ¯∂^αφ_{μ1...μN} − N∑ i=1 ∂_{μi} ¯∂^αφ_{μ1..α..μN} = 0 (1.1) where the α index in the second term is located in i-th position. The gauge invariance is given by δφ_{μ1...μN} = ∂_{μ1} λ_{μ2...μN} + cyclic perm. (1.2) where the gauge parameter λ_{μ2...μN} has N − 1 symmetric holomorphic indices and is constrained by ¯∂^αλ_{αμ3...μN} = 0. For consistency the gauge field must also satisfy a differential constraint ¯∂^α ¯∂^β φ_{αβμ3 ...μN} = 0. These equations are very much reminiscent of Fronsdal’s equations. Since there is no invariant concept of taking traces on holomorphic indices, the usual trace constraints that appear in Fronsdal’s formulation are naturally substituted here by differential constraints.

The constraints on gauge fields and on gauge parameters can be relaxed by adding compensator fields. For example in the above case with N = 2, one can introduce a single compensator field ρ and the equation reads

∂_α ¯∂^αφ_{μν} − ∂_μ ¯∂^αφ_{αν} − ∂_ν ¯∂^αφ_{μα} = ∂_μ∂_ν ρ (1.3)

with gauge symmetry

δφ_{μν} = ∂_μλ_ν + ∂_ν λ_μ , δρ = −2 ¯∂^αλ_α . (1.4)

This is reminiscent of the Francia-Sagnotti construction [9] for relaxing the trace constraints of standard higher spin gauge theories using compensator fields.

We derive equations also for more general tensor fields with the symmetry type of a rectangular Young tableaux with p rows and N columns. We do so by using the compact notation provided by the quantum mechanical operators of the spinning particle.

The equations just discussed are defined on a flat complex space, viewed as a Kähler manifold, but it is interesting to study if they can be extended to more general Kähler spaces. While it is known that the U(N) particles for N = 1, 2 can be coupled to any Kähler manifold [6], it was thought that for N > 2 these particles could only be consistent on flat manifolds, as the standard susy transformation rules

– 2 – do not leave the particle action invariant on a curved space [7]. We can actually show that a coupling is still possible for Kähler manifolds with constant holomorphic curvature. To achieve this result we use a hamiltonian approach and notice that the first class algebra defining the model closes on Kähler manifolds with constant holomorphic curvature, though in a nonlinear way. In fact we obtain a quadratic first class algebra that, quite interestingly, is seen to coincide with the zero mode sector of two dimensional nonlinear U(N) superconformal algebras, introduced sometimes ago by Bershadsky and Knizhnik [10, 11]. This result is consistent with [7] in that the susy transformations rules associated to a nonlinear algebra differ from the one employed in [7]. The corresponding gauge invariant differential equations can similarly be defined on such complex spaces.

Having understood that U(N) particles and related gauge invariant field equations can be defined on a non trivial class of curved spaces, it is interesting to study their quantum properties. We begin this analysis using a first quantized path integral description. This worldline approach is quite flexible and efficient, and by using closed worldlines one can study directly the one loop effective action associated to the field equations described above. To construct the path integral is necessary to gauge-fix the particle action and identify the correct measure over the moduli space of inequivalent gauge choices. We start considering a flat target space and compute the physical degrees of freedom. This gives a check on the path integral measure, which can be used to compute more general observables.

While the complex nature of target space does not suggest us an immediate physical application of these higher spin equations (either the target space has an even number of times, or no time direction at all) they might still be useful to describe properties of complex manifolds or for developing additional intuition on the standard theory of higher spin fields (see [12] for reviews). From this point of view it would be quite interesting to search for consistent nonlinear extensions of the free equations described here.

We structure our paper as follows. We review the U(N) spinning particle in section 2 using a hamiltonian formulation. Dirac quantization is analyzed in section 3. In particular we describe in this section how the constraints (“curvature formulation”) can be partially integrated to produce the equations of motion for gauge fields introduced above (“gauge field formulation”). In section 4 we prove the consistency of the coupling to Kähler manifolds of constant holomorphic curvature. In section 5

– 3 – we construct the worldline path integral and compute the number of physical degrees of freedom. Sections 6 contains our conclusions and an outlook.

2. The U(N) spinning particle in flat space

We consider an even dimensional flat space, viewed as the flat Kähler manifold C^d , with D = 2d real dimensions; the bosonic fields x^M (τ), interpreted as space-time coordinates, split into complex components x^μ(τ) and x̄^{μ̄}(τ), with μ = 1 . . . d. They are paired with fermionic superpartners ψ^μ_i (τ) and ψ̄^{μ̄i}(τ), i = 1 . . . N, belonging to the N and N̄ of U(N), respectively. The flat metric in complex coordinates is simply δ_{μν̄} , the other components being zero. With these ingredients the phase space action S = ∫_1 0 dτ [ p_μẋ^μ + p̄_{μ̄} ˙x̄^{μ̄} + iψ̄^i_μψ̇^μ_i − p_μp̄^μ ] (2.1) describes the motion of a free particle with a pseudoclassical spin associated to the Grassmann coordinates. This system enjoys various conserved quantities, including those corresponding to the U(N)-extended supersymmetry on the worldline H = p_μp̄^μ , Q_i = ψ^μ_i p_μ , Q̄^i = ψ̄^{μ̄i}p̄_{μ̄} , J^j_i = ψ^μ_i ψ̄^j_μ (2.2) where indices are lowered and raised using the δ_{μν̄} metric and its inverse. We have chosen normalizations so that H is real, (Q_i)^∗ = Q̄^i, and (J^j_i )^∗ = J^i_j , so that J^i_i is real for any fixed i. The fundamental Poisson brackets are easily read off from the symplectic term of the action

{x^μ, p_ν }_{P B} = δ^μ_ν , {x̄^{μ̄}, p̄_{ν̄}}_{P B} = δ^{μ̄}_{ν̄} , {ψ^μ_i , ψ̄^{ν̄j}}_{P B} = −iδ^{μν̄} δ^j_i (2.3) and the above conserved charges generate symmetry transformations through Poisson brackets (using δz = {z, G}_{P B} with G ≡ ξH + iϵ̄^iQ_i + iϵ_iQ̄^i + α^j_i J^i_j ) δx^μ = ξp̄^μ + iϵ̄^iψ^μ_i , δx̄^{μ̄} = ξp^{μ̄} + iϵ_iψ̄^{μ̄i} δψ^μ_i = −ϵ_ip̄^μ + iα^j_i ψ^μ_j , δψ̄^{μ̄i} = −ϵ̄^ip^{μ̄} − iα^i_jψ̄^{μ̄j} δp_μ = 0 , δp̄_{μ̄} = 0 ,

(2.4)

which correspond to rigid time translations with parameter ξ, N complex supersymmetries with grassmannian parameters ϵ_i and ϵ̄^i, and U(N) rotations parametrized by α^i_j . The explicit U(N)-extended supersymmetry algebra is easily computed {Q_i, Q̄^j }_{P B} = −iδ^j_i H {J^j_i , Q_k}_{P B} = −iδ^j_kQ_i , {J^j_i , Q̄^k}_{P B} = iδ^k_i Q̄^j {J^j_i , J^l_k}_{P B} = iδ^l_iJ^j_k − iδ^j_kJ^l_i (2.5)

– 4 – with other independent Poisson brackets vanishing.

The model we are interested in is obtained by gauging this first class algebra through the introduction of corresponding gauge fields: an einbein e(τ) for time translations, complex gravitini χ_i(τ) and χ̄^i(τ) for the extended supersymmetry, and a U(N) gauge field a^i_j(τ) for the rotations. These fields correspond to the gauge fields of a U(N)-extended supergravity on the worldline, and the full action of the U(N) spinning particle becomes S = ∫_1 0 dτ [ p_μẋ^μ + p̄_{μ̄} ˙x̄^{μ̄} + iψ̄^i_μψ̇^μ_i − e p_μp̄^μ H −iχ̄^i p_μψ^μ_i Q_i −iχ_i p̄_{μ̄}ψ̄^{μ̄ i} ¯_{Qi} −a^i_j (ψ^μ_i ψ̄^j_μ J^j_i −sδ^j_i ) ]

(2.6) where we have inserted also a Chern-Simons coupling s for the U(1) part of the gauge group U(N), since it is invariant by itself. The supergravity gauge fields turn the rigid symmetries of eqs. (2.4) into local ones and transform as follows δe = ξ̇ + iχ̄^iϵ_i + iχ_iϵ̄^i δχ_i = ϵ̇_i − ia^k_i ϵ_k + iα^k_i χ_k = Dϵ_i + iα^k_i χ_k δχ̄^i = ˙ϵ̄^i + ia^i_kϵ̄^k − iα^i_kχ̄^k = Dϵ̄^i − iα^i_kχ̄^k δa^i_j = α̇^i_j − ia^k_j α^i_k + ia^i_kα^k_j = Dα^i_j (2.7)

where D stands for the U(N) covariant derivative.

From the phase space action (2.6) it is immediate to see that the equations of motion of the gauge fields G ≡ (e, χ, χ̄, a) constrain the Noether charges to vanish δS δG = 0 ⇒ H = Q_i = Q̄^i = J^j_i − sδ^j_i = 0 . (2.8)

The Poisson brackets of these generators form the U(N)-extended supersymmetry algebra that, as we shall see, ceases to be first class for N > 2 on arbitrary curved manifolds. This hints to a fundamental obstruction in imposing the constraints listed above and is the signal, from a worldline point of view, of the difficulties that arise in coupling higher spin particles to curved spaces. We will discuss this issue in more depth in section 4.

Eliminating the momenta p and p̄ one obtains the action in configuration space S[X, G] = ∫_1 0 dτ [ e^{−1} ( ẋ^μ − iχ̄^iψ^μ_i )( ˙x̄_μ − iχ_jψ̄^j_μ ) + iψ̄^i_μ ( δ^j_i ∂_τ − ia^j_i ) ψ^μ_j + sa^i ] (2.9)

where X ≡ (x, x̄, ψ, ψ̄) and G ≡ (e, χ, χ̄, a). We shall use this form when constructing the path integral in section 5.

– 5 –

3. Equations of motion in flat space

We now use canonical quantization and obtain the equations of motion in flat space. From the constraint H = 0, we see that the system has a constant τ evolution. The dynamics of the particle is then entirely contained in the constraints H = Q_i = Q̄i = J^j_i − sδ^j_i = 0: these classical statements translate, in the quantum theory, into the selection of the physical Hilbert space, which is obtained by requiring the symmetry generators to annihilate physical states, i.e. |Φ⟩ ∈ H_{phys} ⇐⇒ T_a|Φ⟩ = 0 , T_a = (H , Q_i , Q̄^i , J^j_i − sδ^j_i ) (3.1) where the generators T_a are now to be understood as operators. The Chern-Simons coupling s will satisfy a quantization condition that can be stated precisely once a prescription for resolving the ordering ambiguities contained in J^j_i is taken care of. What we have just described is the Dirac quantization procedure, which generalizes the quantization à la Gupta-Bleuler of electrodynamics. As already discussed in [7], the particle states can be represented by generalized field strengths of the form F_μ1_{.. μ}1_{m,..., μ}N_{1 .. μ}N_m , where the integer m is related to the quantized Chern-Simons coupling s. In particular, the J constraints require that F is antisymmetric within each block of m indices, symmetric in exchanging entire blocks, and in addition satisfies algebraic Bianchi identities, i.e. it belongs to an irreducible representation of U(d) with rectangular m × N Young tableau:

F_μ1_{.. μ}1_{m ,..., μ}N_{1 .. μ}N_m ∼ m N . (3.2)

The Q and Q̄ constraints enforce generalized Maxwell equations, while the H constraint is automatically satisfied in virtue of the constraint algebra.

We now proceed in deriving the results stated above: looking at the fundamental (anti)-commutation relations, which follows from the classical Poisson brackets (2.3), [ x^μ , p_ν ] = iδ^μ_ν , [ x̄^{μ̄} , p̄_{ν̄} ] = iδ^{μ̄}_{ν̄} , { ψ^μ_i , ψ̄^{ν̄ j} } = δ^{μν̄} δ^j_i , (3.3)

one can decide to project the states of the Hilbert space onto the x^μ, x̄^{μ̄} and ψ^μ_i eigenstates. In this way x, x̄ and ψ act by multiplication, while momenta p, p̄ and ψ̄ act as derivatives: p_μ ∼ −i∂_μ, p̄_{μ̄} ∼ −i ¯∂_{μ̄} and ψ̄μ̄i ∼^∂_{∂ψμi} . The states are thus

– 6 – represented by functions of x, x̄ and ψ: |F ⟩ ∼ ⟨x, x̄, ψ|F ⟩ = F (x, x̄, ψ). With this realization the symmetry generators T_a read

J^j_i − sδ^j_i = ψ_i · ∂ ∂ψ_j − m δ^j_i Q_i = −iψ^μ_i ∂_μ Q̄^i = −i ∂ ∂ψ^μ_i ¯∂^μ H = −δ^{μν̄} ∂_μ ¯∂_{ν̄}

(3.4)

where ¯∂^ν = δ^{νμ̄} ¯∂_{μ̄}. Ordering ambiguities are only present in the J constraint. We have resolved them by using a graded-symmetric ordering, which coincides with the natural regularization that arises form the path integral of section 5,

J^j_i = 1 2 (ψ^μ_i ψ̄^j_μ − ψ̄^j_μψ^μ_i ) = ψ^μ_i ψ̄^j_μ − d 2 δ^j_i =⇒ J^j_i − sδ^j_i = ψ_i · ∂ ∂ψ_j − m δ^j_i (3.5)

where we have set m ≡ (^d_2 + s). The quantum constraints satisfy a first class algebra corresponding to the quantum version of (2.5) { Q_i, Q̄^j } = δ^j_i H [ J^j_i , Q_k ] = δ^j_kQ_i , [ J^j_i , Q̄^k ] = −δ^k_i Q̄^j [ J^j_i , J^l_k ] = δ^j_kJ^l_i − δ^l_iJ^j_k

(3.6)

while other independent graded-commutators vanish. Here we have used the simple J^j_i generators, but it is evident that the same result holds by substituting them with J^j_i − sδ^j_i since the Chern-Simons term is central and in addition it cancels on right hand sides.

Due to the grassmannian nature of the ψ variables, the states have a finite Taylor expansion in ψ’s |F ⟩ ∼ d∑ A_i=0 F_μ1_{.. μ}1_{A1 ,..., μ}N_{1 .. μ}N_{AN} (x, x̄) ψ^{μ1}_1 .. ψ^{μ1A1}_1 . . . ψ^{μN1}_N .. ψ^{μNAN}_N (3.7) and we can now study which of them survive the constraint equations.

First we consider the J^j_i constraints. The J^i_i constraint at fixed i counts fermions of i-th type and fixes them to be m in number, see (3.5). Thus m must be an integer and this, in turn, fixes the possible quantized values of the Chern-Simons coupling s. Hence, the only term of (3.7) surviving this constraint is F_μ1_{.. μ}1_{m,..., μ}N_{1 .. μ}N_m ψ^{μ1}_1 ..ψ^{μ1m}_1 . . . ψ^{μN1}_N ..ψ^{μNm}_N (3.8)

– 7 – i.e. a tensor with N blocks of m indices. In term of complex geometry, the tensor F_μ1_{..μ}1_{m,...,μ}N_{1 ..μ}N_m (x, x̄) can be thought of a differential multiple (m, 0)-form: in fact each ψ_i block in (3.8) plays the role of a basis for the (m, 0)-forms, dx^{μ1} ∧ ... ∧ dx^{μm} . The J^j_i constraint for i ≠ j then ensures algebraic Bianchi identities: it picks an index of the j-th block, antisymmetrizes it with those of the i-th block, and set the resulting tensor to zero. For example, the J^2_1 constraint gives

F_{[μ}1_{.. μ}1_{m, μ}2_{1]..., μ}N_{1 .. μ}N_m = 0 (3.9)

and so on. As a consequence, the tensor F_μ1_{.. μ}1_{m,..., μ}N_{1 .. μ}N_m has N blocks of m antisymmetric indices and is symmetric under exchanges of blocks. The antisymmetry within each block is evident from the Grassmann nature of the ψ’s, while symmetry between blocks can be understood considering particular U(N) transformations. In fact, a^π_2 rotation in the i − j plane sends ψ_i in ψ_j and ψ_j in −ψ_i. The final effect of this U(N) transformation is to exchange the i-th and j-th blocks of indices on the tensor F in (3.8) without any additional sign. Since this is a U(N) transformation connected to the identity, it can be cast in the form e^{iαij J ji} for some α^i_j with i ≠ j. Requiring J^j_i |F ⟩ = 0 produces the anticipated symmetry between the i-th and j-th blocks of indices of the tensor F . All these algebraic symmetries are summarized by saying that F belongs to an irreducible representation of the group U(d) described by the Young tableau in eq. (3.2). Finally, using the representation (3.4) of the operators Q_i and Q̄^i, it is straightforward to see that their constraints impose the following generalized Maxwell equations on the curvature F

∂_{[μ}F_μ1_{.. μ}1_{m] ,..., μ}N_{1 .. μ}N_m = 0 , (3.10) ¯∂^μF_{μ.. μ1m,..., μN1 .. μNm} = 0 . (3.11) 3.1 Gauge fields

In analogy with Maxwell, Yang-Mills and higher spin gauge theories, we first try to solve eq. (3.10). This equation can be interpreted as an integrability condition. In the absence of topological obstructions, the closure of a form F is achieved expressing it as the exterior derivative of a gauge field: F = dϕ → dF = 0. In our context we are dealing with N-multiple (m, 0)-forms, and we are going to show that (3.10), that is to say Q_i|F ⟩ = 0, can be solved writing F as the multiple action (one for each block of indices) of the holomorphic Dolbeault operator ∂, that sends forms of

– 8 – bidegree (p, q) into (p + 1, q)-forms. As the ∂_{(i)} operator^1 in our quantum mechanical notation is simply Q_i, it is useful to define

q = Q_1Q_2... Q_N (3.12)

which is identically annihilated by the Q_i’s: qQ_i = Q_iq = 0, due to Q^2_i = 0 and to the fact that q contains already all of the Q_i’s. Setting |F ⟩ = q|ϕ⟩ (3.13) automatically satisfies the Q constraints and, writing down (3.13) in components, we see that F ∼ ∂_{(1)}... ∂_{(N)}ϕ, where each Dolbeault operator antisymmetrizes only over the corresponding block of indices. To solve the J constraints one can take ϕ to be a N-multiple (p, 0)-form with p ≡ m − 1 that forms a U(d) irreducible tensor (a rectangular p × N Young tableau)

|ϕ⟩ ∼ ϕ_μ1_{.. μ}1_{p,..., μ}N_{1 .. μ}N_p (x, x̄) ∼ p {

N . (3.14)

In fact, we note that J^j_i q = q (J^j_i + δ^j_i ). Thus (J^j_i − sδ^j_i )|F ⟩ = 0 is satisfied if one requires ( J^j_i − (s − 1)δ^j_i ) |ϕ⟩ = 0 , (3.15)

that is, N_i = m − 1 ≡ p if taking i = j (by N_i ≡ ψ_i ·^∂_{∂ψi} at fixed i we indicate the number operator that counts the fermions of the i-th type), while the off diagonal equations are the same as for F : they impose algebraic Bianchi identities and, in particular, symmetry between block exchanges.

Next it remains to implement the last independent constraint, Q̄^i|F ⟩ = 0. This produces generalized Maxwell equations for the gauge field. From (3.13) it is clear that Q̄^i q|ϕ⟩ = 0 is an higher derivative equation of motion for the gauge potential, precisely of order N +1. It is convenient to use some Q, Q̄ algebra in order to factorize from the operator Q̄^i q a second order differential operator G, that will play a role analogous to the Fronsdal-Labastida operator [8, 13] for higher spin fields. Iterated use of {Q_i, Q_j } = 0 and {Q_i, Q̄^j} = δ^j_i H gives (in the following equation j is fixed,

1The index i refers to the block on which the Dolbeault operator ∂ acts, while other blocks are treated as spectators.

– 9 – not summed)

Q̄^j q = Q̄^j Q_1Q_2..Q_N = (−1)^{j−1}Q_1..Q̄^j Q_j ..Q_N = (−1)^{j−1} ( Q_1..Q_{j−1}Q_{j+1}..Q_N )¯ Q^j Q_j = (−1)^{j−1} ( Q_1..Q_{j−1}Q_{j+1}..Q_N )( H − Q_jQ̄^j ) . At this point is possible to sum over j in H − Q_jQ̄^j, since the extra terms vanish anyhow, and cast the equation of motion in the form Q̄^j q|ϕ⟩ = q^jG|ϕ⟩ = 0 (3.16) where, in an obvious notation, q^j ≡ (−1)^jQ_1..Q_{j−1}Q_{j+1}..Q_N . G is the second order operator we were looking for, analogous to the Fronsdal-Labastida operator without the trace term G = −H + Q_iQ̄^i ∼ ∂_α ¯∂^α − ψ^α_i ∂ ∂ψ^β_i ∂_α ¯∂^β . (3.17)

To obtain a second order equation of motion from (3.16) it is necessary to eliminate the operator q^j . One way to do this is recalling that a generic expression containing two Q’s represents the kernel of q^j , that is q^jQ_kQ_l ≡ 0, and so a general solution of q^i ( G|ϕ⟩ ) = 0 is G|ϕ⟩ = Q_iQ_j|ρ^{ij} ⟩ (3.18) where |ρ^{ij} ⟩ are the compensator fields. One can present the compensators also in the form |ρ^{ij} ⟩ = V̄^iV̄^j|ρ⟩. This second form of writing the compensators is slightly more convenient. Here V̄^i ≡ V^μψ̄^i_μ depends on an arbitrary vector field V^μ, and |ρ⟩ is a state that must satisfy (J^j_i − (s − 1)δ^j_i )|ρ⟩ = 0 (because of eq. (3.15) and [G, J^j_i ] = 0) and thus is represented by a tensor with the same structure and Young tableau of ϕ. The action of V̄^i is to eliminate one ψ from the i-th block and saturate the corresponding index of the ρ tensor with V^μ. Therefore the compensator ρ^{ij} has N − 2 blocks with p antisymmetric indices and two blocks, the i-th and j-th ones, with p − 1 indices. Its Young tableau has the form

ρ^{ij} ∼ p N . (3.19)

The key feature of eq. (3.18) is to be a second order wave equation. The price for this is the introduction of the auxiliary fields ρ^{ij}. Of course one would like also to

– 10 – obtain an equation without compensators, G|ϕ⟩ = 0. This is indeed possible using gauge symmetries. In fact, in theories where the physical field strength is expressed in terms of a potential, one expects the presence of a gauge symmetry.

Gauge symmetry In term of forms if F = dϕ, the gauge transformation leaving F invariant is δϕ = dΛ. In our model the gauge symmetry enjoyed by the curvature F is an “higher spin” generalization of the linearized diffeomorphisms of general relativity, like the gauge transformations of standard higher spin fields. In our operator formalism, exterior holomorphic derivatives acting on the i-th block are represented by the supercharge Q_i. Thus, recalling that |F ⟩ = q|ϕ⟩ and qQ_i = 0, one finds immediately an invariant way of writing down the gauge transformations that leave the F tensor invariant

δ|ϕ⟩ = Q_i|Λ^i⟩ (3.20)

where |Λ^i⟩ are the gauge parameters. Again a slightly more convenient way of writing the gauge parameters is in the form |Λ^i⟩ = W̄^i|Λ⟩, where W̄^i ≡ W^μψ̄^i_μ with W^μ a vector field and |Λ⟩ a state containing a tensor with the same index structure and Young tableau of |ϕ⟩. These gauge transformations clearly do not affect |F ⟩ = q|ϕ⟩, but let us compute how the left hand side of (3.18) transforms. Making use of the Q, Q̄ algebra the gauge variation can be written as Gδ|ϕ⟩ = −Q_iQ_j (¯ Q^i|Λ^j⟩ ) , (3.21)

and if we want the equations of motion to be gauge invariant, the compensator field (from this its name) has to cancel the above expression and transform as

δ|ρ^{ij}⟩ = −Q̄^{[i}|Λ^{j]}⟩ . (3.22)

It is well known from higher spin field theories [9, 12] that the equations of motion in the compensator formalism are invariant for general gauge transformations, but if we try to gauge fix the compensators to zero, constraints on gauge parameters and on gauge fields appear, namely the gauge parameters must be traceless and the gauge fields double traceless. In our framework there are no ways of taking the trace of completely holomorphic tensors, instead differential constraints appear on gauge parameters and on gauge fields. To see this, let us use part of the gauge freedom in (3.20) and (3.22) to make the compensators vanish: ρ^{ij} = 0. The residual gauge

– 11 – symmetry must satisfy Q̄^{[i}|Λ^{j]}⟩ = 0, and this can be achieved if the gauge parameters are taken to be “divergenceless”: Q̄^i|Λ^j⟩ = 0 for i ≠ j. Similarly, the gauge choice ρ^{ij} = 0 imposes constraints also on the gauge field ϕ. This can be seen by acting with Q̄^k on both sides of eq. (3.18) to obtain Q_iQ̄^kQ̄^i|ϕ⟩ = Q_i [¯ Q^kQ_j |ρ^{ij} ⟩ − H|ρ^{ki}⟩ ] . (3.23)

The right hand side of this equation vanishes in the partially gauge fixed theory with ρ^{ij} = 0. For consistency the left hand side must vanish as well, and this is guaranteed if Q̄^kQ̄^i|ϕ⟩ = 0, that corresponds to setting to zero all possible double divergences. One may check that this constraint is kept invariant by gauge transformations with parameters satisfying Q̄^i|Λ^j⟩ = 0 with i ≠ j. Once the compensator fields have been eliminated, the gauge potential describing the particle satisfies the simpler second order wave equation G|ϕ⟩ = 0 that, in tensorial language, reads ∂_α ¯∂^αϕ_{μ1.. μp,...,ν1.. νp} − p ∂_{μ1} ¯∂^αϕ_{αμ2.. μp,...,ν1..νp} − . . . − p ∂_{ν1} ¯∂^αϕ_{μ1..μp,...,αν2..νp} = 0 (3.24) where p ≡ m − 1, and weighted antisymmetrization is understood on μ’s, ν’s and so on. In order to clarify the meaning of our quantum mechanical notation, let us analyze in tensorial language a specific case: N = 2, p = 2. This is the simplest model where all of the issues treated so far appear in a non trivial way. The gauge field ϕ has the structure ϕ_{μ1μ2,ν1ν2} ∼ (3.25)

while the unique independent compensator is a symmetric tensor ρ_{μν} . The gauge invariant equations of motion read

∂_α ¯∂^αϕ_{μ1μ2,ν1ν2} − 2∂_{μ1} ¯∂^αϕ_{αμ2,ν1ν2} − 2∂_{ν1} ¯∂^αϕ_{μ1μ2,αν2} = 2∂_{μ1} ∂_{ν1} ρ_{μ2ν2} (3.26)

with an understood weighted antisymmetrization on the μ and ν group of indices, that will be employed in all of the following equations as well. The gauge transformations for the field ϕ and the compensator are given by

δϕ_{μ1μ2,ν1ν2} = ∂_{μ1} Λ_{ν1ν2,μ2} + ∂_{ν1} Λ_{μ1μ2,ν2} , δρ_{μν} = − ¯∂^αΛ_{αμ,ν} − ¯∂^αΛ_{αν,μ} (3.27)

where a factor of −2i has been absorbed in the definition of the gauge parameter, whose Young tableau is Λ_{μ1μ2,ν} ∼ . (3.28)

– 12 –

Using part of the gauge freedom, one can fix the compensator to zero, obtaining the gauge invariant equation

∂_α ¯∂^αϕ_{μ1μ2,ν1ν2} − 2∂_{μ1} ¯∂^αϕ_{αμ2,ν1ν2} − 2∂_{ν1} ¯∂^αϕ_{μ1μ2,αν2} = 0 (3.29)

which is left invariant by the gauge transformations (3.27) with constrained gauge parameters ¯∂^αΛ_{αμ,ν} = 0 . (3.30)

For consistency, the gauge field appearing in this equation must also satisfy a differential constraint ¯∂^α ¯∂^β ϕ_{αμ,βν} = 0 (3.31)

which is preserved by the gauge transformations with constrained gauge parameters.

To count the physical degrees of freedom, one has to use the remaining gauge freedom to eliminate unphysical “polarizations” from ϕ. This way one ends up with a gauge field ϕ_{m1..mp,...,n1..np} , where indices run over d − 2 directions, i.e. m, n = 1, 2, ..., d − 2. Perhaps this is best seen in the particle language, since by using the complex N supersymmetries one can eliminate the fermionic fields ψ^μ_i and their complex conjugates with the index μ pointing along two chosen directions. In this “light cone gauge” the tensor ϕ_{m1..mp,...,n1..np} describes an irreducible representation of the little group for massless particles, U(d−2), with the same Young tableau of eq. (3.14). The dimension of such representation corresponds to the number of physical degrees of freedom of the particle. Using the “factors over hook” rule it is easy to compute the dimension of this Young tableau, and the resulting degrees of freedom, for all d, N and p, are Dof(d, N, p) = N−1∏ j=0 j!(j + d − 2)!

(j + p)!(j + d − 2 − p)!

(3.32)

where we recall that p = m − 1 =^d_2 + s − 1. We note that in the case of an odd number of complex dimensions the physical spectrum is empty unless the Chern- Simons term is added, i.e. s ≠ 0. The quantization of this Chern-Simons coupling can be understood also from the requirement of cancelling gauge anomalies [14].

Let us analyze a few examples. From (3.32) one can see that in d = 2 (four real dimensions) without Chern-Simons coupling, there is always one degree of freedom for any value of N: Dof(2, N, 0) = 1. So, with s = 0, all the U(N) spinning particle theories propagate only a scalar field in two complex dimensions, and share

– 13 – for this aspect the features of N = 2 superstrings, where only the scalar ground states survive at the critical dimension d = 2, see for example the review [15]. Another simple case is the N = 1 theory in arbitrary complex dimensions: the field strengths are (p + 1, 0)-forms F_{μ1..μp+1} , the gauge potentials are (p, 0)-forms ϕ_{μ1..μp} and (3.32) gives Dof(d, 1, p) = (_{d−2} p ) ; that is the number of independent components of an antisymmetric tensor of U(d − 2) with p indices, ϕ_{m1..mp} . In the last section we will compute the one-loop partition function for the U(N) spinning particle. After covariantly gauge fixing the action (2.9) on the torus, the path integral reduces to an integral over a corresponding moduli space which computes the number of physical degrees of freedom. Indeed, we shall see that they coincide with the canonical computation just presented.

To summarize, we have described gauge invariant equations with compensators G|ϕ⟩ = Q_iQ_j|ρ^{ij} ⟩ (3.33) with G = −H + Q_iQ̄^i, and gauge symmetries given by δ|ϕ⟩ = Q_i|Λ^i⟩ , δ|ρ^{ij}⟩ = −Q̄^{[i}|Λ^{j]}⟩ (3.34) where |ρ^{ij} ⟩ ≡ V̄^iV̄^j|ρ⟩, |Λ^i⟩ ≡ W̄^i|Λ⟩ and with |ϕ⟩, |ρ⟩, |Λ⟩ describing tensors with rectangular p × N Young tableaux of U(d), as in (3.14).

Similarly, gauge invariant equations without compensators are given by

G|ϕ⟩ = 0 (3.35)

with gauge symmetry δ|ϕ⟩ = Q_i|Λ^i⟩ (3.36) where |Λ^i⟩ ≡ W̄^i|Λ⟩, with fields and gauge parameters satisfying the differential constraints Q̄^iQ̄^j |ϕ⟩ = 0 , Q̄^i|Λ^j⟩ = 0 (i ≠ j). (3.37)

4. Supersymmetry algebra in curved Kähler manifolds

We now turn to study the supersymmetry algebra on arbitrary Kähler manifolds. It will be shown that for all N it is possible to close the algebra, though quadratically, on Kähler manifolds of constant holomorphic curvature, and so even for N > 2 a consistent quantization can be obtained beyond the case of flat space.

– 14 –

Looking at the quantum algebra (3.6), we note that the last three relations just state that J^j_i are U(N) generators and that Q_i, Q̄^j belong to the N, N̄ of U(N), and presumably these relations should be left unchanged even in curved space. The first equation is the key ingredient of the supersymmetry algebra, and is going to be modified by a nonvanishing curvature. Our aim is to deform the algebra (3.6) introducing curvature, but keeping it first class, as necessary if we want to impose the corresponding constraints consistently.

Thus, let us consider the theory on an arbitrary Kähler manifold. The only non vanishing components of the metric are g_{μν̄} (x, x̄) = g_{ν̄μ}(x, x̄), which lead to nonvanishing Christoffel coefficients for the total holomorphic or antiholomorphic parts only: Γ^μ_{νλ}, Γ^{μ̄}_{ν̄λ̄}. In curved space we will use fermions with flat indices: ψ^a_i and ψ̄^{āi}; the U(N) generators are essentially unchanged, being defined by J^j_i = 1 2 [ ψ^a_i , ψ̄^j_a ] (the flat tangent metric is simply δ_a¯_b), but the supercharges need a suitable covariantization. Since the holonomy group of Kähler manifolds of real dimension D = 2d is U(d), the connection would be a U(d) spin connection, and the covariant derivative reads ∇_μ = ∂_μ + ω_{μa}¯_bM^{ab̄} where M^{ab̄} are the U(d) generators. In the particle model these generators can be realized by M^{ab̄} = 1 2 [ ψ^a_i , ψ̄^{b̄ i} ] = ψ^a_i ψ̄^{b̄i} − N 2 δ^{ab̄} (4.1) as they satisfy indeed the Lie algebra of U(d) [ M^{ab̄} , M^{cd̄} ] = δ^{cb̄}M^{ad̄} − δ^{ad̄}M^{cb̄} . In this way we construct covariantized momenta^2

π_μ = g^{1/2} ( p_μ − iω_{μa}¯_bM^{ab̄} ) g^{−1/2} π̄_{μ̄} = g^{1/2} ( p̄_{μ̄} − iω_{μ̄a}¯_bM^{ab̄} ) g^{−1/2} , (4.2)

and supercharges Q_i = ψ^a_i e^μ_a π_μ , Q̄^j = ψ̄^{āj} e^{μ̄}_ā π̄_{μ̄} . (4.3) With these charges the JJ, JQ and JQ̄ commutators are the same as before, but the QQ̄ anticommutator now reads { Q_i , Q̄^j } = δ^j_i H_0 − R_a¯_{bc}¯_d ψ^a_i ψ̄^{b̄j}M^{cd̄} , (4.4)

2We denote g = detg_{μν̄} and the g factors ensure hermiticity.

– 15 – where H_0 = g^{μ̄ν}π̄_{μ̄}π_ν is the minimal covariantization of the hamiltonian. As in the

case of O(N) supersymmetry [16, 5], we can achieve the closure of the algebra on

particular manifolds, namely Kähler manifolds with constant holomorphic curvature,

which admit a Riemann tensor of the form [17]

R_a¯_{bc}¯_d = Λ ( δ_a¯_bδ_c¯_d + δ_a¯_dδ_c¯_b ) , (4.5)

with constant Λ. As for real manifolds maximally symmetric spacetimes are de Sit-

ter, anti-de Sitter and flat Minkowski space, prototypes of Kähler manifolds with a

Riemann tensor of the form (4.5) are the complex projective space C P^d , complex

hyperbolic space C H^d and, of course, flat complex space C^d viewed as a Kähler man-

ifold. Inserting the U(d) generators M^{ab̄} =^1_2 [ ψ^a_i , ψ̄^{b̄ i} ] , the { Q, Q̄ } anticommutator

closes quadratically (up to an obvious redefinition of the hamiltonian) { Q_i , Q̄^j } = δ^j_i ( H_0 − a J − b ) − ΛJ^j_i J + Λ 2 { J^k_i , J^j_k } , (4.6)

with J = J^k_k , a = Λ^{d+1}_2 and b = Λ^{d(N+d)}_4 . The hamiltonian H_0 has, however, an

unusual commutator with the supercharges, namely [ H_0 , Q_i ] = −Λ J^k_i Q_k + Λ J Q_i + Λ N + d 2 Q_i , [ H_0 , Q̄^i ] = − [ H_0 , Q_i ]_† , (4.7)

so we add to H_0 a hermitian and U(N) neutral J combination in order to cancel

the commutators above. We recall that, including a Chern-Simons coupling, the

quantum constraint on J is J^j_i − sδ^j_i = 0 and so, in order to make manifest the

quadratic closure of our algebra, we set J̃^j_i = J^j_i − sδ^j_i and J̃ = J̃^i_i , finally obtaining [ H , J̃^j_i ] = [ H , Q_i ] = [ H , Q̄^j ] = 0 [~ J^j_i , J̃^l_k ] = δ^j_k J̃^l_i − δ^l_i J̃^j_k [~ J^j_i , Q_k ] = δ^k_j Q_i , [~ J^j_i , Q̄^k ] = −δ^k_i Q̄^j { Q_i , Q̄^j } = δ^j_i H + Λ [ J̃^k_i J̃^j_k − J̃^j_i J̃ + h_1J̃^j_i + 1 2 δ^j_i ( J̃^2 − J̃^l_kJ̃^k_l + h_2J̃ )] , (4.8)

where the complete hamiltonian reads

H = H_0 + Λ 2 [ J^k_i J^i_k − J^2 − h_3J − h_4 ] , (4.9)

– 16 – with the h_i being defined by

h_1 = ( 2 − N ) s − N 2 , h_2 = 2s ( N − 2 ) + 1 , h_3 = d + 1 ,

h_4 = d 2 ( N + d ) − s^2 ( N − 1 )( N − 2 ) . (4.10)

This is no more a Lie algebra but, being still first class, permits a consistent realization of the constraints J̃^j_i = H = Q_i = Q̄^j = 0, which define higher spin equations on such curved backgrounds. As the analogous result obtained in [5] for the O(N) spinning particle, the quadratic algebra (4.8) coincides with the zero mode, in the Ramond sector, of the quadratic U(N) superconformal algebra found by Bershadsky and Knizhnik in [10, 11].

Up to now we have used U(d) generators with the preferred ordering given in (4.1), but a quadratic closure of the supersymmetry algebra can be achieved with an arbitrary ordering, corresponding to a different coupling to the U(1) part of the spin connection ω_μ = ω_{μa}¯_bδ^{ab̄}: if in eq. (4.2) we choose as U(d) generators

M^{ab̄} = ψ^a_i ψ̄^{b̄i} − cδ^{ab̄} , (4.11)

with arbitrary c, (4.4) remains unchanged in form, and choosing the Riemann tensor as in (4.5), the quadratic algebra in (4.8) and (4.9) maintains the same structure but with different numerical coefficients h_i → h_i(c), given by

h_1(c) = ( 2 − N ) s − d 2 ( N − 2c ) + c − N h_2(c) = ( d + 1 )( N − 2c ) + 2s ( N − 2 ) + 1 h_3(c) = ( d + 1 )( N − 2c + 1 ) h_4(c) = d [ d 2 ( N − 2c + 1 ) + N − c ] + s ( N − 1 ) [( d + 1 )( 2c − N ) − s ( N − 2 )] . (4.12)

To recover the previous results is sufficient to put c = N/2 in the above formulas.

With this constraint algebra at hand it is possible to achieve the quantization of the U(N) particle, for all N, on Kähler manifolds of constant holomorphic curvature. We expect that a consistent quantization can be achieved also on more general Kähler manifold, namely those possessing a vanishing Bochner tensor, a Kähler analogue of the conformal Weyl tensor, but we have not worked out the explicit constraint algebra.

– 17 –

5. Partition function and degrees of freedom

In order to extract from the U(N) spinning particle action (2.9) the number of physical excitations, we proceed in computing the one-loop partition function that gives, as its first Seeley-DeWitt coefficient, the number of degrees of freedom. Of course, other heat kernel coefficients vanish in flat space, but once the measure over the moduli space arising from the gauge fixing procedure is correctly identified, one could perform, in principle, more general path integral calculations to investigate the quantum properties of the field equations on the backgrounds described previously.

In order to deal with gaussian path integrals rather than oscillating ones, we perform as usual a Wick rotation on the proper time τ → −iτ and on the gauge field a^i_j → ia^i_j . The resulting euclidean action reads S[X, G] = ∫_1 0 dτ [ e^{−1} ( ẋ^μ − χ̄^iψ^μ_i )( ˙x̄_μ − χ_jψ̄^j_μ ) + ψ̄^i_μ ( δ^j_i ∂_τ − ia^j_i ) ψ^μ_i − isa^i ] (5.1)

and is invariant under the supergravity transformations in euclidean time

δe = ξ̇ + χ̄^iϵ_i + χ_iϵ̄^i δχ_i = ϵ̇_i − ia^k_i ϵ_k + iα^k_i χ_k δχ̄^i = ˙ϵ̄^i + ia^i_kϵ̄^k − iα^i_kχ̄^k δa^i_j = α̇^i_j − ia^k_j α^i_k + ia^i_kα^k_j . (5.2)

The partition function is obtained by performing the functional integral on a circle, taking periodic boundary conditions for the bosonic fields, and antiperiodic ones for the fermionic fields Z = ∫ S^1 DXDG Vol(Gauge) e^{−S[X,G]} (5.3) where, in condensed notation, X ≡ (x, x̄, ψ, ψ̄) refers to the matter fields, while G ≡ (e, χ, χ̄, a) represents the supergravity multiplet. Since our model is a gauge theory, it is necessary to divide by the volume of the gauge group. The gauge fixing procedure can be achieved with the standard Faddeev-Popov method. We select a covariant gauge by imposing gauge fixing conditions on the worldline supergravity fields. The latter can be gauged away, except for a remaining finite number of modular integrations that take into account gauge inequivalent configurations. We follow the same strategy employed in [4] for the O(N) spinning particle, to which we refer for additional details.

– 18 –

Gauge fixing on the circle The einbein e(τ) has periodic boundary conditions and is characterized by the gauge invariant quantity β =

∫_1 0 e(τ)dτ, which represents the invariant length of the circle.

A standard gauge for worldline reparametrizations is to fix e(τ) = β, and the path integral over e reduces to an ordinary integral over the usual proper time β, with the familiar “one-loop” measure ∫_∞ 0 dβ β . Due to antiperiodic boundary conditions, the complex gravitini χ_i and χ̄^i can be completely gauged away, χ_i(τ) = χ̄^i(τ) = 0, leaving corresponding Faddeev-Popov determinants of the differential operators that can be extracted from (5.2). Finally, the gauge field a^j_i can have nontrivial Wilson loops around the circle, that capture the complete gauge invariant information contained in them. They can be gauge fixed to a constant hermitian N × N matrix, a^j_i (τ) = θ^j_i , that can be always diagonalized through a constant U(N) gauge transformation

θ^j_i → θ_1 ... θ_N . (5.4)

Recalling that a^j_i belongs to the Lie algebra of U(N), we see by exponentiation that the θ_i are in fact angles ranging from 0 to 2π. Now, the path integral over x and x̄ gives as usual V (2πβ)^{−d}, where V = i^d ∫ d^dx_0d^dx̄_0 (the integral over the x zero modes) is the spacetime volume. The DψDψ̄ integral gives Det_A(δ^j_i ∂_τ − iθ^j_i )^d, while integrals over the susy ghosts give a power −2 of the same determinant. Subscripts P and A keep track of the periodic or antiperiodic boundary conditions. From the diagonalization (5.4), we see that the integration over the moduli space of a^j_i reduces to integration over the angles 1 N! N∏ i=1 ∫_{2π} 0 dθ_i 2π , (5.5)

and division by N! is needed to eliminate the overcounting due to the permutations of the θ’s, that are all gauge equivalent. The last integration to be performed is over the ghosts for the gauge group U(N), that gives Det^′_P (∂_τ + iθ_{adj}), i.e. with the zero modes removed and the gauge fixed a^j_i taken in the adjoint representation, as follows from δa^k_i = Dα^k_i in (5.2). Now, we use the diagonalized form (5.4), and putting

– 19 – together the various contributions we obtain for the partition function Z ∝ V ∫_∞ 0 dβ β 1 (2πβ)^d 1 N! N∏ i=1 ∫_{2π} 0 dθ_i 2π e^{−isθi} Det_A(∂_τ − iθ_i)^{d−2} × ∏ k≠l Det_P (∂_τ − i(θ_k − θ_l)) .

(5.6)

These determinants are standard ones and can be computed using operator methods with simple fermionic systems. Namely, they are: Det_A(∂_τ − iθ) = 2 cos^θ_2 and Det_P (∂_τ − iθ) = 2i sin^θ_2 . Substituting in the expression for Z one finally finds Z ∝ V ∫_∞ 0 dβ β 1 (2πβ)^d [ 1 N! N∏ i=1 ∫_{2π} 0 dθ_i 2π e^{−isθi} ( 2 cos θ_i 2 )_{d−2} ∏ k<l ( 2 sin θ_k − θ_l 2 )_2] . (5.7)

Degrees of freedom The part in square brackets of the above formula gives the number of degrees of freedom of the particle, since the rest is simply the partition function for the center of mass, and so we have the following expression for the physical degrees of freedom Dof(d, N; s) = 1 N! N∏ i=1 ∫_{2π} 0 dθ_i 2π e^{−isθi} ( 2 cos θ_i 2 )_{d−2} ∏ k<l ( 2 sin θ_k − θ_l 2 )_2 . (5.8)

It is normalized to Dof(d, 0; 0) = 1 for N = 0, which corresponds to a simple scalar field. It is now convenient to go to complex coordinates: z_i = e^{iθi} . Recalling that s = m −^d_2 = p + 1 −^d_2 , the above expression in terms of p becomes Dof(d, N, p) = 1 N! N∏ i=1 ∮ dz_i 2πi 1 z^{p+1}_i (z_i + 1)^{d−2} ∏ k<l |z_k − z_l|^2 (5.9)

where the integration contour is the unit circle around the origin in C , ∀i. Now, we perform a new change of variables, passing from the unit complex circle to the real line by means of stereographic projection: z_j =^{i−xj}_{i+xj} . The integral becomes Dof(d, N, p) = 2^{N 2+Nd−3N} N!π^N ∫ R^N d^N x |Δ(x)|^2 N∏ j=1 (1 + ix_j )^{−(N+p)}(1 − ix_j )^{−(d+N−p−2)}

(5.10) where we have recognized the square of the Van der Monde determinant

Δ(x) = ∏ i<j (x_i − x_j ) . (5.11)

– 20 –

Written in term of the x_i variables, (5.10) is seen to belong to a wide class of Selberg’s integrals, that can be computed by means of orthogonal polynomials techniques^3. The known Selberg’s integral in question, that can be found in [18], reads J(a, b, α, β, γ, n) = ∫ R^N d^N x |Δ(x)|^{2γ} n∏ j=1 (a + ix_j )^{−α}(b − ix_j )^{−β}

= (2π)^n (a + b)^{(α+β)n−γn(n−1)−n} n−1∏ j=0 Γ(1 + γ + jγ)Γ(α + β − (n + j − 1)γ − 1) Γ(1 + γ)Γ(α − jγ)Γ(β − jγ) (5.12)

valid for Rea, Reb, Reα, Reβ > 0, Re(α + β) > 1, and − 1 n < Reγ < min ( Reα n − 1 , Reβ n − 1 , Re(α + β + 1) 2(n − 1) ) . Our eq. (5.10) corresponds to this form of the Selberg’s integral with (a = b = γ = 1, α = N + p, β = d + N − p − 2, n = N) so, with (5.12) at hand, after a little algebra, we obtain the final result Dof(d, N, p) = 2^{N 2+Nd−3N} N!π^N J(1, 1, N + p, d + N − p − 2, 1, N) = N−1∏ j=0 j!(j + d − 2)!

(j + p)!(j + d − 2 − p)!

(5.13)

that agrees with the dimension of the rectangular Young tableau of U(d − 2) with p rows and N columns, as in (3.32), thus reproducing the number of physical polarizations predicted by canonical quantization.

6. Conclusions and outlook

We have analyzed U(N) spinning particles and obtained from them new gauge invariant higher spin equations that live on complex spaces. These equations define a complex version of the standard higher spin equations of Minkowski spacetime [8, 13, 12]. We have obtained them by integrating a subset of the constraints that arise form the Dirac quantization of the U(N) spinning particle. The spinning particle language is quite efficient, as already exemplified in [5] for the O(N) spinning particle, in which case it allowed to describe in a simple way the structure of minkowskian higher spin fields, including the use of compensators [9] and the application of generalized

3Much information and many details about these techniques can be found in [18].

– 21 –

Poincaré lemmas to integrate higher order field equations [19, 20, 21, 22]. Similar constructions have been presented here for the new class of complex higher spin equations. Having described these equation on a flat complex manifold, we have shown in principle their consistency also on a more general class of Kähler manifolds, namely those Kähler manifolds with constant holomorphic curvature, as in this case the algebra of the quantum constraints closes in a quadratic way and remains first class. An important feature of this algebra is that it realizes in a geometrical way the zero mode sector of the nonlinear two dimensional U(N) superconformal algebras, introduced sometimes ago by Bershadsky and Knizhnik [10, 11]. Finally we have considered the path integral quantization on the circle of the U(N) spinning particle in flat space, corresponding to the one-loop effective action of the quantized version of the higher spin equations introduced earlier. This way we have calculated the number of physical degrees of freedom for all d, N and p, and checked the correctness of our path integral construction containing, in particular, the measure on the moduli space of the U(N) extended supergravity on the circle.

As for future developments, an application of this worldline approach could be to compute perturbatively the one-loop effective action on arbitrary Kähler manifolds for the U(1) and U(2) models, as done for the similar cases of the O(N) spinning particle on arbitrarily curved spaces with N = 0, 1, 2, which produced the effective action for scalars [23], spin 1/2 [24], and arbitrary differential forms (including vectors) [25] coupled to gravity, respectively. Similarly, one could consider the U(N) models with N > 2 on Kähler manifolds with constant holomorphic curvature and compute the corresponding partition function on the circle (i.e. the one loop effective action of the corresponding quantum field theory). Finally, it could be interesting to study along similar lines gauged versions of various quantum mechanical models, for example those described in [26, 27, 28, 29], to unearth novel gauge invariant field equations.

Acknowledgments

This work was supported in part by the Italian MIUR-PRIN contract 20075ATT78.

– 22 –

References

[1] V. D. Gershun and V. I. Tkach, “Classical and quantum dynamics of particles with arbitrary spin,” Pisma Zh. Eksp. Teor. Fiz. 29 (1979) 320 [Sov. Phys. JETP 29 (1979) 288].

[2] P. S. Howe, S. Penati, M. Pernici and P. K. Townsend, “Wave equations for arbitrary spin from quantization of the extended supersymmetric spinning particle,” Phys. Lett. B 215 (1988) 555; “A particle mechanics description of antisymmetric tensor fields,” Class. Quant. Grav. 6 (1989) 1125.

[3] W. Siegel, “Fields,” chapter XII, arXiv:hep-th/9912205.

[4] F. Bastianelli, O. Corradini and E. Latini, “Higher spin fields from a worldline perspective,” JHEP 0702 (2007) 072 [arXiv:hep-th/0701055].

[5] F. Bastianelli, O. Corradini and E. Latini, “Spinning particles and higher spin fields on (A)dS backgrounds,” JHEP 0811 (2008) 054 [arXiv:0810.0188 [hep-th]].

[6] N. Marcus and S. Yankielowicz, “The topological B model as a twisted spinning particle,” Nucl. Phys. B 432 (1994) 225 [arXiv:hep-th/9408116].

[7] N. Marcus, “Kähler spinning particles,” Nucl. Phys. B 439, 583 (1995) [arXiv:hep-th/9409175].

[8] C. Fronsdal, “Massless fields with integer spin,” Phys. Rev. D 18, 3624 (1978).

[9] D. Francia and A. Sagnotti, “Free geometric equations for higher spins,” Phys. Lett.

B 543 (2002) 303 [arXiv:hep-th/0207002]; “On the geometry of higher-spin gauge fields,” Class. Quant. Grav. 20 (2003) S473 [arXiv:hep-th/0212185]; “Minimal local Lagrangians for higher-spin geometry,” Phys. Lett. B 624 (2005) 93 [arXiv:hep-th/0507144].

[10] M. A. Bershadsky, “Superconformal algebras in two-dimensions with arbitrary N,” Phys. Lett. B 174 (1986) 285.

[11] V. G. Knizhnik, “Superconformal algebras in two-dimensions,” Theor. Math. Phys.

66 (1986) 68 [Teor. Mat. Fiz. 66 (1986) 102].

[12] M. A. Vasiliev, “Higher Spin Gauge Theories in Various Dimensions,” Fortsch. Phys.

52 (2004) 702, [arXiv:hep-th/0401177];

D. Sorokin, “Introduction to the Classical Theory of Higher Spins,” AIP Conf. Proc. 767 (2005) 172 (2005), [arXiv:hep-th/0405069];

– 23 –

N. Bouatta, G. Compere and A. Sagnotti, “An Introduction to Free Higher-Spin Fields,” [arXiv:hep-th/0409068];

X. Bekaert, S. Cnockaert, C. Iazeolla and M. A. Vasiliev, “Nonlinear higher spin theories in various dimensions,” [arXiv:hep-th/0503128]; A. Fotopoulos and M. Tsulaia, “Gauge Invariant Lagrangians for Free and Interacting Higher Spin Fields. A Review of the BRST formulation.” arXiv:0805.1346 [hep-th].

[13] J. M. F. Labastida, “Massless bosonic free fields,” Phys. Rev. Lett. 58 (1987) 531;

“Massless particles in arbitrary representation of the Lorentz group,” Nucl. Phys. B 322 (1989) 185.

[14] S. Elitzur, Y. Frishman, E. Rabinovici and A. Schwimmer, “Origins of global anomalies in quantum mechanics,” Nucl. Phys. B 273 (1986) 93.

[15] N. Marcus, “A tour through N=2 strings,” arXiv:hep-th/9211059.

[16] S. M. Kuzenko and Z. V. Yarevskaya, “Conformal invariance, N-extended supersymmetry and massless spinning particles in Anti-de Sitter space,” Mod. Phys. Lett. A 11 (1996) 1653 [arXiv:hep-th/9512115].

[17] S. I. Goldberg, “Curvature and homology”, Academic Press, New York 1962.

[18] M. L. Mehta, “Random Matrices, 3^{rd} ed.”, Elsevier Academic Press, Amsterdam 2004.

[19] M. Dubois-Violette and M. Henneaux, “Generalized cohomology for irreducible tensor fields of mixed Young symmetry type,” Lett. Math. Phys. 49 (1999) 245 [arXiv:math/9907135]; “Tensor fields of mixed Young symmetry type and N-complexes,” Commun. Math. Phys. 226 (2002) 393 [arXiv:math/0110088].

[20] X. Bekaert and N. Boulanger, “Tensor gauge fields in arbitrary representations of GL(D,R): Duality and Poincare lemma,” Commun. Math. Phys. 245 (2004) 27 [arXiv:hep-th/0208058]; “On geometric equations and duality for free higher spins,” Phys. Lett. B 561 (2003) 183 [arXiv:hep-th/0301243]; “Tensor gauge fields in arbitrary representations of GL(D,R). II: Quadratic actions,” Commun. Math. Phys. 271 (2007) 723 [arXiv:hep-th/0606198].

[21] P. de Medeiros and C. Hull, “Exotic tensor gauge theory and duality,” Commun.

Math. Phys. 235 (2003) 255 [arXiv:hep-th/0208155]; “Geometric second order field equations for general tensor gauge fields,” JHEP 0305 (2003) 019 [arXiv:hep-th/0303036].

– 24 –

[22] I. Bandos, X. Bekaert, J. A. de Azcarraga, D. Sorokin and M. Tsulaia, “Dynamics of higher spin fields and tensorial space,” JHEP 0505 (2005) 031 [arXiv:hep-th/0501113].

[23] F. Bastianelli and A. Zirotti, “Worldline formalism in a gravitational background,” Nucl. Phys. B 642 (2002) 372 [arXiv:hep-th/0205182].

[24] F. Bastianelli, O. Corradini and A. Zirotti, “Dimensional regularization for SUSY sigma models and the worldline formalism,” Phys. Rev. D 67 (2003) 104009 [arXiv:hep-th/0211134]; “BRST treatment of zero modes for the worldline formalism in curved space,” JHEP 0401 (2004) 023 [arXiv:hep-th/0312064].

[25] F. Bastianelli, P. Benincasa and S. Giombi, “Worldline approach to vector and antisymmetric tensor fields,” JHEP 0504 (2005) 010 [arXiv:hep-th/0503155]; “Worldline approach to vector and antisymmetric tensor fields. II,” JHEP 0510 (2005) 114 [arXiv:hep-th/0510010].

[26] J. M. Figueroa-O’Farrill, C. Kohl and B. J. Spence, “Supersymmetry and the cohomology of (hyper)Kaehler manifolds,” Nucl. Phys. B 503 (1997) 614 [arXiv:hep-th/9705161].

[27] R. Zucchini, “Bihermitian supersymmetric quantum mechanics,” Class. Quant.

Grav. 24 (2007) 2073 [arXiv:hep-th/0611308].

[28] K. Hallowell and A. Waldron, “Supersymmetric Quantum Mechanics and Super-Lichnerowicz Algebras,” Commun. Math. Phys. 278 (2008) 775 [arXiv:hep-th/0702033]; “The Symmetric Tensor Lichnerowicz Algebra and a Novel Associative Fourier–Jacobi Algebra,” SIGMA 3 (2007) 089 [arXiv:0707.3164 [math.DG]].

[29] J. Burkart and A. Waldron, “Conformal Orthosymplectic Quantum Mechanics,” arXiv:0812.3932 [hep-th].

– 25 –