arXiv:0901.2574v4 [hep-th] 26 Apr 2009

Warped AdS5 Black Holes and Dual CFTs

Keiju Murata,^{∗)} Tatsuma Nishioka^{∗∗)} and Norihiro Tanahashi^{∗∗∗)}

Department of Physics, Kyoto University, Kyoto 606-8502, Japan

We consider a black hole solution whose spatial boundary is a squashed three sphere in Einstein gravity with negative cosmological constant. We solve the Einstein equations numerically and find a warped AdS black hole solution with arbitrary squashing parameter. This solution becomes the ordinary AdS-Schwarzschild solution when the squashing parameter is chosen appropriately. Motivated by this fact, we study N = 4 super Yang-Mills theory with zero coupling constant on a squashed three sphere and show that the thermodynamical entropy of this theory roughly agrees with that of the warped AdS black hole up to a factor of 3/4. We also study the confinement/deconfinement transition of the gauge theory. We evaluate the approximate Hawking-Page transition temperature of the warped AdS black hole and find a qualitative agreement between the transition temperatures of the gravity and the gauge theory. These results suggest a duality between the warped AdS solution and N = 4 super Yang-Mills theory on a squashed three sphere.

Subject Index: 121, 451

§1. Introduction

New black hole solutions in AdS_5 spacetime have been extensively studied in general relativity, and they have played an important role in the recent developments of the AdS/CFT correspondence.^{1)–3)} One remarkable progress is the discovery of the confinement/deconfinement transition in N = 4 super Yang-Mills theory (SYM),^{4), 5)} which was conjectured to correspond to the Hawking-Page transition^{6)} in gravity theory by Witten.^{7)} Such transition and correspondence were well studied in various contexts,^{8)–29)} and these results are regarded as evidence of the AdS/CFT correspondence. It is also known that the thermodynamical quantities in free gauge theory agree with those in dual gravity up to a factor of 3/4.^{7), 30)}

In this paper, we present a new duality between the black hole, which is asymptotically a squashed three sphere at spatial infinity, and the gauge theory defined on its boundary similarly to the AdS/CFT correspondence. We construct a warped black hole solution on AdS_5 and compare it with its dual gauge theory.

Such a deformation of the AdS/CFT correspondence is also suggested from the studies on the topological massive gravity (TMG) in three dimensions, which is defined by the Einstein-Hilbert action with the gravitational Chern-Simons term.^{31), 32)} Black hole solutions called warped AdS_3 black holes were constructed within TMG in Refs. 33)–35) and recently generalized in Ref. 36). It was conjectured that the warped AdS_3 black hole is dual to a two-dimensional CFT present on its boundary (see also Refs. 37)–41) for related works). These studies indicate the possibility of

∗) E-mail: murata@tap.scphys.kyoto-u.ac.jp ∗∗) E-mail: nishioka@gauge.scphys.kyoto-u.ac.jp

∗∗∗) E-mail: tanahashi@tap.scphys.kyoto-u.ac.jp

2 K. Murata, N. Nishioka and N. Tanahashi

the deformation of the AdS/CFT correspondence even in higher dimension.

By assuming a metric ansatz for a warped AdS_5 solution, the Einstein equations reduce to a set of ordinary differential equations. We solve them numerically because those equations are too complicated to solve analytically. As a result, we obtain a two-parameter family of a warped black hole solution and a one-parameter family of a warped AdS solution.^{∗)} Similar warped solutions were constructed for a zero cosmological constant case in the quest for black hole solutions in compactified extra dimension.^{44)–49),∗∗)} The solutions we construct in this paper can be regarded as an extension of those warped solutions with zero cosmological constant to that with negative cosmological constant.

The dual gauge theory should be N = 4 SYM on a squashed S^3 because the warped solution becomes the ordinary AdS space when the squashing parameter is set appropriately. We note that the matter contents of the gauge theory are the same as N = 4 SYM, but there is no supersymmetry on the squashed S^3. When we consider N = 4 SYM on R × M_3, where M_3 is an arbitrary three-dimensional manifold, there is no supersymmetry in the theory unless M_3 is a maximally symmetric space. The proof is given in the Appendix.

The organization of this paper is as follows. We provide the metric ansatz and the Einstein equations for the warped AdS solution in §2. We construct the numerical solution in §3. Even though we do not know the analytical form, we can calculate the temperature and entropy of the warped AdS black holes. In §4, we study N = 4 SYM on a squashed S^3, which is expected to be dual to the warped AdS solution. We summarize the spectrum in this theory and then calculate the effective action. We can compute the entropy using this action and compare it with that of the warped AdS solution. We will find that the ratio between them is nearly 3/4 for any squashing parameter. This result supports our expectation that N = 4 SYM on a squashed S^3 is dual to the warped AdS solution. §5 is devoted to the discussion.

§2. Metric Ansatz and the Einstein Equations

We parametrize the metric as

ds^2 = −F (r)e^{−2δ(r)}dt^2 + dr^2 F (r) + r^2 4 [(σ^1)^2 + (σ^2)^2 + s(r)^2(σ^3)^2] , (2.1)

where σ^a (a = 1, 2, 3) are the invariant forms of SU(2) defined as

σ^1 = − sin ψdθ + cos ψ sin θdϕ , σ^2 = cos ψdθ + sin ψ sin θdϕ , σ^3 = dψ + cos θdϕ , (2.2)

∗) In four dimensions, such a distorted AdS black hole is constructed using a static perturbation of the AdS-Schwarzschild black hole.^{42), 43)}

∗∗) Although it is difficult to introduce the cosmological constant to warped solutions in general, there are some partial results. One example is the case of extreme squashed Kaluza-Klein black holes,^{49)} to which the positive cosmological constant was successfully introduced in Ref. 50).

Warped AdS_5 Black Holes and Dual CFTs 3

and the angular coordinate ranges are 0 ≤ θ < π, 0 ≤ ϕ < 2π, 0 ≤ ψ < 4π. It is easy to show that the relation dσ^a =^1_2 ϵ^{abc}σ^b ∧ σ^c holds. In terms of these SU(2) invariant forms, the metric of the round S^3 is written as

ds^2_S3 = 1 4 {(σ^1)^2 + (σ^2)^2 + (σ^3)^2} . (2.3)

On the other hand, in our metric ansatz (2.1), coefficients of σ^1, σ^2 and σ^3 are different if s(r) ≠ 1. Hence, the t, r = constant surfaces (including the horizon) are regarded as squashed S^3.

Now, we investigate the solution of the Einstein equation, R_{μν} − 1 2 g_{μν} R + 6λg_{μν} = 0 , (2.4)

where λ is defined as λ = Λ/6 and Λ is a cosmological constant. The complete set of Einstein equations are

F^′ = −

2(4λr^3ss^′ + r^2F s^{′2} − 4rss^′ + 6λr^2s^2 + 3rF ss^′ + 2rs^3s^′ + 5s^4 + 3F s^2 − 8s^2) rs(3s + rs^′) , (2.5) s^{′′} = 4λr^3ss^′ + F r^2s^{′2} − 4rss^′ − rF ss^′ + 2rs^3s^′ + 4s^4 − 4s^2 r^2F s , (2.6)

δ^′ = −

4s^4 + 2rs^3s^′ − 4s^2 + rF ss^′ − 4rss^′ + 4λr^3ss^′ + r^2F s^{′2} rF s(3s + rs^′) , (2.7)

where^′ ≡ d/dr.

§3. Numerical Solutions

We solve the ordinary differential equations (2.5)–(2.7) numerically in this section. We construct two types of solution: a warped black hole solution whose horizon and AdS boundary are squashed S^3 and a warped AdS solution without a black hole.^{∗)}

3.1. Warped AdS Black Hole Solution

We construct an AdS black hole solution whose horizon is a squashed S^3 in this section. The horizon is located at F (r = r_+) = 0. To solve the ordinary differential equations (2.5)–(2.7), we also have to supply boundary conditions to s(r), s^′(r) and δ(r). We can freely specify the boundary values s(r = r_+) ≡ s_H and δ(r = ∞). The latter can be set as an arbitrary value by redefining t, so we set it as δ(∞) = 0. s^′(r = r_+) is determined by imposing the regularity condition on the horizon. That is, the right-hand side of (2.6) must be regular at r = r_+. Because the denominator of the right-hand side becomes zero at the horizon, the numerator must also be zero.

∗) To the best of our knowledge, these solutions are different from the generalized Kerr-NUT- AdS solution.^{51)–53)} We thank Yukinori Yasui for useful discussions on this issue.

4 K. Murata, N. Nishioka and N. Tanahashi

Thus, the regularity condition is given by

s^′(r_+) =

2s_H (s^2_H − 1) r_+(2 − s^2_H − 2λr^2_+)

. (3.1)

Thus, the solutions have two degrees of freedom: (r_+, s_H ), which are the horizon radius and the squashing parameter at the horizon, respectively. These boundary conditions specify the series solution at r = r_+ to be

F (r_+ + ϵ) = F^′(r_+)ϵ + O(ϵ^2) , s(r_+ + ϵ) = s_H + s^′(r_+)ϵ + O(ϵ^2) , s^′(r_+ + ϵ) = s^′(r_+) + s^{′′}(r_+)ϵ + O(ϵ^2) , (3.2)

where F^′(r_+) and s^{′′}(r_+) are given by (2.5) and (2.6) as

s^{′′}(r_+) =

2s_H (s^2_H − 1)(3s^4_H + 14λr^2_+s^2_H − 12s^2_H + 8 + 8λ^2r^4_+ − 16λr^2_+) r^2_+(−2 + s^2_H + 2λr^2_+)^3

, (3.3)

F^′(r_+) =

2(2 − s^2_H − 2λr^2_+) r_+

. (3.4)

Equations (2.5)–(2.7) are easily integrated numerically using these series solutions as initial conditions at r = r_+. In Fig. 1, we show a solution for r_+ = 1 in the unit of λ = −1. We plot the value of s(r), as well as the ratios of g_{tt}, g^{rr} to those of non-warped AdS spacetime, i.e., g_{tt}/f(r) = F (r)e^{−2δ(r)}/f(r) , g^{rr}/f(r) = F (r)/f(r) , (3.5) where f(r) ≡ 1−λr^2. As we can see in Fig. 1, these functions behave as s(r) → const., g_{tt} → r^2 and g^{rr} → r^2 for r → ∞. In general, s(r) does not approach one but some other constant, and thus the AdS boundary of the warped AdS black hole is a squashed S^3. We also show in Fig. 2 how s(r = ∞) is determined using (r_+, s_H ). We find that s(∞) appears to be a monotonically increasing function of s_H for a fixed value of r_+, as shown in Fig. 2, and it diverges at some critical value of s_H . When s_H is larger than this critical value, s(r) diverges at finite r. We can show that a curvature singularity appears at such a point where s(r) diverges. Hence, the parameter range of s_H for a regular solution is limited to the smaller value below a critical value, which is determined using r_+, and we can set s(∞) to an arbitrary value by tuning s_H .

3.2. Warped AdS Solution

In this section, we construct a solution squashed at the AdS boundary without a black hole. We call it a warped AdS solution in this paper. Such a solution can be constructed if we supply a boundary condition at the origin instead of the horizon. To avoid a conical singularity at the origin, we have to set s(r = 0) = 1 = F (r = 0). The boundary value of δ(r) can be set freely by rescaling t, so we set it to be δ(r = ∞) = 0 as we did in the construction of the black hole solution. The series

Warped AdS_5 Black Holes and Dual CFTs 5

Fig. 1. Warped AdS black hole solution for r+ = 1 and s(r = ∞) = 2.0, 1.5, 1.0, 0.5 and 0.1 in the unit of λ = −1. Panels (a)–(c) show the values of s(r), gtt/f(r) and g^{rr}/f(r), respectively, where f(r) = 1 − λr^2. The curve for s(∞) = 1 is the AdS-Schwarzschild black hole solution, which is not warped.

Fig. 2. Relationship between (r+, sH ) and s(∞). For each value of r+, s(∞) monotonically increases from zero as we increase sH from zero, and it diverges for a critical value of sH . A curvature singularity appears on such a point of divergence. Thanks to this property, we can set s(∞) to an arbitrary value by tuning sH .

solution at r = 0, which satisfies these boundary conditions, is given by

s(0 + ϵ) = 1 + s_2 2 ϵ^2 + s_2 (4s_2 + 3λ) 8 ϵ^4 + O(ϵ^5) , (3.6)

F (0 + ϵ) = 1 − (s_2 + λ) ϵ^2 − s_2 (9s_2 + 7λ) 12 ϵ^4 + O(ϵ^5) . (3.7)

s_2 in this expression can be set freely, so this solution has one degree of freedom. We show some solutions in Fig. 3.^{∗)} We can see that s(r), g_{tt} and g^{rr} behave as s(r) → const, g_{tt} → r^2 and g^{rr} → r^2 for r → ∞ in these solutions, like they do in the warped AdS black hole solutions. We also show the relationship between s_2

∗) We can introduce magnetic charge M by coordinate transformation ψ = −x^5/M − ϕ and redefinition of the variable s(r) = Ms̃(r). In the limit of M → 0, the warped AdS solution does not reduce to the nonwarped AdS spacetime,^{54)} but if we take another limit s2 → 0, this solution reduces to nonwarped AdS solution.

6 K. Murata, N. Nishioka and N. Tanahashi

at the origin and s(∞) in Fig. 4. s(∞) diverges at a critical value of s_2, as it did in the warped AdS black hole case for a critical value of s_H (see Fig. 2), so we can set s(∞) arbitrarily by tuning s_2. This warped AdS solution will be a vacuum or background solution for the warped AdS black hole solution which has the same squashing parameter at the infinity s(∞), similarly to the nonwarped pure AdS spacetime for AdS-Schwarzschild black holes.

Fig. 3. Warped AdS solutions for s(∞) = 2.0, 1.5, 1.0, 0.5 and 0.1 in the unit of λ = −1. By tuning the free parameter s2, we can set s(∞) to arbitrary values. This solution will be a background solution of a warped AdS black hole, which shares the same squashing parameter at the infinity s(∞) with this solution.

Fig. 4. Relationship between s2 at the origin and s(∞). s(∞) monotonically increases as we increase s2, and it diverges for a critical value of s2. Thus, we can set s(∞) to an arbitrary value by tuning s2. s(∞) becomes one when s2 = 0. For this parameter, the solution becomes a nonwarped AdS5 spacetime.

3.3. Temperature and Entropy

In this section, we summarize the expressions of temperature and entropy of the warped AdS black hole solution we constructed in §3.1. We also illustrate the behavior of the temperature and the entropy of the warped AdS black holes and observe their similarity to those of AdS-Schwarzschild black holes.

Warped AdS_5 Black Holes and Dual CFTs 7

The temperature of the warped AdS black hole is given by T ≡ κ 2π = F^′(r_+)e^{−δ(r+)} 4π = (2 − s^2_H − 2λr^2_+)e^{−δ(r+ )} 2πr_+ , (3.8)

where κ is surface gravity of ∂_t. We note here that the definition of temperature has an ambiguity that comes from the arbitrariness of the scale of time-coordinate t; we can freely rescale t as t^′ ≡ Ct and if we do that the temperature will be rescaled as T^′ = T/C. We fix this ambiguity by defining the temperature using always the metric (2.1) with δ(∞) = 0. This convention facilitates the comparison of the gravity theory to the gauge theory on the warped AdS boundary, whose conformal metric is given by (4.3).

The entropy of the warped AdS black hole is given by S ≡ Area(horizon) 4G_5 = π^2r^3_+s_H 2G_5

, (3.9)

where G_5 is a five-dimensional Newton constant and can be written as 1/G_5 = 2N^2/(πℓ^3) where ℓ = (−λ)^{−1/2} and N is the number of colors in the dual U(N) gauge theory.

We show the relationship between T and S of the warped AdS black holes for various s(∞) in Fig. 5. For any s(∞), T has a minimum at some value of S as in the case of an AdS-Schwarzschild black hole.

Since the properties of T and S are quite similar to those of an AdS-Schwarzschild black hole, we expect that the Hawking-Page transition^{6)} takes place even for our warped AdS black hole, and the transition temperature is approximated using the temperature that minimizes the entropy. However, we could not show that it is really the case because it is not straightforward to calculate numerically the mass and the free energy of the warped black holes.^{∗)}

Fig. 5. Relationship between S/N^2 and T of warped AdS black holes for s(∞) = 10, 2, 1, 10^{−1} and 10^{−2} in the unit of λ = −1. T has a minimum for any s(∞), and its position is determined using the value of s(∞).

∗) The properties of the mass and the free energy are investigated in Ref. 55).

8 K. Murata, N. Nishioka and N. Tanahashi

§4. Dual Gauge Theory

In this section, we study the gauge theory that lives on the spatial infinity of the warped AdS black hole. It is expected to be U(N) N = 4 super Yang-Mills theory on a squashed S^3, because the warped solution becomes the ordinary AdS space when the squashing parameter is set to one, where we have the well-known AdS/CFT correspondence.

First, we review the spectrum in this theory in §4.1. Then we calculate the effective action and study the phase structure of this theory in §4.2. The confinement/deconfinement transition occurs for any squashing parameter as long as the theory is well defined. We clarify the dependence of the transition temperature on the squashing parameter and show that the transition temperature becomes zero if the theory no longer applies. After that, we calculate the entropy of the gauge theory in §4.3 and compare it with that of the gravity theory. We find a good agreement between the entropies of the two theories and obtain the well-known ratio 3/4 for any squashing parameter s.

4.1. Spectrum

Consider N = 4 SYM on a squashed S^3. The action is

I_{gauge} = − ∫ d^4x √ −g tr [1 2 (F_{μν} )^2 + (D_μϕ_m)^2+ R 6 ϕ^2_m + iλ̄^AΓ^μD_μλ_A − g^2 2 [ϕ_m, ϕ_n]^2 − gλ̄^AΓ^m[ϕ_m, λ_A] ] , (4.1)

where μ = 0, 1, 2, 3, m = 1, 2, . . . , 6, A = 1, . . . , 4, F_{μν} = ∂_μA_ν − ∂_ν A_μ + ig[A_μ, A_ν ] and A_μ is the gauge field of U(N). ϕ_m is a scalar field and λ_A, which is originally a gaugino in the ¯16 representation of ten-dimensional type IIB supergravity, is a fourdimensional spinor in the (2, ¯4) + (¯2, 4) representation under SO(1, 3) × SU(4). All fields are adjoint representation of U(N). The gauge covariant derivative is defined as D_μ = ∇_μ + ig[A_μ, · ]. R in the mass term of ϕ_m is the Ricci scalar of the background geometry. For simplicity, we will consider the zero coupling limit of this theory except for the zero mode of the A_0 as in Ref. 5).

In the gravity theory, the geometry of r = r_0 surface at the AdS boundary of the warped AdS black hole solution is given by ds^2 ≃ r^2_0 ℓ^2 [ −dt^2 + ℓ^2 4 {(σ^1)^2 + (σ^2)^2 + s^2(σ^3)^2} ] for r_0 → ∞ , (4.2)

where ℓ ≡ √ −6/Λ and s ≡ s(r = ∞). We consider the N = 4 SYM theory on this background (4.2). The conformal factor r^2_0/ℓ^2 can be neglected because of the conformal symmetry of the theory, and thus the background metric can be reduced to ds^2 = −dt^2 + ℓ^2 4 {(σ^1)^2 + (σ^2)^2 + s^2(σ^3)^2} . (4.3)

Warped AdS_5 Black Holes and Dual CFTs 9

We take the unit of ℓ = 1. In this unit, the Ricci scalar is given as R = 2(4 − s^2) in terms of s. On the background (4.3), the gauge theory (4.1) has no supersymmetry as shown in the Appendix. The dual vectors of σ^a, defined as σ^a_i e^i_b = δ^a_b , are given by e_1 = − sin ψ ∂_θ + cos ψ sin θ

∂_ϕ − cot θ cos ψ ∂_ψ ,

e_2 = cos ψ ∂_θ + sin ψ sin θ

∂_ϕ − cot θ sin ψ ∂_ψ , e_3 = ∂_ψ . (4.4) In addition, there are Killing vectors that characterize the SU(2) symmetry of the metric (4.3):

ξ_x = cos ϕ ∂_θ + sin ϕ sin θ

∂_ψ − cot θ cos ϕ ∂_ϕ ,

ξ_y = − sin ϕ ∂_θ + cos ϕ sin θ

∂_ψ − cot θ cos ϕ ∂_ϕ , ξ_z = ∂_ϕ . (4.5) Let us consider the spectrum of the fields on a squashed S^3 (4.3). We can find that the metric has SU(2)×U(1) symmetries that are generated by the Killing vectors ξ’s and e_3, respectively. Then, all fields on the squashed S^3 can be decomposed into the irreducible representation of SU(2)×U(1). Let us introduce two types of angular momentum operators L_α = iξ_α , W_a = ie_a . (4.6) These satisfy commutation relations

[L_α, L_β ] = iϵ_{αβγ} L_γ , [W_a, W_b] = −iϵ_{abc}W_c , [L_a, W_a] = 0 . (4.7) The commutation relations (4.7) show that we can simultaneously diagonalize L^2, L_z and W_3, then all the states can be completely specified using eigenvalues of these operators. For scalar fields, the eigenstate is defined as L^2|J, M; K⟩ = J(J + 1)|J, M; K⟩ , L_z|J, M; K⟩ = M|J, M; K⟩ , W_3|J, M; K⟩ = K|J, M; K⟩ , (4.8) where J takes all the values of half-integer, and M and K take the value of K, M = −J, −J +1, · · · , J. The energy of a scalar field that conformally couples to a squashed S^3 is obtained as^{56)}

E_S = √ (2J + 1)^2 + α ( 4K^2 + 1 3(1 + α) ) , (4.9)

where α ≡ 1/s^2 − 1. This expression reproduces the energy of a scalar field on the round S^3 in the limit of s → 1. We must mention that the terms in the square root

10 K. Murata, N. Nishioka and N. Tanahashi

of this energy spectrum become negative when s > 2 for some J, K: J = 0 = K for example. In this case, the energy spectrum becomes tachyonic and the theory cannot be defined properly. The appearance of tachyon is due to the conformal scalar mass term Rϕ^2_m/6 = 3(4 − s^2)ϕ^2_m in the action (4.1), which becomes negative for s > 2. Hence, we have to set the squashing parameter s to be in the region 0 < s ≤ 2 so that the theory is well defined.

For spinors, we must be careful about their chirality. A spinor with a positive chirality can be represented as |J, M; K⟩ with M = −J, −J + 1, · · · , J and K = −J − 1/2, −J + 1/2, · · · , J + 1/2. Its energy is obtained as^{57)}

E^{(+)}_F = s 2 + 2 √( J + 1 2 )_2

+ αK^2 . (4.10)

Similarly, a spinor with a negative chirality can be represented as |J, M; K⟩ with M = −J − 1/2, −J + 1/2, · · · , J + 1/2 and K = −J, −J + 1, · · · , J, and its energy is

E^{(−)}_F = − s 2 + 2 √ (J + 1)^2 + αK^2 . (4.11)

We note here that this E^{(−)}_F becomes negative only for s > 4, where small-J modes become negative first for such a large s.

The spectrum of vector fields is also obtained in Ref. 57), and it is given by

E^{(+)}_V = s + 2 √( J + 1 2 )_2 + α ( K^2 − l^2 4 ) , (4.12)

for positive helicity representation |J, M; K⟩ with M = −J, −J + 1, · · · , J and K = −J − 1, −J, · · · , J + 1, and

E^{(−)}_V = −s + 2 √( J + 3 2 )_2 + α ( K^2 − l^2 4 ) , (4.13)

for negative helicity representation |J, M; K⟩ with M = −J − 1, −J, · · · , J + 1 and K = −J, −J + 1, · · · , J. This E^{(−)}_V is always positive for any s and any mode.

4.2. Effective Action and Phase Transition

We summarize how to calculate the effective action of this gauge theory on a squashed S^3 and then show the phase structure of the theory. Especially, the confinement/deconfinement transition occurs in this case. We illustrate the dependence of the transition temperature on the squashing parameter.

The expression of the effective action of free N = 4 U(N) SYM theory is originally given in Refs. 4) and 5) utilizing a unitary matrix model (see also Refs. 14) and 24)). The derivation is parallel even for a squashed S^3 background, so we skip it. The difference from the round S^3 background case only appears in the energy spectrum, which was studied in §4.1.

Warped AdS_5 Black Holes and Dual CFTs 11

The effective action I_{gauge} of the free N = 4 U(N) SYM theory on a squashed S^3 is given by

I_{gauge}[ρ(θ)] = N^2 ∞∑ n=1 ρ^2_nV_n , (4.14)

where ρ_n ≡ ∫_π −π dθρ(θ) cos(nθ) and ρ(θ) is the eigenvalue density distribution of U(N) generators in the large-N limit. Namely, ρ(θ) is the eigenvalue density of the Polyakov loop around the thermal cycle, and the effective action (4.14) can be obtained after integrating out all harmonic modes on a squashed S^3 from the N = 4 SYM action (4.1). V_n in the expression is given by V_n ≡ 1 n ( 1 − (z_S (x^n) + z_V (x^n)) − (−1)^{n+1}z_F (x^n) ) , (4.15)

where x ≡ e^{−1/T} . z_S , z_F and z_V are the single-particle partition functions of scalar, spinor and vector field, respectively, whose explicit expressions are

z_S (x) = 6 ∞∑ J=0,1/2,... J∑ M=−J J∑ K=−J x^{ES} ,

z_F (x) = 4 ∞∑ J=0,1/2,... J∑ M=−J

J+1/2∑

K=−J−1/2 x^{E(+)F} + 4 ∞∑ J=0,1/2,...

J+1/2∑

M=−J−1/2 J∑ K=−J x^{E(−)F} ,

z_V (x) = ∞∑ J=0,1/2,... J∑ M=−J J+1∑ K=−J−1 x^{E(+)V} + ∞∑ J=0,1/2,... J+1∑ M=−J−1 J∑ K=−J x^{E(−)V} . (4.16)

The expression of the effective action (4.14) shows that the effective action is minimized when ρ_n = 0 for all n, which corresponds to the uniform distribution of ρ(θ), if the inequality

V_n > 0 ⇔ z_S (x^n) + z_V (x^n) + (−1)^{n+1}z_F (x^n) < 1 for all n (4.17)

is satisfied. Since the single-particle partition functions are monotonically increasing functions of x and x takes its value in the range 0 < x < 1, the inequality for n = 1 is firstly violated as we increase x from zero, i.e., as we increase the temperature from zero. Hence, above the critical temperature T_H marked by

z_S (x_H ) + z_V (x_H ) + z_F (x_H ) = 1 , (4.18)

where x_H = e^{−1/TH} , the uniform distribution of ρ(θ) does not minimize the effective action. It can be shown that the effective action becomes O(N^2) above this temperature, while below which it is O(1). This transition is known as a confinement/deconfinement transition of gauge theory.

In Fig. 6, we draw the phase diagram of the gauge theory on a squashed S^3 for each squashing parameter s. The phases below and above the critical line correspond to the confinement and deconfinement phases, respectively. When s = 1, we reproduce the result of Ref. 5) for a round S^3: T_H ∼ 0.3797 . We see from the

12 K. Murata, N. Nishioka and N. Tanahashi

Fig. 6. Phase diagram of the N = 4 U(N) SYM theory on a squashed S^3 whose squashing parameter is s. The thick dashed line shows the critical temperature TH of the SYM theory. The phases below and above this critical line are the confinement and deconfinement phases, respectively. The critical temperature TH becomes zero in the limit of s → 0 and s → 2, and the SYM theory becomes tachyonic and its unitarity is violated for s > 2. The thick solid line shows the minimum temperature of the warped AdS black holes for fixed values of s = s(∞); this line is expected to be close to the Hawking-Page transition line of the warped AdS spacetime. The behavior of this line is qualitatively similar to that of the SYM critical line, at least for s ∼ 1.

figure that the critical temperature T_H is close to this value when s is close to one, and it goes to zero in the limit s → 0 and s → 2. We can read off it analytically for s = 0 and s = 2 from the spectra (4.9) and (4.12), respectively, where the energy of the lowest mode becomes zero, and the condition for confinement (4.17) is no longer satisfied even at zero temperature. Therefore, this transition takes place for any s as long as the theory is well defined (i.e., 0 < s ≤ 2), and it goes to zero in the limit the theory breaks down. We discuss the implications of this phase structure to the gravity theory in §5.

In Fig. 6, we also plot the minimum temperature of the warped AdS black holes for each squashing parameter s(∞). As we mentioned in §3.3, this temperature is expected to be close to the Hawking-Page transition temperature of warped AdS black holes. From Fig. 6, we can see a qualitative similarity of this line and the SYM critical line, at least for s ∼ 1, while they behave differently for s > 2. We discuss the implications of these similarities and dissimilarities in §5.

4.3. Entropy and Comparison with Dual Gravity

In this section, we calculate the entropy of the gauge theory and then compare it with that of the warped AdS black hole solution we constructed in §3.2.

In Refs. 4) and 5), the exact solution of the effective action I_{gauge} is obtained for T > T_H in the large-N limit, and it can be approximated as follows if z_n(x) ≡ z_S (x^n) + z_V (x^n) + (−)^{n+1}z_F (x^n) decreases exponentially with n for n > 1:

ρ(θ) = √ sin^2 (_{θ0} 2 ) − sin^2 (_θ 2 ) cos^θ_2 / π sin^2 (_{θ0} 2 ) (|θ| < θ_0) 0 (elsewhere)

, (4.19)

Warped AdS_5 Black Holes and Dual CFTs 13

sin^2 ( θ_0 2 ) = 1 − √ 1 − 1 z_1(x)

. (4.20)

The factor z_n does in fact decrease exponentially, and thus we can use (4.19) as a good approximation. Substituting (4.19) into (4.14), we obtain the effective action in a very simple form:

I_{gauge} = −N^2 1 2 sin^2 (_{θ0} 2 ) + 1 2 log ( sin^2 ( θ_0 2 )) − 1 2 . (4.21)

The entropy is obtained from this effective action as

S_{gauge} = ( x log x ∂ ∂x − 1 ) I_{gauge} . (4.22)

In Fig. 7, we show the ratio of the entropies of the gauge theory and the dual gravity theory. They match well irrespective of the squashing parameter s, and the ratio takes a well-known value 3/4, even in the limit at which the gauge theory no longer applies (s → 2). This ratio is expected to become 1 if we take the strongcoupling effect into account. In the low-temperature region, the ratio deviates from 3/4 significantly, but it merely comes from the difference of the transition temperature between the two theories. Thus we expect that a duality exists between the warped AdS spacetime and N = 4 SYM theory on the squashed S^3 irrespective of s as long as the theory is well defined.

We must mention that the more we decrease the squashing parameter s to zero, the more we have to increase the temperature to achieve the convergence of the entropy ratio to 3/4. It may imply that the coincidence between the entropies of the two theories will be lost in the limit s → 0, i.e., the duality breaks down in this limit. On the other hand, the ratio is always approximately 3/4 at high temperature for any s. This is a physically consistent result because the squashing can be neglected and the duality goes to the ordinary AdS/CFT correspondence in the Poincaré coordinate at the high-temperature region.

§5. Discussion

In this paper, we constructed numerical solutions of warped AdS black holes as well as warped AdS spacetime without black holes and considered N = 4 super Yang-Mills theory on a squashed S^3, which is expected to be dual to the gravity theory in warped AdS spacetime. This duality between the gravity on warped AdS spacetime and the SYM on a squashed S^3 can be regarded as an extension of the usual AdS/CFT duality between the gravity on nonwarped AdS and the SYM on a round S^3. We found some circumstantial evidence of this duality, although there is no supersymmetry in the gauge theory as shown in the appendix.

The entropies of the two theories matched up to a factor of 3/4 irrespective of the squashing parameter s, as long as 0 < s ≤ 2 and the gauge theory is well

14 K. Murata, N. Nishioka and N. Tanahashi

Fig. 7. Ratio of the entropy of SYM to that of the dual gravity. The ratio becomes about 3/4 irrespective of the squashing parameter s even at low temperature. For smaller s, the convergence of the ratio into 3/4 is achieved at higher temperature.

defined. This fact suggests that the warped AdS/CFT correspondence works in this parameter region 0 < s ≤ 2. However, the temperature at which the ratio converges into 3/4 increases as we decrease s to zero. It may indicate that the correspondence breaks down in this limit s → 0.

As we showed in §4.2, the gauge theory exhibits a transition between the confinement and deconfinement phases as long as the theory is well defined. In the gravity theory, we have a minimum temperature line that resembles this transition line at least for s ∼ 1 as shown in Fig.6. We expect that this minimum temperature line is very close to the Hawking-Page transition line of the warped AdS black hole, since the transition temperature of a nonwarped AdS-Schwarzschild black hole is close to its minimum temperature. If this expectation is correct, this result indicates that the transition lines in the two theories resemble each other qualitatively, and this agreement provides another evidence of the warped AdS/CFT correspondence.

Despite of these agreements, there are some discrepancies between these theories. For s > 2, the gauge theory is poorly defined while the warped AdS black hole does exist. The minimum temperature line of the gravity theory in this parameter region s > 2 does not resemble the critical line of the gauge theory. This result suggests an interesting scenario such that the warped AdS black hole becomes unstable when the dual gauge theory becomes unstable, i.e., when s > 2, and settles down into some other new phase. It will be interesting to investigate the dynamical and thermodynamical stabilities of the warped AdS black hole in this parameter region^{∗)} and determine whether this duality between the warped AdS and the SYM on a squashed S^3 works in this parameter region s > 2.

∗) For some black holes that have the same isometry as the warped AdS black hole, the stability was studied in Refs. 58)–62).

Warped AdS_5 Black Holes and Dual CFTs 15

Acknowledgements

We are grateful to H. Kawai, T. Kobayashi, H. Ishihara, Y. Yasui, D. Ida, S. Tomizawa, T. Tanaka, M. Kimura and Y. Sumitomo for valuable discussions, and J. Soda for collaboration at an earlier stage. The works of KM, TN and NT are supported by JSPS Grants-in-Aid for Scientific Research Nos. 19·3715, 19·3589 and 20·56381, respectively. This work was supported by a Grant-in-Aid for the Global COE Program “The Next Generation of Physics, Spun from Universality and Emergence” from the Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan.

Appendix A Supersymmetry of N = 4 SYM on Three-Dimensional Manifold

We study N = 4 SYM on R × M_3, where M_3 is an arbitrary three-dimensional manifold with constant Ricci curvature. The background metric is

ds^2 = −dt^2 + ds^2(M_3). (A.1)

The action on this background I = − ∫ d^4x √ −g tr [1 2 (F_{μν} )^2 + (D_μϕ_m)^2+ R 6 ϕ^2_m + iλ̄^AΓ^μD_μλ_A − g^2 2 [ϕ_m, ϕ_n]^2 − gλ̄^AΓ^m[ϕ_m, λ_A] ] , (A.2) is invariant under the supersymmetric transformation δA_μ = −iλ̄^AΓ_μϵ_A , δϕ_m = −iλ̄^AΓ_mϵ_A , δλ_A = [ 1 2 F_{μν} Γ^{μν} − D_μϕ_mΓ^mΓ^μ − 1 2 ϕ_mΓ^mΓ^μ∇_μ − i 2 [ϕ_m, ϕ_n]Γ^{mn} ] ϵ_A , (A.3)

only when the spinors ϵ_A satisfy the Killing spinor equations ( ∂_0 − 1 2 √ R 6 γ_0 ) ϵ = 0 , ( ∇_i − 1 2 √ R 6 γ_iγ_5 ) ϵ = 0 , ∇_iϵ ≡ ( ∂_i + 1 4 ω^{ab}_i γ_{ab} ) ϵ . (A.4)

They must also satisfy the integrability condition

[∇_μ, ∇_ν ]ϵ = 1 4 R^{kl}_{ij} γ_{kl}ϵ , (A.5) then we obtain the condition for preserving the supersymmetry putting (A.4) into (A.5) as R_{ij,kl}γ^{[kl]} = R 3 γ_{[ij]} . (A.6)

16 K. Murata, N. Nishioka and N. Tanahashi

Multiplying γ^{mn} and taking trace on both sides, we obtain R_{ij,kl} = R 6 (g_{ik}g_{jl} − g_{il}g_{jk}) , (A.7) which indicates that M_3 must be a maximally symmetric space such as S^3, R^3 and H_3. Thus N = 4 SYM on the squashed S^3 does not have any supersymmetry.

References

1) J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998), 231; Int. J. Theor. Phys. 38 (1999), 1113.

2) S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998), 105. 3) E. Witten, Adv. Theor. Math. Phys. 2 (1998), 253. 4) B. Sundborg, Nucl. Phys. B 573 (2000), 349.

5) O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk, Adv.

Theor. Math. Phys. 8 (2004), 603.

6) S. W. Hawking and D. N. Page, Commun. Math. Phys. 87 (1983), 577. 7) E. Witten, Adv. Theor. Math. Phys. 2 (1998), 505. 8) S. W. Hawking and H. S. Reall, Phys. Rev. D 61 (2000), 024014. 9) H. Liu, hep-th/0408001.

10) O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk, Phys.

Rev. D 71 (2005), 125018.

11) L. Alvarez-Gaume, C. Gomez, H. Liu and S. Wadia, Phys. Rev. D 71 (2005), 124023. 12) P. Basu and S. R. Wadia, Phys. Rev. D 73 (2006), 045022.

13) N. Kawahara, J. Nishimura and K. Yoshida, J. High Energy Phys. 06 (2006), 052. 14) D. Yamada and L. G. Yaffe, J. High Energy Phys. 09 (2006), 027. 15) T. Harmark and M. Orselli, Nucl. Phys. B 757 (2006), 117. 16) T. Harmark and M. Orselli, Phys. Rev. D 74 (2006), 126009. 17) Y. Hikida, J. High Energy Phys. 12 (2006), 042. 18) D. Yamada, Class. Quantum Grav. 24 (2007), 3347. 19) Y. Hikida and N. Iizuka, J. High Energy Phys. 09 (2007), 021.

20) T. Harmark, K. R. Kristjansson and M. Orselli, J. High Energy Phys. 09 (2007), 115. 21) T. Azuma, P. Basu and S. R. Wadia, Phys. Lett. B 659 (2008), 676. 22) S. Dutta and R. Gopakumar, J. High Energy Phys. 03 (2008), 011. 23) T. J. Hollowood, S. P. Kumar, A. Naqvi and P. Wild, J. High Energy Phys. 08 (2008), 046.

24) K. Murata, T. Nishioka, N. Tanahashi and H. Yumisaki, Prog. Theor. Phys. 120 (2008), 473.

25) M. Fujita, T. Nishioka and T. Takayanagi, J. High Energy Phys. 09 (2008), 016. 26) T. Harmark, K. R. Kristjansson and M. Orselli, J. High Energy Phys. 02 (2009), 027. 27) T. Ishii, G. Ishiki, S. Shimasaki and A. Tsuchiya, Phys. Rev. D 78 (2008), 106001. 28) G. Ishiki, S. W. Kim, J. Nishimura and A. Tsuchiya, arXiv:0810.2884. 29) Y. Kitazawa and K. Matsumoto, arXiv:0811.0529.

30) S. S. Gubser, I. R. Klebanov and A. W. Peet, Phys. Rev. D 54 (1996), 3915. 31) S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48 (1982), 975. 32) S. Deser, R. Jackiw and S. Templeton, Ann. of Phys. 140 (1982), 372 [Errata; 185 (1988), 406]; Ann. of Phys. 281 (2000), 409.

33) Y. Nutku, Class. Quantum Grav. 10 (1993), 2657. 34) M. Gürses, Class. Quantum Grav. 11 (1994), 2585.

35) A. Bouchareb and G. Clement, Class. Quantum Grav. 24 (2007), 5581. 36) D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, arXiv:0807.3040. 37) K. Ait Moussa, G. Clement, H. Guennoune and C. Leygnac, Phys. Rev. D 78 (2008), 064065.

38) G. Compere and S. Detournay, Class. Quantum Grav. 26 (2009), 012001. 39) G. Compere, S. Detournay and M. Romo, Phys. Rev. D 78 (2008), 104030. 40) D. Anninos, arXiv:0809.2433.

41) K. Hotta, Y. Hyakutake, T. Kubota, T. Nishinaka and H. Tanida, J. High Energy Phys.

01 (2009), 010.

Warped AdS_5 Black Holes and Dual CFTs 17

42) H. Yoshino, T. Ohba and A. Tomimatsu, Phys. Rev. D 69 (2004), 124034. 43) A. Tomimatsu, Phys. Rev. D 71 (2005), 124044. 44) P. Dobiasch and D. Maison, Gen. Relat. Gravit. 14 (1982), 231. 45) D. J. Gross and M. J. Perry, Nucl. Phys. B 226 (1983), 29. 46) R. d. Sorkin, Phys. Rev. Lett. 51 (1983), 87. 47) D. Rasheed, Nucl. Phys. B 454 (1995), 379. 48) F. Larsen, Nucl. Phys. B 575 (2000), 211.

49) H. Ishihara and K. Matsuno, Prog. Theor. Phys. 116 (2006), 417.

50) D. Ida, H. Ishihara, M. Kimura, K. Matsuno, Y. Morisawa and S. Tomizawa, Class. Quantum Grav. 24 (2007), 3141.

51) W. Chen, H. Lu and C. N. Pope, Class. Quantum Grav. 23 (2006), 5323. 52) T. Houri, T. Oota and Y. Yasui, Phys. Lett. B 666 (2008), 391. 53) T. Houri, T. Oota and Y. Yasui, Class. Quantum Grav. 26 (2009), 045015. 54) V. K. Onemli and B. Tekin, Phys. Rev. D 68 (2003), 064017. 55) Y. Brihaye, J. Kunz and E. Radu, arXiv:0904.1566 [gr-qc]. 56) B. L. Hu, Phys. Rev. D 8 (1973), 1048. 57) G. W. Gibbons, Ann. of Phys. 125 (1980), 98.

58) K. Murata and J. Soda, Class. Quantum Grav. 25 (2008), 035006. 59) M. Kimura, K. Murata, H. Ishihara and J. Soda, Phys. Rev. D 77 (2008), 064015. 60) H. Ishihara, M. Kimura, R. A. Konoplya, K. Murata, J. Soda and A. Zhidenko, Phys. Rev.

D 77 (2008), 084019.

61) K. Murata and J. Soda, Prog. Theor. Phys. 120 (2008), 561. 62) K. Murata, arXiv:0812.0718.