arXiv:0901.3147v1 [hep-th] 20 Jan 2009

20/01/09

On the high spin expansion in the sl(2) N = 4 SYM theory

Davide Fioravanti^a, Gabriele Infusino^b, Marco Rossi^b

a Sezione INFN di Bologna, Dipartimento di Fisica, Università di Bologna Via Irnerio 46, Bologna, Italy

bDipartimento di Fisica dell’Università della Calabria and INFN, Gruppo collegato di Cosenza, I-87036 Arcavacata di Rende, Cosenza, Italy

Abstract

We study the the high spin expansion of the anomalous dimension for long operators belonging to the sl(2) sector of N = 4 SYM. Keeping the ratio j between the twist and the logarithm of the spin fixed, the anomalous dimensions expand as γ = f(g, j) ln s + f^{(0)}(g, j) + O(1/ ln s). This particular double scaling limit is efficiently described, up to the desired accuracy O(ln s^0), in terms of linear integral equations. By using them, we are able to evaluate both at weak and strong coupling the sub-leading scaling function f^{(0)}(g, j) as series in j, up to the order j^5. Thanks to these results, the possible extension of the liaison with the O(6) non-linear sigma model may be tackled on a solid ground.

1 Introduction

The set of composite operators Tr(D^sZ^L) + . . . , (1.1)

where D is a covariant derivative acting in all possible ways on the complex scalar field Z, constitutes the so-called sl(2) sector of N = 4 SYM theory. The integer numbers s and L are called spin and twist, respectively. In the framework of the AdS-CFT correspondence [1] this set of operators received particular attention, also because of its connection [2, 3] to twist operators in QCD. In the high spin limit anomalous dimensions γ(g, L, s) of (1.1) show a logarithmic divergence,

γ(g, L, s) = ln s f(g) + f_c(g, L) + o(s^0) . (1.2)

The function of the coupling f(g), which equals twice the cusp anomalous dimension of lightlike Wilson loops, is known also as universal scaling function, where the term ’universal’ takes into account its lack of dependance on the (fixed) twist L. This property, in particular, must imply that f(g) is free from wrapping effects, which makes the asymptotic Bethe Ansatz equations [4, 5, 6, 7] predictive for its exact determination. On the other hand, the function f_c(g, L) is not ’universal’, but, since it is related through functional relations [8, 9] to f(g), it contains a universal part. Finally, one has to mention that both f and f_c are related [10] to form factors in scattering amplitudes. The function f(g) can be found from the solution of a linear integral equation [11, 7] derived from asymptotic Bethe Ansatz. This equation was solved both at the weak [11, 7] and, more importantly, at the strong coupling [12, 13, 14] limit. Moreover, the function f_c(g, L) was studied in [15] (weak coupling), [9] (strong coupling from string theory) and in the contemporaneous paper [16, 17] (strong coupling, using linear integral equations derived from gauge theory Bethe Ansatz).

The structure (1.2) of the high spin anomalous dimension is preserved if one introduces the following scaling limit, s → +∞ , L → +∞ , j = L − 2 ln s fixed , (1.3)

proposed^1 in [18] for the strong coupling (string theory) case and then in [15] for the weak coupling N = 4 SYM theory. Similar limits were also studied in one loop N = 4 SYM - in [19], when^L_{ln(s/L)} is fixed - and in the strong coupling N = 4 SYM [6, 20, 21, 22] and string [19, 23, 24] cases, when gL ln(s/L) is fixed.

As we will show, in the case of limit (1.3), relation (1.2) is replaced by γ(g, j, s) = f(g, j) ln s + f^{(0)}(g, j) + ∞∑ k=1 f^{(k)}(g, j)(ln s)^{−k} + O((ln s)^{−∞}) , (1.4)

1To be precise the limit considered in [18, 15] is s → +∞ , L → +∞ , j = L ln s fixed .

Referring to expansion (1.4), the different limit (1.3) does not affect f(g, j), but gives easier forms for f^{(0)}(g, j).

where the notation O((ln s)^{−∞}) stands for terms going to zero faster than any powers (ln s)^{−k}, k ∈ N. Importantly, we may conjecture that wrapping effects can affect none of the functions appearing in (1.4), which thus are still completely determined by the asymptotic Bethe Ansatz equations or (non-)linear integral equation [17]. One reason for that is the matching comparison with the string expansion of [9].

At small j the structure of the function f(g, j), called often generalised scaling function, f(g, j) = ∞∑ n=0 f_n(g)j^n , (1.5)

was investigated at weak coupling [15] and at strong coupling [25, 26, 27, 28]. The generalised scaling function f(g, j) for j ≪ g was also shown [26] to coincide with the energy density [29] of the nonlinear O(6) sigma model embedded into AdS_5 × S^5, thus confirming the related previous proposal [18] by Alday and Maldacena. Results for j ≫ g are also available [30].

The aim of this paper is to investigate the structure of f^{(0)}(g, j) at very small j, both at the weak and the strong coupling limit. We expect f^{(0)}(g, j) to be an analytical function of j, so that the expansion

f^{(0)}(g, j) = ∞∑ n=0 f^{(0)}_n (g)j^n (1.6)

will capture all its properties. Even if we report explicit results on functions f^{(0)}n (g) for n ≤ 5, we will show that in general the various f^{(0)}n (g) can be obtained using a linear integral equation - giving the density of Bethe roots and of the so-called holes - which is equivalent to the asymptotic Bethe Ansatz equations in the high spin limit if one neglects terms of order (ln s)^{−1}. This equation follows from previous results, mainly contained in [31, 32], and generalises the one we used previously [25, 27, 28] to determine the components f_n(g) of the scaling function f(g, j) and which is equivalent to the ’FRS’ equation, proposed in [15].

The plan of this paper is as follows.

In Section 2 we report on the one loop results. We show that the density of Bethe roots and holes can be found by solving a linear integral equation, which is exact if one neglects terms of order O(1/ ln s) and we give the expressions for f^{(0)}n (g = 0), when n = 1, . . . , 5.

In Section 3 we write the linear integral equation satisfied by the density of roots and holes at arbitrary values of the coupling constant. Using such density, we perform weak coupling computations and give f^{(0)}n (g) up to three loops and up to n = 4.

In Section 4 we re-write the linear integral equation for the density as a set of linear systems: from the solution to the n-th system one can get the n-th component in the expansion (1.6). The solution to the n-th system depends - very similarly to the systems describing the components f_n(g) of the generalised scaling function - on the previous ones. This reformulation of the problem simplifies the analysis of the strong coupling limit, which we do up to n = 5.

2 One loop results

We begin our study by considering the sl(2) sector of N = 4 SYM theory at one loop. In order to distinguish them from the exact (i.e. all loops) correspondents, all the one loop quantities (such as the density σ and the roots-holes separator c) will be denoted by an index 0. As stated in the Introduction, we are interested in the limit (1.3) s → +∞ , L → +∞ , j = L − 2 ln s fixed .

In this limit, the density of Bethe roots and holes at one loop in perturbation theory, σ_0(u), satisfies the linear equation

σ_0(u) = L [ ψ ( 1 2 − iu ) + ψ ( 1 2 + iu )] − ψ ( 1 − iu − i s √ 2 ) − ψ ( 1 − iu + i s √ 2 ) − − ψ ( 1 + iu − i s √ 2 ) − ψ ( 1 + iu + i s √ 2 ) − 2 ln 2 + + ∫_{c0} −c_0 dv 2π [ψ(1 − iu + iv) + ψ(1 + iu + iv)] σ_0(v) + O ( 1 ln s ) , (2.1)

which, as we wrote, is exact if we neglect terms of order O(1/ ln s). Further, we have to impose the condition ∫_{c0} −c_0 duσ_0(u) = −2π j ln s + O ( 1 ln s ) , (2.2)

which comes from the fact that the parameter c_0 defines the interval [−c_0, c_0] in which the L − 2 internal holes concentrate,

It is convenient to use the Fourier transform, σ̂_0(k), which satisfies the linear equation

σ̂_0(k) = −2π L 2 ( 1 − e^{− |k|}2 ) + e^{− |k|}2 ( 1 − cos^{ks√}_2 ) sinh^{|k|}_2 − 4πδ(k) ln 2 −

− e^{− |k|}2 sinh^{|k|}_2 ∫_{+∞} −∞ dh 2π σ̂_0(h) [ sin(k − h)c_0 k − h − sin hc_0 h ] + O ( 1 ln s ) , (2.3)

and the condition 2 ∫_{+∞} −∞ dk 2π σ̂_0(k) sin kc_0 k = −2π j ln s + O ( 1 ln s ) . (2.4)

We can now give justifications of these formulæ. We start from (3.52) of [32], where the L − 2 in the last term of the first line is replaced by a sum on the internal holes^{L−2} ∑ h=1 e^{ikuh} . This equation, for d du F_0(u) = σ_0(u) + O(1/s), is exact if we neglect terms of order O(1/s). Now, in order to express the sum on internal holes in terms of the density σ_0(u), we use results from Appendix A. Referring to formula (A.3), we realize that, if one neglects terms of order O(1/ ln s), such sum is given by the first term in the right hand side of (A.3), which is linear in the density σ_0(u) =^d_{du} Z_0(u). After doing this, we get expression (2.3) for the equation satisfied by the density of Bethe roots and holes in the Fourier space^2 . In a completely analogous way, when we express the counting of internal holes in terms of σ_0(u), we get (2.2, 2.4).

As a further verification of the correctness of our starting equations, in the first part of Appendix B we prove that equation (2.1) is compatible with the corresponding equation - valid for very small u - that can be deduced from the results of [19].

Having established on quite firm ground our starting point, we pass to analyze in detail the behaviour of the various quantities in the limit (1.3). Consistency considerations coming from the analysis of (2.3, 2.4) imply that in such limit the parameter c_0, depending, via (2.3, 2.4), on ln s and j, expands, when j ≪ 1, as

c_0 = ∞∑ n=1 c^{(0,n)}_0 j^n + 1 (ln s) ∞∑ n=1 c^{(1,n)}_0 j^n + O ( 1 (ln s)^2 ) . (2.5)

Expanding also the condition (2.4) we have

2σ_0(0)c_0 + 1 3 σ^{′′}_0 (0)c^3_0 + . . . = −2πj ln s , (2.6)

where we use the notation σ_0(0), σ^{′′}_0 (0) to indicate the values at u = 0 of the function σ_0 and its second derivative, respectively. For such quantities expansions similar to (2.5) hold, e.g.

σ_0(0) = ln s[ ∞∑ n=0 σ^{(−1,n)} 0 (0)j^n] + [ ∞∑ n=0 σ^{(0,n)}_0 (0)j^n] + O ( 1 ln s ) . (2.7)

Explicitly we have

σ_0(0) = [−4 − 4j ln 2 + O(j^3)] ln s − [8 ln 2 + 4γ_E + O(j^3)] + O ( 1 ln s ) (2.8)

and also that σ^{′′}_0 (0) = [56ζ(3) + O(j)] + O ( 1 ln s ) . (2.9)

Now, inserting the expansion (2.5) in the condition (2.6) and using also (2.8) we can start finding, by equating equal powers in j and ln s, the various coefficients c^{(0,n)}_0 , c^{(1,n)}_0 .

We get, without much ado

c^{(0,1)} = π 4 , c^{(0,2)} = − π 4 ln 2 , c^{(0,3)} = π 4 (ln 2)^2 ; c^{(1,1)} = − π 4 (2 ln 2 + γ_E) (2.10)

c^{(1,2)} = π 2 ln 2(2 ln 2 + γ_E) , c^{(1,3)} = − 3 4 π(ln 2)^2(2 ln 2 + γ_E) + 7 192 π^3ζ(3) , (2.11)

in such a way that one can write

c_0 = [π 4 j − π 4 ln 2 j^2 + π 4 (ln 2)^2j^3 + O(j^4) ] + [ − π 4 (2 ln 2 + γ_E )j + (2.12) + π 2 ln 2(2 ln 2 + γ_E )j^2 − ( 3 4 π(ln 2)^2(2 ln 2 + γ_E) − 7 192 π^3ζ(3) ) j^3 + O(j^4) ] 1 ln s + O ( 1 (ln s)^2 ) . 2Actually, in order to get equation (2.3), we have to use once identity (2.4).

All this information can be used to compute the anomalous dimension at one loop γ_g2 up to the desired order in j. From the formulæ - exact if we neglect terms O

(_1

ln s ) - γ_g2 = g^2E_0 , E_0 = − ∫_∞ −∞ du 2π e(u)σ_0(u) + ∫_{c0} −c_0 du 2π e(u)σ_0(u) = (2.13) = − ∫_∞ −∞ dk 4π^2 ê(k)σ̂_0(k) + ∫_∞ −∞ dk 4π^2 ê(k) ∫_∞ −∞ dh 2π σ̂_0(h) [ 2 sin(k − h)c_0 k − h − 2 sin hc_0 h ] − ln sje(0) , where E_0 denotes the energy of the spin −1/2 Heisenberg chain and the function e(u) = 1 u^2 +^1_4

⇒ ê(k) = 2πe^{− |k|2} , (2.14)

we get, expanding in powers of j:

γ_g2 = g^2 ln s [ 4 − 4 ln 2 j +

7ζ(3)π^2 24 j^3 −

7ζ(3)π^2 ln 2 12 j^4 + ( 7π^2(ln 2)^2ζ(3) 8 − 31π^4ζ(5) 640 ) j^5 + O(j^6) ] + + g^2 [ 4γ_E − 7ζ(3)π^2 12 (2 ln 2 + γ_E) j^3 +

7ζ(3)π^2 ln 2 4 (2 ln 2 + γ_E)j^4 − − ( 7π^2(ln 2)^2ζ(3) 2 − 31π^4ζ(5) 160 ) (2 ln 2 + γ_E)j^5 +

49π^4ζ^2(3) 960 j^5 + O(j^6) ] + O ( 1 ln s ) . (2.15)

As we show in Appendix B, one can also get such an expression improving the results of [19] in order to include also contributions of order (ln s)^0j^k (as far as we know, authors of [19] are interested in order ln sj^k contributions and develop their calculations accordingly). This reinforce our belief in the goodness of (2.1) as description of the leading and subleading high spin behaviour in one loop sl(2) sector of N = 4 SYM.

3 All loops equations

Let us now pass to study the anomalous dimension as a function of the coupling constant g. As usual, we split the density of roots and holes, σ(u), as σ(u) = σ_0(u) + σ_H (u), where σ_0(u) is the one loop contribution and σ_H (u) is the higher than one loop contribution to the actual density. It is convenient to introduce the quantity S(k), related to the Fourier transforms of σ_0(u) and σ_H (u) as S(k) = 2 sinh^{|k|}_2 2π|k| [ σ̂_H (k) − e^{− |k|}2 sinh^{|k|}_2 ∫_{+∞} −∞ dp 2π σ̂_0(p) sin(k − p)c_0 k − p + e^{− |k|}2 sinh^{|k|}_2 ∫_{+∞} −∞ dp 2π σ̂(p) sin(k − p)c k − p ] , (3.1) where c indicates the separator between the holes - concentrated in the interval [−c, c] - and the Bethe roots.

The function S(k) satisfies the linear equation S(k) = L |k| [1 − J_0( √ 2gk)] + 1 π|k| ∫_{+∞} −∞ dh |h| [^∞∑ r=1 r(−1)^{r+1}J_r( √ 2gk)J_r( √ 2gh) 1 − sgn(kh) 2 e^{− |h|2} +

+ sgn(h) ∞∑ r=2 ∞∑ ν=0 c_{r,r+1+2ν} (−1)^{r+ν} e^{− |h|2} ( J_{r−1}( √ 2gk)J_{r+2ν}( √ 2gh) − J_{r−1}( √ 2gh)J_{r+2ν}( √ 2gk) )] ·

· { π|h| sinh^{|h|}_2 S(h) − 4π ln 2 δ(h) − πj ln s 1 − e^{|h|}2 sinh^{|h|}_2 − 2π 1 − e^{− |h|}2 cos^{hs√}_2 sinh^{|h|}_2 −

− e^{|h|}2 sinh^{|h|}_2 ∫_{+∞} −∞ dp 2π σ̂(p) [ sin(h − p)c h − p − sin pc p ]} + O ( 1 ln s ) . (3.2)

And this relation has to be solved together with the condition 2 ∫_{+∞} −∞ dk 2π σ̂(k) sin kc k = −2πj ln s + O ( 1 ln s ) . (3.3)

To justify equation (3.2) we start from (4.11) of [32], where in the last term of the first line L − 2

is replaced by a sum on the internal holes^{L−2} ∑ h=1 e^{ikuh} and the 0 in the arguments by u_h. Moreover, in

the integral in the second line we can replace the extremes ±b_0 with ±∞ and^d_{dv} F_0(v) with σ_0(v) (2.1). The equation obtained in such a way for^d_{dv} F^H (v) = σ_H (v)+O(1/s) is exact when neglecting terms of order O(1/s). Now, we can use results in Appendix A^3, which are valid for a general counting function Z(u) such that Z(c) = −π(L − 2) + O(1/ ln s), which is exactly condition (3.3). Using (A.3), we evaluate the sum over internal holes keeping only the first (linear) term in the right hand side of this formula, since we want to neglect O(1/ ln s) contributions. After passing to Fourier transforms and defining (3.1), we get eventually equation (3.2).

Finally, we notice that the relation of the function S(k) with the anomalous dimension γ(g) is a generalisation of an identity found in [33]: γ(g) = 2S(0) . (3.4) The proof of such identity follows by the simple comparison between (3.2) and the expression for the anomalous dimension γ(g) = − ∫_∞ −∞ du 2π q_2(u)σ(u) + ∫_c −c du 2π q_2(u)σ(u) , q_2(u) = i x^+(u) − i x^−(u) , x^±(u) = u ± 1/2 2 [ 1 + √ 1 − 2g^2 (u ± 1/2)^2 ] . (3.5)

A little care is needed in order to interpret (3.4): the term proportional to g^{2n}, which depends on the density at n + 1 loops, gives the n-th loop contribution to the anomalous dimension.

In the next subsection, we will compute at two and three loops the anomalous dimension in the limit (1.3). New results will be the subleading, O(ln s^0) contribution, which we will evaluate as power series in j, up to j^4.

3We remember that σ(u) =^d_{du} Z(u), where Z(u) is the counting function.

3.1 Two loops anomalous dimension

Let us expand the linear equation for S(k) at order g^4, i.e. at three loops approximation for the density. Before doing this, it is convenient to write the expression for S(k) at the order g^2. From the general expression we get

S_g2 (k) = g^2 2 L|k| + 1 π|k| ∫_{+∞} −∞ dh |h| √ 2gh 2 √ 2gk 2 1 − sgn(kh) 2 e^{− |h|2} { −4π ln 2 δ(h) − (3.6)

− πj ln s 1 − e^{|h|}2 sinh^{|h|}_2 − 2π 1 − e^{− |h|}2 cos^{hs√}_2 sinh^{|h|}_2 − e^{|h|}2 sinh^{|h|}_2 ∫_{+∞} −∞ dp 2π σ̂_0(p) [ sin(h − p)c_0 h − p − sin pc_0 p ]} . Comparing (3.4) with (3.6) we get

S_g2 (k) = g^2 2 L|k| + 1 2 γ_g2 . (3.7)

Let us pass now to the three loops (order g^4) density. In this case the relevant equation reads

S_g4 (k) = − g^4 16 L|k|^3 + 1 π|k| ∫_{+∞} −∞ dh |h| √ 2gh 2 √ 2gk 2 1 − sgn(kh) 2 e^{− |h|2} { π|h| sinh^{|h|}_2

S_g2 (h) −

− e^{|h|}2 sinh^{|h|}_2 ∫_{+∞} −∞ dp 2π σ̂(p) [ sin(h − p)c h − p − sin pc p ] g^2 } + 1 π|k| ∫_{+∞} −∞ dh |h| [ − 1 8 g^4k^2h^2 − − ( √ 2gh)^3 16 √ 2gk 2 − ( √ 2gk)^3 16 √ 2gh 2 ]1 − sgn(kh) 2 e^{− |h|2} { −4π ln 2 δ(h) − (3.8) − πj ln s 1 − e^{|h|}2 sinh^{|h|}_2 − 2π 1 − e^{− |h|}2 cos^{hs√}_2 sinh^{|h|}_2 − e^{|h|}2 sinh^{|h|}_2 ∫_{+∞} −∞ dp 2π σ̂_0(p) [ sin(h − p)c_0 h − p − sin pc_0 p ]} . It follows that the two loops contribution to the anomalous dimension, γ_g4 , is given by

γ_g4 = − g^2 2π ∫_{+∞} −∞ dhe^{− |h|2} { π|h| sinh^{|h|}_2

S_g2 (h) − e^{|h|}2 sinh^{|h|}_2 ∫_{+∞} −∞ dp 2π σ̂(p) [ sin(h − p)c h − p − sin pc p ] g^2 } +

+ g^4 8π ∫_{+∞} −∞ dhh^2e^{− |h|2} { −4π ln 2 δ(h) − πj ln s 1 − e^{|h|}2 sinh^{|h|}_2

− (3.9)

− 2π 1 − e^{− |h|}2 cos^{hs√}_2 sinh^{|h|}_2 − e^{|h|}2 sinh^{|h|}_2 ∫_{+∞} −∞ dp 2π σ̂_0(p) [ sin(h − p)c_0 h − p − sin pc_0 p ]} . It is not difficult to compute, neglecting orders 1/s, the contributions to γ_g4 coming from the first term in the first line, the terms in the second line and the first term in the third line. For these contribution we get

γ_g4_{,1} = −2g^4ζ(3)(j ln s + 2) − g^2 6 π^2γ_g2 + 6g^4ζ(3)j ln s − 2g^4ζ(3) = (3.10)

= −6g^4ζ(3) + 4g^4ζ(3)j ln s − g^2 6 π^2γ_g2 .

The computation of the contribution, which we indicate with γ_g4_{,2}, coming from the last term in (3.9) relies on the one loop results. If one wants to restrict to terms containing powers of j not higher than 4, the relevant integral to compute is simple:

γ_g4_{,2} = g^4 24π c^3_0σ_0(0) ∫_{+∞} 0 dh h^4 sinh^h_2 = g^4 π 62ζ(5)c^3_0σ_0(0) . (3.11)

¿From the one loop results we have, up to the desired order

c^3_0σ_0(0) = [ − π^3 16 j^3 + π^3 8 j^4 ln 2 ] ln s + (3.12) + [π3 8 (2 ln 2 + γ_E)j^3 − 3 π^3 8 j^4 ln 2(2 ln 2 + γ_E) ] + O ( 1 ln s ) , (3.13)

in such a way that the corresponding contribution to the energy reads

γ_g4_{,2} = g^4 π 62ζ(5) [ − π^3 16 j^3 + π^3 8 j^4 ln 2 ] ln s + + g^4 π 62ζ(5) [π3 8 (2 ln 2 + γ_E )j^3 − 3 π^3 8 j^4 ln 2(2 ln 2 + γ_E) ] + O ( 1 ln s ) . (3.14)

We are now left with the calculation of the contribution - γ_g4_{,3} - to the anomalous dimension coming from the last term in the first line of (3.9). Since we restrict to terms containing powers of j not higher that 4, at desired order such contribution equals

γ_g4_{,3} = − g^2 6π [c^3σ(0)]_g2 ∫_{+∞} 0 dh h^2 sinh^h_2

= −g^2 14 3π ζ(3)[c^3σ(0)]_g2 . (3.15)

We have now to compute σ(0) and c up to the order g^2. For what concerns σ(0) we have

σ(0) = [−4 − 4j ln 2] ln s − [8 ln 2 + 4γ_E] + [σ_H (0)]_g2 + O ( 1 ln s ) , (3.16)

where, from (3.1, 3.7), one has

[σ_H (0)]_g2 = ∫_∞ −∞ dh |h| 2 sinh^{|h|}_2

[S(h)]_g2 + O(j^3) = 14(j ln s + 2)g^2ζ(3) + π^2 2 γ_g2 + O ( 1 ln s ) . (3.17)

On the other hand, the condition (3.3) for c at the desired order reads as

2σ(0)c = −2πj ln s . (3.18)

Using such relation, we can get c at the order g^2 and up to the order j^2:

[c]_g2 = [ π 16 ln s j(1 − 2 ln 2j) + π 16(ln s)^2

(γ_E + 2 ln 2)(−2j + 6 ln 2j^2) ] · · [28g^2ζ(3) + π^2 2 γ_g2 + 14jg^2ζ(3) ln s] + O ( 1 ln s ) . (3.19)

Coming back to the energy, we have

γ_g4_{,3} = g^2 14 3π ζ(3)πj ln s[c^2]_g2 + O(j^5, ln s) , (3.20)

which, after using the one loop expression for c_0 up to the order j^2,

c_0 = [π 4 j − π 4 ln 2 j^2 + O(j^3) ] + [ − π 4 (2 ln 2 + γ_E)j + (3.21) + π 2 ln 2(2 ln 2 + γ_E ) j^2 + O(j^3) ] 1 ln s + O ( 1 (ln s)^2 ) . gives

γ_g4_{,3} = 7 48 ζ(3)g^2π^2j^3 [ (1 − 3j ln 2) +

2 ln 2 + γ_E ln s

(−3 + 12 ln 2 j) ] · (3.22)

· [28g^2ζ(3) + π^2 2 γ_g2 + 14jg^2ζ(3) ln s] + O ( 1 ln s ) . Summing together (3.10, 3.14, 3.22) we get the energy at the order g^4

γ_g4 = −6g^4ζ(3) + 4g^4ζ(3)j ln s − g^2 6 π^2γ_g2 + + g^4 π 62ζ(5) [ − π^3 16 j^3 + π^3 8 j^4 ln 2 ] ln s + + g^4 π 62ζ(5)(2 ln 2 + γ_E) [π3 8 j^3 − 3 π^3 8 j^4 ln 2 ] + (3.23) + 7 48 ζ(3)g^2π^2j^3 [ (1 − 3j ln 2) +

2 ln 2 + γ_E ln s

(−3 + 12 j ln 2) ] · · [28g^2ζ(3) + π^2 2 γ_g2 + 14j g^2ζ(3) ln s] + O ( 1 ln s ) . Alternatively, we have

γ_g4 = − π^2 6 g^2γ_g2 + g^4 ln s [ 4ζ(3) j − 31 8 π^2ζ(5) j^3 + 7 24 π^4ζ(3) j^3 + + 31 4 π^2 ln 2 ζ(5) j^4 + 49 24 π^2ζ(3)^2 j^4 − 7 6 π^4ζ(3) ln 2 j^4 + O(j^5) ] + + g^4 [ −6ζ(3) + 31 4 π^2ζ(5)(2 ln 2 + γ_E) j^3 + 49 12 π^2ζ(3)^2 j^3 − 7 12 π^4ζ(3)(3 ln 2 + γ_E) j^3 + + 7 4 π^4ζ(3) ln 2(5 ln 2 + 2γ_E) j^4 − 93 4 π^2ζ(5) ln 2(2 ln 2 + γ_E) j^4 − − 49 8 ζ(3)^2π^2(4 ln 2 + γ_E) j^4 + O(j^5) ] + O ( 1 ln s ) . (3.24)

3.2 Three loops anomalous dimension

For the three loops anomalous dimension, the calculation follows the same route as in the two loops case. We simply report the final result. The three loops anomalous dimension γ_g6 expands as γ_g6 = ln s ∞∑ n=0 f_{n,g}6 j^n + ∞∑ n=0 f^{(0)}_{n,g6} j^n + O(1/ ln s) (3.25)

where the coefficients f_{n,g}6 were already computed [15] (at least, explicitly up to n = 4) and the new coefficients f^{(0)}_{n,g6} , still up to n = 4, read as

f^{(0)}_{0,g6} = 20ζ(5) + 2 3 π^2ζ(3) + 11 45 π^4γ_E (3.26)

f^{(0)}_{1,g6} = f^{(0)}_{2,g6} = 0 (3.27)

f^{(0)}_{3,g6} = − 331 1080 π^6ζ(3)(2 ln 2 + γ_E) + 1 144 π^6ζ(3)(42 ln 2 + 49γ_E) + 31 3 π^4ζ(5)(2 ln 2 + γ_E) − − 31 8 π^4γ_Eζ(5) + 385 72 π^4ζ(3)^2 − 635 8 π^2ζ(7)(2 ln 2 + γ_E) − 651 8 π^2ζ(3)ζ(5) (3.28)

f^{(0)}_{4,g6} =

1905 8 π^2 ln 2(2 ln 2 + γ_E)ζ(7) +

1953 16 π^2(2 ln 2 + γ_E )ζ(3)ζ(5) +

1953 8 π^2 ln 2ζ(3)ζ(5) − − 341 8 π^4 ln 2(2 ln 2 + γ_E)ζ(5) − 93 4 π^4(ln 2)^2ζ(5) − 385 48 π^4(2 ln 2 + γ_E)ζ(3)^2 − 413 12 π^4 ln 2ζ(3)^2 + + 343 8 π^2ζ(3)^3 + 767 720 π^6 ln 2(2 ln 2 + γ_E)ζ(3) + 35 12 π^6(ln 2)^2ζ(3) . (3.29)

4 Systematics of the subleading term

We now want to put the linear integral equation (3.2) in a form which is more suitable for analysis of both the weak and the strong coupling limit. In brief, instead of working with one linear integral equation (3.2), we will be concerned with (two) linear infinite (i.e. containing infinite equations) systems.

As far as the dependence on ln s is concerned, equation (3.2) and its solution split in a part proportional to ln s and a part proportional to (ln s)^0.

We concentrate on the latter, which we call S^{(0)}(k), since the former has been extensively studied [15, 28].

We now restrict to the domain k ≥ 0 and expand S^{(0)}(k) in series of Bessel functions

S^{(0)}(k) = ∞∑ r=1 S^{(0)}_r (g)

J_r( √ 2gk) k . (4.1)

As a consequence of (3.2), the coefficients S^{(0)}r (g) satisfy the following system of equations,

S^{(0)}_{2p−1}(g) = 2 √ 2gγ_Eδ_{p,1} + 4(2p − 1) ∫_∞ 0 dh h J̃_{2p−1}(√2gh) e^h − 1

+ A^{(0)}_{2p−1}(g) − 2(2p − 1) ∞∑ m=1 Z_{2p−1,m}(g)S^{(0)}_m (g)

(4.2)

S^{(0)}_{2p} (g) = 4 + 8p ∫_∞ 0 dh h J_{2p}( √ 2gh) e^h − 1

+ A^{(0)}_{2p} (g) + 4p ∞∑ m=1 Z_{2p,2m−1}(g)S^{(0)}_{2m−1}(g) − 4p ∞∑ m=1 Z_{2p,2m}(g)S^{(0)}_{2m}(g) , where, as usual, we introduced the notation Z_{n,m}(g) = ∫_∞ 0 dh h J_n( √ 2gh)J_m( √ 2gh) e^h − 1

. (4.3)

and where we introduced the function J̃_{2p−1}(x) which coincides with the Bessel function J_{2p−1}(x) for p ≥ 2 and with J_1(x) −^x_2 when p = 1. In (4.2) the terms A^{(0)}r (g) is the term proportional to (ln s)^0 of the quantity:

A_r(g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 ∫_{+∞} −∞ dp 2π 2 [ sin(h − p)c h − p − sin pc p ] σ̂(p) . (4.4)

Eventually, anomalous dimension at order (ln s)^0, γ^{(0)}, is extracted from S^{(0)}_1 (g) by means of the formula γ^{(0)} = √ 2gS^{(0)}_1 (g) . (4.5) To be complete, we write down also the equations satisfied by the part of S(k), which is linear in ln s. Let us call such part S^{(−1)}(k). Expanding in series of Bessel functions

S^{(−1)}(k) = ∞∑ p=1 S^{(−1)}_p (g)

J_p( √ 2gk) k , (4.6)

we find the following system of equations for the coefficients

S^{(−1)}_{2p−1}(g) = 2 √ 2gδ_{p,1} − 2(2p − 1) j ∫_∞ 0 dh h J_{2p−1}( √ 2gh) e^h2 + 1

+ A^{(−1)}_{2p−1}(g) −

− 2(2p − 1) ∞∑ m=1 Z_{2p−1,m}(g)S^{(−1)}_m (g) (4.7)

S^{(−1)}_{2p} (g) = 2j − 4p j ∫_∞ 0 dh h J_{2p}( √ 2gh) e^h2 + 1

+ A^{(−1)}_{2p} (g) +

+ 4p ∞∑ m=1 Z_{2p,2m−1}(g)S^{(−1)}_{2m−1}(g) − 4p ∞∑ m=1 Z_{2p,2m}(g)S^{(−1)}_{2m} (g) ,

where A^{(−1)}r (g) is the term proportional to ln s of the quantity (4.4).

This system has been used in the series of papers [25, 27, 28] in order to compute the (strong coupling limit of) the generalised scaling function f(g, j). In the next subsections we will adapt the steps of [25, 27, 28] to system (4.2) in order to study the subleading function f^{(0)}(g, j) as series in j, up to the order j^5.

4.1 Slicing in powers of j

Since we are in the limit (1.3), the function S^{(0)}(k) admits an expansion in powers of j,

S^{(0)}(k) = ∞∑ n=0 S^{(0,n)}(k)j^n . (4.8)

Consequently, this way of expanding extends to the coefficients S^{(0)}r (g) (4.1) as well:

S^{(0)}_r (g) = ∞∑ n=0 S^{(0,n)}_r (g)j^n . (4.9)

In expansion (4.9) the coefficients S^{(0,0)}r (g) - which give the part of the function S^{(0)}(k) independent of j - satisfy the system of equations

S^{(0,0)}_{2p−1}(g) = 2 √ 2gγ_Eδ_{p,1} + 4(2p − 1) ∫_∞ 0 dh h J̃_{2p−1}(√2gh) e^h − 1

− 2(2p − 1) ∞∑ m=1 Z_{2p−1,m}(g)S^{(0,0)}_m (g)

(4.10)

S^{(0,0)}_{2p} (g) = 4 + 8p ∫_∞ 0 dh h J_{2p}( √ 2gh) e^h − 1

+ 4p ∞∑ m=1 Z_{2p,2m−1}(g)S^{(0,0)}_{2m−1}(g) − 4p ∞∑ m=1 Z_{2p,2m}(g)S^{(0,0)}_{2m} (g) .

This system of equations is studied in the contemporaneous paper [17] - the coefficients S^{(0,0)}r (g) being there denoted as S^{extra}_r (g). Therefore, we pass to study the function S^{(0,n)}r (g), when n ≥ 1. For simplicity’s sake we limit to the cases n = 3, 4, 5 (for n = 1, 2, S^{(0,n)}r (g) = 0). The relevant forcing terms are obtained after developing (4.4) for small c up to c^5:

A^{(0,n)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 [ − 1 3 h^2c^3σ(0) + 1 60 h^4c^5σ(0) − 1 10 h^2c^5σ_2(0) ] (ln s)^0,j^n , 3 ≤ n ≤ 5 . (4.11) Now, from the expansions in powers of ln s:

σ(0) = ln s σ^{(−1)}(0) + σ^{(0)}(0) + O ( 1 ln s ) , c = c^{(0)} + (ln s)^{−1} c^{(1)} + O ( 1 (ln s)^2 ) , (4.12)

we get (3 ≤ n ≤ 5):

A^{(0,n)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 [ − 1 3 h^2 ( c^{(0)3}σ^{(0)}(0) + 3c^{(0)2}c^{(1)}σ^{(−1)}(0) ) + (4.13) + 1 60 h^4 ( c^{(0)5}σ^{(0)}(0) + 5c^{(0)4}c^{(1)}σ^{(−1)}(0) ) − 1 10 h^2 ( c^{(0)5}σ^{(0)}_2 (0) + 5c^{(0)4}c^{(1)}σ^{(−1)}_2 (0) )] j^n . Keeping in mind the expansions in powers of j:

c^{(k)} = ∞∑ n=1 c^{(k,n)}j^n , σ^{(k−1)}(0) = ∞∑ n=0 σ^{(k−1,n)}(0)j^n , k = 0, 1 , (4.14)

we can now specialise (4.13) to the cases n = 3,

A^{(0,3)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 [ − 1 3 h^2 ( c^{(0,1)3}σ^{(0,0)}(0) + 3c^{(0,1)2}c^{(1,1)}σ^{(−1,0)}(0) )] , (4.15) n = 4,

A^{(0,4)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 [ − 1 3 h^2 ( 3c^{(0,1)2}c^{(0,2)}σ^{(0,0)}(0) + 3c^{(0,1)2}c^{(1,1)}σ^{(−1,1)}(0) +

+ 3c^{(0,1)2}c^{(1,2)}σ^{(−1,0)}(0) + 6c^{(0,1)}c^{(0,2)}c^{(1,1)}σ^{(−1,0)}(0) )] (4.16)

and n = 5:

A^{(0,5)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 [ − 1 3 h^2 ( 3c^{(0,1)2}c^{(0,3)}σ^{(0,0)}(0) + 3c^{(0,2)2}c^{(0,1)}σ^{(0,0)}(0) +

+ 3c^{(0,1)2}c^{(1,3)}σ^{(−1,0)}(0) + 6c^{(0,1)}c^{(0,2)}c^{(1,2)}σ^{(−1,0)}(0) + 6c^{(0,1)}c^{(0,3)}c^{(1,1)}σ^{(−1,0)}(0) + + 3c^{(0,2)2}c^{(1,1)}σ^{(−1,0)}(0) + 3c^{(0,1)2}c^{(1,2)}σ^{(−1,1)}(0) + 6c^{(0,1)}c^{(0,2)}c^{(1,1)}σ^{(−1,1)}(0) ) + + 1 60 h^4 ( c^{(0,1)5}σ^{(0,0)}(0) + 5c^{(0,1)4}c^{(1,1)}σ^{(−1,0)}(0) ) − − 1 10 h^2 ( c^{(0,1)5}σ^{(0,0)}_2 (0) + 5c^{(0,1)4}c^{(1,1)}σ^{(−1,0)}_2 (0) )] . (4.17)

On the other hand, the c can be expressed in terms of the σ(0) by means of the condition (3.3). At the relevant order in c such condition reads

2σ(0)c + 1 3 σ_2(0)c^3 = −2πj ln s . (4.18)

The order ln s^0 of such equation gives

2σ^{(−1)}(0)c^{(1)} + 2σ^{(0)}(0)c^{(0)} + σ^{(−1)}_2 (0)c^{(0)2}c^{(1)} + 1 3 σ^{(0)}_2 (0)c^{(0)3} = 0 (4.19)

Specialising such equation at order j, we get the condition^4

c^{(1,1)} = − σ^{(0,0)}(0) σ^{(−1,0)}(0) c^{(0,1)} = π σ^{(0,0)}(0) [σ^{(−1,0)}(0)]^2

. (4.21)

At order j^2 we have

c^{(1,2)} = − σ^{(−1,1)}(0) σ^{(−1,0)}(0) c^{(1,1)} − σ^{(0,0)}(0) σ^{(−1,0)}(0) c^{(0,2)} = −2π σ^{(0,0)}(0)σ^{(−1,1)}(0)

[σ^{(−1,0)}(0)]^3

. (4.22)

Going at order j^3 we get

c^{(1,3)} = − σ^{(−1,1)}(0) σ^{(−1,0)}(0) c^{(1,2)} − σ^{(0,0)}(0) σ^{(−1,0)}(0) c^{(0,3)} − 1 2 σ^{(−1,0)} 2 (0) σ^{(−1,0)}(0) c^{(0,1)2}c^{(1,1)} − 1 6 σ^{(0,0)}_2 (0) σ^{(−1,0)}(0) c^{(0,1)3} =

= 3π σ^{(0,0)}(0)[σ^{(−1,1)}(0)]^2

[σ^{(−1,0)}(0)]^4 − 2 3 π^3 σ^{(0,0)}(0)σ^{(−1,0)}_2 (0)

[σ^{(−1,0)}(0)]^5 + π^3 6 σ^{(0,0)}_2 (0) [σ^{(−1,0)}(0)]^4

. (4.23)

4We remember the formulæ (relations (5.18-5.20) of [28]):

c^{(0,1)} = − π σ^{(−1,0)}(0)

, c^{(0,2)} = π σ^{(−1,1)}(0) [σ^{(−1,0)}(0)]^2

, c^{(0,3)} = π^3 6 σ^{(−1,0)} 2 (0) [σ^{(−1,0)}(0)]^4 − π [σ^{(−1,1)}(0)]^2 [σ^{(−1,0)}(0)]^3

. (4.20)

In such a way, we obtain

A^{(0,3)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 ( − 2 3 π^3h^2 ) σ^{(0,0)}(0) [σ^{(−1,0)}(0)]^3

. (4.24)

and, also,

A^{(0,4)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2

2π^3h^2 σ^{(0,0)}(0)σ^{(−1,1)}(0) [σ^{(−1,0)}(0)]^4

. (4.25)

For what concerns the term proportional to j^5, we get, after some calculation:

A^{(0,5)}_r (g) = r ∫_{+∞} 0 dh 2πh J_r( √ 2gh) sinh^h_2 [ − 1 3 h^2 (π5 5 σ^{(0,0)}_2 (0) [σ^{(−1,0)}(0)]^5 + + 12π^3 σ^{(0,0)}(0)[σ^{(−1,1)}(0)]^2 [σ^{(−1,0)}(0)]^5 − π^5 σ^{(0,0)}(0)σ^{(−1,0)}_2 (0) [σ^{(−1,0)}(0)]^6 ) + 1 15 h^4π^5 σ^{(0,0)}(0) [σ^{(−1,0)}(0)]^5 ] (4.26)

Now, in analogy to what done in [28], we introduce the ’reduced’ coefficients S̃^{(k)}r (g) which satisfy the system (4.23) of [28], i.e. the ’usual’ system with the BES kernel and with forcing terms

I^{(k)}_r (g) = r ∫_{+∞} 0 dh 2π h^{2k−1} J_r( √ 2gh) sinh^h_2

. (4.27)

Using notations of [28], we can write the various f^{(0)}n , n = 3, 4, 5, in terms of S̃^{(k)}_1 (g) and of the density and its derivatives in zero

f^{(0)}_3 (g) = − 2 3 π^3 σ^{(0,0)}(0) [σ^{(−1,0)}(0)]^3 √ 2gS̃^{(1)}_1 (g) , (4.28)

f^{(0)}_4 (g) = 2π^3 σ^{(0,0)}(0)σ^{(−1,1)}(0) [σ^{(−1,0)}(0)]^4 √ 2gS̃^{(1)}_1 (g) , (4.29)

f^{(0)}_5 (g) = [ − 1 3 (π5 5 σ^{(0,0)}_2 (0) [σ^{(−1,0)}(0)]^5

+ 12π^3 σ^{(0,0)}(0)[σ^{(−1,1)}(0)]^2

[σ^{(−1,0)}(0)]^5 − π^5 σ^{(0,0)}(0)σ^{(−1,0)}_2 (0)

[σ^{(−1,0)}(0)]^6 )√ 2gS̃^{(1)}_1 (g) + + π^5 15 σ^{(0,0)}(0) [σ^{(−1,0)}(0)]^5 √ 2gS̃^{(2)}_1 (g) ] . (4.30)

For comparison, corresponding formulæ for the coefficients f_n(g) of the function f(g, j) are, (5.30- 32) of [28],

f_3(g) = π^3 3 1 [σ^{(−1,0)}(0)]^2 √ 2gS̃^{(1)}_1 (g) , (4.31)

f_4(g) = − 2 3 π^3 σ^{(−1,1)}(0) [σ^{(−1,0)}(0)]^3 √ 2gS̃^{(1)}_1 (g) , (4.32)

f_5(g) = [ π^3

[σ^{(−1,1)}(0)]^2 [σ^{(−1,0)}(0)]^4 − π^5 15 σ^{(−1,0)} 2 (0) [σ^{(−1,0)}(0)]^5 ]√ 2gS̃^{(1)}_1 (g) − π^5 60 1 [σ^{(−1,0)}(0)]^4 √ 2gS̃^{(2)}_1 (g) . (4.33)

Expressions (4.28, 4.29, 4.30) interpolate from weak to strong coupling and for the moment lack of an explicit form as functions of g. Their weak coupling expansion in powers of g^2 were given, up to g^6, in Section 3. In the next subsection, we will study and explicitly find their strong coupling limit.

4.2 Strong coupling

It is interesting to consider the strong coupling limit of the equations obtained in the last subsection. For that purpose, we need to know the values of the density and its derivatives in zero and the quantities S̃^{(k)}_1 (g) as well. Results concerning σ^{(−1,n)}, i.e. the part of the density proportional to ln s, and S̃^{(k)}_1 (g) are reported in [28]. For what concerns the contribution to the anomalous dimension proportional to ln s, i.e. f(g, j), we remember [18, 26] that in the limit (1.3) and when j ≪ g it coincides with the energy density of the O(6) sigma model. The nonperturbative (infrared) regime of the sigma model, j ≪ m(g), where m(g) = kg^{14} e^{− πg√2} + . . . , k = 2^58 π Γ (_5 4 ) , (4.34)

where the dots stand for subleading corrections, makes contact with the double limit j ≪ 1, g → ∞, considered in this subsection (and also in [28]). In such regime the scale of the mass is given by m(g) and expansion of f(g, j) for small j and large g was successfully checked [27, 28] against analogous non perturbative expansions [29] in the sigma model.

It remains an open question if, as well as f(g, j), also f^{(0)}(g, j) shows connections with quantities of the O(6) sigma model. This is a further motivation which leads to study the strong coupling limit of f^{(0)}(g, j), which however is an important problem in itself, since its results can be checked against string theory data. We concentrate on f^{(0)}n (g), for n = 3, 4, 5: as follows from (4.28, 4.29, 4.30), the calculation of their strong coupling limit can be finalised if we know the large g behaviour of the density and its second derivative in zero, σ^{(0,0)}(0) and σ^{(0,0)}_2 (0). From results of [17], we know that at large g and at the leading order

S^{(0,0)}_r (g) = − ln g S^{(−1,0)}_r (g) + . . . , (4.35)

where S^{(0,0)}p (g) is a solution of (4.10) and S^{(−1,0)}p (g) of (4.7) with j = 0 (i.e. the BES system). From this relation we can deduce that, at the leading order, the density in zero reads as

σ^{(0,0)}_H (0) = − ln g σ^{(−1,0)}_H (0) + . . . = − ln g[4 − πm(g)] + . . . ⇒ σ^{(0,0)}(0) = −4 ln g + . . . (4.36)

Analogously, for what concerns the second derivative, we get

σ^{(0,0)}_2 (0) = 56ζ(3) + . . . (4.37)

since the higher loops contributions,^{π3}_4 ln g m(g), are exponentially depressed.

Using the results contained in [28], we get the strong coupling relations (which are valid only at the leading order),

f^{(0)}_3 (g) = −

8 ln g πm(g) f_3(g) + ... = − π ln g 3m(g)^2

+ ... (4.38)

f^{(0)}_4 (g) = −

12 ln g πm(g) f_4(g) + ... = ln g m(g)^3 ( ln 2 + π 2 ) + ... (4.39)

f^{(0)}_5 (g) = [ − 16 ln g π^2m(g)^5 ( ln 2 + π 2 )_2 + π^2 ln g 3m(g)^5 ]√ 2gS̃^{(1)}_1 (g) + + 16 ln g 60m(g)^5 √ 2gS̃^{(2)}_1 (g) + ... = −

16 ln g πm(g) f_5(g) + π^2 ln g 15m(g)^5 √ 2gS̃^{(1)}_1 (g) + ... = = − 2 ln g πm(g)^4 ( ln 2 + π 2 )_2 + π^3 ln g 30m(g)^4

+ ... (4.40)

We see that there is a simple proportionality between f^{(0)}n (g) and (n − 1)f_n(g) for n = 3, 4, which, however, is lost when n = 5. This could suggest a relation between f^{(0)}(g, j) and f(g, j), but at the moment our data are not conclusive about its form.

5 Conclusions

A systematic procedure for the computation of the subleading correction f^{(0)}(g, j) in the high spin limit (1.3) to the anomalous dimensions in the sl(2) sector of N = 4 SYM is developed. The method is analogous to the one used in [28] to study the leading term f(g, j) and is based on a linear integral equation describing the behaviour of the density and the observables at high spin. We first found one loop (subleading) contributions to the anomalous dimension (Section 2), finding agreement with results obtained by another method, which is an improvement of the techniques of [19] (Appendix B). Then, we performed weak coupling expansions (two and three loops, Section 3). Finally, we wrote the linear integral equation for the density as linear infinite systems (Section 4). This was particularly convenient, for it simplifies the study of the strong coupling limit of f^{(0)}(g, j). In this respect, we explicitly found (Subsection 4.2) the large g limit of f^{(0)}n (g), for n = 3, 4, 5, comparing their expression with f_n(g). Although the string action may reduce to the O(6) non-linear sigma model, the question of its appearance in the sub-leading scaling function still stays as an open question.

Acknowledgements DF ought to particularly thank A. Tseytlin for useful discussions and suggestions. Moreover, we thank D. Bombardelli, P. Grinza for discussions and suggestions. We acknowledge the INFN grant Iniziative specifiche FI11 and PI14, the italian University PRIN 2007JHLPEZ ”Fisica Statistica dei Sistemi Fortemente Correlati all’Equilibrio e Fuori Equilibrio: Risultati Esatti e Metodi di Teoria dei Campi” for travel financial support. DF acknowledges the Galileo Galilei Institute for Theoretical Physics as well as M.R. the INFN/University of Bologna for hospitality.

A Estimate of the holes contribution

We now give an estimate of the sum over the internal holes u_h of a generic function O(u_h). Results we present here are valid both at one and all loops cases. We start from the exact hole expression [34], depending on the so-called counting function Z(u)^5, L−2∑ h=1 O(u_h) = − ∫_c −c du 2π O(u)Z^′(u) + Im ∫_c −c dv π O(v − iϵ) d dv ln[1 + δ e^{iZ(v−iϵ)}] + (A.1)

+ Im ∫_{−ϵ} 0 dy π O(−c + iy) d dy ln[1 + δ e^{iZ(−c+iy)}] + Im

∫_0 −ϵ dy π O(c + iy) d dy ln[1 + δ e^{iZ(c+iy)}] .

The right hand side of (A.1) does not depend on ϵ as far as no poles of the integrands lie in the region Imv < ϵ, |Rev| < c. The constant δ is equal to ±1, depending on the parity of L. Keeping ϵ small, but finite, we suppose that | |e^{iZ(z)} | | ≪ 1 , (A.2)

when z belongs to the integration contour of (A.1). In the large s limit this is justified, since Z^′(v) is proportional to − ln s. Using such approximation, we can replace all the ln[1 + e^{iZ(z)}] with e^{iZ(z)}. Then, since the expression we get is still independent of ϵ, we find convenient to evaluate it when ϵ = 0^6. We obtain L−2∑ h=1 O(u_h) = − ∫_c −c du 2π O(u)Z^′(u) + δ Im ∫_c −c dv π O(v) d dv e^{iZ(v)} . (A.3)

The nonlinear term in this expression NL = δ Im ∫_c −c dv π O(v) d dv e^{iZ(v)} , (A.4)

can be estimated after the change of variable x = Z(v) (we remind that Z^′(v) < 0) and after using the formula ∫ dxf(x)e^{ax} = e^{ax} a ∞∑ k=0 (−1)^k f^{(k)}(x) a^k , (A.5)

where f^{(k)}(x) denotes the k-th derivative of f(x). We get

NL = δ Im [ e^{ix} π ∞∑ k=0 i^k ∂ ∂x^k O(Z^{−1}(x)) ]_{Z(c)} Z(−c) . (A.6)

The first terms of such series are NL = δ 2 π O(c) sin Z(c) + δ 2 π O^′(c) Z^′(c) cos Z(c) + . . . (A.7)

5The counting function is connected to σ(u) by the relation Z^′(u) = σ(u).

6We can put directly ϵ = 0 since, after the approximation (A.2), the integrand is regular on the real axis.

where the dots represent terms containing higher powers of Z^′(c) in the denominator. Now, if c is chosen such that Z(c) = −π(L − 2) + O(1/ ln s) - which is exactly condition (2.4) for the one loop and (3.3) for the all loops case, respectively - the first term in (A.7) is O(1/ ln s). The second term is O(1/ ln s) as well, since Z^′(c) - for generic g - is proportional to ln s. After carefully evaluating all the terms in the series, one can show by similar reasonings that the k-th term is O(1/(ln s)^k): this ensures the convergence of the series in (A.6), which gives the nonlinear contribution to (A.3). Evidently, such nonlinear contribution is O(1/ ln s).

B Contact with [19]

We now show that our one loop results of Section 1 can be obtained starting from the equations of [19]. In this paper, authors are interested to the contribution to the energy proportional to ln s (i.e. the part ln sf(j), where f(j) is the one loop contribution to the cusp anomalous dimension). However, their equations can be used to compute also the subleading part, proportional to ln s^0, both at the level of equation for the density and at the level of explicit computations of energy eigenvalues.

Let us start from the equations describing the distribution of roots and holes. In paper [19], authors start from the equation

2δ_n ln s − iL 2 ln Γ (_1 2 − iδ_n ) Γ (_1 2 + iδ_n ) − i 2 L−1∑ j=2 ln Γ (1 + iδ_n − iδ_j ) Γ (1 − iδ_n + iδ_j ) = π 2 k_n , (B.1)

which describe the distribution of internal holes, denoted as δ_n, 2 ≤ n ≤ L − 1. This equation suggests the definition of the counting function

Z_0(u) = −4 ln s u + iL ln Γ (_1 2 − iu ) Γ (_1 2 + iu ) + i L−1∑ j=2 ln Γ(1 + iu − iδ_j ) Γ(1 − iu − iδ_j ) . (B.2)

Indeed we have that Z_0(δ_n) = π(2n − L − 1) , e^{iZ0(δn)} = (−1)^{L+1}.

In terms of the derivative σ_0(u) =^d_{du} Z_0(u), we have the equation

σ_0(u) = −4 ln s + L [ ψ ( 1 2 − iu ) + ψ ( 1 2 + iu )] − L−1∑ j=2 [ψ(1 + iu − iδ_j ) + ψ(1 − iu − iδ_j )] , (B.3)

which after expressing the sum on the holes in terms of the density of holes −^1_{2π} σ_0(u) turns out into

σ_0(u) = −4 ln s + L [ ψ ( 1 2 − iu ) + ψ ( 1 2 + iu )] + ∫_{c0} −c_0 dv 2π σ_0(v)[ψ(1 + iu − iv) + ψ(1 − iu − iv)] . (B.4) Such equation describes the distribution of holes and, consequently, it is valid only for −c_0 ≤ u ≤ c_0. And, indeed, one can verify that our starting equation (2.1) reduces exactly to (B.4) when −c_0 ≤ u ≤ c_0.

After having shown that our equation for the density of roots and holes agrees with the corresponding relation that can be deduced from results of [19], we pass to compare results for the eigenvalues of the energy: we verify that expression (2.15) can be obtained starting from formulæ of [19].

Referring still to equation (B.1), describing the distribution of internal holes, we develop such equation up to the order δ^3_n. We obtain the relation 2δ_n ln s−Lψ ( 1 2 ) δ_n+ L 6 ψ^{(2)} ( 1 2 ) δ^3_n+(L−2)ψ(1)δ_n− L − 2 6 ψ^{(2)}(1)δ^3_n− 1 2 ψ^{(2)}(1)δ_n L−1∑ j=2 δ^2_j +O(δ^5_n) = π 2 k_n , (B.5) which we rewrite as

δ_n = π 2 k_n 2 ln s − Lψ (_1 2 ) +^L_6 ψ^{(2)}

(_1 2 ) δ^2_n + (L − 2)ψ(1) −^{L−2}_6 ψ^{(2)}(1)δ^2_n −^1_2 ψ^{(2)}(1) ∑_{L−1} j=2 δ^2_j + O(δ^4_n) . (B.6) Therefore, we can write that

δ_n = π 2 k_n 2 ln s − Lψ (_1 2 ) + (L − 2)ψ(1) [ 1 − L 6 ψ^{(2)}

(_1 2 ) δ^2_n −^{L−2}_6 ψ^{(2)}(1)δ^2_n −^1_2 ψ^2(1) ∑_{L−1} j=2 δ^2_j + O(δ^4_n) 2 ln s − Lψ (_1 2 ) + (L − 2)ψ(1) + + O ( δ^4_n (ln s)^2 )] . (B.7)

¿From (3.37) of [19] we get that in the large s limit the energy E_0 depends on δ_n according to the formula

E_0 = 4 ln s − 2Lψ(1) + L−1∑ n=2 [ ψ ( 1 2 + iδ_n ) + ψ ( 1 2 − iδ_n )] . (B.8)

Developing for small δ_n we have

E_0 = 4 ln s − 2Lψ(1) + L−1∑ n=2 [ 2ψ ( 1 2 ) − ψ^{(2)} ( 1 2 ) δ^2_n + 1 12 ψ^{(4)} ( 1 2 ) δ^4_n + O(δ^6_n) ] . (B.9)

Now, for the ground state k_n = L + 1 − 2n. Since we want to compare this formula with (2.15), we have to consider only terms in the energy which go as ln s j^k and j^k, with 1 ≤ k ≤ 5. In such an approximation the relevant sums appearing in (B.9) read as L−1∑ n=2 δ^2_n =

π^2 4 [2 ln s − Lψ (_1 2 ) + (L − 2)ψ(1)]^2

· (B.10)

· L−1∑ n=2 [ k^2_n − 2 L 6 ψ^{(2)}

(_1 2 )_{π2} 16(ln s)^2 k 4 n −^{L−2}_6 ψ^{(2)}(1)^{π2}_{16(ln s)2} k^4_n −^1_2 ψ^2(1)^{π2}_{16(ln s)2} k^2_n ∑_{L−1} j=2 k^2_j 2 ln s − Lψ (_1 2 ) + (L − 2)ψ(1) + . . . ] , L−1∑ n=2 δ^4_n =

π^4 16 [2 ln s − Lψ (_1 2 ) + (L − 2)ψ(1) + . . .]^4 L−1∑ n=2 k^4_n (B.11)

Now, using the sums L−1∑ n=2 k^2_n =

(L − 2)^3 3 + O(L − 2) , L−1∑ n=2 k^4_n =

(L − 2)^5 5 + O(L − 2)^3 , (B.12)

and also the fact that 2 ln s − Lψ ( 1 2 ) + (L − 2)ψ(1) = 2 ln s [ 1 + 2 ln 2 + γ_E ln s

+ ln 2 j ] , (B.13)

one gets, at the order of interest, L−1∑ n=2 δ^2_n = π^2(L − 2)^3 48(ln s)^2 ( 1 +^{2 ln 2+γE}_{ln s}

)_2 [ 1 − 2 ln 2 ( 1 +^{2 ln 2+γE}_{ln s} )j + 3(ln 2)^2 ( 1 +^{2 ln 2+γE}_{ln s}

)_2 j^2 + . . . ] −

− π^4 3840 ψ^{(2)}

(_1 2 ) (L − 2)^5 (ln s)^5

. (B.14) L−1∑ n=2 δ^4_n = π^4 1280 ln s ( 1 +^{2 ln 2+γE}_{ln s}

)_4 j^5 , (B.15)

where, in order to keep formulæ compact, we did not develop in inverse powers of ln s the brackets in the denominators. With the help of the explicit values

ψ^{(2)} ( 1 2 ) = −14ζ(3) , ψ^{(4)} ( 1 2 ) = −744ζ(5) , (B.16)

we eventually plug all the results in (B.9), getting the expression

E_0 = 4 ln s − 4 ln s ln 2 j + 4γ_E + ln s

7ζ(3)π^2 24 j^3 ( 1 +^{2 ln 2+γE}_{ln s}

)_2 − ln s

7ζ(3)π^2 ln 2 12 j^4 ( 1 +^{2 ln 2+γE}_{ln s}

)_3 +

+ ln s [ 7π^2(ln 2)^2ζ(3) 8 − 31π^4ζ(5) 640 ] j^5 ( 1 +^{2 ln 2+γE}_{ln s}

)_4 +

49π^4ζ^2(3) 960 j^5 + . . . . (B.17)

Finally, developing the brackets in the denominators in their ln s and (ln s)^0 contribution, we get formula (2.15).

References

[1] J.M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 and hep-th/9711200;

S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys.Lett. B428 (1998) 105 and hep-th/9802109;

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 and hep-th/9802150;

[2] L.N. Lipatov, Evolution equations in QCD, in “Perspectives in Hadron Physics”, Prooceedings of the Conference, ICTP, Trieste, Italy, May 1997, World Scientific (Singapore, 1998);

[3] V.M. Braun, S.E. Derkachov, A.N. Manashov, Integrability of three particle evolution equations in QCD, Phys. Rev. Lett. 81 (1998) 2020 and hep-ph/9805225;

V.M. Braun, S.E. Derkachov, G.P. Korchemsky, A.N. Manashov, Baryon distribution amplitudes in QCD, Nucl. Phys. B553 (1999) 355 and hep-ph/9902375;

A.V. Belitsky, Fine structure of spectrum of twist-three operators in QCD, Phys. Lett. B453 (1999) 59 and hep-ph/9902361;

A.V. Belitsky, Renormalization of twist-three operators and integrable lattice models, Nucl. Phys. B574 (2000) 407 and hep-ph/9907420;

[4] J.A. Minahan, K. Zarembo, The Bethe Ansatz for N = 4 Super Yang-Mills, JHEP03 (2003) 013 and hep-th/0212208;

[5] N. Beisert, M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B670 (2003) 439 and hep-th/0307042;

M. Staudacher, The factorized S-matrix of CFT/AdS, JHEP05 (2005) 054 and hep-th/0412188;

N. Beisert, M. Staudacher, Long-range P SU(2, 2|4) Bethe Ansatz for gauge theory and strings, Nucl. Phys. B727 (2005) 1 and hep-th/0504190;

[6] G. Arutyunov, S. Frolov, M. Staudacher, Bethe ansatz for quantum strings, JHEP10 (2004) 016 and hep-th/0406256;

[7] N. Beisert, B.Eden, M. Staudacher, Transcendentality and crossing, J.Stat.Mech.07 (2007) P01021 and hep-th/0610251;

[8] B. Basso, G.P. Korchemsky, Anomalous dimensions of high spin operators beyond the leading order, Nucl. Phys. B775 (2007) 1 and hep-th/0612247;

Y.L. Dokshitzer, G. Marchesini, N = 4 SUSY Yang-Mills: Three loops made simple(r), Phys. Lett. B646 (2007) 189 and hep-th/0612248;

[9] M. Beccaria, V. Forini, A. Tirziu, A.A. Tseytlin, Structure of the large spin expansion of anomalous dimensions at strong coupling, arXiv:0809.5243 [hep-th];

[10] L.J. Dixon, L. Magnea, G. Sterman, Universal structure of subleading infrared poles in gauge theory amplitudes, JHEP08 (2008) 022 and arXiv:0805.3515 [hep-th];

[11] B. Eden, M. Staudacher, Integrability and transcendentality, J.Stat.Mech. 11 (2006) P014 and hep-th/0603157;

[12] M. K. Benna, S. Benvenuti, I. R. Klebanov, A. Scardicchio, A Test of the AdS/CFT Correspondence Using High-Spin Operators, Phys. Rev. Lett. 98 (2007) 131603 and hep-th/0611135;

L. F. Alday, G. Arutyunov, M. K. Benna, B. Eden, I. R. Klebanov, On the Strong Coupling Scaling Dimension of High Spin Operators, JHEP04 (2007) 082 and hep-th/0702028; I. Kostov, D. Serban and D. Volin, Strong coupling limit of Bethe Ansatz equations, Nucl. Phys. B789 (2008) 413 and hep-th/0703031;

M. Beccaria, G.F. De Angelis, V. Forini, The scaling function at strong coupling from the quantum string Bethe equations, JHEP04 (2007) 066 and hep-th/0703131;

[13] B. Basso, G.P. Korchemsky, J. Kotanski, Cusp anomalous dimension in maximally supersymmetric Yang-Mills theory at strong coupling, Phys. Rev. Lett. 100 (2008) 091601 and arXiv:0708.3933 [hep-th];

[14] I. Kostov, D. Serban and D. Volin, Functional BES equation, JHEP08 (2008) 101 and arXiv:0801.2542 [hep-th];

[15] L. Freyhult, A. Rej, M. Staudacher, A Generalized Scaling Function for AdS/CFT, J. Stat.

Mech. (2008) P07015 and arXiv:0712.2743 [hep-th];

[16] L. Freyhult, S. Zieme, The virtual scaling function of AdS/CFT, arXiv:0901.2749 [hep-th];

[17] D. Fioravanti, P. Grinza, M. Rossi, Beyond cusp anomalous dimension from integrability, arXiv:0901.3161 [hep-th];

[18] L.F. Alday, J.M. Maldacena, Comments on operators with large spin, JHEP11 (2007) 019 and arXiv:0708.0672 [hep-th];

[19] A.V.Belitsky, A.S. Gorsky, G.P. Korchemsky, Logarithmic scaling in gauge/string correspondence, Nucl. Phys. B748 (2006) 24 and hep-th/0601112;

[20] P.Y. Casteill, C. Kristjansen, The strong coupling limit of the scaling function from the quantum string Bethe Ansatz, Nucl. Phys. B785 (2007) 1 and arXiv:0705.0890 [hep-th];

[21] N. Gromov, Generalized scaling function at strong coupling, JHEP11 (2008) 085 and arXiv:0805.4615 [hep-th];

[22] D. Volin, The 2-loop generalized scaling function from the BES/FRS equation, arXiv:0812.4407 [hep-th];

[23] S. Frolov, A. Tirziu, A.A. Tseytlin, Logarithmic corrections to higher twist scaling at strong coupling from AdS/CFT, Nucl. Phys. B766 (2007) 232 and hep-th/0611269;

[24] R. Roiban, A.A. Tseytlin, Spinning superstrings at two loops: strong coupling corrections to dimensions of large-twist SYM operators, Phys. Rev. D77(2008) 066006 and arXiv:0712.2479 [hep-th];

[25] D. Fioravanti, P. Grinza, M. Rossi, Strong coupling for planar N = 4 SYM: an all-order result, Nucl. Phys. B810 (2009) 563 and arXiv:0804.2893 [hep-th];

[26] B. Basso, G.P. Korchemsky, Embedding nonlinear O(6) sigma model into N = 4 super-Yang- Mills theory, Nucl. Phys. B807(2009) 397 and arXiv:0805.4194 [hep-th];

[27] D. Fioravanti, P. Grinza, M. Rossi, The generalised scaling function: a note, arXiv:0805.4407 [hep-th];

[28] D. Fioravanti, P. Grinza, M. Rossi, The generalised scaling function: a systematic study, arXiv:0808.1886 [hep-th];

[29] F. Buccheri, D. Fioravanti, The integrable O(6) model and the correspondence: checks and predictions, arXiv:0805.4410 [hep-th];

[30] M. Beccaria, The generalised scaling functionof AdS/CFT and semiclassical string theory, JHEP07 (2008) 082 and arXiv:0806.3704 [hep-th];

[31] D. Bombardelli, D. Fioravanti, M. Rossi, Non-linear integral equations in N = 4 SYM, Proceedings of International Workshop on Recent Advances in Quantum Integrable Systems (RAQIS 07), Annecy-le-Vieux, France, 11-14 Sep 2007 and arXiv:0711.2934 [hep-th];

[32] D. Bombardelli, D. Fioravanti, M. Rossi, Large spin corrections in N = 4 SYM sl(2): still a linear integral equation, Nucl. Phys. B810 (2009) 460 and arXiv:0802.0027 [hep-th];

[33] A.V. Kotikov, L.N. Lipatov, On the highest transcendentality in N = 4 SUSY, Nucl. Phys.

B769 (2007) 217 and hep-th/0611204;

[34] D. Fioravanti, A. Mariottini, E. Quattrini, F. Ravanini, Excited state Destri-de Vega equation for sine-Gordon and restricted sine-Gordon models, Phys. Lett. B390 (1997) 243 and hep-th/9608091;