arXiv:0902.0143v1 [hep-th] 1 Feb 2009

ON THE RICCI FLOW AND EMERGENT QUANTUM MECHANICS

José M. Isidro^1, J.L.G. Santander^2 and P. Fernández de Córdoba^3 Grupo de Modelización Interdisciplinar, Instituto de Matemática Pura y Aplicada, Universidad Politécnica de Valencia, Valencia 46022, Spain 1joissan@mat.upv.es,^2jlgonzalez@mat.upv.es, 3pfernandez@mat.upv.es

Abstract The Ricci flow equation of a conformally flat Riemannian metric on a closed 2–dimensional configuration space is analysed. It turns out to be equivalent to the classical Hamilton–Jacobi equation for a point particle subject to a potential function that is proportional to the Ricci scalar curvature of configuration space. This allows one to obtain Schroedinger quantum mechanics from Perelman’s action functional: the quantum–mechanical wavefunction is the exponential of i times the conformal factor of the metric on configuration space. We explore links with the recently discussed emergent quantum mechanics.

To appear in the proceedings of DICE’08 (Castiglioncello, Italy, Sept. 2008), edited by H.-T. Elze.

1 A conformally flat configuration space

Let us consider a 2–dimensional, closed Riemannian manifold M. In isothermal coordinates x, y the metric reads g_{ij} = e^{−f} δ_{ij} , (1)

where f = f(x, y) is a function, hereafter referred to as conformal factor. Our conventions are g = | det g_{ij} | and R_{im} = g^{−1/2}∂_n ( Γ^n_{im}g^{1/2} ) − ∂_i∂_m ( ln g^{1/2} ) − Γ^r_{is}Γ^s_{mr} for the Ricci tensor, Γ^m_{ij} = g^{mh} (∂_ig_{jh} + ∂_j g_{hi} − ∂_hg_{ij} ) /2 being the Christoffel symbols. The volume element on M equals √ g dxdy = e^{−f} dxdy. (2)

Given an arbitrary function φ(x, y) on M, we have the following expressions for the Laplacian ∇^2φ and the squared gradient (∇φ)^2:

∇^2φ := 1 √ g ∂_m ( √ gg^{mn}∂_nφ) = e^f ( ∂^2_xφ + ∂^2_y φ ) =: e^f D^2φ, (3)

(∇φ)^2 := g^{mn}∂_mφ∂_nφ = e^f [ (∂_xφ)^2 + (∂_yφ)^2 ] =: e^f (Dφ)^2 , (4)

where D^2φ and (Dφ)^2 stand for the flat–space values of the Laplacian and the squared gradient, respectively. The Ricci tensor reads R_{ij} = 1 2 D^2f δ_{ij} = 1 2 e^{−f} ∇^2f δ_{ij} . (5)

From here we obtain the Ricci scalar

R = e^f D^2f = ∇^2f. (6)

A manifold M such as that considered here is in fact a compact Riemann surface without boundary. Physically it will play the role of a configuration space for a certain point mechanics on M. It may be worthwhile to remember that any Riemannian metric on a 2–dimensional manifold can be written in the form (1). This is often referred to as the property that any 2–dimensional metric is always conformally flat. This nice property of the 2–dimensional case no longer holds in n ≥ 3 dimensions. We will however restrict our attention to n = 2.

2 A crash course in Ricci flow

For an introduction to the Ricci flow and its applications, a good reference is [2]. More technical are Perelman’s original article and references therein [1]. Perelman’s functional F[φ, g_{ij} ] on the manifold M is defined as F[φ, g_{ij} ] := ∫ M dxdy √ g e^{−φ} [ (∇φ)^2 + R(g_{ij} ) ] , (7)

where g_{ij} is a metric on M and φ a real function on M. We will take the above equation as our starting point. It may be regarded physically as providing an action functional, on configuration space M, for the two independent fields g_{ij} and φ. Now some aspects of the functional F[φ, g_{ij} ] are worth mentioning. Setting φ = 0 identically we have the Einstein–Hilbert functional for gravity on M. Admittedly Einstein–Hilbert gravity, being a boundary term in n = 2 dimensions, is trivial in n = 2 dimensions. However the generalisation of 2–dimensional gravity provided by the functional F[φ, g_{ij} ] when φ ≠ 0 is interesting. Indeed, Perelman’s functional arises in string theory as the low– energy effective action of the bosonic string [3]. Already these two properties suffice to justify our interest in the functional (7). If this were not enough, the mathematical applications of Ricci–flow theory are impressive [1, 2, 4], although they will not be dealt with here. Instead we will concentrate our attention on the relation between the Ricci flow and quantum mechanics on M.

We first compute the Euler–Lagrange extremals corresponding to the fields g_{ij} and φ. Next we set the equations of motion so obtained equal to the first–order time derivatives of g_{ij} and φ, respectively. This results in the two evolution equations ∂g_{ij} ∂t = −2 (R_{ij} + ∇_i∇_j φ) , ∂φ ∂t = −∇^2φ − R. (8)

We stress that the right–hand sides of (8), once equated to zero, are the Euler–Lagrange equations of motion corresponding to (7), and that the time derivatives on the left–hand sides have been put in by hand. In fact time is not a coordinate on configuration space M, but an external parameter. The two equations (8) are referred to as the gradient flow of F, since they provide a set of time–evolution equations. Via a time–dependent diffeomorphism, one can show that the set (8) are equivalent to ∂g_{ij} ∂t = −2R_{ij} , ∂φ ∂t = −∇^2φ + (∇φ)^2 − R. (9)

We will use (9) rather than (8).

As already remarked, one advantage of having a 2–dimensional configuration space is that all metrics on it are conformal, so we can substitute (1) throughout. By (2) and (6), we can express F[φ, g_{ij} ] as F[φ, f] := F[φ, g_{ij} (f)] = ∫ M dxdy e^{−φ−f} [ (∇φ)^2 + ∇^2f ] . (10)

In order to understand the physical meaning of the flow eqns. (9), let us analyse them in more detail. Using (1) and (5) we see that the first flow equation, ∂g_{ij} ∂t = −2R_{ij} , (11)

is equivalent to ∂f ∂t = ∇^2f. (12)

This is the usual heat equation, with the important difference that the Laplacian operator ∇^2 is given by (3): indeed M is not flat but only conformally flat. So conformal metrics on the (curved) manifold M evolve in time according to the heat equation wih respect to the corresponding (curved) Laplacian. The second flow equation in (9) will be the subject of our attention in what follows.

So far, the conformal factor f and the scalar φ have been considered as independent fields. Setting now φ = f in (10) we obtain F[f] := F[φ = f, f] = ∫ M dxdy e^{−2f} [ (∇f)^2 + ∇^2f ] . (13)

After setting φ = f we appear to have a contradiction, since we have two different flow equations in (9) for just one field f. That there is in fact no contradiction can be seen as follows. In (9) we have two independent flow equations for the two independent fields f and φ. Equating the latter two fields implies that the two flow equations must reduce to just one. This can be achieved by substituting one of the two flow eqns. (9) into the remaining one. By (6) and (12) we have R = ∂f/∂t, which substituted into the second flow equation of (9) leads to ∂f ∂t = 1 2 (∇f)^2 − 1 2 ∇^2f. (14)

We will later on find it useful to distinguish notationally between the time–independent conformal factor f, as it stands in the functional (13), and the time–dependent conformal factor as it stands in the flow equation (14). We therefore rewrite (14) as ∂f̃ ∂t = 1 2 ( ∇f̃ )_2 − 1 2 ∇^2f̃, (15)

where a tilde on top of a field indicates that it is a time–dependent quantity.

3 A correspondence between conformal metrics and mechanical actions

In what follows we will regard the manifold M as the configuration space of a mechanical system, to be identified presently. We will establish a 1–to–1 correspondence between conformally flat metrics on configuration space M, and (classical or quantum) mechanical systems on M. Let us consider classical mechanics in the first place. We recall that, for a point particle of mass m subject to a time–independent potential U, the Hamilton–Jacobi equation for the time–dependent action S̃ reads ∂S̃ ∂t + 1 2m ( ∇S̃ )_2

+ U = 0. (16)

It is well known that, separating the time variable as per S̃ = S − Et, (17) with S the so–called reduced action, one obtains 1 2m (∇S)^2 + U = E. (18)

Eqn. (17) suggests separating variables in (15) as per

f̃ = f + Et, (19)

where the sign of the time variable is reversed^1 with respect to (17). Substituting (19) into (15) leads to 1 2 (∇f)^2 − 1 2 ∇^2f = E. (20)

Comparing (20) with (18) we conclude that, picking a value of the mass m = 1, the following identifications can be made: S = f, U = − 1 2 ∇^2f = − 1 2 R. (21)

So the potential U is proportional to the scalar Ricci curvature of the configuration space M, while the reduced action S equals the conformal factor f. This concludes the first half of our dictionary: to construct a classical mechanics starting from a conformal metric on M.

Conversely, if we are given a classical mechanics as determined by an arbitrary potential function U on M, and we are required to construct a conformal metric on M, then the solution is given by the function f satisfying the Poisson equation −2U = ∇^2f, where the Laplacian is computed with respect to the unknown function f.

Although we have so far considered the classical mechanics associated with a given conformal factor, one can immediately construct the corresponding quantum mechanics, by means of the Schroedinger equation for the potential U. We can therefore restate

1This time reversal is imposed on us by the time–flow eqn. (15), with respect to which time is reversed in the mechanical model. This is just a rewording of (part of) section 6.4 of ref. [2], where a corresponding heat flow is run backwards in time.

our result as follows: we have established a 1–to–1 correspondence between conformally flat metrics on configuration space, and quantum–mechanical systems on that same space.

4 Schroedinger’s functional from Perelman’s functional

Let us summarise our results. We have considered a conformally flat Riemannian metric on a closed 2–dimensional manifold M, and regarded the latter as the configuration space of a classical mechanical system. We have formulated a dictionary between such conformal metrics, on the one hand, and quantum mechanics on the same space, on the other. This dictionary has a nice geometrical interpretation: the reduced mechanical action S equals the conformal factor f, and the potential function U is (proportional to) the Ricci curvature of M. It is interesting to observe that the Ricci scalar as a potential function has also arisen in the context of Bohmian mechanics [5, 6, 7].

The previous correspondence can be exploited further: we will exchange a conformally flat metric for a wavefunction satisfying the Schroedinger equation for the potential U. We first observe that the Schroedinger equation itself can be obtained as the extremal of the action functional S[ψ, ψ^∗] := ∫ M dxdy √ g ( iψ^∗ ∂ψ ∂t − 1 2m ∇ψ^∗∇ψ − Uψ^∗ψ ) . (22)

Pick m = 1 as before, and substitute

ψ = e^{if̃} (23)

into (22) to obtain −∂_tf̃ −^1_2 (∇f̃)^2 +^1_2 ∇^2f̃ within the integrand. As before, let us consider the stationary case, where ∂_tf̃ = 0 and f̃ becomes f. Then (22) turns into S[f] := S [ ψ = e^{if} ] = 1 2 ∫ M dxdy e^{−f} [ −(∇f)^2 + ∇^2f ] . (24)

Comparing the functionals (13) and (24) we arrive at the following interesting relation:

F [f/2] = S[f] + 3 2 K[f], (25)

where K[f] := 1 2 ∫ M dxdy e^{−f} (∇f)^2 (26)

is the kinetic energy functional on M. In F [f/2] above, the Laplacian ∇^2f and the squared gradient (∇f)^2 are computed with respect to the conformal factor f, even if the functional F is evaluated at f/2. Thus, on a compact Riemann surface without boundary, the Schroedinger functional S[f] turns out to be a close cousin of the Perelman functional F[f/2]. Altogether we have proved that Schroedinger quantum mechanics on a 2–dimensional, compact configuration space arises from Perelman’s functional.

5 Discussion and perspectives

The Ricci flow has provided many far–reaching insights into long–standing problems in topology and geometry [1, 2]. Recent works [8, 9, 10, 11, 12, 13, 14, 15] have shed light on applications of conformal symmetry and the Ricci flow to foundational issues in quantum mechanics. In this contribution we have established a 1–to–1 correspondence between conformally flat metrics on configuration space, and quantum mechanics on that same space. This correspondence has been used to prove that Schroedinger quantum mechanics in two space dimensions arises from Perelman’s functional on a compact Riemann surface.

We have worked in the 2–dimensional case for simplicity. Now Perelman’s functional arises in string theory as the low–energy effective action of the bosonic string [3]. In view of these facts it is very tempting to try and interpret quantum mechanics itself, in any number of dimensions, possibly also noncompact, as some kind of effective, low–energy approximation to some more fundamental theory. Related ideas have been put forward in the literature [16, 17, 18, 19], where standard quantum mechanics has been argued to emerge from an underlying deterministic theory. Basically, in emergent quantum mechanics, one starts from a deterministic model and, via some dissipative mechanism that implements information loss, one ends up with a probabilistic theory. Several mechanisms implementing information loss have been proposed in the literature. Thus, in ref. [16], dissipation is effected by an attractor on phase space, which produces a lock–in of classical trajectories around some fixed point; instead, in ref. [19] dissipation arises as a coarse–graining of classical information via a probability distribution function on phase space. A somewhat different dissipative mechanism, based on the Ricci flow equation (11), has been put forward in ref. [20].

Some features of emergent quantum mechanics are present in our picture. Most notable among them is the presence of dissipation, or information loss: as remarked above, this underlies the passage from a classical description to a quantum description. Indeed, in our setup, the classical description is provided by the conformal factor f of the metric g_{ij} on configuration space, while the quantum description is given by the wavefunction ψ = e^{if} . The latter contains less information than the former, as there exist different conformal factors f giving rise to just one quantum wavefunction ψ. This situation is analogous to that described in [16, 17], in which quantum states arise as equivalence classes of classical states: different classical states may fall into one and the same quantum equivalence class. Beyond the trivial case of any two conformal factors f_1 and f_2 differing by 2π times an integer, there is the more interesting case of f_1 and f_2 satisfying ∇^2_1f_1 = ∇^2f_2, where the subindices 1, 2 refer to the fact that the corresponding Laplacians are computed with respect to the conformal factors f_1 and f_2, respectively. If M is such that the Laplace–like equation ∇^2_1f_1 − ∇^2f_2 = 0 admits nontrivial solutions, then any two such f_1 and f_2 (different classical states) fall into the same quantum state, as both f_1 and f_2 give rise to the same potential function −2U = ∇^2_1f_1 = ∇^2f_2.

Another feature of emergent quantum mechanics that is present in our picture is the following. In refs. [16, 17, 18] it has been established that to every quantum system there corresponds at least one deterministic system which, upon prequantisation, gives back the original quantum system. In our setup this existence theorem is realised alternatively as follows. Let a quantum system possessing the potential function V be given on the configuration space M, the latter satisfying the same requirements as above. Let us consider the Poisson equation on M, ∇^2_V f_V = −2V , where f_V is some unknown conformal factor, to be determined as the solution to this Poisson equation, and ∇^2_V is the corresponding Laplacian. We claim that the deterministic system, the prequantisation of which gives back the original quantum system with the potential function V , is described by the following data: configuration space M, with classical states being conformal factors f_V and mechanics described by the action functional (13). The lock–in mechanism (in the terminology of refs. [16, 17]) is the choice of one particular conformal factor, with respect to which the Laplacian is computed, out of all possible solutions to the Poisson equation on M, ∇^2_V f_V = −2V . The problem thus becomes topological–geometrical in nature, as the lock–in mechanism has been translated into a problem concerning the geometry and topology of configuration space M, namely, whether or not the Poisson equation possesses solutions on M, and how many.

As a perspective for future work, it would be an interesting question to ask whether or not Ricci–flow techniques could be used to implement some kind of renormalisation– group flow from an underlying deterministic model to an emergent quantum mechanics. This would be in line with the view that quantum mechanics is an infrared phenomenon [21, 22], and also with models of spacetime whereby classical gravity has been argued to arise by some process of thermalisation of some underlying quantum theory. We hope to address these issues in the future.

Acknowledgements It is a great pleasure to thank H.-T. Elze for interesting technical discussions. J.M.I. also thanks Max–Planck–Institut für Gravitationsphysik, Albert– Einstein–Institut (Potsdam, Germany) for hospitality extended over a long period of time.

References

[1] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, arXiv:math/0211159 [math.DG].

[2] P. Topping, Lectures on the Ricci Flow, London Mathematical Society Lecture Notes Series 325, Cambridge University Press (2006).

[3] P. Deligne et al., eds., Quantum Fields and Strings: a Course for Mathematicians, vol. 2, American Mathematical Society, Providence (1999).

[4] R Carroll, Fluctuations, Information, Gravity, and the Quantum Potential, Springer, Berlin (2006).

[5] B. Koch, Geometrical interpretation of the quantum Klein–Gordon equation,

arXiv:0801.4635 [quant-ph].

[6] B. Koch, Relativistic Bohmian mechanics from scalar gravity,

arXiv:0810.2786 [hep-th].

[7] B. Koch, A geometrical dual to relativistic Bohmian mechanics - the multi particle case, arXiv:0901.4106 [gr-qc].

[8] G. Bertoldi, A. Faraggi and M. Matone, Equivalence principle, higher dimensional Mobius group and the hidden antisymmetric tensor of quantum mechanics, Class. Quant. Grav. 17 (2000) 3965, arXiv:hep-th/9909201.

[9] M. Matone, The cocycle of the quantum HJ equation and the stress tensor of CFT, Braz. J. Phys. 35 (2005) 316, arXiv:hep-th/0502134.

[10] R. Carroll, Some remarks on Ricci flow and the quantum potential,

arXiv:math-ph/0703065.

[11] R. Carroll, Ricci flow and quantum theory, arXiv:0710.4351 [math-ph].

[12] R. Carroll, Remarks on Weyl geometry and quantum mechanics,

arXiv:0705.3921 [gr-qc].

[13] R. Carroll, Remarks on the Friedman equations, arXiv:0712.3251

[math-ph].

[14] R. Carroll, More on the quantum potential, arXiv:0807.1320 [math-ph].

[15] R. Carroll, Remarks on Fisher information, arXiv:0807.4158

[math-ph].

[16] G. ’t Hooft, The mathematical basis for deterministic quantum mechanics, J.

Phys.: Conf. Ser. 67 (2007) 012015, arXiv:quant-ph/0604008.

[17] G. ’t Hooft, Emergent quantum mechanics and emergent symmetries,

arXiv:0707.4568 [hep-th].

[18] H.-T. Elze, Note on the existence theorem in “Emergent quantum mechanics and emergent symmetries”, J. Phys. A: Math. Theor. 41 (2008) 304020,

arXiv:0710.2765 [quant-ph].

[19] H.-T. Elze, The attractor and the quantum states, Int. J. Quant. Inf. (to appear),

arXiv:0806.3408 [quant-ph].

[20] J.M. Isidro, J.L.G. Santander and P. Fernández de Córdoba, Ricci flow, quantum mechanics and gravity, arXiv:0808.2351 [hep-th].

[21] H.-T. Elze, The gauge symmetry of the third kind and quantum mechanics as an infrared limit, Int. J. Quant. Inf. 5 (2007) 215, arXiv:hep-th/0605154.

[22] H.-T. Elze, Is there a relativistic nonlinear generalization of quantum mechanics?

J. Phys.: Conf. Ser. 67 (2007) 012016, arXiv:0704.2559 [quant-ph].