arXiv:0901.4098v3 [gr-qc] 8 Apr 2013

Physical states in four dimensional gravity for arbitrary values of the Immirzi parameter

Eyo Eyo Ita

April 9, 2013

2Department of Physics, US Naval Academy, Annapolis Maryland

Abstract

One of the virtues of the Ashtekar variables is the simplification of the initial value constraints for gravity. In the case of self-dual variables this entails a complexification of the phase space which comes at the expense of having to implement reality conditions in the Lorentzian signature case. A reformulation of the theory in terms of real variables eliminates this difficulty, albeit at the expense of having to deal with a more complicated Hamiltonian constraint. The set of available gravitational theories classically equivalent to Einstein’s is parametrized by a parameter β, known as the Immirzi parameter. The construction of its physical Hilbert space of states has until now remained an unsolved problem. In this paper we show that one can have the best of both worlds, by constructing physical states of quantum gravity for arbitrary values of β. We use results from the affine group representation formalism, which casts General Relativity and its quantization into a group theoretical context. The implications of this for volume eigenstates of LQG are examined.

1

1 Introduction

Consistent quantization of Lorentzian signature, four-dimensional General Relativity (GR) remains one of the most challenging problems in theoretical physics. Part of the main difficulties can be traced back to the implementation and interpretation of the Hamiltonian constraint in the quantum theory. The initial attempts were made within the framework of metric variables [1], where it became clear that the nonpolynomial nature of the constraint, also known as the Wheeler–DeWitt equation, rendered it seemingly intractable. In the mid 1980’s it was discovered by Abhay Ashtekar that GR could be written based on the phase space of a Yang–Mills theory using new variables [2], [3]. The initial value constraints, including the Wheeler–DeWitt equation, were written as low order polynomials on the phase space, which opened up new avenues toward the addressal of a background-independent, nonperturbative quantum theory of gravity. The basic variables were a self-dual SU(2) connection A^a_i = Γ^a_i ±iK^a_i and a densitized triad ~E^i_a =^1_2 ~ϵ^{ijk}ϵ_{abc}e^b_j e^c_k.^1 Here, K^a_i is the triadic form of the extrinsic curvature K_{ij} = K^a_i e^a_j of 3-space Σ, while Γ^a_i = −^1_2 ϵ^{abc}ω^{bc}_i is the Levi–Civita connection compatible with the triads e^a_i . The simplification of the constraints in the Ashtekar variables entails complexification of the gravitational phase space. This complexification comes at a price of having to satisfy reality conditions in order to ensure that in the end, one indeed has real GR of Lorentzian signature, conditions which in the quantum theory have proven to be nontrivial to implement.

It was shown by Barbero [4], [5] that under a certain canonical transformation one could formulate the Lorentzian signature theory based on a real SU(2) connection A^a_i = Γ^a_i ± K^a_i , thus obviating the necessity to implement reality conditions. Hence this eliminated one of the main difficulties associated with the Ashtekar variables, however at the price of a more complicated Hamiltonian constraint than the one based on a complex connection. Moreover, a further criticism is the observation that by going to a real connection, one loses the interpretation of A^a_i as the pullback to 3-space Σ of a spacetime connection, which one had in the self-dual case [6]. Georgio Immirzi observed that the canonical transformation utilized by Barbero could be generalized to include a complex number β known as the Immirzi parameter, which generalizes the Ashtekar connection and consequent formalism. The Immirzi parameter does not affect the classical dynamics of GR, but at the same time the canonical transformation cannot be implemented unitarily in the quantum theory.^2 So one ends up with a theory of connections

1Index conventions in this paper are such that internal SU(2) indices are denoted by a, b, c, . . . , while spatial indices are denoted by i, j, k, . . . , each taking values 1 − 3. The spacetime manifold M is foliated into spatial slices Σ, which are labelled by the parameter t._2

One effect is that the Immirzi parameter rescales the spectra of geometric operators in LQG.

A^a_i = Γ^a_i + βK^a_i , labelled by a free parameter β which does not appear to be fixed by any theoretical considerations.

Recently, a new development has occurred, in which it was demonstrated that the Wheeler–DeWitt equation with cosmological constant Λ could be solved from a group theoretical context in the Ashtekar variables. In [8] it was shown that the quantum Hamiltonian constraint can be written as the Poisson bracket of the imaginary part Q of the Chern–Simons functional of the Ashtekar connection, and the local volume functional V (x), as in {Q, V (x)} = − 1 2 GΛV (x). (1) Quantization of the theory proceeded according the the Algebraic quantization program of Ashtekar, using a set S = {I, V (x), Q}, consisting of essentially three elements. Upon the observation that the Wheeler–DeWitt equation (1) is nothing other than the Lie algebra of the affine group of transformations of the straight line aff(R), it became clear that all states of the physical Hilbert space H_{P hys}must necessarily come from unitary, irreducible representations of the affine group Aff(R).

The results of [8] were based on the self-dual case (β = i). As it was just the imaginary part Q, rather than the full Chern–Simons functional I_{CS} [A] which was needed to obtain hermitian operators, then this addressed the issue of reality conditions. The value β = i was chosen in [8] precisely to avoid the complicated form of the Hamiltonian constraint. In the present paper we will generalize the results of [8] in at least three ways: (i) We will generalize the solutions and the physical Hilbert space H_{P hys} to incorporate arbitrary values of the Immirzi parameter β. A motivation for this is that one now has access to a rich calculus on the space of Wilson loops of connections.^3 This could open up further possibilities for the investigation of consequences of the affine group formalism, as well as make contact with Loop Quantum Gravity (LQG). (ii) The set S consisted of three elements, and therefore does not separate the full classical phase space of GR. In this paper we will enlarge S to include more elements. Specifically, we will enlarge S to include the set of gauge invariant, diffeomorphism invariant observables generated by the Chern–Simons and volume functionals, seen as fundamental objects. (iii) Finally, we will deduce some consequences of the formalism within a LQG context, specifically, the implications for eigenstates of volume.

The organization of this paper is as follows. In Section 2 we introduce the starting action, namely the Holst action, parametrized by β, and its 3+1 decomposition. This corresponds on-shell classically to GR for arbitrary β. In Section 3 we collect various Poisson bracket identities, and we re-write the Hamiltonian constraint entirely in terms of Poisson brackets involving the Chern–Simons functional I_{CS} [A] and the volume V (x). In section 4 we

3This is the case because holonomies are well-defined for real connections based on compact gauge groups. For real β, then reality conditions no longer need to be addressed.

perform a quantization, checking the results corresponding to both real and imaginary β for Lorentzian signature. We construct physical Hilbert spaces as unitary, irreducible representations of the affine group of the straight line x → ax + b for a > 0. In section 5 we examine some ramifications of the affine group quantization, namely restrictions on physical states which are eigenstates of volume, featuring comparisons with results from LQG.

2 Starting action and the constraints

The fundamental starting point for this paper will be the Holst action [9] based on tetrads e^I_μ and a Lorentz spin connection A^{IJ}_μ S[e, A] = 1 2 ∫ M d^4x ee^μ_I e^ν_J ( F^{IJ}_{μν} − 1 2β ϵ^{IJ}_{JK} F^{KL}_{μν} ) , (2)

where e = √ −g is the determinant of the spacetime metric, F^{IJ}_{μν} is the curvature of a SO(3, 1) connection A^{IJ}_μ , and β is the Barbero–Immirzi parameter.^4 Variation of (2) with respect to the connection A^{IJ}_μ yields

D_μ(ee^μ_{[I} e^ν_{J]}) = 0, (3)

where D_μ denotes the covariant derivative acting on both spacetime and Lorentz indices. This implies

A^{IJ}_μ = e^I_ν ∇_μe^{Jν} , (4)

namely that on-shell, A^{IJ}_μ is the Levi–Civita spin connection compatible with the tetrads e^I_μ. The term in the action (2) proportional to^1_β then reduces on-shell to ee^μ_I e^ν_J ϵ^{IJ}_{KL}F^{KL}_{μν} = ϵ^{μνρσ}R_{μνρσ} = 0 (5) since R^σ_{[μνρ]} = 0 on account of the first Bianchi identity, where R_{μνρσ} is the Riemann curvature tensor of the spacetime metric g_{μν} = η_{IJ} e^I_μe^J_ν constructed from the tetrads. So one sees that for all values of β, the action (2) is classically the same theory as vacuum Einstein’s General Relativity (GR).

Given that (2) classically is indeed GR for arbitrary β, one may then proceed with a canonical analysis of the action, yielding (see [9] for the details) S = 1 κβ ∫ dt ∫ Σ d^3x ( ~ E^i_a£_tA^a_i − Λ^aG_a − N^iH_i − NH ) . (6)

4For index conventions, I, J, . . . refer to internal Lorentz indices, while μ, ν, . . . are spacetime indices, each taking values 0, 1 − 3. We will refer to internal SU(2) indices by a, b, . . . . and spatial indices by i, j, . . . , the latter two sets taking values 1 − 3.

Here, A^a_i = Γ^a_i + βK^a_i is a spatial SU(2) connection, labelled by the Immirzi parameter β, which forms a canonically conjugate pair with the densitized triad ~E^i_a. The quantity Γ^a_i , the triad compatible connection, is given by [11]

Γ^a_i = 1 2 ϵ^{abc}E^j_c ( ∂_je^b_i − ∂_ie^b_j + E^k_b e^d_i ∂_j e^d_j ) (7) where E^i_ae^a_j = δ^i_j , and E^i_ae^b_i = δ^b_a. The auxiliary fields Λ^a, N^i and N are Lagrange multiplier fields, which smear their respective constraints. We have the Gauss’ Law, vector and Hamiltonian constraints (we have included a cosmological constant term), given respectively by [9]

G_a = D_i ~E^i_a = ∂_i ~E^i_a + ϵ^c_{ab}A^b_i ~E^i_c;

H_i = ~ ϵ_{ijk} ~E^j_a ~B^{ka} − 1 + β^2 β K^a_i G_a; H = ~ϵ_{ijk}ϵ^{abc} ~E^i_a ~E^j_b 2 √ |det ~E| ( ~B^k_c + Λ 3 ~E^k_c − 1 2 (1 + β^2)~ϵ^{kmn}ϵ_{cde}K^d_mK^e_n ) , (8)

where ~B^{ia} =^1_2 ~ϵ^{ijk}F^a_{jk} is the magnetic field of the connection A^a_i . From the canonical structure of (6), one reads off the elementary Poisson brackets {A^a_i (x), ~E^j_b (y)} = κβδ^a_b δ^j_i δ^{(3)}(x, y), (9) where κ =^{8πGNewton}_{c3} . For β = ±i we have the self-dual case with complex Ashtekar variables. This causes the extrinsic curvature squared terms of (8) vanish, considerably simplifying the Hamiltonian constraint. This was the case considered in [8]. As one can see, the existence of the extrinsic curvature squared terms of the Hamiltonian constraint for β ≠ ±i seems in general to render the constraint more difficult to implement. The results of the present paper will show that the implementation of the Hamiltonian constraint for arbitrary β actually is as straightforward as the self-dual β = ±i case, and we will construct states of the physical Hilbert space H_{P hys}, in direct analogy with the results of [8].

3 Poisson bracket manipulations and identities

Prior to quantization of the theory (6) and the construction of physical states, we will first write each term of the Hamiltonian constraint as a Poisson bracket. Specifically, we will show that each such term can be reduced entirely and explicitly to Poisson brackets involving just the volume V (x) and the Chern–Simons I_{CS} [A] functionals. To get the curvature term of the Hamiltonian constraint, also known as the Euclidean Hamiltonian constraint

H_E (x), defining q = |det ~E(x)| as the absolute value of the determinant of the densitized triad, one contracts the identity {A^a_i (y), √ q(x)} = (κβ) ~ϵ_{ijk}ϵ^{abc} ~E^i_a ~E^j_b 4 √ q δ^{(3)}(x, y) (10)

with the magnetic field ~B^i_a(y) and integrates ∫ Σ d^3y, rewriting as a Poisson bracket with the Chern-Simons functional I_{CS} [A] of the connection A^a_i

H_E (x) = ~ϵ_{ijk}ϵ^{abc} ~E^i_a(x) ~E^j_b (x) ~B^k_c (x) 2 √ q(x) = 2 (κβ) ∫ Σ d^3y ~B^i_a(y){A^a_i (y), √ q(x)} = 2 (κβ) {I_{CS} [A], √ q(x)}. (11) Equation (11) is somewhat reminiscent of a trick due to Thiemann [12], where the Euclidean Hamiltonian constraint can be written as (adapted to the notation of the present paper)

H^E [N] = 2 κ ∫ Σ d^3xN(x)~ϵ^{ijk}tr(F_{ij} {A_k, V }. (12) The quantization of (12) then proceeds via LQG techniques, wherein one replaces the connection and curvature with holonomies adapted to triangulations Δ of a graph corresponding to a spin network state

H^E_Δ[N] = − 2 3 N_v~ϵ^{ijk}tr ( h_{αij (Δ)}h_{sk(Δ)}{h^{−1}_{sk (Δ)}, V } ) . (13)

But there is one essential difference between (11) and (12). In (11), the curvature F_{ij} has been brought inside the Poisson bracket to yield the Chern– Simons functional, whereas in (12), it remains outside it. The Chern–Simons functional is given in the language of differential forms by

I_{CS} [A] = 1 2 ∫ Σ tr ( A ∧ dA + 2 3 A ∧ A ∧ A ) . (14)

Note, for spatial 3-manifolds Σ without boundary or alternatively, for field configurations having sufficiently rapid falloff conditions on the boundary ∂Σ, that (14) is a gauge-invariant, spatially diffeomorphism-invariant functional of the connection A^a_i . Equation (13) can be seen essentially as an adaptation of the Chern-Simons functional to LQG representations where the volume element and holonomies are fundamental. In the affine group formalism, we will rather regard the Chern − Simons and volume functionals as fundamental, since we can then exploit their invariances in the construction of physical states.

The cosmological constant term of the Hamiltonian constraint is given by Λ ~ ϵ_{ijk}ϵ^{abc} ~E^i_a(x) ~E^j_b (x) ~E^k_c (x) 6 √ q(x) = Λ √ q(x), (15)

which in conjunction with (11) forms the basis for the results of [8].

The extrinsic curvature squared terms of the Hamiltonian constraint are the terms proportional to 1 + β^2, which are no longer zero since β ≠ ±i in general, and will require some additional care. To address these, let us consider the following functional of the triadic extrinsic curvature K^a_i ∫ Σ d^3y(detK(y)) = 1 3! ∫ Σ d^3y~ϵ^{ijk}ϵ_{abc}K^a_i (y)K^b_j (y)K^c_k(y). (16) This satisfies the following Poisson bracket identity 1 κβ { ∫ Σ d^3y(detK(y)), ~E^k_c (x)} = 1 2! ~ϵ^{kmn}ϵ_{cde}K^d_m(x)K^e_n(x). (17) To obtain the extrinsic curvature squared contribution to the Hamiltonian constraint, the term proportional to 1 + β^2, let us contract (17) with two factors of ~E^i_a and perform the following manipulations ~ ϵ_{ijk}ϵ^{abc} ~E^i_a(x) ~E^j_b (x) 2κβ √ q(x) { ∫ Σ d^3y(detK(y)), ~E^k_c (x)}

=~ ϵ_{ijk}ϵ^{abc} ~E^i_a(x) ~E^j_b (x) 4 √ q(x) ~ϵ^{kmn}ϵ_{cde}K^d_m(x)K^e_n(x) = 1 κβ { ∫ Σ d^3y(detK(y)), √ q(x)}. (18) In analogy to the curvature term, in (18) we have brought all quantities inside the Poisson bracket. Defining the local volume function V (x), given by V (x) = √ q(x) = √| |1 6~ ϵ_{ijk}ϵ^{abc} ~E^i_a(x) ~E^j_b (x) ~E^k_c (x) | |, (19) then one sees that the Hamiltonian constraint, the third equation of (8), can be written as 2 βκ {I_{CS} [A], V (x)} + 1 + β^2 βκ { ∫ Σ d^3y(detK(y)), V (x)} + ΛV (x) = 0. (20)

Having written the Hamiltonian constraint as a Poisson bracket (20), one sees the ingredients in place for an affine algebraic structure of the sum of the Chern–Simons functional and the integrated determinant of the extrinsic curvature with the local volume operator functional V (x). One could attempt to perform an affine group quantization in accordance with [8]. However, the extrinsic curvature (detK) term appears ostensibly to be new. Indeed, the treatment of this so-called kinetic term due to Thiemann is given by [12]

T [N] = 8 ∫ Σ d^3x N κ^3 ~ϵ^{ijk}tr ( {A_i, K}{A_j , K}{A_k, V } ) , (21)

with K given by (22), wherein one eliminates all occurences of the connection in favor of holonomies and reduces K accordingly prior to quantization. We will adopt an alternate approach adapted to the affine group representation formalism, where it is the Chern–Simons functional I_{CS} [A] and the volume V which are the central geometric entities. Therefore we will reduce the kinetic (detK) term accordingly to Poisson brackets involving just these quantities prior to quantization of the theory.

3.1 The kinetic term of the Hamiltonian constraint

We will now carry out the decomposition of the (detK) term in the Hamiltonian constraint as previously noted, writing it completely in terms of Poisson brackets involving I_{CS} [A] and V (x). To do so let us define the following functional K for the densitized trace of the extrinsic curvature of Σ, and the (global) volume V by K = ∫ Σ d^3xK^a_i ~E^i_a; V = ∫ Σ d^3xV (x). (22)

Note that K in (22) can be written completely in terms of Poisson brackets involving I_{CS} [A] and V via K = 1 (βκ) {H_E , V } = 1 (βκ)^2 {{I_{CS} [A], V }, V }, (23) where H_E = ∫ Σ d^3xH_E (x) is the (unsmeared) integral of the Euclidean Hamiltonian constraint.

Define the one form k^a = K^a_i dx^i, and consider the Taylor expansion of the Chern–Simons functional

I_{CS}[A] = I_{CS} [Γ + βk] = I_{CS} [Γ] + β ∫ Σ k^a ∧ R^a[Γ] + β^2 2! ∫ Σ k^a ∧ D^Γk + β^3 ∫ Σ d^3x(detK), (24)

where ~R^{ia}[Γ] = ~ϵ^{ijk}∂_jΓ^a_k +^1_2 ~ϵ^{ijk}ϵ^a_{bc}Γ^b_j Γ^c_k is the magnetic field corresponding to the connection Γ^a_i , which depends on the triad e^a_i . The Poisson bracket of (24) with V (x) is given by {I_{CS} [A], V (x)} = β{ ∫ Σ k^a ∧ R^a[Γ], V (x)} + β^3{ ∫ Σ d^3y(detK), V (x)}. (25)

To get (25) we have used {I_{CS} [Γ], V (x)} = 0 since Γ^a_i = Γ^a_i [e] depends just on the triad (7) and therefore Poisson commutes with V (x). Additionally, the term of order β^2 in (25) has a vanishing Poisson bracket 1 2! { ∫ Σ k^a ∧ D^Γk, V (x)} = 1 2! { ∫ Σ d^3x~ϵ^{ijk}K^a_i , D^Γ_j K^a_k , V (x)} = (βκ)~ϵ^{ijk}e^a_i D^γ_j K^a_k = D^Γ_j (~ϵ^{ijk}e^a_i K^a_k ) = 0 (26)

due to the Gauss’ law constraint of ADM triad variables, combined with the fact that Γ^a_i is the torsion-free connection compatible with the (undensitized) triad e^a_i . We see in (25) that the extrinsic curvature squared term of the Hamiltonian constraint, if not for the term linear in β, can be written almost entirely as a Poisson bracket involving just I_{CS} [A] and V (x). We will need a second identity involving this term linear in β, so that it can be eliminated in favor of these fundamental objects. This brings into play the following identity involving the Ashtekar magnetic field

~B^{ia}[A] = ~B[Γ + βk] = ~R^{ia}[Γ] + β~ϵ^{ijk}D^Γ_j K^a_k + β^2 2 ~ϵ^{ijk}ϵ^{abc}K^b_j K^c_k. (27) To put (27) on an equal footing with (24) let us contract (27) with K^a_i and integrate over Σ. This yields β ∫ Σ d^3x ~B^i_aK^a_i = β ∫ Σ k^a ∧ R^a[Γ] + β^2 ∫ Σ k^a ∧ D^Γk^a + 3β^3 ∫ Σ d^3x(detK).(28)

We will also need to write the left hand side of (28) as a Poisson bracket completely in terms of I_{CS} [A] and V but first, let us take the Poisson bracket of (28) with V (x) in preparation of the ingredients for the Hamiltonian constraint. The second term, of order β^2, has a vanishing Poisson bracket as shown in (26). So we are left with {β ∫ Σ d^3y ~B^i_aK^a_i , V (x)} = β{ ∫ Σ k^a ∧ R^a[Γ], V (x)} + 3β^3{ ∫ Σ d^3x(detK), V (x)}.(29)

Since K is the generator of constant scale transformations of the basic variables, for instance one has {K, K^a_i (x)} = (βκ)K^a_i (x); {K, V (x)} = 3βκ 2 V (x), (30)

then the following identity holds 1 (βκ) {I_{CS} [A], K} = − 1 (βκ) ∫ Σ d^3x ~B^i_a{K, A^a_i } = β ∫ Σ d^3x ~B^i_aK^a_i . (31)

That (31) holds follows from the observation that A^a_i = Γ^a_i + βK^a_i and Γ^a_i , being a homogeneous rational function of order zero in the triads and their derivatives (7), is invariant under constant scale transformations [11]. Then using (23), one sees that the right hand side of (31) can be written in terms of Poisson brackets involving just I_{CS} [A] and V as β ∫ Σ d^3x ~B^i_aK^a_i = β ( 1 βκ )_3 {I_{CS} [A], {{I_{CS} [A], V }, V }}. (32) Taking (25), and the substitution of (32) into (29) we have the following system of simultaenous equations {I_{CS} [A], V (x)} = β{ ∫ Σ k^a ∧ R^a[Γ], V (x)} + β^3{ ∫ Σ d^3y(detK), V (x)}; β ( 1 βκ )_3 {{I_{CS} [A], {{I_{CS} [A], V }, V }}, V (x)} = β{ ∫ Σ k^a ∧ R^a[Γ], V (x)} + 3β^3{ ∫ Σ d^3x(detK), V (x)}. (33)

Seen as a simultaneous linear system of two equations in two unknowns, the unknowns being the coefficients of β and β^3, the left hand sides have been written explicitly and entirely in terms of Poisson brackets involving the Chern–Simons functional I_{CS} [A] and the volume operator V . The solution to this system is given by { ∫ Σ k^a ∧ R^a[Γ]} = 1 2β [ 3{I_{CS} [A], V (x)} −β ( 1 βκ )_3 {{I_{CS} [A], {{I_{CS} [A], V }, V }}, V (x)} ] ; { ∫ Σ d^3y(detK(y)), V (x)} = 1 β^3 [ −{I_{CS} [A], V (x)} +β ( 1 βκ )_3 {{I_{CS} [A], {{I_{CS} [A], V }, V }}, V (x)} ] . (34)

The second equation of (34) is the sought-after relation which recasts the extrinsic curvature squared term of the Hamiltonian constraint, through its Poisson bracket in terms of (detK), as a Poisson bracket involving just the fundamental entities I_{CS}[A] and V (x). The first equation involving k^a ∧ R^a[Γ] is so analogously expressed, and while having some significance, is not needed for the purposes of re-writing the Hamiltonian constraint.

4 The Hamiltonian constraint: revisited

Having obtained the desired relation in the second equation of (34), we will now substitute this back into the Hamiltonian constraint (20). So multiplying (20) by βκ, we obtain the Hamiltonian constraint for arbitrary value of the Immirzi parameter β as ( 1 − 1 + β^2 2β^3 ) {I_{CS} [A], V (x)} + (1 + β2

2β^3 ) β (βκ)^3 {{I_{CS} [A], {{I_{CS} [A], V }, V }}, V (x)} = (βκΛ) 2 V (x). (35)

As claimed, this has been completely reduced to Poisson brackets involving V (x) and I_{CS}[A], seen as fundamental geometric objects for gravity. We are now ready to proceed with quantization. But first, let us comment on an issue stemming from [8], related to algebraic quantization.

The quantization in [8] originated in the existence of a certain set S = (I, V (x), Q = Im[I_{CS} [A]]), which was closed under Poisson brackets and under complex conjugation, which brings up three issues: (i) While the local Hamiltonian constraint could be written explicitly and entirely in terms of the objects of S at a classical level, the requirement of closure under Poisson brackets was tantamount to implementation of the Hamiltonian constraint at the classical level prior to quantization. (ii) The set S, consisting essentially of just three elements, does not separate the full classical phase space of General relativity. So the quantization of [8] pertained to just the Wheeler– DeWitt equation, which had already been solved at the classical level, and not to the full classical phase space of GR. (iii) While quantization of the full classical phase space of GR was not necessary in order to construct certain elements of the physical Hilbert space H_{P hys}, it is still worthwhile to ask to what extent the set S may be enlarged prior to quantization.

In this paper we will implement the Hamiltonian constraint subsequent (and not prior to) to quantization, by promoting Poisson brackets to^1_{iℏ} time commutators subsequent to defining the set S. Consider the following gaugeinvariant, spatially diffeomorphism invariant (SU(2)∗diff(Σ)) objects I, V and I_{CS}[A] and define S_0 as the set consisting of these objects along with all possible Poisson brackets generated from them. So ∀A, B ∈ S_0, we have that {A, B} ∈ S_0. This follows from the Jacobi identity for Poisson brackets. Let T [u] be the generator of the symmetry, where {A, T [u]} = {B, T [u]} = 0 for invariant functions A and B. Then from the Jacobi identity we have {{A, T [u]}, B} + {{T [u], B}, A} + {{A, B}, T [u]} = 0, (36) which implies that {A, B} is also SU(2) ∗ diff(Σ) invariant. So the algebra of observables constructed from I_{CS}[A] and V is closed in the sense that it is SU(2) ∗ diff(Σ) invariant. Note that S_0 will include elements of the form {I_{CS} [A], V }, {{I_{CS} [A], V }, V }, {I_{CS} [A], {{I_{CS} [A], V }, V }}, (37) which are all ingredients necessary to form the Hamiltonian constraint (35). Note, last two objects in (37) would in [8] be zero, as implementation of the Hamiltonian constraint at the classical level would terminate the nested Poisson brackets at the first object of (37).

The set S_0 consists completely of SU(2) ∗ diff(Σ) invariant objects, which are globally defined, and hence is not large enough to produce the local Hamiltonian constraint H(x). So let us define the set S = S_0 ∪ V (x), by appending the local volume functional, and all Poisson brackets thereof such that ∀A, B ∈ S, we have {A, B} ∈ S. So S is closed under Poisson brackets and under complex conjugation (since all elements are real for real β), and contains the ingredients of the local Hamiltonian constraint H(x) = 0. Additionally, S has an infinite number of elements, and contains a large class of gauge invariant, diffeomorphism invariant observables as a subset.^5 For the purposes of the present paper, we will use S as the starting point for quantization.

4.1 Quantization

Quantization of the theory will involve two main steps. First we will quantize the Hamiltonian constraint, noting from group theoretical considerations that its kernel is nonempty. Then to obtain elements of the physical Hilbert space H_{P hys}, we will construct SU(2) ∗ diff(Σ) invariant states from these elements by the action of unitary group elements from S respecting these invariances, which are also physical states. We can now proceed with quantization by promotion of all Poisson brackets in (35) to^1_{(iℏ)} times quantum commutators. The condition that a state |ψ⟩ ∈ KerH(x) be annihilated by the local quantum Hamiltonian constraint is given by ( 1 − 1 + β^2 2β^3 ) 1 (iℏ) [^ I_{CS} [A], ^V (x) ] |ψ⟩ + (1 + β2

2β^3 ) β (βκ)^3 ( 1 iℏ )_4[[ ^I_{CS} [A], [[^I_{CS} [A], ^V ], ^V ]], ^V (x)]|ψ⟩ = (βκΛ) 2 ^V (x)|ψ⟩. (38) Of note is the observation that since I_{CS} [A] and V (x) are composed entirely in terms of connection A^a_i and densitized triad ~E^i_a variables respectively, then they are free of ordering ambiguities. The quantum Hamiltonian constraint (38) therefore is also free of ordering ambiguities, since it is constructed completely from Poisson brackets involving these quantities.

It is the main proposition of this paper that (38) provides a viable alternative to the LQG quantization of (12) combined with (21), since as we will show it leads directly to a criterion delineating elements of the physical

5We have enlarged the set S in relation to [8], but we have not shown whether or not S separates the points of the full classical phase space of GR.

Hibert space H_{P hys} respecting all of the constraints in one stroke. Let us define the operator ^O by ^O = [^I_{CS} [A], [[^I_{CS} [A], ^V ], ^V ]] (39) and β-dependent constants p and q by p(β) = ( 1 − 1 + β^2 2β^3 ) 1 (iℏ) ; q(β) =

( 1 + β2

2β^3 ) β (βκ)^3 ( 1 iℏ )_4 . (40)

Then the quantum Hamiltonian constraint (38) is given by [ p^I_{CS}[A] + q ^O, ^V (x) ] |ψ_{(β)}⟩ = 1 2 (βκΛ) ^V (x)|ψ_{(β)}⟩. (41) Equation (41) is the statement that all solutions |ψ_{(β)}⟩ to the local Hamiltonian constraint H(x) = 0 must come from unitary, irreducible representations of the affine group of the straight line. For each value of the Immirzi parameter β the states satisfy the affine Lie algebra formed by the generators Q(β) = p^I_{CS} [A] + q ^O and the volume operator ^V (x). The operator ^Q(β) acts as the dilation operator and the operator ^V (x) is the dilated operator. Thus the positivity of the spectrum of V (x) becomes implemented at a quantum level in accordance with the representation π^+. So we have [ ^Q(β), ^V (x)]|ψ_{(β)}⟩ = − i(βℏGΛ) 2 ^V (x)|ψ_{(β)}⟩. (42) 4.2 Elements of the physical Hilbert space The physical states |ψ⟩ ∈ H_{P hys} are those gauge-invariant, diffeomorphism wavefunctions lying in the kernel of the quantum Hamiltonian constraint. Since the affine Lie algebra is nonempty, we can define a gauge-invariant, diffeomorphism invariant normalized fiducial state |η⟩_{(β)} = |0, 0⟩_{(β)} such that

⟨0, 0|0, 0⟩_{(β)} = 1. (43)

Since the SU(2)∗diff(Σ) invariance carries over to the quantum level, then from the results of [8] we can construct physical states |a, b⟩_{(β)} ∈ H_{P hys} from the action of unitary operators acting on the fiducial state via |a, b⟩_{(β)} = e^{−ia ^Q(β)}e^{−ib ^V} |0, 0⟩_{(β)}. (44) For physical states defined on the set S we are at this stage restricted to affine group unitary elements constructed from ^V and ^Q(β). The remaining SU(2) ∗ diff(Σ) objects of S form a larger algebra than the affine Lie algebra which constitutes the Hamiltonian constraint.^6 Still, we can make the replacement

^Q_U (β) = ^Q(β) + ^U; [ ^U, ^V ] = 0 (45)

for any gauge-invariant, spatially diffeomorphism-invariant functional U which commutes with the volume operator, and still through (44) generate physical states. Some examples of U can include functionals of the form U = ∞∑ n=0 a_nU_n;

U_n = ∫ Σ d^3x √ hR^{i1}_{i0} R^{i2}_{i1} . . . R^{i0}_{in} , (46)

involving sums of powers of the spatial curvature of the 3-metric h_{ij} = e^a_i e^a_j with arbitrary coefficients a_n. The first few choices are given by

U_1 = ∫ Σ d^3x √ hh^{ij} R_{ij} ; U_2 = ∫ Σ d^3x √ hR_{ij} R^{ij}; U_3 = ∫ Σ d^3x √ hR^i_j R^j_kR^k_i ,(47)

and so on and so forth. To each combination of terms of the form (46) with arbitrary coefficients there corresponds a set S_{(0,U,β)} = (I, Q_U (β), V ), where Q_U (β) via (45) which in (44) acts as the volume dilator. Proceeding according to the prescription above, making the replacement S_0 → S_{(0,U,β)}, this yields an infinite set of possible physical Hilbert spaces for each β, U, each forming a unitary irreducible representation of the affine group of the straight line Aff(R).

4.3 Some cases of interest

So we can construct states which are elements of the physical Hilbert space H_{P hys} for arbitrary values of the Immirzi parameter β, obtaining an infinite set of quantum theories each labelled by β, which correspond to the same classical theory. Restricting attention to the simplest case U = 0, we would like to examine the case of the Lorentizan theory, both for complex and for real connections A^a_i . From (40) one has the following possibilities p(±i) = 1 (iℏ) ; q(±i) = 0 −→ Complex Lorentzian connection A^a_i = Γ^a_i ± iK^a_i ;

p(±1) = 0; q(±1) = 1 κ^3ℏ^4

−→ Real Lorentzian connection A^a_i = Γ^a_i ± K^a_i .(48)

6Nevertheless, SU(2) × diff (Σ) elements A ∈ S of the form e^{−icA} for spatially homogeneous c will have an affine representation D^A_{αα}′ (c) = ⟨α|e^{−ic ^A}|α^′⟩, where |α⟩ constitutes a generic basis of the affine representation space (see [8]).

So for β = i, the coefficient of the complicated operator ^O in (41) vanishes, and using the fact that [^ I_{CS}[A], ^V (x) ] = i [ Im[^I_{CS}[A]], ^V (x) ] , one reproduces the results of [8], namely [ iIm[^I_{CS} [A]], ^V (x) ] |ψ_{(i)}⟩ = − 1 2 (ℏκΛ) ^V (x)|ψ_{(i)}⟩. (49) To make contact with LQG, it is useful to have physical states for the Lorentzian signature case based on real Ashtekar variables. For β = ±1 it is the coefficient of ^I_{CS} [A] which vanishes in (41), and the quantum Hamiltonian constraint reduces to the operator ^O given by [ ^ O, ^V (x) ] |ψ_{(±1)}⟩ = 1 2 (ℏκ)^4Λ ^V (x)|ψ_{(±1)}⟩. (50)

Even though ^O is a more complicated operator, consisting of three nested commutators, the representation theory of the affine group still guarantees the existence of physical states |a, b⟩_{(±1)} = e^{−ia ^O}e^{−ib ^V} |0, 0⟩_{(±1)} ∈ H_{P hys}, (51) constructed from unitary, irreducible representations, in direct analogy with the results of [8].

5 Restrictions on eigenstates of volume

In Loop Quantum Gravity (LQG), there exists a kinematic Hilbert space of states which are eigenstates of geometric operators, upon which one attempts to implement the dynamics of the Wheeler–DeWitt equation. In this section we will examine the constraints, imposed by the affine group representation formalism, on any theory of vacuum GR in which there exist physical states |v⟩ which are eigenstates of volume. Let us assume that |v⟩ is an eigenstate of volume with volume v. The quantum Hamiltonian constraint (50) acting on |v⟩ yields ^O ^V (x)|v⟩ − ^V (x) ^O|v⟩ = 1 2 (ℏκ)^4Λ ^V (x)|v⟩ ∀x ∈ Σ. (52) To bring (52), which is a continuum equation for all x, into congruity with the discrete nature of LQG, then we should confine x to each vertex of a spin network state. As the LQG volume operator acts nontrivially at each vertex and vanishes on edges, then for a physical state (52) must hold for each vertex. For any volume eigenstate, we have ^V (x)|v⟩ = v_{x∈Δ(Σ)}|v⟩. (53)

Let us sum (52) over all x ∈ Σ and write the exponentiated form of the resulting Lie algebra e^{−ia ^O} ^V e^{−ia ^O} = e^{− 12 (ℏκ)4a} ^V (54) for spatially homogeneous a. Then acting on (52) from the left with e^{−ia ^O}, we have that the state e^{−ia ^O}|v⟩ ∈ H_{P hys} must also be a volume eigenstate with volume v_xe^{− 1}2^{(ℏκ)4a}, namely ^V (x)|v⟩ = v_xe^{− 1}_2^{(ℏκ)4a}|v⟩. (55) But acting on (52) with the bra ⟨v|, we have ⟨v| ^O ^V (x)|v⟩ − ⟨v| ^V (x) ^O|v⟩ = 1 2 (ℏκ)^4Λv_x⟨v|v⟩. (56) Since ^V (x) is an hermitian operator, it returns v_x upon acting to the right on the ket |v⟩ and to the left on the bra ⟨v|. Therefore the left hand side of (56) is zero. To avoid a contradiction, then we must require the right hand side to also be zero. This implies that any volume eigenstate |v⟩ can be a physical state if and only if either Λ = 0, or v_x = 0. The implication for LQG is that a necessary condition for spin network states, the eigenstates of volume for vacuum GR, to be physical is that either (i) Λ = 0, namely that the cosmological constant must be zero for nondegenerate geometries, or (ii) the geometries must be degenerate for nonzero Λ.

For case (i) equation (52) implies ^V (x)( ^O|v⟩) = v_x( ^O|v⟩) ∀x, (57) namely that states ^O|v⟩ have the same volume as |v⟩. For case (i), we have ^O|v⟩ = 0, namely that states of zero volume must lie in the kernel of the operator ^O.

The previous exercise suggests a method to test whether a spin network state of LQG is physical or not. Following the representations (12) and (13), the operator ^O can be written, in LQG language, at the classical level as O = ~ϵ^{ijk}tr ( F_{ij} {A_k~ϵ^{mnl}tr(F_{mn}{A_l, V }), V } ) −→ 4 9 ~ϵ^{ijk}tr ( h_{αij (Δ)}h_{sk (Δ)}{h^{−1}_{sk (Δ)}, ~ϵ^{mnl}tr ( h_{αmn (Δ)}h_{sl(Δ)}{h^{−1}_{sl(Δ)}, V } ) , V } ) .(58)

This is defined entirely in terms of holonomies and volume. So upon quantization, ^O is well-defined on spin network states |ψ(γ)⟩ based on a graph γ. Let us take for concreteness the nondegenerate Λ = 0 case. Let the volume of the state |ψ(γ)⟩ be v_γ . Then if the volume of the state ^O|ψ(γ)⟩ is also v_γ , then |ψ(γ)⟩ ∈ H_{P hys} is a physical state. Otherwise |ψ(γ)⟩ is not a physical state. Using (58), each spin network state can be thus checked. Conversely, one has alternative criterion to [11] for searching for the existence of physical states in this representation, as one can use this condition to impose constaints on the allowed types of vertices.

6 Conclusion

The main results of this paper have been to demonstrate the viability of the affine group representation formalism in the quantization of gravity. The following items have been accomplished. (i) We have shown that the Hamiltonian constraint with Λ term for arbitrary β can be reduced completely in terms of Poisson brackets involving the Chern–Simons and volume functional I_{CS} [A] and V (x). (ii) We have performed a quantization, which consequently addresses any issues of ordering ambiguities. Additionally, we have enlarged the set S in relation to [8] to include the set of SU(2) ∗ diff(Σ) observables generated from I_{CS} and V . This set is also free of ordering ambiguities upon quantization. (iii) We have constructed elements of the physical Hilbert space H_{P hys} using unitary affine group elements constructed from ^I_{CS} [A] and ^V , and have examined certain special cases of β to verify the Lorentzian signature theory. (iv) We have additionally provided prescriptions for enlarging the set of physical states.^7 (iv) We have made contact with LQG, providing a criterion for testing for physical states.

While we do not make any claims regarding the validity of GR itself as a theory based on arbitrary β, we have shown nevertheless that the quantization and construction of elements of its physical Hilbert space H_{P hys} are possible. Additionally, we have examined some implications for the formalism for volume eigenstates, which might have some physical ramifications for LQG. Some future areas which can be investigated include the construction of spin network states lying in the kernel of the operator ^O for Λ = 0, first for minisuperspace to apply the procedures within a simplified setting, and then to progress to the full theory.

References

[1] Bryce S. DeWitt. Phys. Rev. 160, 1113-1148 (1967)

[2] Abhay Ashtekar. Phys. Rev. D36, 1587 (1987)

[3] Abhay Ashtekar. Phys. Rev. Lett. 57, 2244 (1986)

[4] Fernando Barbero. Phys. Rev. D51, 5498 (1995)

[5] Barbero F 1995 Phys. Rev. D 51 5507-10

[6] Joseph Samuel. Class. Quantum Grav. 17: L141-L148, 2000

[7] Georgio Immirzi. Class. Quantum Grav. 14, 177 (1997)

7Another future direction of research will be to try to expand the set of physical states using SU(2) ∗ diff(Σ) elements A of S to construct unitary operators with representation D^A_{αα}′ (c) = ⟨α|e^{−ic ^A}|α^′⟩ for affine basis |α⟩.

[8] Chou Ching-Yi, Eyo Ita and Chopin Soo. 30 (2013): 065013 [9] Holst S 1996 Phys. Rev. D 53 5966-69 [10] Corichi A and Reyes J D 2012 J. Phys. : Conf. Ser. 360 012021 [11] Thomas Thiemann ‘Modern Canonical Quantum General Relativity’ Cambridge Monographs on Mathematical Physics, 2007 [12] Thomas Thiemann. Class. Quantum Grav. 15, 839-873 (1998)