arXiv:0901.2599v2 [hep-ph] 22 Apr 2010

CU-TP-1186 KANAZAWA-09-01 RBRC-771 SHEP 09/02

Renormalization of quark bilinear operators in a momentum-subtraction scheme with a nonexceptional subtraction point

C. Sturm^a , Y. Aoki^b , N.H. Christ^c , T. Izubuchi^{a,b,d} , C.T.C. Sachrajda^{c,e} and A. Soni^a

(RBC and UKQCD Collaborations)

a Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA b RIKEN-BNL Research Center, Brookhaven National Laboratory, Upton, New York 11973, USA c Physics Department, Columbia University, New York, New York 10027, USA d Institute for Theoretical Physics, Kanazawa University, Kakuma, Kanazawa, 920-1192, Japan e School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, United Kingdom

Abstract

We extend the Rome-Southampton regularization independent momentumsubtraction renormalization scheme(RI/MOM) for bilinear operators to one with a nonexceptional, symmetric subtraction point. Two-point Green’s functions with the insertion of quark bilinear operators are computed with scalar, pseudoscalar, vector, axial-vector and tensor operators at one-loop order in perturbative QCD. We call this new scheme RI/SMOM, where the S stands for ”symmetric”. Conversion factors are derived, which connect the RI/SMOM scheme and the MS scheme and can be used to convert results obtained in lattice calculations into the MS scheme. Such a symmetric subtraction point involves nonexceptional momenta implying a lattice calculation with substantially suppressed contamination from infrared effects. Further, we find that the size of the one-loop corrections for these infrared improved kinematics is substantially decreased in the case of the pseudoscalar and scalar operator, suggesting a much better behaved perturbative series. Therefore it should allow us to reduce the error in the determination of the quark mass appreciably.

1 Introduction

Lattice simulations in quantum chromodynamics (QCD) allow for ab initio nonperturbative determinations of operator matrix elements and physical quantities such as quark masses and the strong coupling constant. One starts with a direct computation of the bare quantities with the lattice spacing acting as the ultraviolet cutoff in some particular discretization of QCD. Providing that the lattice spacing is sufficiently small, it is in principle possible to obtain the corresponding renormalized quantities using perturbation theory. However, the coefficients in lattice perturbation theory frequently prove to be large and for this reason techniques using nonperturbative renormalization (NPR) have been developed and are being successfully implemented. With these techniques lattice perturbation theory is avoided entirely, and one obtains renormalized quantities in some appropriate renormalization scheme such as the regularization independent momentumsubtraction (RI/MOM) scheme [1].

On the other hand perturbative calculations in continuum QCD are conventionally and conveniently performed using dimensional regularization [2] and the MS renormalization scheme [3, 4] which is not directly amenable to the NPR procedure. The continuum perturbation theory is therefore used to match the quantities computed in the RI/MOM and MS schemes. For example the computation of the mass conversion factor C^{RI/MOM}_m , which converts a quark mass renormalized in the RI/MOM scheme into the MS scheme or the conversion factor C^{RI/MOM}_q , which performs the corresponding conversion of the quark fields, are both known up to three-loop order in perturbative QCD [1, 5, 6]. Another scheme, which is useful in lattice simulations is the RI^′/MOM scheme in which these conversion factors are also known up to three-loop order [6,7]. A more detailed definition of these schemes will be discussed in Section 2. The conversion factors C_m and C_q in both schemes can be obtained through the evaluation of self-energy diagrams. Not only quark masses, but also the strong coupling constant α_s has been studied in MOM schemes [8–13].

With regard to the vertex diagrams one has many choices of defining the subtraction point at which the renormalization constants are fixed through different momentum configurations. In this paper we determine the one-loop matching coefficients for a generalization of the RI/MOM scheme in which there are no channels with exceptional momenta and which we propose to use in our numerical simulations. Because the kinematic configuration in this scheme is symmetrical in the three channels, we call it the RI/SMOM scheme. In the following we define the symmetric and asymmetric Minkowski momentum configurations by

• symmetric or nonexceptional momentum configuration: p^2_1 = p^2 = q^2 = −μ^2, μ^2 > 0, q = p_1 − p_2, • asymmetric or exceptional momentum configuration: p^2_1 = p^2 = −μ^2, μ^2 > 0, p_1 = p_2, q = 0, where the momentum flow is shown diagrammatically in Fig. 1.

In Ref. [14] quark masses were determined through lattice simulations using nonperturbative renormalization [1] in the RI/MOM scheme and subsequently converted to the MS scheme. In order to renormalize the bare quark masses in the lattice simulation, the

Figure 1: Momentum flow of a generic diagram required for the renormalization procedure with nonexceptional momenta. The gray bubble stands for an operator insertion and higher order corrections.

renormalization constants need to be computed on the lattice. In regularization and renormalization schemes which preserve flavor and chiral symmetries in the limit of vanishing quark masses, the perturbative renormalization constants of the axial-vector and vector operators as well as the ones for the pseudoscalar and scalar operators need to be equal. In the standard RI/MOM and RI^′/MOM schemes the normalization conditions for quark bilinear operators are imposed on Green’s functions with the operator inserted between equal incoming and outgoing momenta say p, and −p^2 ≡ μ^2 is the renormalization scale. The momentum q inserted at the operator is therefore 0 so that there is an exceptional channel, i.e. one in which the square of the momentum is much smaller than the typical large scale (μ^2). For the asymmetric subtraction point effects of chiral symmetry breaking vanish only slowly like 1/p^2 for large external momenta p^2. In Ref. [15] it was proposed instead to use a similar renormalization procedure but with the incoming and outgoing quarks having different momenta, p_1 and p_2 respectively, with p^2_1 = p^2 = (p_1 − p_2)^2 ≡ p^2. There are now no exceptional channels and we explain below that this decreases chiral symmetry breaking and other unwanted infrared effects. The choice of such a symmetric subtraction point is very convenient, the renormalized quantities depend also only on a single scale p^2. When the renormalization constants of quark bilinear operators are fixed at a symmetric subtraction point (chosen to have nonexceptional kinematics) chiral symmetry breaking and other unwanted infrared effects are better behaved and vanish with larger asymptotic powers of the order 1/p^6. This behavior has been derived in Ref. [15] as a consequence of Weinberg’s theorem [16] and demonstrated by explicitly computing the renormalization constants on the lattice. Hence these RI/SMOM kinematics suppress infrared effects much more strongly than the usual exceptional configuration for large external momenta. The symmetric momentum configuration is thus much more favorable. However, in order to be able to use it to evaluate the matrix elements of quark bilinear operators and the quark mass, the matching factors need to be determined perturbatively for this new, symmetric choice of momenta. A nonperturbative test of the RI/SMOM scheme for the quark mass renormalization can be found in Ref. [17].

Another drawback in the case of the exceptional momenta is that the perturbative expansion of the usual conversion factor C^{RI/MOM}_m shows poor convergence and makes a significant contribution to the systematic uncertainty in the quark masses obtained from the lattice studies. In fact, in Ref. [14] the error (≈ 11%) in the quark masses arising from the truncation of the perturbative series in the matching factor amounts to around 60% of the total error. Therefore determining the conversion factor for a symmetric momentum configuration will also allow us to see if the convergence will be better behaved. If it is better behaved, then the symmetric configuration would be preferred for both of these reasons. Motivated by these considerations we study in this work the renormalization of quark bilinear nonsinglet operators of the form Ô = ūΓd for a symmetric subtraction point, where Γ represents a Dirac matrix and ū and d are fermion quark fields.

Even with the use of the symmetric, nonexceptional kinematics, the renormalization prescription is not unique and the chiral Ward-Takahashi identities can be satisfied using a variety of procedures. In the following sections we study a specific scheme which we consider to be convenient and practicable for the nonperturbative renormalization of lattice quark bilinear operators. In order to preserve the Ward-Takahashi identity, the definitions of the vertex and wave function renormalizations are related as we explain in the following Section.

The outline of this paper is as follows: In Section 2 we define our notation and conventions and introduce the framework required for performing renormalization of the quark bilinear operators with a symmetric subtraction point. Subsequently we present in Section 3 two methods for the extraction of the conversion factor C_m in the RI/SMOM scheme, apply the concepts of Section 2 to calculate the vector, axial-vector, pseudoscalar, scalar and tensor operators between two off-shell quark states at one-loop order in perturbative QCD for the nonexceptional momentum configuration and determine the matching factors. Finally we close with a brief summary and our conclusions in Section 4. Even with the symmetric nonexceptional kinematics the choice of renormalization conditions is not unique. In Appendix A we therefore present the one-loop perturbative results in a form which can be used to calculate the conversion factors from a general scheme with a symmetric subtraction point to the MS scheme. For illustration we study one alternative scheme called the RI/SMOM_{γμ} scheme, in which the vertex renormalization condition is the same as in the RI/MOM scheme, but with nonexceptional kinematics and with a different wave function renormalization. We also provide the results for the conversion factors and, in Appendix B, the corresponding two-loop anomalous dimensions.

2 Concepts and framework of the RI/SMOM scheme

We will begin with a bare, continuum theory of QCD which has been regulated using a scheme which guarantees that Green’s functions involving the quark field and quark field bilinears obey the usual chiral and flavor symmetries of QCD. Dimensional regularization is an example of such a scheme.

Let us consider the nonamputated Green’s function G_Ô of an operator Ô computed between two external off-shell quark lines in a fixed gauge. The corresponding diagrams up to one-loop order in perturbative QCD are shown in Fig. 2.

(a) (b) (c) (d)

Figure 2: Diagrams contributing to the nonamputated Green’s function up to one-loop order in perturbative QCD. The black box indicates the inserted operator. Spiral lines denote gluons and solid lines fermions.

The amputated Green’s function is defined by

Λ_Ô = S^{−1}(p_2)G_ÔS^{−1}(p_1) (1)

where S(p) is given by the quark propagator − iS(p) = ∫ dxe^{ipx}⟨T [Ψ(x)Ψ(0)]⟩ = i p̸ − m + iϵ − Σ(p) , (2)

where Σ(p) contains the higher order corrections and can, in perturbation theory, be decomposed into its Lorentz structure: Σ(p) =p̸Σ_V (p^2) + mΣ_S (p^2). The lowest order and one-loop diagrams contributing to Σ(p) are shown in Fig. 3.

(a) (b)

Figure 3: Propagator-type diagrams up to one-loop order in QCD

In the following we will consider quark bilinear operators Ô = ūΓd with scalar (Γ = 11), pseudoscalar (Γ = iγ_5), vector (Γ = γ^μ), axial-vector (Γ = γ^μγ_5) and tensor (Γ = σ^{μν} =^i_2 [γ^μ, γ^ν ]) kernels. We will distinguish between bare and renormalized quantities by assigning the index B to a bare quantity and the index R to a renormalized one. In the case of renormalized quantities an additional quantifier specifying the scheme is attached. Renormalized and bare quantities are related through the renormalization constants Z:

Ψ_R = Z^{1/2}_q Ψ_B , m_R = Z_mm_B , Ô_R = Z_ÔÔ_B. (3)

The renormalization constants of the scalar (Ô = S), pseudoscalar (Ô = P ), vector (Ô = V ), axial-vector (Ô = A) and tensor (Ô = T ) operator will be denoted as Z_S, Z_P , Z_V , Z_A and Z_T , respectively. In the RI/MOM scheme the renormalization conditions which fix the renormalization constants Z_m and Z_q are given by lim_{mR→0} 1 12m_R Tr[S^{−1}_R (p)] | | |_{p2=−μ2} = 1 and lim_{mR→0} 1 48 Tr [ γ^μ ∂S^{−1}_R (p) ∂p^μ ]| | | |_{p2=−μ2} = −1, (4)

where the symbol “Tr” denotes the trace over color and spins. The second equation determines Z^{RI/MOM} q and subsequently the first one can be used to extract Z^{RI/MOM}_m . Now in the RI^′/MOM scheme the second condition of Eqs.(4) is replaced by lim_{mR→0} 1 12p^2

Tr[S^{−1}_R (p)p̸] | | | |_{p2→−μ2} = −1. (5) The quark propagator in the RI^′/MOM scheme is fixed to its lowest order value at the point p^2 = −μ^2, where p^2 is the squared, external, Minkowski momentum and μ is the renormalization scale.

The propagator and vertex diagrams (Fig. 2) for the vector and axial-vector operators are related through the vector Ward-Takahashi identity for degenerate masses m_u = m_d = m q_μΛ^μ_{V,B}(p_1, p_2) = S^{−1}_B (p_2) − S^{−1}_B (p_1) (6) and the axial-vector Ward-Takahashi identity

− iq_μΛ^μ_{A,B}(p_1, p_2) = 2m_B Λ_{P,B}(p_1, p_2) − iγ_5S^{−1}_B (p_1) − S^{−1}_B (p_2)iγ_5, (7)

with the momentum transfer q = p_1 − p_2. The renormalized and bare amputated Green’s functions are connected by

S_R(p) = Z_qS_B (p), Λ_{Ô,R}(p_1, p_2) = Z_Ô Z_q Λ_{Ô,B}(p_1, p_2). (8)

In the following we want to renormalize the quark bilinear operators using a symmetric subtraction point. For functions f, which are restricted to the symmetric momentum configuration we use the shorthand f(p^2_1, p^2, q^2)|_p2_{1=p}2_{=q}2_{=−μ}2 ≡ f(p^2_1, p^2, q^2)|_{sym} and for the asymmetric subtraction point we introduce the abbreviation f(p^2_1, p^2, q^2)|_{q=0,p}2_{1=−μ}2_{=p}2 ≡ f(p^2_1, p^2, q^2)|_{asym}.

We perform the quark mass and wave function renormalization by imposing on the two-point function S(p) the condition of Eq.(5) and lim_{mR→0} 1 12m_R { Tr [ S^{−1}_R (p) ]| |_{p2=−μ2} − 1 2 Tr [ q_μΛ^μ_{A,R}(p_1, p_2)γ_5 ]| | |_{sym} } = 1. (9)

The second term in the curly brackets on the left-hand side of Eq.(9) starts at O(α_s) and is absent in the RI/MOM and RI^′/MOM schemes. This term is needed to maintain the Ward-Takahashi identities for renormalized quantities, as we will see below. For the vector and axial-vector quark bilinear operators we impose the conditions lim_{mR→0} 1 12q^2 Tr [ q_μΛ^μ_{V,R}(p_1, p_2)q̸ ] | | | |_{sym}= 1, limm_R→0 1 12q^2 Tr [ q_μΛ^μ_{A,R}(p_1, p_2)γ_5 q̸ ] | | | |_{sym}= 1. (10)

The projectors for the amputated Green’s functions in Eqs.(10) are different from those used in the RI/MOM scheme(see Table 1). Using instead these original RI/MOM projectors leads to a different wave function renormalization and will be discussed in Appendix A. For the pseudoscalar and scalar amputated Green’s functions we use the renormalization conditions lim_{mR→0} 1 12i Tr [Λ_{P,R}(p_1, p_2)γ_5] | | |_{sym}= 1, lim_{mR→0} 1 12 Tr [Λ_{S,R}(p_1, p_2)11] | | |_{sym}= 1, (11)

and for the tensor operator the condition lim_{mR→0} 1 144 Tr [ Λ^{μν}_{T,R}σ_{μν} ]| | |_{sym} = 1. (12)

Note that all of the renormalization schemes being considered in this paper are massindependent. Thus, each condition is imposed at fixed external momentum and vanishing quark mass. The renormalization conditions of the RI/MOM and RI/SMOM schemes are summarized in Table 1.

RI/MOM lim_{mR→0}^1_{48} Tr [ γ^{μ ∂S−1R (p)}_{∂pμ} ]| | |_{p2=−μ2} = −1, lim_{mR→0}^1_{12mR} Tr[S^{−1}R (p)] | |_{p2=−μ2} = 1,

lim_{mR→0}^1_{48} Tr [ Λ^μ_{V,R}(p_1, p_2)γ_μ ]| |_{asym}= 1, lim_{mR→0}^1_{48} Tr [ Λ^μ_{A,R}(p_1, p_2)γ_5γ_μ ]| |_{asym}= 1, lim_{mR→0}^1_{12} Tr [Λ_{S,R}(p_1, p_2)11] | |_{asym}= 1, lim_{mR→0}^1_{12i} Tr [Λ_{P,R}(p_1, p_2)γ_5] | |_{asym}= 1. RI/SMOM lim_{mR→0}^1_{12p2} Tr[S^{−1}_R (p)p̸] | | p^2=−μ^2 = −1,

lim_{mR→0}^1_{12mR} { Tr [ S^{−1}_R (p) ]| |_{p2=−μ2} −^1_2 Tr [ q_μΛ^μ_{A,R}(p_1, p_2)γ_5 ]| |_{sym} } = 1,

lim_{mR→0}^1_{12q2} Tr [ q_μΛ^μ_{V,R}(p_1, p_2)q̸ ]| |_{sym}= 1, lim_{mR→0}^1_{12q2} Tr [ q_μΛ^μ_{A,R}(p_1, p_2)γ_5 q̸ ]| |_{sym}= 1, lim_{mR→0}^1_{12} Tr [Λ_{S,R}(p_1, p_2)11] | | sym= 1, lim_{mR→0}^1_{12i} Tr [Λ_{P,R}(p_1, p_2)γ_5] | | sym= 1. Table 1: The renormalization conditions for the RI/MOM and RI/SMOM schemes.

In the remainder of this Section we will show that if the normalization conditions in Eqs.(5) and (9)-(11) of this RI/SMOM scheme are imposed on the quark bilinear operators, the Ward-Takahashi identities of Eqs.(6) and (7) are also obeyed for the resulting renormalized quantities and the properties Z_V = 1 = Z_A, Z_P = 1/Z_m and Z_S = Z_P are preserved, as they are in the MS, RI^′/MOM and RI/MOM schemes (see e.g. Ref. [18,19]). Some of these properties hold nonperturbatively while the others are proven only in the perturbation theory as we will see below.

Let us start by considering the object^1_{12q2} Tr[q_μΛ^μ_{V,B} q̸]|_{sym} and insert the vector Ward- Takahashi identity of Eq.(6): 1 12q^2 Tr[q_μΛ^μ_{V,B} q̸] | | | | |_{sym}= 1 12q^2 { Tr[S^{−1}_B (p_2)q̸]−Tr[S^{−1}_B (p_1)q̸] }| |_{sym}=− 1 12q^2

Tr[S^{−1}_B (q)q̸] | | |_{sym} . (13) Expressing bare quantities in terms of renormalized ones using Eq.(8) and imposing the condition in Eq.(5) and the one on the left in Eq.(10) leads to Z^{RI/SMOM}_V = 1. Similarly one obtains Z^{RI/SMOM}

V = Z^{RI/SMOM}

A by inserting Eq.(7) into^1_{12q2} Tr[q_μΛ^μ_{A,B}γ_5 ̸q]|_{sym}, combining it with Eqs.(13) and imposing the conditions of Eq.(10) for the renormalized quantities in the massless limit. Note that the above derivation of Z^{RI/SMOM}_A = Z^{RI/SMOM}_V is independent of the choice of the renormalization point μ. This is in contrast to the RI/MOM scheme for which the Ward-Takahashi identity for the axial current only holds at large μ^2. The renormalized vector current satisfies the Ward-Takahashi identity in both the RI/MOM and the RI/SMOM schemes even in the low energy region. However, the relation Z_A = Z_V = 1 implies that the axial vertex function given in Eq. (10) remains exactly equal to one in the limit of vanishing quark mass even when evaluated in the infrared region of QCD where large vacuum chiral symmetry breaking might have been expected to introduce large asymmetries between such vector and axial-vector correlation functions.

From Z^{RI/SMOM}

V = 1 = Z^{RI/SMOM}

A it follows that the renormalization constant Z^{RI/SMOM}_q can be extracted from Eqs.(10). However, since Eq.(5) determines Z_q in both the RI/SMOM and RI^′/MOM schemes, Z^{RI/SMOM}_q = Z^{RI′/MOM}_q , whose value is known up to order α^3_s in Ref. [6, 7]. Nevertheless, in Section 3.1, we will renormalize the vector and axial-vector operators for the symmetric momentum configuration in the RI/SMOM scheme using the conditions in Eqs.(10) in order to demonstrate that the value of Z^{RI/SMOM}_q obtained from Eq.(10) is in fact equal to the value for Z^{RI′/MOM}_q obtained from Eq.(5) by explicit calculation up to one-loop order.

From the axial Ward-Takahashi identity it follows that the renormalization constant for the pseudoscalar operator Z^{RI/SMOM}_P and the mass renormalization constant Z^{RI/SMOM}_m are related. If one multiplies Eq.(7) by (−iγ_5), takes the trace of both sides over spin and color and restricts it to the symmetric momentum configuration, one obtains − 1 12 Tr[q_μΛ^μ_{A,B}γ_5] | | |_{sym} = 2m^B 1 12i Tr[Λ_{P,B}γ_5] | | |_{sym} − 1 6 Tr[S_B (p)^{−1}] | |_{p2=−μ2} . (14)

Taking the zero-mass limit, expressing again the bare equation with the help of Eqs.(3) and (8) in terms of renormalized quantities and imposing the conditions in Eqs.(9) and (11) for the RI/SMOM scheme leads to Z^{RI/SMOM}_P = 1/Z^{RI/SMOM}_m .

The conditions in Eq.(11) for the pseudoscalar and scalar operator can be expressed in terms of the bare Green’s function and the renormalization constants. The traces over the two bare Green’s functions become equal in the massless limit in perturbation theory, which leads to Z_S = Z_P .

In the above discussion the renormalization constants relate the bilinear operators renormalized in the RI/SMOM scheme to those in the bare theory which we had assumed to satisfy the Ward-Takahashi identities (6) and (7). Since many lattice formulations of QCD break the chiral or flavor symmetries, in general Eqs.(6) and (7) do not hold in these (bare) theories. Nevertheless, our renormalization scheme is indeed regularization independent and the Ward-Takahashi identities hold for the RI/SMOM renormalized quantities. The renormalization constants relating the renormalized and bare lattice operators depend on the regularization of course, so that, for example, Z_V and Z_A will typically be different from 1 in such cases.

3 Conversion factors:

Results of the next-to-leading order calculation

The properties discussed in Section 2 can be used to convert quark masses determined through lattice simulations in the RI/SMOM scheme into the MS scheme by computing the matching factor C^{RI/SMOM}_m = Z^{MS}_m /Z^{RI/SMOM}_m with m^{MS}_R = C^{RI/SMOM}_m m^{RI/SMOM}_R . The explicit calculation to determine this conversion factor at one-loop order in perturbative QCD will be performed in the next subsections using two different methods, which allows us to cross-check our results.

First, the matching factor C^{RI/SMOM}_m can be obtained with the help of Eq.(9) through

(C^{RI/SMOM} m )^{−1} = (C^{RI′/MOM} m )^{−1} − 1 2 C^{RI/SMOM} q lim_{mR→0} 1 12m^{MS}_R Tr [ q_μΛ^{μ,MS}_{A,R} γ_5 ]| | | |_{sym} , (15) which will be evaluated in Section 3.1. In analogy to C^{RI/SMOM}_m we define here the conversion factor C^{RI/SMOM} q = Z^{MS}_q /Z^{RI/SMOM} q for the fermion fields.

Second, the conversion factor can be related to the renormalization constants of the pseudoscalar operator

C^{RI/SMOM} m = Z^{MS}_m Z^{RI/SMOM} m = Z^{RI/SMOM} P Z^{MS}_P ≡ 1 C^{RI/SMOM} P (16)

and hence m^{MS}_R = 1 C^{RI/SMOM} P m^{RI/SMOM} R = 1 C^{RI/SMOM} P 1 Z^{RI/SMOM} P,latt. m_{B,latt.}. (17) In particular in Section 3.2 we will evaluate the conversion factor C^{RI/SMOM}_P , which converts the pseudoscalar operator from the RI/SMOM scheme to the MS scheme. The matching factor C^{RI/SMOM}

P is in general gauge dependent; however, this gauge dependence will cancel out with the corresponding gauge dependence in the factor Z^{RI/SMOM}_{P,latt.} determined in the lattice calculation. In the following we will perform the computation in the general covariant gauge using the tree level gluon propagator iδ^{ab} q^2 + iϵ ( −g^{μν} + (1 − ξ) q^μq^ν q^2 + iϵ ) (18)

and we will restrict ourselves to the Landau gauge (ξ = 0) at the end of the calculation. We choose the renormalization scales of both schemes to be equal μ^{MS} = μ^{RI/SMOM}. The conversion factors C^{RI/SMOM} x with x ∈ {m, q, S, P, V, A, T } denote always the conversion from the RI/SMOM to the MS scheme.

3.1 The vector and axial-vector operator

In this section we want to use the vector and axial-vector operator separately to extract the matching factor C^{RI/SMOM}_q for the quark field for the symmetric subtraction point. This result is then used in the next step to compute C^{RI/SMOM}_m with the help of Eq.(15).

Our perturbative computation is performed in dimensional regularization with the space-time dimension d = 4 − 2ε. For the vector operator case C^{RI/SMOM}_q can be obtained by (C^{RI/SMOM} q )^{−1} = lim_{mR→0} 1 12q^2 Tr [ q_μΛ^{μ,MS}_{V,R} q̸ ]| | | |_{sym} . (19) The calculation of the one-loop QCD corrections to the vector operator, computed between two off-shell quark lines, is straightforward and leads to

C^{RI/SMOM} q = 1 − α_s 4π C_F ξ + O(α^2_s ). (20)

The symbol C_F denotes the Casimir operator of the SU(3) group in the fundamental representation; C_F = 4/3. As expected Eq.(20) agrees with the result in Ref. [6, 7], since C^{RI/SMOM} q = C^{RI′/MOM} q , as shown in Section 2.

Similarly one can also derive this result from the axial-vector operator by using

(C^{RI/SMOM} q )^{−1} = lim_{mR→0} 1 12q^2 Tr [ q_μΛ^{μ,MS}_{A,R} γ_5 q̸ ]| | | |_{sym} . (21) For the treatment of γ_5 in dimensional regularization [2,20] we use a naive anticommuting definition of γ_5 for evaluating the loop integrals, which obeys the equations {γ_5, γ^μ} = 0 and γ^2_5 = 1. This is a self-consistent prescription for the flavor nonsinglet contributions considered in this work [21,22]. On the other hand one can use Eq.(5) in order to determine Z^{RI/SMOM} q and then extract Z^{RI/SMOM}_V and Z^{RI/SMOM}_A from Eqs.(10). For both we explicitly confirm that at one-loop order Z^{RI/SMOM}_V = Z^{RI/SMOM}_A = 1 as expected.

The conversion factor C^{RI/SMOM}_m can now be computed from the axial-vector operator with the help of Eq.(15) by determining lim_{mR→0} 1 12m^{MS}_R Tr [ q_μΛ^{μ,MS}_{A,R} γ_5 ]| | | |_{sym} = α_s 4π C_F (3 + ξ) C_0 + O(α^2_s), (22)

with C_0 = 2 3 Ψ^′ ( 1 3 ) − ( 2 3 π )_2

, (23) where Ψ(x) is the digamma function Ψ(x) = Γ^′(x)/Γ(x)^1. The matching factor C^{RI′/MOM}_m can be taken from Ref. [6, 7] and C^{RI/SMOM}_q from Eq.(20). This leads to

C^{RI/SMOM} m = 1 − α_s 4π C_F ( 4 + ξ − (3 + ξ) 1 2 C_0 ) + O(α^2_s). (24)

3.2 The pseudoscalar and scalar operator

In this section we determine the conversion factor C^{RI/SMOM}_m = (C^{RI/SMOM}_P )^{−1} = Z^{RI/SMOM}_P /Z^{MS}_P through the calculation of the pseudoscalar operator. At one-loop order in perturbative QCD its computation leads to the decomposition Λ_{P,B} = A_{P,B}iγ_5 + B_{P,B} iγ_5 mq̸ q^2 + C_{P,B}iγ_5 [p̸_1,p̸_2]

q^2

, (25)

with

A_{P,B} = 1 + α_s 4π a_{p,1} + . . . , B_{P,B} = α_s 4π b_{p,1} + . . . , C_{P,B} = α_s 4π c_{p,1} + . . . , (26)

where the dots stand for higher order corrections and where we have set p^2_1 = q^2 = p^2. The quantities b_{p,1} and c_{p,1} are finite, whereas a_{p,1} contains 1/ε-poles. In the limit of massless fermions, considered here, we obtain b_{p,1} = 0. The matching factor C^{RI/SMOM}_P can be obtained from Eq.(11) by evaluating

C^{RI/SMOM}

P = C^{RI/SMOM} q lim_{mR→0} 1 12i Tr [ Λ^{MS}_{P,R}γ_5 ]| | |_{sym} . (27) The fermion field conversion factor C^{RI/SMOM}_q is known and has been discussed in the previous Section 3.1. Since the amplitudes B_{P,B} and C_{P,B} in Eq.(25) do not contribute to the trace in Eq.(11), this condition depends only on the pseudoscalar amplitude A_{P,B}, which is fixed to its lowest order value at the symmetric subtraction point. The explicit calculation yields

C^{RI/SMOM}

P = C^{RI/SMOM} q { 1 + α_s 4π C_F [ 4+2ξ+ ( 1+ ξ 3 )( 2 3 π^2 − Ψ^′ ( 1 3 )) ] +O ( α^2_s ) } . (28)

Inserting C^{RI/SMOM} q from Eq.(20) and exploiting C^{RI/SMOM}_m = (C^{RI/SMOM}_P )^{−1} leads to the same result as given in Eq.(24). Numerical evaluation in the Landau gauge leads to

C^{RI/SMOM}

P = (C^{RI/SMOM} m )^{−1} = 1 + α_s 4π C_F 0.4841391... + O ( α^2_s ) . (29)

Comparing Eq.(29) to the RI^′/MOM scheme with C^{RI′/MOM}_m = 1 −^{αs}_{4π} C_F 4 + . . . or the RI/MOM scheme, (which is in the Landau gauge at one-loop order equal to the RI^′/MOM scheme), we see that the result in Eq.(29) has a smaller one-loop coefficient by almost a

1The prime denotes here the derivative.

factor of 10.

In order to study the conversion factor C^{RI/SMOM}_m for different subtraction points, we introduce the parameter ω and fix our renormalization condition for the subtraction “point” p^2_1 = p^2 = −μ^2 and q^2 = −ωμ^2. This allows us also to study the limit ω → 0, which results in an exceptional momentum configuration, whereas the limit ω → 1 gives the symmetric one. The result depending on ω is given by

C^{RI/SMOM} m = 1− α_s 4π C_F [ 4+ξ− (3 + ξ) ω 2 C_0(ω) ] + O ( α^2_s ) , (30)

where the function C_0(ω) for ω ∈ [0, 4] is given by

C_0(ω) = −μ^2 ∫ d^4k iπ^2 1 (k + p_1)^2(k + p_2)^2k^2 | | | | p^2_1=p^2=−μ^2,q^2=−ωμ^2 = 2i √ 4 − ω √ ω [ Li_2 ( − √ 4 − ω + i √ ω − √ 4 − ω − i √ ω ) − Li_2 ( − √ 4 − ω − i √ ω − √ 4 − ω + i √ ω )] , (31)

and Li_2(z) is the dilogarithm function. In the case ω = 1 one obtains the result of Eq.(24) with C_0(ω = 1) = C_0. In order to display the dependence of this result for C^{RI/SMOM}_m on the gauge parameter ξ, we introduce the one-loop coefficient function c^{(1),RI/SMOM}_m (ω, ξ) extracted from Eq.(30) using the definition: C^{RI/SMOM}_m = 1 +^{αs}_{4π} C_F c^{(1),RI/SMOM}_m (ω, ξ). The coefficient c^{(1),RI/SMOM} m (ω, ξ) is plotted as a function of ω in the interval ω ∈ [0, 4] for different gauges in Fig. 4(a).

(a) (b)

Figure 4: (a) shows the one-loop coefficient c^{(1),RI/SMOM}_m of the matching factor C^{RI/SMOM}_m as a function of ω for different gauges. The value at ω = 0 is the result for the exceptional momentum configuration. The nonexceptional configuration is indicated through the vertical line at ω = 1. The bold line indicates the Landau gauge (ξ = 0), which is usually adopted in lattice calculations. (b) shows the exceptional (ω = 0) and nonexceptional (ω = 1) configuration as a function of the gauge parameter ξ.

Going from the exceptional (ω = 0) to the nonexceptional (ω = 1) momentum configuration leads to a smaller one-loop coefficient in the Landau gauge; however even for almost all other gauges the one-loop coefficient becomes smaller as well, except for gauges in the small interval ξ ∈ (^4_{C0−4} − 3, −3), which is shown in Fig. 4(b). The smaller coefficient might indicate that the symmetric configuration is less disposed to infrared effects.

In analogy to the pseudoscalar operator the computation of the scalar operator leads to the conversion factor C^{RI/SMOM}_S by employing the renormalization condition in Eq.(11). As expected the one-loop result for the matching factor C^{RI/SMOM}_m = (C^{RI/SMOM}_S )^{−1}, extracted from the scalar operator, is equal to the result obtained from the pseudoscalar one.

3.3 The tensor operator

The matching factor converting the Green’s function of the tensor operator from the RI/SMOM to the MS scheme can be obtained from Eq.(12) in complete analogy to the other operators. It is given by

C^{RI/SMOM}

T = 1 + α_s 4π C_F [ (1 − ξ) ( C_0 2 − 4 3 ) − ξ ] , (32)

where we have defined C^{RI/SMOM}_T = Z^{MS}_T /Z^{RI/SMOM}_T . The numerical evaluation in the Landau gauge leads to

C^{RI/SMOM}

T = 1 − α_s 4π C_F 0.1613797.... (33)

For the RI^′/MOM scheme the tensor operator has been evaluated up to three-loop order in Ref. [7]. The conversion factor at one-loop order is found to be proportional to the gauge parameters ξ. This contribution is therefore zero in the Landau gauge.

All conversion factors discussed in Section 3 are summarized in Table 2. The matching factors for the scalar and pseudoscalar operator are equal to the inverse of the mass conversion factor 1/C^{RI/SMOM}_m = C^{RI/SMOM}_S = C^{RI/SMOM}_P .

C^{RI/SMOM} m = 1 −^{αs}_{4π} C_F 0.4841391... + O (α^2_s) C^{RI/SMOM} q = 1 + O (α^2_s) C^{RI/SMOM}

T = 1 −^{αs}_{4π} C_F 0.1613797... + O (α^2_s)

Table 2: Summary of the matching factors for the mass and fermion field conversion ( C^{RI/SMOM} m , C^{RI/SMOM} q ) as well as for the conversion of the tensor operator ( C^{RI/SMOM} T ) in the Landau gauge.

4 Summary and Conclusion

We provide the framework and concepts for renormalizing the quark bilinear operators in a MOM scheme (RI/SMOM) with a symmetric subtraction point which has no channels with exceptional momenta. This generally suppresses the infrared chiral symmetry breaking effects compared to the standard RI/MOM (or RI^′/MOM)scheme in which there is an exceptional channel (with zero momentum). An exception is the vector current for which the RI/MOM scheme satisfies the Ward-Takahashi identity also at low values of p^2. We demonstrate that the chiral Ward-Takahashi identites(for degenerate masses) are satisfied nonperturbatively, and thus Z_V = 1 = Z_A for all values of p^2, in the RI/SMOM scheme. We calculate the matching factors relating operators renormalized in this scheme and the MS schemes at one-loop order in perturbation theory. The one-loop coefficients are given in Table 2 and we note that they are small. In particular, for the quark mass the coefficient is much smaller than that between the RI/MOM(RI^′/MOM) and MS schemes which, if confirmed at higher orders, would lead to a significant reduction in the uncertainty on the calculated value of the quark mass.

Nonperturbative renormalization of operators in lattice QCD using the RI/MOM (or RI^′/MOM)scheme has been successfully implemented for many years. The evaluation of matrix elements in the RI/SMOM renormalization scheme in lattice simulations is equally practicable and in view of the advantages explained above we strongly advocate its use.

Acknowledgments:

We want to thank our colleagues in the RBC-UKQCD Collaborations, especially Peter Boyle, for discussions and encouragement. C.T.S. warmly thanks Norman Christ and Bob Mawhinney for their hospitality at Columbia University during the autumn term of 2008. This work was partially supported by U.S. DOE under Contract No. DE-AC02- 98CH10886 (A.S., C.S. and T.I.) and in part by RIKEN BNL Research Center (T.I. and Y.A.). N.H.C was partially supported by the U.S. DOE under Contract No. DE-FG02- 92ER40699. T.I. was also supported in part by Grants-in-Aid for Scientific Research from the Ministry of Education, Culture, Sports, Science and Technology No. 19740134 and No. 20025010, and by Japan Society for the Promotion of Science(JSPS) and German Research Foundation(DFG), Japan-German Joint Research Project 2008-2009. C.T.S. acknowledges support from STFC Grant No. ST/G000557/1 and EU Contract No. MRTN- CT-2006-035482 (Flavianet).

A Alternative projectors for the vector and axial-vector operator Green’s functions

In general one can also use other projectors than those of the RI/SMOM scheme as defined in Section 2 in order to define a scheme with a symmetric subtraction point. The general structure before taking the trace with projectors of the one-loop corrected amputated Green’s functions of the operators in the MS scheme for massless quarks with the momenta p^2_1 = p^2 = q^2 are given by

Λ̄_S = ( Ā_S 11 + C̄_S [p̸^1,p̸^2]

q^2 ) δ_{ij} , (34)

Λ̄_P = ( Ā_P iγ_5 + C̄_P iγ_5 [p̸^1,p̸^2] q^2 ) δ_{ij} , (35)

Λ̄^μ_V = ( Ā_V γ^μ + B̄_V p̸^1γ^μ p̸^1+p̸^2γ^μ p̸^2 q^2 + C̄_V p̸_1γ^μ p̸_2 q^2 + D̄_V p̸_2γ^μ p̸_1

q^2 ) δ_{ij} , (36)

Λ̄^μ_A = ( Ā_Aγ^μγ_5 − B̄_Ap̸^1γ^μγ^5 p̸^1+p̸^2γ^μγ^5 p̸^2 q^2 − C̄_A p̸_1γ^μγ_5 p̸_2

q^2 − D̄_A p̸_2γ^μγ_5 p̸_1

q^2 ) δ_{ij} ,(37)

Λ̄^{μν}_T = ( Ā_T σ^{μν} + B̄_T σ^{μν} p̸^2 p̸^1−p̸^1 p̸^2σ^{μν} q^2 + C̄_T p̸_1 p̸_2σ^{μν} p̸_1 p̸_2 q^4 ) δ_{ij} , (38)

where the indices i and j denote color indices and the coefficient functions read

Ā_{S,P} = 1 + α^s 4π C_F [ 4 + 3 log ( μ^2 −q^2 ) − 3 2 C_0 + ξ ( 2 + log ( μ^2 −q^2 ) − C_0 2 )] , (39) C̄_{S,P} = α^s 4π C_F (1 − ξ)

C_0 6 , (40)

Ā_{V,A} = 1 + α^s 4π C_F [ − C_0 3 + ξ ( 1 + log ( μ^2 −q^2 ) − C_0 3 )] , (41) B̄_{V,A} = − α^s 4π C_F 3 [(1 − ξ)(C_0 − 2) − 2] , (42) C̄_{V,A} = − α^s 4π C_F 3 [C_0 + 2 + ξ(C_0 − 1)] , (43) D̄_{V,A} = α^s 4π C_F 3 [(1 − ξ)(C_0 − 1) − 1] , (44)

Ā_T = 1 − α^s 4π C_F (1 − ξ) [ 5 3 + log ( μ^2 −q^2 ) − 2 3 C_0 ] , (45)

B̄_T = − α^s 4π C_F 3 [2C_0 − (1 − ξ)] , (46)

C̄_T = α^s 4π C_F 3 (1 − ξ) [2 − C_0] . (47)

An example of a second possible choice for the projectors is the use of the projectors of the RI/MOM scheme for the amputated Green’s function of the vector and axial-vector operator lim_{mR→0} 1 48 Tr [ Λ^μ_{V,R}(p_1, p_2)γ_μ ]| | |_{sym}= 1, lim_{mR→0} 1 48 Tr [ Λ^μ_{A,R}(p_1, p_2)γ_5γ_μ ]| | |_{sym}= 1, (48)

in the renormalization conditions with a symmetric subtraction point together with the conditions of Eqs.(11). One also has to modify the conditions of Eqs.(4) lim_{mR→0} 1 48 { Tr [ γ^μ ∂S^{−1}_R (p) ∂p^μ ]| | | |_{p2=−μ2} + Tr [ q_μγ^α ∂ ∂q^α Λ^μ_{V,R} ]| | | |_{sym} = −1, (49) lim_{mR→0} 1 12m_R { Tr [ S^{−1}_R (p) ]| |_{p2=−μ2} − 1 2 Tr [ q_μΛ^μ_{A,R}(p_1, p_2)γ_5 ]| |_{sym} } = 1, (50)

to maintain the Ward-Takahashi identities of Eqs.(6) and (7) for renormalized quantities. This leads to a wave function renormalization factor Z_q which is different from the one of the RI/MOM or RI^′/MOM scheme. For this reason the projectors used in Eqs.(10) of Section 2 have the advantage to produce the same well-known renormalization constant Z_q like in the RI^′/MOM scheme. With the conditions of Eqs.(11) and (48)-(50) one obtains in this RI/SMOM_{γμ} scheme the following conversion factors:

C^{RI/SMOMγμ} q = 1 − α_s 4π C_F [ −1 + ξ 2 ( 3 − 2 3 Ψ^′ ( 1 3 ) + ( 2 3 π )_2)] +O ( α^2_s ) , (51)

C^{RI/SMOMγμ}

P = 1 + α_s 4π C_F [ 5 + 2 3 π^2 − Ψ^′ ( 1 3 ) + ξ 2 ] +O ( α^2_s ) . (52)

The numerical evaluation of the resulting mass conversion factor in the Landau gauge reads C^{RI/SMOMγμ} m = 1 − α_s 4π C_F 1.4841391 . . . . (53)

B Anomalous dimensions

In order to evaluate the mass in the RI/SMOM scheme at different scales the mass anomalous dimension γ^{RI/SMOM} m is required. It is defined by

γ_m = d log m(μ) d log (μ^2)

= −γ^{(0)}_m α_s π − γ^{(1)}_m ( α_s π )_2

+ O(α^3_s). (54)

The result up to order α^2_s in the RI/SMOM scheme reads in the Landau gauge

γ^{(0),RI/SMOM} m = γ^{(0),MS}_m , γ^{(1),RI/SMOM} m = γ^{(1),MS}_m − β^{(0)} 4 C_F c^{(1),RI/SMOM} m (1, 0), (55)

with c^{(1),RI/SMOM} m (1, 0) = −0.4841391... and the β function defined through β = dα_s(μ)/π d log(μ^2)

= −β^{(0)} ( α_s π )_2

− β^{(1)} ( α_s π )_3

+ O(α^4_s). (56)

The first expansion coefficients for the mass anomalous dimension in the MS scheme and the MS β function are given by

γ^{(0),MS} m =^3_4 C_F , γ^{(1),MS}_m =^1_{16}

(_3

2 C^2_F +^{97}_6 C_F C_A −^{10}_3 C_F T_F n_f ) , β^{(0)} =^1_4

(_{11}

3 C_A −^4_3 T_F n_f ) , where C_A is the Casimir operator in the adjoint representation of SU(3) and n_f is the number of active fermions. The symbol T_F denotes the normalization of the trace of the SU(3) generators in the fundamental representation, conventionally chosen as 1/2. For the RI/SMOM_{γμ} scheme, defined in Appendix A, the two-loop mass anomalous dimension is given by

γ^{(1),RI/SMOMγμ} m = γ^{(1),MS}_m − β^{(0)} 4 C_F c^{(1),RI/SMOMγμ} m , (57)

with c^{(1),RI/SMOMγμ} m = −1.4841391 . . . as given in Eq. (53).

Similarly the anomalous dimension γ^{RI/SMOM}_q = 2^{d log Ψ}_{d log(μ2)} can be defined, which is equal to the one in the RI^′/MOM scheme, γ^{RI/SMOM}_q = γ^{RI′/MOM}_q , and can be found in Refs. [6,7] up to order α^3_s. For completeness we give here the result up to O(α^2_s) which in the Landau gauge is the same as in the MS scheme

γ^{RI/SMOM} q = ( α_s π )_2 ( 3 32 C^2_F − 25 64 C_F C_A + 1 8 C_F T_F n_f ) + O(α^3_s). (58)

In the RI/SMOM_{γμ} scheme, defined in Appendix A, the order α^2_s coefficient of the anomalous dimension γ^{RI/SMOMγμ} q in the Landau gauge reads

γ_q = ( α_s π )_2 ( 3 32 C^2_F − 31 192 C_F C_A + 1 24 C_F T_F n_f ) + O(α^3_s). (59)

We define the anomalous dimension γ_T of the tensor operator by

γ^{RI/SMOM} T = d log Z_T d log(μ^2)

= −γ^{(0)}_T ( α_s π ) − γ^{(1)}_T ( α_s π )_2

+ O(α^3_s ). (60)

In the RI/SMOM scheme it is given in the Landau gauge by

γ^{(0),RI/SMOM}

T = γ^{(0),MS}_T , γ^{(1),RI/SMOM}

T = γ^{(1),MS}_T − β^{(0)} 4 C_F c^{(1),RI/SMOM}

T (0), (61)

where we have introduced the one-loop coefficient function c^{(1),RI/SMOM}_T (ξ) extracted from Eq.(32) using the definition C^{RI/SMOM}_T = 1 +^{αs}_{4π} C_F c^{(1),RI/SMOM}_T (ξ), with c^{(1),RI/SMOM}_T (0) = −0.1613797.... The MS anomalous dimension γ^{MS}_T is known from Refs. [7,23,24] and reads

γ^{(0),MS} T = 1 4 C_F , γ^{(1),MS}_T = 1 16 ( − 19 2 C^2_F + 257 18 C_F C_A − 26 9 C_F T_F n_f ) . (62)

Since the renormalization constants of the pseudoscalar and scalar operator are related to the mass renormalization constant, the anomalous dimensions of the pseudoscalar and scalar operator follow from the mass anomalous dimension in Eq.(55).

References

[1] G. Martinelli, C. Pittori, C. T. Sachrajda, M. Testa and A. Vladikas, Nucl. Phys.

B445 (1995) 81.

[2] G. ’t Hooft and M. J. G. Veltman, Nucl. Phys. B44 (1972) 189. [3] G. ’t Hooft, Nucl. Phys. B61 (1973) 455.

[4] W. A. Bardeen, A. J. Buras, D. W. Duke and T. Muta, Phys. Rev. D18 (1978) 3998. [5] E. Franco and V. Lubicz, Nucl. Phys. B531 (1998) 641. [6] K. G. Chetyrkin and A. Retey, Nucl. Phys. B583 (2000) 3. [7] J. A. Gracey, Nucl. Phys. B662 (2003) 247.

[8] W. Celmaster and R. J. Gonsalves, Phys. Rev. D20 (1979) 1420. [9] E. Braaten and J. P. Leveille, Phys. Rev. D24 (1981) 1369. [10] F. Jegerlehner and O. V. Tarasov, Nucl. Phys. B549 (1999) 481. [11] K. G. Chetyrkin and T. Seidensticker, Phys. Lett. B495 (2000) 74. [12] K. G. Chetyrkin and A. Retey, hep-ph/0007088.

[13] K. G. Chetyrkin, B. A. Kniehl and M. Steinhauser, Nucl. Phys. B814 (2009) 231. [14] C. Allton et al., Phys. Rev. D78 (2008) 114509. [15] Y. Aoki et al., Phys. Rev. D78 (2008) 054510. [16] S. Weinberg, Phys. Rev. 118 (1960) 838.

[17] Y. Aoki, PoS LATTICE 2008 (2008) 222, arXiv:0901.2595 [hep-lat]. [18] K. G. Chetyrkin, J. H. Kühn and A. Kwiatkowski, Phys. Rept. 277 (1996) 189. [19] T. Blum et al., Phys. Rev. D66 (2002) 014504.

[20] P. Breitenlohner and D. Maison, Commun. Math. Phys. 52 (1977) 11. [21] T. L. Trueman, Phys. Lett. B88 (1979) 331. [22] S. A. Larin, Phys. Lett. B303 (1993) 113.

[23] D. J. Broadhurst and A. G. Grozin, Phys. Rev. D52 (1995) 4082. [24] J. A. Gracey, Phys. Lett. B488 (2000) 175.