arXiv:0901.3336v1 [hep-ph] 21 Jan 2009

A note on the QCD evolution of generalized form factors

Wojciech Broniowski^{1, 2} and Enrique Ruiz Arriola^3 1The H. Niewodniczański Institute of Nuclear Physics, Polish Academy of Sciences, PL-31342 Kraków, Poland 2Institute of Physics, Jan Kochanowski University, PL-25406 Kielce, Poland 3Departamento de Física Atómica, Molecular y Nuclear, Universidad de Granada, E-18071 Granada, Spain (Dated: 21 January 2009)

Generalized form factors of hadrons are objects appearing in moments of the generalized parton distributions. Their leading-order DGLAP-ERBL QCD evolution is exceedingly simple and the solution is given in terms of matrix triangular structures of linear equations where the coefficients are the evolution ratios. We point out that this solution has a practical importance in analyses where the generalized form factors are basic objects, e.g., the lattice-gauge studies or models. It also displays general features of their evolution.

PACS numbers: 12.38.Bx, 12.38.Aw Keywords: generalized form factors, generalized parton distributions, QCD evolution

Generalized parton distributions (GPDs) (for notations and discussion see the extensive reviews [1, 2, 3, 4, 5, 6, 7, 8, 9] and references therein) carry very rich information on the internal structure of hadrons. In particular, moments of the GPDs in the X variable, according to the polynomiality feature, can be written as polynomials in the ξ variable, assuming the form

∫_1 −1 dX X^{2j} F^{ns}(X, ξ, t) = 2 j∑ i=0 A_{2j+1,2i}(t)ξ^{2i}, ∫_1 −1 dX X^{2j+1} F^s(X, ξ, t) = 2 j+1∑ i=0 A_{2j+2,2i}(t)ξ^{2i}, (1)

with j = 0, 1, . . . . Here X is the average fraction of the target’s momentum carried by the struck quark, and ξ is the fraction of the momentum along the light cone passed to the target. We use the so-called symmetric notation, where X ∈ [−1, 1] and ξ ∈ [0, 1]. Indices ns and s denote the non-singlet and singlet distributions. The singlet GPD consists of the quark and gluon parts, F^s(X, ξ, t) = (F^{s,q} (X, ξ, t), XF^{s,G}(X, ξ, t)). The gener- alized form factors A_{nk} (GFFs) for the quark operators are the matrix elements between states i and f of the form (we take the even-parity operator and a spin 0 target) ⟨f(p^′)|ψ(0) γ^{{μ} i^{↼⇀}D^{μ1} i^{↼⇀}D^{μ2} . . . i^{↼⇀}D^{μn−1}} ψ(0)|i(p)⟩ = 2P^{{μ}P^{μ1} . . . P^{μn−1}}A_{n0}(t) + (2) 2 n∑ k=2 even q^{{μ}q^{μ1} . . . q^{μk−1} P^{μk} . . . P^{μn−1}} 2^{−k}A_{nk} (t),

with n = 1, 2, 3 . . . , k = 0, 2, . . . , n, P = (p + p^′)/2, q = p^′ − p, t = q^2, and ψ denoting the quark field. The symbol^⇀D is the QCD covariant derivative,^{↼⇀}D =^1_2 (^⇀D −^↼D), and {. . . } denote the symmetrization of indices and the subtraction of traces for each pair of indices μ_1 . . . μ_{n−1}.

The factor of 2^{−k} is conventional. A similar expression can be written for the singlet gluon GFFs [7].

For the simplest case of a spin-0 target with positive charge such as e.g. π^+, A_{10}(t) is the charge form factor, while A_{20}(t) and −A_{22}(t) are the quark components of the gravitational form factors [10, 11].

The GPDs undergo the QCD evolution with a change of the renormalization scale. Unlike the parton distribution functions (PDFs) or the distribution amplitudes (DAs), it is non-trivial to pass to the space of moments where the evolution is diagonal and then invert the transformation. This issue makes the case different and more complicated already at LO from the case of the PDFs, where the Mellin moments are used, or the DAs, where the Gegenbauer moments diagonalize the evolution. Theoretical tools have been developed to achieve the task, such as the Shuvaev transformations [12], the dual representation of the GPDs [13, 14] or techniques based on the conformal moments complemented with the Mellin- Barnes transformations [15, 16]. One may also solve the DGLAP-ERBL equations numerically [17, 18]. Such approaches are needed, if the whole GPD is demanded. Frequently, however, one is only interested or has access to a limited number of GFFs. The purpose of this note is to point out that in fact the LO DGLAP-ERBL evolution of the GFFs is inherently much simpler and straightforward to implement in practice, without any need of complicated mathematical transformations. The result discussed in this paper is implicitly present in numerous works concerning the evolution of GPDs ([7] and references therein), but nevertheless we find it practical to present its explicit form, useful for those dealing with the GFFs only and not the full GPDs.

Our starting point is the work of Kivel and Mankiewicz [19, 20], which elaborates the formalism of Balitsky and Braun [21] on the QCD string operators in the coordinate space. We use Eqs. (18) and (20) from Ref. [19] for the LO DGLAP-ERBL evolution of the GPDs from the scale μ_0, where one assumes they are known, to the scale μ:

F^{ns}(β, ξ, t; μ^2) = 1 √ π ( 2 βξ ) 3_{2 ∞}∑ n=0 (−1)^n ( 3 2 + 2n ) ×

L_{2n+1}J 3_{2 +2n}(βξ)

∫_1 0 dω F^{ns}(ω, ξ, t; μ^2_0) C^{32}_{2n} ( ω ξ ) . F^s(β, ξ, t; μ^2) = 1 √ π ( 2 βξ ) 3_{2 ∞}∑ n=0 (−1)^n ( 5 2 + 2n ) ×

L_{2n+2}J 5_{2 +2n}(βξ)

∫_1 0 dω F^s(ω, ξ, t; μ^2_0) C^{32}_{2n+1} ( ω ξ ) , (3)

where F^{ns}(β, ξ, t; μ^2) = 2 π ∫_1 0 dω F^{ns}(ω, ξ, t; μ^2) cos (ωβ) , F^s(β, ξ, t; μ^2) = 2 π ∫_1 0 dω F^s(ω, ξ, t; μ^2) sin (ωβ). (4)

For the non-singlet case the quantity L_{2n+1} denotes the evolution ratio. For the singlet case L_{2n+2} forms a 2- dimensional matrix in the quark-gluon space. Explicitly,

L_{2n+1} = ( α(μ^2) α(μ^2_0) )_γ^{qq}_{n /(2β0)} , L_{2n+2} = ( α(μ^2) α(μ^2_0) )_{Γn/(2β0)} , Γ_n = ( γ^{qq}_n γ^{qG}_n γ^{Gq}_n γ^{GG}_n ) , (5)

where the γ’s denote the appropriate anomalous dimensions. Our further procedure is based on the observation that F(β, ξ, t; μ^2) is the generating function of the the GFF’s. We then expand Eq. (3-4) in β around 0 using the series expansions

J_m(z) = ∞∑ l=0 (−1)^l l!(m + l)! (z 2 )_{2l+m} , (6)

C^λ_m(z) =

⌊^m_2 ⌋∑ l=0 (−1)^l(2z)^{m−2l}(λ)_{m−l} l!(m − 2l)! , (7)

where (.)_n denotes the Pochhammer symbol, and finally use the polynomiality property (1). As a result, polynomials in β and ξ are obtained on both sides of Eq. (3,3). For subsequent values of the powers of β we compare the coefficients of powers of ξ. As a result, the equations for the form factors from Eq. (1,2) follow immediately. We use the short-hand notation A_{nk} = A_{nk} (X, ξ, t; μ) and A^0_{nk} = A_{nk}(X, ξ, t; μ_0). For the non-singlet case

A_{2k+1,2l} = kΓ(2k) k∑ m=0 (4m + 3)L_{2m+1} k∑ j=k−l (8) 2^{2(j−k)}(−1)^{m−j} Γ ( j + m +^3_2 ) A^0_{2j+1,2(j−k+l)} Γ(2j + 1)Γ(m − j + 1)Γ(k − m + 1)Γ ( k + m +^5_2 ) , for k = 0, 1, 2, . . . and l = 0, 1, . . . , k, or, explicitly,

A_{10} = L_1A^0_{10},

A_{32} = 1 5 (L_1 − L_3)A^0_{10} + L_3A^0_{32},

A_{54} = 1 105 (9L_1 − 14L_3 + 5L_5)A^0_{10} + 2 3 (L_3 − L_5)A^0_{32} + L_5A^0_{54}, . . . A_{30} = L_3A^0_{30},

A_{52} = 2 3 (L_3 − L_5)A^0_{30} + L_5A^0_{52}, . . . A_{50} = L_5A^0_{50}, (9)

where we have grouped the equations in the growing difference of the indices n and i in A_{ni}. The ellipses denote equations with n ≥ 5. Since L_1 = 1, the vector form factor, of course, does not evolve. All other form factors in Eq. (9) change. While the standard form factors A_{n0} retain their shape, i.e. A_{n0}(t)/A_{n0}(t = 0) is not altered by the evolution, other genuine generalized form factors involve linear combinations and both their value at t = 0 and their shape do change. Analogously, for the singlet case

A_{2k+2,2l} = Γ(2k + 2) k∑ m=0 (4m + 5)L_{2m+2} k∑ j=k−l (10)

2^{2j−2k−1}(−1)^{m−j} Γ ( j + m +^5_2 ) A^0_{2(j+1),2(j−k+l)} Γ(2j + 2)Γ(m − j + 1)Γ(k − m + 1)Γ ( k + m +^7_2 ) , for k = 0, 1, 2, . . . and l = 0, 1, . . . , k + 1, or, explicitly,

A_{22} = L_2A^0_{22},

A_{44} = 3 7 (L_2 − L_4)A^0_{22} + L_4A^0_{44},

A_{66} = 5 231 (11L_2 − 18L_4 + 7L_6)A^0_{22} + 10 11 (L_4 − L_6)A^0_{44} + L_6A^0_{66}, . . . A_{20} = L_2A^0_{20},

A_{42} = 3 7 (L_2 − L_4)A^0_{20} + L_4A^0_{42},

A_{64} = 5 231 (11L_2 − 18L_4 + 7L_6)A^0_{20} + 10 11 (L_4 − L_6)A^0_{42} + L_6A^0_{64}, . . . A_{40} = L_4A^0_{40},

A_{62} = 10 11 (L_4 − L_6)A^0_{40} + L_6A^0_{62}, . . . A_{60} = L_6A^0_{60}, (11)

Note the identical structure of the first two groups in the above equation. Again, the shape of the form factors A_{n0} does not change. The sets of equations (9,11), although implicitly present in schemes involving the conformal moments, have not, to our knowledge, been written explicitly and their practical importance has not been recognized. Since all quantities on the right-hand side are known, from any practical point of view the problem of the leading-order DGLAP-ERBL evolution of the GFFs is solved.

Expressions for higher values of n may be obtained from the general expressions, however, it is the lowest form factors which are most relevant, as they can be obtained in the Euclidean lattice studies for the pion [22, 23, 24] and the nucleon [25, 26, 27, 28]. Equations (9,11) are useful for the evolution of higher GFFs which eventually will be measured on the lattice as the accuracy is increased, as well as for various model calculations, where the results need to be evolved in order to compare to the data [29].

Sequences of equations in (9,11) separated by ellipses form (infinite) triangular matrix structures. Mixing occurs between the ns or s form factors where the difference n − i in A_{ni} is fixed, for instance A_{10}, A_{32}, A_{54}, etc. This corresponds, according to Eq. (2), to the mixing of the t-channel states of the same angular momentum. Indeed, n − i is the number of Lorentz indices of the t-channel momentum q. These triangular matrix equations may be diagonalized, yielding the combinations

A_{10}, A_{32} − 1 5 A_{10}, A_{54} − 2 3 A_{32} + 1 21 A_{10}, (12)

etc., which evolve autonomously with L_n. The coefficients in the above combinations are proportional to the coefficients of the Gegenbauer polynomial C^{3/2}n (z). In fact, we are simply recovering the well known fact [7] that the conformal moments of the GPDs,

Γ(3/2)Γ(n + 1) 2^{n+1}Γ(n + 3/2)

∫_1 −1 dXξ^nC^{3/2}_n (X/ξ)F^{ns,s}(X, ξ, t), (13) evolve autonomously at LO. The point is, however, that the diagonalization of Eq. (12) is not necessary for the evolution of the GFFs, as for any practical purpose one can simply apply Eq. (9,11).

Asymptotically, as μ^2 → ∞ we have (for the positiveparity operator) L_1 = 1 and L_n → 0 for n > 1. Hence, in the non-singlet channel

A_{10} → A^0_{10}, A_{32} → 1 5 A^0_{10}, A_{54} → 9 105 A^0_{10} . . .

A_{30} → 0, A_{52} → 0, . . . A_{50} → 0, . . . (14)

In the singlet channel we give the sum of the quark and gluon components, whose second moment for the assumed vector case is related to the momentum sum rule.

Denoting S_{nk} = A^q_{nk} + A^G_{nk} we find asymptotically

S_{22} → S^0_{22}, S_{44} → 3 7 S^0_{22}, S_{66} → 5 21 S^0_{22}, . . .

S_{20} → S^0_{20}, S_{42} → 3 7 S^0_{20}, S_{64} → 5 21 S^0_{20}, . . .

S_{40} → 0, S_{62} → 0, . . . S_{60} → 0, . . . (15)

Equations (14,15) comply to the following LO asymptotic forms of the quark and gluon GPDs,

F^{ns} → θ(ξ^2 − X^2) 3 2ξ ( 1 − X^2 ξ^2 ) A_{10}(t),

F^{s,q} → θ(ξ^2 − X^2)(S_{20}(t) + ξ^2S_{22}(t)) × 15 4ξ^2 N_f 4C_F + N_f X ξ ( 1 − X^2 ξ^2 ) , XF^{s,G} → θ(ξ^2 − X^2)(S_{20}(t) + ξ^2S_{22}(t)) × 15 16ξ 4C_F 4C_F + N_f ( 1 − X^2 ξ^2

)_2

. (16)

The lowest form factors determine these expressions. Note, however, that the gravitational form factors S_{20}(t) and S_{22}(t)) need not be equal. Only for the special case S_{20}(t) = −S_{22}(t) = θ(t) one recovers the typically written form with the common factor (1 − ξ^2)θ(t). Since S_{22} corresponds to the coupling of a scalar, and S_{20} to the traceless rank-2 tensor, there is no reason why S_{20}(t) = S_{22}(t) should hold. This issue is related to the lack of factorization of the t-dependence in GPDs.

In conclusion, we state that the generalization of the result to other channels is straightforward. For other probing operators one needs to simply use appropriate anomalous dimensions. For various targets (pion, nucleon) where different tensor couplings appear, one evolves the form factors separately for the independent structures.

Gravitational and higher-order GFFs may be obtained from chiral quark models of the GPDs for the pion [29, 30, 31, 32, 33, 34, 35, 36] and for the nucleon [37, 38]. A related quantity, the pion-photon transition distribution amplitude [39, 40, 41, 42], has also been obtained in quark models Refs. [43, 44, 45, 46, 47] and its moments undergo the QCD evolution in a similar way. Dynamical calculations test the simplifying but a priori unjustified assumptions made in many phenomenological studies. In particular, the widely assumed factorization of the t-dependence is disproved. On the other hand, the reference scale, μ_0, turns out to be very low in chiral quark models, around 320 MeV for the local models, and hence QCD evolution to experimentally accessible scales implies a long distance evolution. This is a case where the dilatation covariance may prove crucial, as it ensures the integrability of the renorm-group equations, hence the evolution path independence between two different scales [48].

Actually, much of the explicit simplicity of the GFF evolution of Eq. (9,11) is linked to the LO approximation and the conformal invariance of the evolution which represents faithfully the dilatation group, a feature not automatically guaranteed in the current factorization approaches at NLO, possibly inducing systematic errors. Renorm-group improvement of the GPDs might be implemented as previously done for the DGLAP evolution of the PDFs [48] as well as the ERBL evolution of the PDAs [49]. While these NLO complications prevent writing down a handy analytic solution for the GFF evolution, the problem can be reduced to a set of coupled differential equations. It remains a tractable and much simpler alternative when a reduced set of GFFs is available. See also Refs. [15, 16].

We are grateful Lech Szymanowski for useful discussions.

Research supported by the Polish Ministry of Science and Higher Education, grants N202 034 32/0918 and N202 249235, Spanish DGI and FEDER funds, grant FIS2008-01143, Junta de Andalucía grant FQM225- 05, and EU Integrated Infrastructure Initiative Hadron Physics Project contract RII3-CT-2004-506078.

[1] X.-D. Ji, J. Phys. G24, 1181 (1998), hep-ph/9807358. [2] A. V. Radyushkin (2000), hep-ph/0101225. [3] K. Goeke, M. V. Polyakov, and M. Vanderhaeghen, Prog.

Part. Nucl. Phys. 47, 401 (2001), hep-ph/0106012. [4] A. P. Bakulev, R. Ruskov, K. Goeke, and N. G. Stefanis, Phys. Rev. D62, 054018 (2000), hep-ph/0004111.

[5] M. Diehl, Phys. Rept. 388, 41 (2003), hep-ph/0307382. [6] X.-D. Ji, Ann. Rev. Nucl. Part. Sci. 54, 413 (2004). [7] A. V. Belitsky and A. V. Radyushkin, Phys. Rept. 418, 1 (2005), hep-ph/0504030.

[8] T. Feldmann, Eur. Phys. J. Special Topics 140, 135 (2007).

[9] S. Boffi and B. Pasquini, Riv. Nuovo Cim. 30, 387 (2007), 0711.2625.

[10] H. Pagels, Phys. Rev. 144, 1250 (1966).

[11] J. F. Donoghue and H. Leutwyler, Z. Phys. C52, 343 (1991).

[12] A. G. Shuvaev, K. J. Golec-Biernat, A. D. Martin, and M. G. Ryskin, Phys. Rev. D60, 014015 (1999), hepph/9902410.

[13] M. V. Polyakov and A. G. Shuvaev (2002), hepph/0207153.

[14] M. V. Polyakov and K. M. Semenov-Tian-Shansky (2008), 0811.2901.

[15] K. Kumericki, D. Mueller, K. Passek-Kumericki, and A. Schafer, Phys. Lett. B648, 186 (2007), hepph/0605237.

[16] K. Kumericki, D. Mueller, and K. Passek-Kumericki, Nucl. Phys. B794, 244 (2008), hep-ph/0703179.

[17] K. J. Golec-Biernat and A. D. Martin, Phys. Rev. D59, 014029 (1999), hep-ph/9807497.

[18] A. D. Martin, C. Nockles, M. G. Ryskin, A. G. Shuvaev, and T. Teubner (2008), 0812.3558.

[19] N. Kivel and L. Mankiewicz, Nucl. Phys. B557, 271 (1999), hep-ph/9903531.

[20] N. Kivel and L. Mankiewicz, Phys. Lett. B458, 338 (1999), hep-ph/9905342.

[21] I. I. Balitsky and V. M. Braun, Nucl. Phys. B311, 541 (1989).

[22] D. Brömmel et al., PoS LAT2005, 360 (2006), heplat/0509133.

[23] D. Brömmel, Ph.D. thesis, University of Regensburg, Regensburg, Germany (2007), DESY-THESIS-2007-023.

[24] D. Brömmel et al. (QCDSF), Phys. Rev. Lett. 101, 122001 (2008), 0708.2249.

[25] P. Hagler et al. (LHPC), Phys. Rev. D68, 034505 (2003), hep-lat/0304018.

[26] M. Gockeler et al. (QCDSF), Phys. Rev. Lett. 92, 042002

(2004), hep-ph/0304249.

[27] M. Gockeler et al. (QCDSF), Phys. Rev. Lett. 98, 222001 (2007), hep-lat/0612032.

[28] P. Hagler et al. (LHPC), Phys. Rev. D77, 094502 (2008), 0705.4295.

[29] W. Broniowski and E. R. Arriola, Phys. Rev. D78, 094011 (2008), 0809.1744.

[30] M. V. Polyakov and C. Weiss, Phys. Rev. D60, 114017 (1999), hep-ph/9902451.

[31] L. Theussl, S. Noguera, and V. Vento, Eur. Phys. J. A20, 483 (2004), nucl-th/0211036.

[32] B. C. Tiburzi and G. A. Miller, Phys. Rev. D67, 013010 (2003), hep-ph/0209178.

[33] B. C. Tiburzi and G. A. Miller, Phys. Rev. D67, 113004 (2003), hep-ph/0212238.

[34] F. Bissey, J. R. Cudell, J. Cugnon, J. P. Lansberg, and P. Stassart, Phys. Lett. B587, 189 (2004), hepph/0310184.

[35] S. Noguera and V. Vento, Eur. Phys. J. A28, 227 (2006), hep-ph/0505102.

[36] W. Broniowski, E. R. Arriola, and K. Golec-Biernat, Phys. Rev. D77, 034023 (2008), 0712.1012.

[37] K. Goeke et al., Phys. Rev. D75, 094021 (2007), hepph/0702030.

[38] K. Goeke et al., Phys. Rev. C75, 055207 (2007), hepph/0702031.

[39] B. Pire and L. Szymanowski, Phys. Rev. D71, 111501 (2005), hep-ph/0411387.

[40] B. Pire and L. Szymanowski, Phys. Lett. B622, 83 (2005), hep-ph/0504255.

[41] J. P. Lansberg, B. Pire, and L. Szymanowski, Phys. Rev.

D73, 074014 (2006), hep-ph/0602195.

[42] J. P. Lansberg, B. Pire, and L. Szymanowski (2007), 0709.2567.

[43] B. C. Tiburzi, Phys. Rev. D72, 094001 (2005), hepph/0508112.

[44] W. Broniowski and E. R. Arriola, Phys. Lett. B649, 49 (2007), hep-ph/0701243.

[45] A. Courtoy and S. Noguera, Phys. Rev. D76, 094026 (2007), 0707.3366.

[46] A. Courtoy and S. Noguera, Prog. Part. Nucl. Phys. 61, 170 (2008), 0803.3524.

[47] P. Kotko and M. Praszalowicz (2008), 0803.2847. [48] E. Ruiz Arriola, Nucl. Phys. A641, 461 (1998). [49] A. P. Bakulev and N. G. Stefanis, Nucl. Phys. B721, 50 (2005), hep-ph/0503045.