arXiv:0902.0629v3 [hep-th] 22 May 2010

Annalen der Physik, 25 May 2010

Breakdown of Casimir Invariance in Curved Space-Time

Dinesh Singh^{1,∗} and Nader Mobed^{1∗∗} 1 Department of Physics, University of Regina

Regina, Saskatchewan, S4S 0A2, Canada

Received XXXX, revised XXXX, accepted XXXX Published online XXXX

Key words Casimir invariance breakdown, elementary particles, curved space-time, non-inertial effects.

It is shown that the commonly accepted definition for the Casimir scalar operators of the Poincaré group does not satisfy the properties of Casimir invariance when applied to the non-inertial motion of particles while in the presence of external gravitational and electromagnetic fields, where general curvilinear co-ordinates are used to describe the momentum generators within a Fermi normal co-ordinate framework. Specific expressions of the Casimir scalar properties are presented. While the Casimir scalar for linear momentum remains Lorentz invariant in the absence of external fields, this is no longer true for the spin Casimir scalar. Potential implications are considered for the propagation of photons, gravitons, and gravitinos as described by the spin-3/2 Rarita-Schwinger vector-spinor field. In particular, it is shown that non-inertial motion introduces a frame-based effective mass to the spin interaction, with interesting physical consequences that are explored in detail.

Copyright line will be provided by the publisher

1 Introduction

In a recent paper [1], a question is raised about the limitations of the Poincaré group for identifying the dynamics of a quantum mechanical particle in non-inertial motion. Specifically, this paper considers the viability of applying the Pauli-Lubanski spin vector to describe the intrinsic properties of a spin-1/2 particle while propagating along a general worldline in Minkowski space-time. By expressing the Poincaré group generators in terms of curvilinear co-ordinates, to best accommodate the symmetries of the particle’s motion with respect to some fixed laboratory frame, it is shown that the associated Casimir scalar invariant for particle spin becomes frame-dependent. This is due to an additive term involving the Pauli spin vector σ coupled to a Hermitian three-vector R called the non-inertial dipole operator [1–3], which relates the interaction between the momentum operators P described by curvilinear co-ordinates. Dimensionally, |R| ∼ |P |/r, where r is the local radius of curvature defined with respect to the laboratory frame. In the limit as r → ∞, it follows that R → 0 for fixed momentum, and for a particle in rectilinear motion whose trajectory is best represented by Cartesian co-ordinates, R = 0 identically. In this context, “non-inertial motion” refers exclusively to motion involving local rotational acceleration of the frame comoving with the particle, since linear accelerated motion as described in terms of Rindler co-ordinates, for example, naturally implies that R = 0, as the corresponding momentum generators automatically commute.

Similar considerations about Casimir operators defined in curved space-time and/or for accelerated motion already exist in the literature. One perspective [4] explores the properties of projective representations of the inhomogeneous Hamilton group—which describe non-inertial frames according to classical Hamiltonian mechanics and whose subgroup is the Galilei group for inertial frames—as applied to a quantum non-inertial state. This examination finds that the Casimir invariants derived according to the Hamilton group lead to a generalized description of spin as a Galilei invariant that is applicable to both inertial and non-inertial states. A second perspective [5, 6] makes the point that, within the context of gauge-field

∗ Corresponding author E-mail: dinesh.singh@uregina.ca, Phone: +001 306 585 4681, Fax: +001 306 585 5659 ∗∗ E-mail: nader.mobed@uregina.ca, Phone: +001 306 585 4359, Fax: +001 306 585 5659

Copyright line will be provided by the publisher

approaches to gravitation, Casimir invariance of the Poincaré group is violated for a metric-affine gravity theory, which must then be sought after via the more general symmetry group GL(4, R).

The purpose of this paper is to explore the so-called Casimir properties of the Poincaré group for elementary particles, while propagating non-inertially in the presence of external gravitational and electromagnetic fields. A detailed first-principles computation of the spin-1/2 Casimir scalars for linear momentum and spin angular momentum in the presence of gravitational and electromagnetic fields is presented in Sec. 2, which includes the formalism of Fermi normal co-ordinates, along with its generalization of curvilinear spatial co-ordinates [1]. A demonstration of the explicit breakdown of Casimir invariance for the relevant operators concerning linear momentum and spin angular momentum in the Poincaré group due to non-inertial motion in the absence of external fields is then given in Sec. 3. This is followed by Sec. 4, which outlines the principles of computing the Casimir scalars for massive particles of higher-order spin with explicit computations presented for spin-1 to spin-2 inclusive, where the Rarita-Schwinger vector-spinor field [7] is assumed for determining the spin-3/2 case. The diagonalized form of the Casimir spin scalar operators, in the limit of vanishing external fields, is then presented in Sec. 5, with an exploration of interesting physical consequences for both massive and massless particles, where the latter set describes the predicted behaviour of spin-1 photons, spin-3/2 gravitinos predicted in supersymmetry, and spin-2 gravitons while in non-inertial motion. A discussion of more general considerations motivated by the main results in this paper is presented in Sec. 6, followed by a brief conclusion in Sec. 7.

2 Casimir Scalars of Spin-1/2 Particles in Curved Space-Time

2.1 Fermi Normal Co-ordinates

Before exploring the Casimir properties of spin-1/2 particles in curved space-time following the approach taken in this paper, it is useful to first briefly review the formalism of Fermi normal co-ordinates as commonly presented [8], along with its generalization to incorporate curvilinear spatial co-ordinates [9].

2.1.1 Formalism

The location and the orientation of the frame locally comoving with the spin-1/2 particle is determined using the orthonormal tetrad formalism [1], in which general curvilinear co-ordinates identify the particle frame’s spatial location in flat space-time with respect to the stationary laboratory frame. It follows that the spatial co-ordinates associated with the comoving frame are naturally chosen to be either Cartesian for rectilinear motion, or some other set, such as cylindrical or spherical co-ordinates, if it better reflects the symmetry of the particle’s motion between neighbouring intervals of proper time.

A similar approach can be taken when generalizing the problem to incorporate space-time curvature [9], where the spatial part of the comoving frame is described by Fermi normal co-ordinates X^μ = (T, X), and the Riemann curvature tensor is projected onto the associated worldline. While it is possible to find exact expressions of Fermi normal co-ordinates for certain curved backgrounds [10], generally they are represented as perturbative expansions away from the origin identified by the four-velocity of the reference worldline for a freely falling observer [11]. Generalizations that include both curvature and inertial contributions also exist [12–14], in which the latter are due to non-geodesic motion. In particular, it is shown [13, 14] that explicit coupling of gravitational and inertial effects appear for third-order expansions of the metric with respect to X. While it is useful to consider both types of contributions for this problem at a later date, for the sake of clarity the inertial effects are neglected here. In what follows, geometric units of G = c = 1 are assumed throughout, where the Riemann and Ricci tensors are defined according to the conventions of Misner, Thorne, and Wheeler [15], but with a metric signature of −2. Space-time co-ordinates are labelled from 0 to 3 by Greek indices, where μ̄ denotes general co-ordinates with respect to some conveniently defined stationary frame, μ refer to co-ordinates with respect to the Fermi frame, and μ̂ denote co-ordinates for a local Lorentz frame at the worldline. Spatial co-ordinates are labelled from 1 to 3 by Latin indices.

Copyright line will be provided by the publisher

To begin, consider a worldline C in a general space-time background parametrized by proper time τ. At some event P_0 on C, the Fermi frame [11,16–18] is determined by constructing a local orthonormal vierbein set {λ^ᾱ_μ} and its inverse set {λ^μ_ᾱ}, such that λ^{μ̄}_0 = dx^{μ̄}/dτ and λ^{μ̄}_a define the local spatial axes. If the unit spatial tangent vector from P_0 to a neighbouring event P is described by ξ^{μ̄} = (dx^{μ̄}/dσ)_0, where σ is the proper length of a unique spacelike geodesic orthogonal to C, then the Fermi normal co-ordinates at P are described by T = τ and X^i = σ ξ^{μ̄} λ^i_{μ̄}. It follows that the space-time metric is described by ds^2 =^F g_{μν} (X) dX^μ dX^ν , (1) where

F g_{00}(X) = 1 +^F R_{0i0j} (T ) X^i X^j + · · · , (2)

F g_{0j} (X) = 2 3 F R_{0ijk} (T ) X^i X^k + · · · , (3)

F g_{ij} (X) = η_{ij} + 1 3 F R_{ikjl} (T ) X^k X^l + · · · , (4) and F R_{αβγδ}(T ) = R_{μ̄ν̄ρ̄σ̄} λ^{μ̄}_α λ^{ν̄}_β λ^{ρ̄}_γ λ^{σ̄}_δ . (5) It is possible to find an orthonormal vierbein set {ē^μ_{α̂}(X)} and its inverse { ē^{α̂}_μ(X) } to define a local Lorentz frame [8] satisfying^F g_{μν} (X) = η_{α̂β̂} ē^{α̂}_μ(X) ē^{β̂}_ν (X), where

ē^{^0}_0(X) = 1 + 1 2 F R_{0i0j} (T ) X^i X^j , (6)

ē^{^0}_j (X) = 1 6 F R_{0ijk} (T ) X^i X^k , (7)

ē^î_0(X) = − 1 2 F R^i_{j0k} (T ) X^j X^k , (8)

ē^î_j (X) = δ^i_j − 1 6 F R^i_{kjl}(T ) X^k X^l , (9) and ē^0_{^0}(X) = 1 − 1 2 F R_{0i0j} (T ) X^i X^j , (10)

ē^i_{^0}(X) = 1 2 F R^i_{j0k}(T ) X^j X^k , (11)

ē^0_ĵ(X) = − 1 6 F R_{0ijk} (T ) X^i X^k , (12)

ē^i_ĵ(X) = δ^i_j + 1 6 F R^i_{kjl}(T ) X^k X^l . (13)

2.1.2 Conversion to Curvilinear Co-ordinates Because the spatial components of the Fermi normal co-ordinates are locally Cartesian given (1), the underlying issue remains as before [1], namely whether the propagation of a quantum particle in a curved background is properly represented by X^μ or if the spatial components should be generalized to accommodate the symmetries of the particle’s motion in space. To address this issue, it is necessary to allow X^i = X^i ( u^1, u^2, u^3 ) , where u^k are general curvilinear co-ordinates [9]. This leads to a new expression of Fermi normal co-ordinates in the form U^μ, where U^0 = T and U^i = u^i. It clearly follows that a new set of orthonormal vierbeins for these new co-ordinates are expressed as

e^β_{α̂}(U) = ∂U^β ∂X^α ē^α_{α̂}(X) , (14)

e^{α̂}_β (U) = ∂X^α ∂U^β ē^{α̂}_α(X) . (15)

Copyright line will be provided by the publisher

Then Minkowski space-time in curvilinear co-ordinate form is described by [19]

ds^2 = dT^2 + η_{îĵ} ( λ^{(î)}(u) du^î ) ( λ^{(ĵ)}(u) du^ĵ ) , (16)

with λ^{(î)}(u) as dimensional scale functions.

2.2 Covariant Dirac Equation Given (2)–(4), the covariant Dirac equation for a spin-1/2 particle with mass m can be written as

[iγ^μ(X) [∂_μ + i Γ_μ(X)] − m/h̄] ψ(X) = 0 , (17)

where ∂_μ = ∂/∂X^μ, {γ^μ(X)} is the set of gamma matrices satisfying {γ^μ(X), γ^ν (X)} = 2 g^{μν}_F (X), and Γ_μ(X) is the spin connection. With (6)–(13) available, the spin connection can be expressed as

Γ_μ(X) = i 4 γ^α(X) (∇_μγ_α(X)) = − 1 4 σ^{α̂β̂} η_{β̂γ̂} ē^α_{α̂} ( ∇_μ ē^{γ̂}_α ) , (18)

where ∇_μ denotes covariant differentiation, { γ^{α̂} } is the set of flat space-time gamma matrices satisfy- ing { γ^{α̂}, γ^{β̂} } = 2 η^{α̂β̂} , following the convention of Itzykson and Zuber [20], and σ^{α̂β̂} =^i_2 [ γ^{α̂}, γ^{β̂} ] . Retaining only contributions to first-order in the Riemann tensor, it therefore follows from (18) that

Γ_0(X) = i γ^{^0} γ^î [ 1 2 F R_{i00k} (T ) + 1 3 F R_{ij0k,0}(T ) X^j ] X^k , (19)

Γ_l(X) = i γ^{^0} γ^î [ 1 3 (_F R_{il0k} (T ) +^F R_{i[k0]l}(T ) ) − 1 12 F R_{ijkl,0} (T ) X^j ] X^k , (20)

where^F R_{i[k0]l}(T ) =^1_2 [_F R_{ik0l}(T ) −^F R_{i0kl}(T ) ] . The spin connection in curvilinear co-ordinates is then

Γ_μ(U) = i 4 γ^α(U) [∇_μγ_α(U)] = − 1 4 σ^{α̂β̂} e^{μ̂}_μ Ω_{α̂β̂μ̂} = ∂X^α ∂U^μ Γ_α(X) , (21)

where

Ω_{α̂β̂μ̂}(U) = −η_{γ̂[α̂} e^ν_{β̂]} ( ∇_{μ̂} e^{γ̂}_ν ) = −η_{γ̂[α̂} ē^ν_{β̂]} ( ∇_{μ̂} ē^{γ̂}_ν ) = Ω_{α̂β̂μ̂}(X) (22)

is the Ricci rotation coefficient [21].

By projecting onto the local Lorentz frame, the covariant Dirac equation (17) expressed in curvilinear co-ordinates becomes [ iγ^{μ̂} ( ^∇_{μ̂} + i Γ_{μ̂}(U) ) − m/h̄ ] ψ(U) = 0 , (23)

where ^∇_{μ̂} = ∇_{μ̂} + i Γ̂_{μ̂}(U) is the covariant derivative operator with

∇_{^0} ≡ ∂ ∂T , ∇_ĵ ≡ 1 λ^{(ĵ)}(u) ∂ ∂u^ĵ . (24)

It is fairly lengthy but straightforward to show that (23) takes the form [ γ^{μ̂} (P_{μ̂} − h̄ Γ_{μ̂}(U)) − m ] ψ(U) = 0 , (25)

Copyright line will be provided by the publisher

where

P_{μ̂} = p_{μ̂} + Ω_{μ̂} (26)

is the momentum operator in curvilinear co-ordinates, in terms of

p_{μ̂} = ih̄ ∇_{μ̂} , (27)

Ω_{μ̂} = ih̄ [ ∇_{μ̂} ln ( λ^{(^1)}(u) λ^{(^2)}(u) λ^{(^3)}(u) )_{1/2}] , (28)

i Γ_{μ̂} = Γ̄^{(S)}_{μ̂} + γ^{l̂} γ^{m̂} Γ̄^{(T)}_{^0[l̂m̂]} δ^{^0}_{μ̂} , (29)

where

Γ̄^{(S)}_{^0} = 1 12 F R^m_{jmk,0}(T ) X^j X^k , (30)

Γ̄^{(S)}_ĵ = − [ 1 2 F R_{j00m}(T ) + 1 3 F R_{jl0m,0}(T ) X^l ] X^m , (31)

Γ̄^{(T)}_{^0[l̂m̂]} = 1 2 F R_{lm0k}(T ) X^k . (32)

It is easy to verify for spherical co-ordinates u^k = (r, θ, ϕ) that [1] P^{r̂} = −ih̄ ( ∂ ∂r + 1 r ) , P^{θ̂} = − ih̄ r ( ∂ ∂θ + 1 2 cot θ ) , P^{ϕ̂} = − ih̄ r sin θ ∂ ∂ϕ , (33)

where λ^{(^1)}(u) = 1 , λ^{(^2)}(u) = r , and λ^{(^3)}(u) = r sin θ . By letting D_{μ̂} = P_{μ̂} − h̄ Γ_{μ̂} and recalling the identity [22]

γ^{μ̂} γ^{ν̂} γ^{ρ̂} = η^{ν̂ρ̂} γ^{μ̂} − 2 γ^{[ν̂} η^{ρ̂]μ̂} − i γ^5 γ^{σ̂} ε^{μ̂ν̂ρ̂}_{σ̂} , (34)

where ε^{μ̂ν̂ρ̂σ̂} is the Levi-Civita symbol [20] with ε^{^0^1^2^3} = 1, it is shown that

D^{(1/2)}_{μ̂} = P_{μ̂} − h̄ ( γ^5 Γ̄^{(C)}_{μ̂} − i Γ̄^{(S)}_{μ̂} ) , (35)

Γ̄^{(C)}_{μ̂} = ε^{^0l̂m̂}_{μ̂} Γ̄^{(T)}_{^0[l̂m̂]} . (36)

The “C” in (36) denotes the chiral-dependent part of the spin connection, while the “S” in (30)–(31) refers to the symmetric part under chiral symmetry. Finally, for the purpose of generalization, assume that the elementary particle is sensitive to electromagnetic fields, and that P_{μ̂} → P̄_{μ̂} = P_{μ̂} − e A_{μ̂}, where A_{μ̂} is the electromagnetic vector potential and e is the particle’s unit charge.

2.3 Casimir Scalars for Linear Momentum and Spin Angular Momentum For spin-1/2 particles, it is straightforward to show that the Casimir scalar for linear momentum is

D^{α̂}_{(1/2)} D^{(1/2)}_{α̂} = m^2_0 − 2 h̄ ( γ^5 Γ̄^{(C)}_{α̂} − i Γ̄^{(S)}_{α̂} ) P̄^{α̂} − h̄^2 ∇^{α̂} ( Γ̄^{(S)}_{α̂} + i γ^5 Γ̄^{(C)}_{α̂} ) , (37)

where m^2_0 ≡ P̄^{α̂} P̄_{α̂} and m^2_0 = m^2 in the absence of external fields. It becomes self-evident that (37) is a Lorentz invariant under these conditions.

To determine the Casimir scalar for spin angular momentum, recall that the Pauli-Lubanski vector is formally defined in a local Lorentz frame as

W^{μ̂} = − 1 2 ε^{μ̂}_{α̂β̂γ̂} Σ^{α̂β̂} D^{γ̂} . (38)

Copyright line will be provided by the publisher

For spin-1/2 particles, Σ^{α̂β̂}_{(1/2)} = σ^{α̂β̂} /2 is identified in terms of the local Lorentz transformation for a spinor field Ψ_{(1/2)}, such that [23]

Ψ^′_{(1/2)} = ( 1 − i 2 ω^{α̂β̂} Σ^{(1/2)}_{α̂β̂} ) Ψ_{(1/2)} , (39)

with ω^{α̂β̂} denoting infinitesimal rotations in space-time. By using (34) and the identity ε_{μ̂ν̂ρ̂σ̂} σ^{ρ̂σ̂} = −2 i γ^5 σ_{μ̂ν̂} [20], it follows that

W^{α̂}_{(1/2)} W^{(1/2)}_{α̂} = − 3 4 D^{α̂}_{(1/2)} D^{(1/2)}_{α̂} + i 4 σ^{α̂β̂} [ D^{(1/2)}_{α̂} , D^{(1/2)}_{β̂} ] , (40)

where the first term of (40) is identified with −^1_2

(_1 2 + 1 ) m^2 in flat space-time without external fields. As for the second term of (40), this is determined according to [24] i [ D^{(1/2)}_{α̂} , D^{(1/2)}_{β̂} ] = h̄^2 4 σ^{μ̂ν̂} (_F R_{μ̂ν̂α̂β̂} ) − e h̄ (_F F_{α̂β̂} ) − h̄ C^{μ̂}_{α̂β̂} (e A_{μ̂} + h̄ Γ_{μ̂}) + i [ P_{α̂}, P_{β̂} ] , (41) i [ P_{α̂}, P_{β̂} ] = h̄ C^{μ̂}_{α̂β̂} P_{μ̂} + 2 h̄ ē^σ_{[α̂} ē^γ_{β̂]} ( ∇_{σ̂} ln λ^{(γ)} ) P_{γ̂} , (42)

C^{μ̂}_{α̂β̂} = 2 ē^{μ̂}_σ ( ∇_λ ē^σ_{[α̂} ) ē^λ_{β̂]} , (43)

where C^{μ̂}_{α̂β̂} is the exclusively curvature-dependent object of anholonomicity for the local Lorentz frame. The second term in (42) contains the non-inertial dipole operator, given by

R^{k̂} = i 2h̄ ε^{^0îĵk̂} [P_î, P_ĵ] | | | |_{F Rμ̂ν̂α̂β̂ →0} = ε^{^0îĵk̂} ( ∇_î ln λ^{(j)} ) P_ĵ . (44)

The existence of the second term in (42) is a subtle issue that requires justification, since the standard expression of i [ P_{α̂}, P_{β̂} ] = h̄ C^{μ̂}_{α̂β̂} P_{μ̂} is what usually appears in the literature. A derivation of (42) can be found in A of this paper.

Substituting (41)–(44) into (40) leads to

W^{α̂}_{(1/2)} W^{(1/2)}_{α̂} = − 1 2 ( 1 2 + 1 ) [ m^2_0 + h̄^2 6 (_F R^{α̂}_{α̂} ) ] + h̄ 2 (σ · R) − h̄ 4 σ^{α̂β̂} [ Q_{α̂β̂} − e (_F F_{α̂β̂} + C^{μ̂}_{α̂β̂} A_{μ̂} )]

+ 3 2 h̄ ( γ^5 Γ̄^{(C)}_{α̂} − i Γ̄^{(S)}_{α̂} ) P̄^{α̂} + 3 4 h̄^2 ∇^{α̂} ( Γ̄^{(S)}_{α̂} + i γ^5 Γ̄^{(C)}_{α̂} ) (45)

as the expression for the spin-1/2 particle Casimir scalar for spin, where

Q_{α̂β̂} = i h̄ [ P_{α̂}, P_{β̂} ] − δ^î_{α̂} δ^ĵ_{β̂} ε_{^0îĵk̂} R^{k̂} = 2 ( ē^σ_{[α̂} ē^γ_{β̂]} − δ^σ_{[α̂} δ^γ_{β̂]} ) ( ∇_{σ̂} ln λ^{(γ)} ) P_{γ̂} + C^{μ̂}_{α̂β̂} P_{μ̂} (46)

is first-order in the Riemann tensor and Q_{α̂β̂} → 0 as^F R_{μ̂ν̂α̂β̂} → 0. It is clear to see that (45) reduces to the frame-dependent expression obtained in flat space-time when all external fields vanish [1]. As well, it is straightforward to show from the contraction of W^{(1/2)} defined by (38) with D^{(1/2)} that the orthogonality

Copyright line will be provided by the publisher

relationship between the two vectors is no longer satisfied, since

W^{μ̂}_{(1/2)} D^{(1/2)}_{μ̂} = −D^{μ̂}_{(1/2)} W^{(1/2)}_{μ̂} = − { h̄ 2 (α · R) + h̄ 4 γ^5 σ^{α̂β̂} [ Q_{α̂β̂} − e (_F F_{α̂β̂} + C^{μ̂}_{α̂β̂} A_{μ̂} )

− h̄ C^{μ̂}_{α̂β̂} ( γ^5 Γ̄^{(C)}_{μ̂} − i Γ̄^{(S)}_{μ̂} )] + h̄^2 8 γ^5 (_F R^{α̂}_{α̂} )} , (47)

which also reduces to its flat space-time counterpart [1]. Since this holds true even for massless (m_0 = 0) spin-1/2 particles in the absence of external fields, the standard identification of helicity state projections parallel and antiparallel to the particle’s direction of motion [25] no longer applies when considering noninertial motion with rotation. It is also interesting to note that, for the chiral representation [20] with α = γ^5 σ, almost all the Hermitian terms in (47) exist as pseudo-scalars.

3 Casimir Invariance Breakdown due to Non-Inertial Motion

The scalars derived from the momentum operator D_{μ̂} and the spin operator W_{μ̂} are purposefully labelled “Casimir scalars” instead of “Casimir invariants” to underscore the fact that at least W^{μ̂} W_{μ̂} is no longer a Lorentz invariant quantity when considering free-particle non-inertial motion while in a flat background. However, by definition a Casimir operator is an element in a Lie algebra that commutes with all of the generators that define the algebra [26]. If the spatial canonical momentum generators are described by curvilinear co-ordinates, it becomes evident that even this designation of “Casimir scalars” for D^{μ̂} D_{μ̂} and W^{μ̂} W_{μ̂} is somewhat misleading, since in the absence of external fields, i [( P^{μ̂} P_{μ̂} ) , P_{ν̂} ] = 2h̄ ε_{^0îĵk̂} [ R^î P^ĵ + i 2 ( ∇^ĵR^î )] δ^{k̂}_{ν̂} , (48)

i [( W^{μ̂} W_{μ̂} ) , P_{ν̂} ] = 2i [W_{μ̂} , P_{ν̂} ] W^{μ̂} + h̄ 2 ε^{μ̂}_{α̂β̂γ̂} Σ^{α̂β̂} ( ∇^{γ̂} [W_{μ̂} , P_{ν̂} ] ) , (49)

where

i [W_{μ̂} , P_{ν̂} ] = −2h̄ ( η_{μ̂[^0} Σ_{ĵ]ν̂} + 1 2 η_{μ̂ν̂} Σ_{^0ĵ} ) R^ĵ . (50)

It is obvious that P^{μ̂} P_{μ̂} and W^{μ̂} W_{μ̂} become Casimir invariants in general only when R → 0, corresponding to rectilinear motion. Nonetheless, for the wider purposes of this paper and for the sake of convenience, these operators are identified as “Casimir scalars” for the remainder of this paper, while clearly acknowledging the conceptual disagreement between this designation and the formal definition to which it refers [26].

4 Casimir Scalars for Particles of Higher-Order Spin

The basis for exploring the Casimir properties of integer and half-integer spin elementary particles is given by the local Lorentz transformation of a general multi-indexed field T^{ν̂1 ···ν̂N}_{(s)} of spin-s, such that [23] T^{′μ̂1···μ̂N} (s) = ( 1 − i 2 ω^{α̂β̂} Σ^{(s)}_{α̂β̂} )_{μ̂1···μ̂N} ν̂_1 ···ν̂_N T ν̂_1···ν̂_N (s) , (51)

where [ Σ^{(s)}_{α̂β̂} ]_{μ̂1···μ̂N} ν̂_1 ···ν̂_N is the respective covariant spin operator. When N = 0, it follows that T ν̂_1···ν̂_N (s) is the spin-1/2 field Ψ_{(1/2)}, while N > 0 corresponds to higher-order spin fields. Then the covariant

Copyright line will be provided by the publisher

momentum operator D^{(s)}_{μ̂} = P̄_{μ̂} − h̄ Γ^{(s)}_{μ̂} is described for spin-s by [23] [ D^{(s)}_{μ̂} ]_{μ̂1 ···μ̂N} ν̂_1 ···ν̂_N = ( P̄_{μ̂} + h̄ 2 Σ^{α̂β̂}_{(s)} Ω_{α̂β̂μ̂} )_{μ̂1 ···μ̂N} ν̂_1 ···ν̂_N , (52)

while the corresponding expression for the Pauli-Lubanski vector is [ W^{μ̂}_{(s)} ]_{μ̂1 ···μ̂N} ν̂_1 ···ν̂_N = ( − 1 2 ε^{μ̂}_{α̂β̂γ̂} Σ^{α̂β̂}_{(s)} D^{γ̂}_{(s)} )_{μ̂1 ···μ̂N} ν̂_1 ···ν̂_N . (53)

With (52) and (53), it becomes a straightforward exercise to determine the Casimir scalars D^{(s)} · D^{(s)} and W^{(s)} · W^{(s)} for higher-order spin. The computations for spin-1, spin-3/2, and spin-2 are presented below, where the spin-3/2 case is described by the Rarita-Schwinger vector-spinor field [7]. All the fields considered are assumed to be massive (m_0 ≠ 0), where the special case of massless fields (m_0 = 0) is treated separately. With the exception of A, the orthonormal frame indices for the remainder of this paper will be unhatted for the sake of notational clarity.

4.1 Spin-1 Fields

The local Lorentz transformation for a spin-1 vector field V^μ_{(1)} is given by

V^{′μ}_{(1)} = ( δ^μ_ν − i 2 ω^{αβ} [ Σ^{(1)}_{αβ} ]_μ ν ) V^ν_{(1)} , (54)

where the covariant spin operator Σ^{(1)}_{αβ} is [ Σ^{(1)}_{αβ} ]_μ ν = 2i δ^μ_{[α}η_{β]ν} . (55)

Then the combination of (52) and (55) leads to [ D^{(1)}_μ ]_λ ρ = δ^λ_ρ P̄_μ + h̄ 2 [ Σ^{αβ}_{(1)} ]_λ ρ Ω_{αβμ} = δ^λ_ρ P̄_μ + ih̄ Ω^λ_{ρμ} (56)

for the spin-1 covariant momentum operator, while (55) and (56) substituted into (53) results in [ W^μ_{(1)} ]_λ ρ = − 1 2 ε^{μαβγ} [ Σ^{(1)}_{αβ} ]_λ σ [ D^{(1)}_γ ]_σ ρ = −i ε^{μλ}_{ργ} P̄^γ − h̄ ε^{μλαβ} Ω_{ραβ} (57) for the spin-1 Pauli-Lubanski vector.

A straightforward calculation of D^{(1)} · D^{(1)} from (56) leads to [ D^α_{(1)} D^{(1)}_α ]_μ ν = m^2_0 δ^μ_ν + 2ih̄ Ω^μ_{να} P̄^α + h̄^2 Ω^{μαβ} Ω_{ναβ} − h̄^2 (∇^α Ω^μ_{να}) (58)

for the spin-1 Casimir scalar for linear momentum, where the second and third terms in (58) are Hermitian, while the fourth term involving the gradient of the Ricci rotation coefficients is anti-Hermitian. In the absence of external fields, it is clear that (58) is a Lorentz invariant.

To compute the corresponding Casimir scalar for spin, it is useful to note that the Proca equation naturally generates the constraint

P̄_ν V^ν_{(1)} = 0 . (59)

Upon substituting

P̄_ν P̄^μ = P̄^μ P̄_ν + ih̄ [ε^{0jμ}_ν R_j + Q^μ_ν − e (^F F^μ_ν + C^{αμ}_ν A_α)] (60)

Copyright line will be provided by the publisher

into W^{(1)} · W^{(1)} and using (59), it is shown that [ W^α_{(1)} W^{(1)}_α ]_μ ν = −1(1 + 1) { m^2_0 δ^μ_ν − ih̄ [ ε^{0jμ}_ν R_j + Q^μ_ν − e (_F F^μ_ν + C^{αμ}_ν A_α )]} + 3ih̄ Ω_ν^{[μα]} P̄_α + 2ih̄ [ δ^μ_{[ν} Ω_{α]σ}^σ − η^{μσ} Ω_{α(σν)} ]¯ P^α − 2h̄^2 ( Ω^σ_{ασ} Ω_ν^{[μα]} + Ω^{μ[αβ]} Ω_{ν[αβ]} ) − 4h̄^2(∇_α Ω_ν^{[μα]}) , (61)

which is a Hermitian operator, except for the gradient term in (61). In contrast to (58), the spin-1 Casimir scalar for spin is not a Lorentz invariant for general motion in the absence of external fields, but rather takes the form [ W^α_{(1)} W^{(1)}_α ]_μ ν = −1(1 + 1) ( m^2_0 δ^μ_ν − ih̄ ε^{0jμ}_ν R_j ) , (62)

where the second term due to the non-inertial dipole operator R can be interpreted as an effective mass contribution. Issues pertaining to this interpretation are considered in greater detail in the next section of this paper.

As for the orthogonality relationship between W^{(1)} and D^{(1)}, it is evident that this condition is violated in the presence of gravitational and electromagnetic fields, since [ W^μ_{(1)} D^{(1)}_μ ]_λ ρ = − ih̄ 2 {[ Σ^{0j}_{(1)} R_j ]_λ ρ + i ε^{αβλ}_ρ [ Q_{αβ} − e (_F F_{αβ} + C^μ_{αβ} A_μ )] }

+ 2h̄ ε^{λμαβ} Ω_{ρα(β} P̄_{μ)} + ih̄^2 ε^{λμαβ} [Ω_{σαβ} Ω^σ_{ρμ} + (∇_αΩ_{βρμ})] , (63) [ D^μ_{(1)} W^{(1)}_μ ]_λ ρ = ih̄ 2 {[ Σ^{0j}_{(1)} R_j ]_λ ρ + i ε^{αβλ}_ρ [ Q_{αβ} − e (_F F_{αβ} + C^μ_{αβ} A_μ )] }

− h̄ ε^{μσαβ} [ η_{σρ} Ω^λ_{αμ} P̄_β + δ^λ_σ Ω_{ραβ} P̄_μ ] − ih̄^2 ε^{μσαβ} [ Ω^λ_{σμ} Ω_{ραβ} + (∇_μΩ_{ραβ} ) ] . (64)

However, it is also evident that W^{(1)} and D^{(1)} anticommute in the form { W^μ_{(1)} , D^{(1)}_μ } = 0 in the limit of vanishing external fields, since [ W^μ_{(1)} D^{(1)}_μ ]_λ ρ = − [ D^μ_{(1)} W^{(1)}_μ ]_λ ρ = − ih̄ 2 [ Σ^{0j}_{(1)} R_j ]_λ ρ . (65)

This property concurs with the same type of observation for spin-1/2 particles, as given by (47).

4.2 Spin-3/2 Fields

While it is possible to construct a spin-3/2 field in different ways [27], arguably the most useful representation is that given by the Rarita-Schwinger formalism [7]. For this representation, the spin-3/2 vector-spinor field Ψ^μ_{(3/2)} is subject to the local Lorentz transformation

Ψ^{′μ}_{(3/2)} = ( δ^μ_ν − i 2 ω^{αβ} [ Σ^{(3/2)}_{αβ} ]_μ ν ) Ψ^ν_{(3/2)} , (66)

where the covariant spin operator [ Σ^{(3/2)}_{αβ} ]_μ ν is [ Σ^{(3/2)}_{αβ} ]_μ ν = 2i δ^μ_{[α}η_{β]ν} + 1 2 σ_{αβ} δ^μ_ν , (67)

expressed as the sum of spin-1 interactions on the spin-3/2 field’s vector components and spin-1/2 interactions on the spinor components of Ψ^μ_{(3/2)}. Application of (52) with (67) results in [ D^{(3/2)}_μ ]_λ ρ = δ^λ_ρ P̄_μ + h̄ 2 [ Σ^{αβ}_{(3/2)} ]_λ ρ Ω_{αβμ} = δ^λ_ρ D^{(1/2)}_μ + ih̄ Ω^λ_{ρμ} (68)

Copyright line will be provided by the publisher

for the spin-3/2 covariant momentum operator. The corresponding expression for the spin-3/2 Pauli- Lubanski vector is then [ W^μ_{(3/2)} ]_λ ρ = − 1 2 ε^{μαβγ} [ Σ^{(3/2)}_{αβ} ]_λ σ [ D^{(3/2)}_γ ]_σ ρ = [ W^μ_{(1/2)} ] δ^λ_ρ + [ W^μ_{(1)} ]_λ ρ = [ − 1 4 ε^μ_{αβγ} σ^{αβ} D^γ_{(1/2)} ] δ^λ_ρ − i ε^{μλ}_{ργ} P̄^γ − h̄ ε^{μλαβ} Ω_{ραβ} (69) from using (53), (67), and (68).

Straightforward application of (68) to compute D^{(3/2)} · D^{(3/2)} leads to [ D^α_{(3/2)} D^{(3/2)}_α ]_μ ν = [ D^α_{(1/2)} D^{(1/2)}_α ] δ^μ_ν + [ Λ^{(3/2)} ]_μ ν (70)

for the spin-3/2 Casimir scalar for linear momentum, where [ Λ^{(3/2)} ]_μ ν = [ D^α_{(1)} D^{(1)}_α ]_μ ν − m^2_0 δ^μ_ν − 2ih̄^2 Ω^μ_{να} ( γ^5 Γ̄^α_{(C)} − i Γ̄^α_{(S)} )

= 2ih̄ Ω^μ_{να} P̄^α − 2ih̄^2 Ω^μ_{να} ( γ^5 Γ̄^α_{(C)} − i Γ̄^α_{(S)} ) + h̄^2 Ω^{μαβ} Ω_{ναβ}

− h̄^2 (∇^α Ω^μ_{να}) . (71)

It is clear from (70) and (71) that D^{(3/2)} · D^{(3/2)} is expressed as the sum of spin-1/2 and spin-1 contributions separately, with cross terms dependent on the gravitational field. Except for the gradientdependent term in (71), D^{(3/2)} · D^{(3/2)} is a Hermitian operator. Furthermore, (70) is the Lorentz invariant [ D^α_{(3/2)} D^{(3/2)}_α ]_μ ν = m^2_0 δ^μ_ν in the limit of vanishing external fields.

To determine the spin-3/2 Casimir scalar for spin, it is necessary to make use of the known constraints for Rarita-Schwinger fields [7], which are

P̄_ν Ψ^ν = 0 (72) and γ_ν Ψ^ν = 0 . (73)

With (72) and (73), it can be shown that W^{(3/2)} · W^{(3/2)} can be evaluated, leading to [ W^α_{(3/2)} W^{(3/2)}_α ]_μ ν = [ W^α_{(1/2)} W^{(1/2)}_α ] δ^μ_ν + [ W^α_{(1)} W^{(1)}_α ]_μ ν − { m^2_0 δ^μ_ν − ih̄ [ ε^{0jμ}_ν R_j + Q^μ_ν − e (_F F^μ_ν + C^{αμ}_ν A_α )]} + h̄ (δ^μ_ν η^{σα} − i σ^{μα} δ^σ_ν ) ( γ^5 Γ̄^{(C)}_σ − i Γ̄^{(S)}_σ ) P̄_α − h̄ σ^{αβ} Ω_{ναβ} D^μ_{(1/2)} − 2h̄ σ^{μα} Ω_{ν[αγ]} D^γ_{(1/2)} − ih̄^2 2 [ σ^{αβ} (∇^μ Ω_{ναβ} ) + 2 σ^{μα} ( ∇^γ Ω_{ν[αγ]} )]

+ ih̄^2 2 [ δ^μ_ν ∇_α ( γ^5 Γ̄^α_{(C)} − i Γ̄^α_{(S)} ) − ∇_ν ( γ^5 Γ̄^μ_{(C)} − i Γ̄^μ_{(S)} )]

+ h̄^2 2 σ^{μα} ∇_α ( γ^5 Γ̄^{(C)}_ν − i Γ̄^{(S)}_ν ) (74)

in the presence of gravitational and electromagnetic fields. A closer examination of (74) in the limit of vanishing external fields reveals that [ W^α_{(3/2)} W^{(3/2)}_α ]_μ ν = [ − 3 2 ( 3 2 + 1 ) m^2_0 + h̄ 2 (σ · R) ] δ^μ_ν + 3ih̄ ε^{0jμ}_ν R_j , (75)

Copyright line will be provided by the publisher

where R appears in terms of both the spin-1/2 and spin-1 interactions that comprise the spin-3/2 field, which generate effective mass contributions to (75).

In a similar fashion as shown for spin-1/2 and spin-1 fields, the orthogonality relations between W^{(3/2)} and D^{(3/2)} are not satisfied in the presence of gravitational and electromagnetic fields, as shown by [ W^μ_{(3/2)} D^{(3/2)}_μ ]_λ ρ = [ W^μ_{(1/2)} D^{(1/2)}_μ ] δ^λ_ρ + [ W^μ_{(1)} D^{(1/2)}_μ ]_λ ρ + ih̄ [ W^μ_{(3/2)} ]_λ σ Ω^σ_{ρμ} , (76) [ D^μ_{(3/2)} W^{(3/2)}_μ ]_λ ρ = [ D^μ_{(1/2)} W^{(1/2)}_μ ] δ^λ_ρ + [ D^μ_{(1/2)} W^{(1)}_μ ]_λ ρ + ih̄ Ω^λ_{σμ} [ W^μ_{(3/2)} ]_σ ρ , (77)

where [ W^μ_{(1)} D^{(1/2)}_μ ]_λ ρ = h̄ 2 { −i [ Σ^{0j}_{(1)} R_j ]_λ ρ + ε^{αβλ}_ρ [ Q_{αβ} − e (_F F_{αβ} + C^μ_{αβ} A_μ )] }

− h̄ ε^{μλαβ} Ω_{ραβ} P̄_μ + ih̄ ε^{αβλ}_ρ ( γ^5 Γ̄^{(C)}_α − i Γ̄^{(S)}_α ) P̄_β + h̄^2 ε^{μλαβ} Ω_{ραβ} ( γ^5 Γ̄^{(C)}_μ − i Γ̄^{(S)}_μ )

− h̄^2 ε^{μλ}_{ργ} ∇^γ ( γ^5 Γ̄^{(C)}_μ − i Γ̄^{(S)}_μ ) , (78) [ D^μ_{(1/2)} W^{(1)}_μ ]_λ ρ = − h̄ 2 { −i [ Σ^{0j}_{(1)} R_j ]_λ ρ + ε^{αβλ}_ρ [ Q_{αβ} − e (_F F_{αβ} + C^μ_{αβ} A_μ )] }

− h̄ ε^{μλαβ} Ω_{ραβ} P̄_μ + ih̄ ε^{αβλ}_ρ ( γ^5 Γ̄^{(C)}_α − i Γ̄^{(S)}_α ) P̄_β + h̄^2 ε^{μλαβ} Ω_{ραβ} ( γ^5 Γ̄^{(C)}_μ − i Γ̄^{(S)}_μ ) − ih̄^2 ε^{μλαβ} (∇_μΩ_{ραβ} ) . (79)

It is also true for spin-3/2 fields that W^{(3/2)} and D^{(3/2)} anticommute according to { W^μ_{(3/2)} , D^{(3/2)}_μ } = 0 in the limit of vanishing external fields, since [ W^μ_{(3/2)} D^{(3/2)}_μ ]_λ ρ = − [ D^μ_{(3/2)} W^{(3/2)}_μ ]_λ ρ = − { h̄ 2 (α · R) δ^λ_ρ + ih̄ 2 [ Σ^{0j}_{(1)} R_j ]_λ ρ } . (80)

4.3 Spin-2 Fields

For a spin-2 field described by T^{μν}_{(2)} as the composite of two spin-1 vector fields, the local Lorentz transformation is given by

T^{′μν}_{(2)} = ( δ^μ_α δ^ν_β − i 2 ω^{σλ} [ Σ^{(2)}_{σλ} ]_{μν} αβ ) T^{αβ}_{(2)} , (81)

where the covariant spin operator [ Σ^{(2)}_{σλ} ]_{μν} αβ is [ Σ^{(2)}_{σλ} ]_{μν} αβ = 2i ( δ^μ_{[σ} η_{λ]α} δ^ν_β + δ^ν_{[σ} η_{λ]β} δ^μ_α ) . (82)

Copyright line will be provided by the publisher

Following the same pattern as before, the spin-2 covariant momentum operator takes the form [ D^{(2)}_μ ]_{λξ} ρη = δ^λ_ρ δ^ξ_η P̄_μ + h̄ 2 [ Σ^{αβ}_{(2)} ]_{λξ} ρη Ω_{αβμ} = δ^λ_ρ δ^ξ_η P̄_μ + ih̄ ( δ^λ_ρ Ω^ξ_{ημ} + δ^ξ_η Ω^λ_{ρμ} ) = δ^λ_ρ [ D^{(1)}_μ ]_ξ η + δ^ξ_η [ D^{(1)}_μ ]_λ ρ − δ^λ_ρ δ^ξ_η P̄_μ , (83)

while the corresponding spin-2 Pauli-Lubanski vector is [ W^μ_{(2)} ]_{λξ} ρη = − 1 2 ε^{μαβγ} [ Σ^{(2)}_{αβ} ]_{λξ} ρ^′ η^′ [ D^{(2)}_γ ]_ρ′_η′ ρη = δ^λ_ρ [ W^μ_{(1)} ]_ξ η + [ W^μ_{(1)} ]_λ ρ δ^ξ_η + h̄ ( [Ω^μ]^{λξ}_{ρη} + [Ω^μ]^{ξλ}_{ηρ} ) , (84)

where [Ω^μ]^{λξ}_{ρη} ≡ ε^{μαλ}_ρ Ω^ξ_{ηα}.

Computation of the spin-2 Casimir scalar for linear momentum is then given by [ D^μ_{(2)} D^{(2)}_μ ]_{λξ} ρη = δ^λ_ρ {[ D^μ_{(1)} D^{(1)}_μ ]_ξ η − 2 [ D^μ_{(1)} ]_ξ η P̄_μ + 1 2 m^2_0 δ^ξ_η }

+ [ D^μ_{(1)} ]_λ ρ [ D^{(1)}_μ ]_ξ η + h̄^2 δ^λ_ρ ( ∇^μ Ω^ξ_{ημ} ) + [(λ, ρ) ↔ (ξ, η)] = δ^λ_ρ {[ D^μ_{(1)} D^{(1)}_μ ]_ξ η − 1 2 m^2_0 δ^ξ_η + h̄^2 ( ∇^μ Ω^ξ_{ημ} ) } − h̄^2 η^{λμ} Ω^λ_{ρλ} Ω^ξ_{ημ}

+ [(λ, ρ) ↔ (ξ, η)] , (85)

where [(λ, ρ) ↔ (ξ, η)] denotes the addition of identical terms with the interchange of index pairs as given.

This expression for D^{(2)} · D^{(2)} also reduces to the Lorentz invariant [ D^μ_{(2)} D^{(2)}_μ ]_{λξ} ρη = m^2_0 δ^λ_ρ δ^ξ_η in the absence of external fields. As for the corresponding spin-2 Casimir scalar for spin, this is given by [ W^μ_{(2)} W^{(2)}_μ ]_{λξ} ρη = δ^λ_ρ [ W^μ_{(1)} W^{(1)}_μ ]_ξ η + [ W^μ_{(1)} ]_λ ρ [ W^{(1)}_μ ]_ξ η + h̄ [ W^μ_{(1)} ]_λ α ( [Ω_μ]^{αξ}_{ρη} + [Ω_μ]^{ξα}_{ηρ} )

+ h̄ ( [Ω^μ]^{λξ}_{ρα} + [Ω^μ]^{ξλ}_{αρ} ) [ W^{(1)}_μ ]_α η + h̄^2 ( [Ω^μ Ω_μ]^{λξ}_{ρη} + [Ω^μ]^{λξ}_{αβ} [Ω_μ]^{βα}_{ηρ} ) + [(λ, ρ) ↔ (ξ, η)] , (86)

where the constraint equation

P̄_ν T^{μν} = 0 (87)

projecting out the longitudinal modes is incorporated. In the absence of external fields, it is shown that (86) reduces to [ W^μ_{(2)} W^{(2)}_μ ]_{λξ} ρη = − ( 2 δ^λ_ρ δ^ξ_α + δ^ξ_ρ δ^λ_α ) ( m^2_0 δ^α_η − ih̄ ε^{0jα}_η R_j ) + ( m^2_0 η^{λξ} − P^ξ P^λ ) η_{ρη} + [(λ, ρ) ↔ (ξ, η)] . (88)

Copyright line will be provided by the publisher

So far, no symmetries are assumed for T^{μν}_{(2)} in the derivations leading to (88). However, when considering a symmetric and traceless spin-2 tensor field, commonly accepted defining properties for the graviton h^{μν}_{(2)} [27, 28], it follows naturally that [ W^μ_{(2)} W^{(2)}_μ ]_{λξ} ρη = −2 (2 + 1) [ m^2_0 δ^λ_ρ δ^ξ_η − 2ih̄ ε^{0jλ}_{(ρ} δ^ξ_{η)} R_j ] , (89)

where the non-inertial dipole operator R again appears as an effective mass contribution in (89).

Finally, following the same pattern as found in lower-order spins, it is shown that the orthogonality relationship between W^{(2)} and D^{(2)} is no longer satisfied in the presence of gravitational and electromagnetic fields, since [ W^μ_{(2)} D^{(2)}_μ ]_{λξ} ρη = [ W^μ_{(1)} ]_λ ρ [ D^{(1)}_μ ]_ξ η + [ W^μ_{(1)} ]_ξ η [ D^{(1)}_μ ]_λ ρ + δ^λ_ρ [ W^μ_{(1)} ( D^{(1)}_μ − P̄_μ )]_ξ η + [ W^μ_{(1)} ( D^{(1)}_μ − P̄_μ )]_λ ρ δ^ξ_η + h̄ ( ε^{μγλ}_ρ Ω^ξ_{σγ} + ε^{μγξ}_σ Ω^λ_{ργ} ) [ D^{(1)}_μ ]_σ η + ih̄^2 ( ε^{μγλ}_σ Ω^ξ_{ηγ} + ε^{μγξ}_η Ω^λ_{σγ} ) Ω^σ_{ρμ} , (90) [ D^μ_{(2)} W^{(2)}_μ ]_{λξ} ρη = [ D^μ_{(1)} ]_λ ρ [ W^{(1)}_μ ]_ξ η + [ D^μ_{(1)} ]_ξ η [ W^{(1)}_μ ]_λ ρ + δ^λ_ρ [( D^μ_{(1)} − P̄^μ ) W^{(1)}_μ ]_ξ η + [( D^μ_{(1)} − P̄^μ ) W^{(1)}_μ ]_λ ρ δ^ξ_η + h̄ ( ε^{μγλ}_ρ Ω^σ_{ηγ} + ε^{μγσ}_η Ω^λ_{ργ} ) [ D^{(1)}_μ ]_ξ σ + ih̄^2 ( ε^{μγσ}_ρ Ω^ξ_{ηγ} + ε^{μγξ}_η Ω^σ_{ργ} ) Ω^λ_{σμ} + ih̄^2 [ ε^{μγλ}_ρ (∇_μΩ^σ_{ηγ} ) + ε^{μγσ}_η ( ∇_μΩ^λ_{ργ} )] δ^ξ_σ . (91)

Again, following the same pattern as shown in lower-order spins, in the limit of vanishing external fields, W^{(2)} and D^{(2)} anticommute in the form { W^μ_{(2)} , D^{(2)}_μ } = 0, since [ W^μ_{(2)} D^{(2)}_μ ]_{λξ} ρη = − [ D^μ_{(2)} W^{(2)}_μ ]_{λξ} ρη = − ih̄ 2 { δ^λ_ρ [ Σ^{0j}_{(1)} R_j ]_ξ η + δ^ξ_η [ Σ^{0j}_{(1)} R_j ]_λ ρ } . (92)

5 Casimir Spin Scalar Operators in Diagonalized Form

5.1 General Expressions

At this point, it is useful to determine the eigenvalues of W^{(s)} · W^{(s)} in the absence of external fields and explore their physical implications, given that each of the expressions for spin-1/2 to spin-2 inclusive have non-trivial effective mass contributions present due to R. This is a straightforward exercise, where the “(D)” subscript for [ W^{(s)} · W^{(s)} ] (D) in the computations that follow indicates the diagonalized form

of the Casimir spin scalar operators.

For spin-1/2 particles, the diagonalized form of (45) in the absence of external fields leads to [ W^α_{(1/2)} W^{(1/2)}_α ] (D) = − 1 2 ( 1 2 + 1 ) ( m^2_0 ± κ_{1/2} h̄|R| ) , (93)

Copyright line will be provided by the publisher

where κ_{1/2} =^2_3 , which indicates an effective mass-squared splitting of^1_2 h̄|R| above and below the standard eigenvalue of −^1_2

(_1 2 + 1 ) m^2_0. Similarly, when considering spin-3/2, the diagonalized form of (75) results in [ W^α_{(3/2)} W^{(3/2)}_α ]_μ (D) ν = − 3 2 ( 3 2 + 1 ) ( m^2_0 ± κ_{3/2} h̄|R| ) δ^μ_ν , (94)

where κ_{3/2} =^7_3 ,^{11}_3 , leading to effective mass-squared splittings of^{35}_4 h̄|R| and^{55}_4 h̄|R|, respectively, above and below −^3_2

(_3 2 + 1 ) m^2_0.

In contrast, the spin-1 and spin-2 particle Casimir scalars each generate an eigenvalue which has no dependence on R. That is, for spin-1 particles it is shown from diagonalizing (62) that [ W^α_{(1)} W^{(1)}_α ]_μ (D) ν

= −1 (1 + 1) ( m^2_0 ± κ_1 h̄|R| ) δ^μ_ν , (95)

where κ_1 = 0, 1, which indicates an effective mass-squared splitting of 2h̄|R| above and below the standard eigenvalue of −1 (1 + 1) m^2_0, while diagonalizing (89) for a massive symmetric spin-2 field and adding the total number of excitations possible leads to [ W^α_{(2)} W^{(2)}_α ]_{λξ} (D) ρη = −2 (2 + 1) ( m^2_0 ± κ_2 h̄ |R| ) δ^λ_ρ δ^ξ_η , (96)

where κ_2 = 0, 1, 2, with a corresponding effective mass-squared splitting of 6h̄|R| and 12h̄|R| above and below −2 (2 + 1) m^2_0, respectively.

This outcome of 2s + 1 eigenvalues with integer units of κ_s h̄|R| scaled by s(s + 1) is analogous to the well-understood notion of spectral line splitting due to the Zeeman effect, where R fulfills the role of a static magnetic field in this context, and κ_s is the “magnetic quantum number” corresponding to excitations with respect to non-inertial motion. While it remains to be seen whether this analogy holds true in all conceivable contexts, given the^{h̄}_2 (σ · R) interaction term derived in (45) for spin-1/2 particles, it appears that this interpretation is well-founded. It is also interesting to note that the non-inertial dipole operator has the capacity to distinguish between fermions and bosons due to this type of interaction with the spin. Though it is unclear whether this pattern remains satisfied for s > 2, the fact that the distinction between fermions and bosons due to R-dependent interactions applies to the most relevant spin states known is a useful feature that may have future applications for consideration.

5.2 Physical Implications for Massive and Massless Particles

The eigenstates (93)-(96) for spin-1/2 to spin-2 inclusive introduce some interesting physical consequences when applied to both massive and massless spin-s particles. Consider for the moment the case of massive particles. Assuming from the lower signs of (93)-(96) the condition that m^2_0 − κ_s h̄|R| > 0, where |R| ∼ |P |/r and λ_0 = h̄/m_0, it is straightforward to identify a critical speed v_{crit.} > v, such that for |P | = γ m_0v with Lorentz factor γ = 1/ √ 1 − v^2,

v_{crit.} = 1 [1 + (κ_s λ_0/r)^2]^{1/2}

. (97)

When r ≫ κ_s λ_0 to approximate free-particle inertial motion, v_{crit.} → 1 as expected. However, when r ∼ κ_s λ_0, it follows that v_{crit.} → 1/ √ 2. The identification of a potential critical speed v_{crit.} < 1 is interesting for at least two reasons. First, it suggests the existence of a maximal acceleration a_{max.} ≡ 2/λ_0 originally proposed by Caianiello [29, 30] if it proves impossible to violate the condition v < v_{crit.} for particle motion along a general worldline. Second, the actual value for v_{crit.} coincides with the value determined by Chicone and Mashhoon as the critical initial speed when classical matter propagating along the symmetry axis of Kerr black holes becomes tidally accelerated to form high-energy astrophysical jets [31]. Though it is unclear whether this correspondence is nothing more than a coincidence, this value for v_{crit.} does suggest the possibility of a deeper connection worthy of further investigation.

Copyright line will be provided by the publisher

PSfrag replacements

(a) Spacelike Rotation

PSfrag replacements

(b) Timelike Rotation

Fig. 1 Rotation of the null plane containing W^{(s)}, as defined for massless particles, due to non-inertial motion. Fig. 1(a) transforms the null plane into a spacelike surface for positive effective squared-mass +κs h̄|R| due to noninertial motion, while a negative effective squared-mass −κs h̄|R| leads to Fig. 1(b), a timelike surface.

For strictly massless particles, |P | = E, where E is the particle’s energy. It follows that the null surface corresponding to W^{(s)} · W^{(s)} becomes spacelike for +κ_s h̄|R| and timelike for −κ_s h̄|R|. This amounts to a rotation of the W^{(s)} · W^{(s)} null surface away from the light cone, as indicated by Figure 1, to become either a surface of simultaneity or a casual surface for particles with positive or negative energy, respectively. This effect is only relevant for W^{(s)} · W^{(s)}, since D^{(s)} · D^{(s)} = 0 still remains a Lorentz invariant in the absence of external fields. It is unclear what to make of a timelike W^{(s)} for this scenario, or even if it makes physical sense to contemplate its existence, since photons and gravitons are reasonably presumed to only carry positive energy. This may be an issue worth considering in detail at a later date.

6 Discussion

Having now explored the so-called Casimir scalar properties for spin-1/2 to spin-2 particles inclusive for general particle motion while in the presence of external gravitational and electromagnetic fields, it is useful to consider some more general issues of relevance. Given the difficulties noted from (48)-(50) which clearly show that the Casimir invariance properties of D^{(s)} · D^{(s)} and W^{(s)} · W^{(s)} generally break down for non-inertial motion, it is worthwhile to investigate the possibility of identifying genuine Casimir invariants corresponding to linear momentum and spin angular momentum for general particle motion in space-time. At least for the case of spin-1/2 particles [1], it is possible to construct a modified Pauli- Lubanski vector that takes into account the existence of R. Besides satisfying Lorentz invariance, this new operator possesses some attractive properties in terms of naturally identifying helicity states, for example, that equally apply to both massive and massless spin-1/2 particles. It would be most interesting to know if such constructions can be determined for particles of higher-order spin, and whether similar properties identified for the spin-1/2 case are replicated accordingly [1].

One of the primary motivations of this paper is to consider how gravitational and electromagnetic fields, as well as the non-inertial dipole operator, modify the properties of massless spin-1 and spin-2 particles, corresponding to photon and gravitons, as well as spin-3/2 particles for gravitinos predicted to exist in supersymmetry (SUSY). That non-trivial contributions appear due to external fields is undeniable and may well provide useful insights into how these mediating particles propagate in space-time. For massive particles, it is reasonable to identify a world-tube of radius λ_0 to describe spatially-averaged quantum

Copyright line will be provided by the publisher

fluctuations surrounding a classical worldline where the propagating particle is most likely to be found. However, it is also known that an attempt to describe massless particles by assuming m_0 → 0 within this framework leads to conceptual difficulties [32], since the associated Compton wavelength for the photon or graviton is now λ_0 → ∞. This makes the world-tube treatment very difficult to conceptualize properly, since the photon or graviton must somehow still resolve to propagate on null rays to preserve a light cone structure in the classical limit.

The well-known treatment of Fierz and Pauli [32, 33] assumes a massive spin-2 symmetric tensor for the graviton propagating on a flat space-time background, which results in a modified set of Einstein field equations due to an additional mass term that changes the geometric structure of the theory. While the helicity states of ±1 for the massive graviton get removed as four-divergences in combination with energy-momentum conservation, it happens that the zero-helicity state is coupled to the trace of the energymomentum tensor and still remains [32]. Therefore, Einstein’s general relativity is not recovered as m_0 → 0, but behaves like a Brans-Dicke theory of gravity. With the external field contributions to the Casimir scalars considered in this paper, it may be possible to overcome some of the limitations encountered by the Fierz-Pauli treatment, while also making use of the related approach given by Feynman [28].

The spin-3/2 gravitino described in terms of the Rarita-Schwinger construction is naturally a more speculative consideration that exists within the SUSY formalism as the fermion superpartner with the graviton [34]. It is widely regarded as a dark matter candidate to help account for the currently accepted value of the known Universe’s matter density. The gravitino is classified as an extremely weakly interacting particle that must be massless, but whose theoretical rest mass can exist from the eV to the TeV scale, depending on the precise form of SUSY breaking [34]. If such a particle truly exists, it is quite possible that non-inertial effects may contribute significantly to understanding any mass determinations for relic gravitinos that may have been produced in the early Universe.

Finally, the approach taken in this paper assumes a smooth manifold and a simply connected topology for space-time. This is certainly a reasonable assumption to make in the absence of any physical justification to suggest otherwise. Of course, it is quite possible that space-time may be turbulent and have a highly non-trivial topological structure for length scales of possible relevance for the purposes of this investigation. The “space-time foam” concept envisioned by Wheeler [35] may seriously disrupt the main features of the statements given in this paper, though it is highly unclear when to anticipate the appearance of significant space-time fluctuations, should the amplitude somehow be orders of magnitude larger than the Planck scale. Nonetheless, there exist interesting approaches to this problem by suggesting searches for quantum space-time fluctuations on cosmological scales [36], such as the presence of halos surrounding distant quasars and other astrophysical sources. It remains to be seen what sort of impact this outcome would likely have on the investigation presented here.

7 Conclusion

This paper investigates the general properties of Casimir scalars for the Poincaré group in the presence of external gravitational and electromagnetic fields, where the group generators are expressed in terms of curvilinear co-ordinates to accommodate for the general motion of elementary particles in space. It is shown that under these conditions, the Casimir scalars for linear momentum and spin angular momentum no longer satisfy the necessary conditions required to denote them as “Casimir invariants,” since they no longer commute with all the elements of the associated Lie algebra, according to (48)–(50). Explicit computations are performed for the specific cases of spin-1/2 to spin-2 particles inclusive, where numerous interesting physical consequences emerge due to the presence of the non-inertial dipole operator R, the most intriguing of which is the prediction of an effective mass associated with the spin Casimir scalar.

While the external gravitational and electromagnetic contributions are given in general form, it would be interesting to see how modifications of the Casimir scalars would appear due to interactions with a specific metric background and/or charge distribution. In particular, integration over quantum fluctuations about the elementary particle’s classical worldline would determine if there is an effective gravitational

Copyright line will be provided by the publisher

interaction that contributes to the particle’s propagation in space-time. These and other issues outlined in this paper may be explored in the future.

8 Acknowledgements

The authors wish to thank Friedrich Hehl for identifying two references of interest for this paper [5,6], and also Bahram Mashhoon for helpful comments about the paper. They also acknowledge financial support from the University of Regina, Faculty of Science.

A Derivation of the Momentum Commutator

Derivation (42) requires use of (26)–(28), which results in i [ P_{α̂}, P_{β̂} ] = i { (ih̄)^2 [ ∇_{α̂}, ∇_{β̂} ] + 2ih̄ ∇_{[α̂} Ω_{β̂]} }

= (ih̄)^2 { i [ ∇_{α̂}, ∇_{β̂} ] [ 1 + ln ( λ^{^1}(u) λ^{^2}(u) λ^{^3}(u) )_{1/2}]} . (98)

From the orthonormal vierbein set {e^σ_{α̂}} to describe ∇_{α̂} = e^σ_{α̂} ∇_σ in terms of Fermi normal co-ordinates, it is shown that [ ∇_{α̂}, ∇_{β̂} ] = −2 ( ∇_λ e^σ_{[α̂} ) e^λ_{β̂]} ∇_σ , (99)

where ( ∇_λ e^σ_{[α̂} ) e^λ_{β̂]} ∇_σ = ē^γ_{[α̂} ē^λ_{β̂]} [ ∂ ∂X^λ ( ∂U^σ ∂X^γ )] ∂ ∂U^σ + ( ∂ ∂U^λ ē^γ_{[α̂} ) e^λ_{β̂]} ( ∂U^σ ∂X^γ ∂ ∂U^σ ) . (100)

By identifying ∂ ∂X^γ = ∂U^σ ∂X^γ ∂ ∂U^σ (101)

with

∇_{γ̂} = 1 λ^{(γ)} ∂ ∂U^γ , (102)

which is always possible by a suitable rotation of the orthonormal frame, it follows that the first term in (100) can be described according to [ ∂ ∂X^λ ( ∂U^σ ∂X^γ )] ∂ ∂U^σ → [ ∇_{λ̂} ( λ^{(γ)} )_{−1}] ∂ ∂U^γ = − [ ∇_{λ̂} ln λ^{(γ)} ] ∇_{γ̂} . (103)

Substitution of (99), (100), and (103) into (98) then leads to (42), where the second term of (100) corresponds to h̄ C^{μ̂}_{α̂β̂} P_{μ̂}.

Copyright line will be provided by the publisher

References

[1] D. Singh and N. Mobed, Class. Quantum Grav. 24, 2453 (2007). [2] D. Singh, Phys. Rev. D 71, 105003 (2005).

[3] D. Singh, N. Mobed, and G. Papini, J. Phys. A 37, 8329 (2004). [4] S.G. Low, J. Phys. A 41, 304034 (2008).

[5] F. Gronwald and F.W. Hehl, http://arxiv.org/pdf/gr-qc/9602013. [6] J. Lemke, Y. Ne’eman, and J. Pecina-Cruz, J. Math. Phys. 33, 2656 (1992).

[7] W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941); W. Greiner, Relativistic Quantum Mechanics: Wave Equations, Third Edition, (Springer-Verlag 2000).

[8] E. Poisson, Living Rev. Relativity, 7, 6 (2004). [Online Article]: cited August 2, 2007, http://www.livingreviews.org/lrr-2004-6.

[9] D. Singh and N. Mobed, Phys. Rev. D 79, 024026 (2009). [10] C. Chicone and B. Mashhoon, Phys. Rev. D 74, 064019 (2006). [11] F.K. Manasse and C.W. Misner, J. Math. Phys. 4, 735 (1963). [12] W.-T. Ni and M. Zimmermann, Phys. Rev. D 17, 1473 (1978). [13] W.-Q. Li and W.-T. Ni, J. Math. Phys. 20, 1473 (1979). [14] J.C. Huang, Ann. Physik 506, 53 (1994).

[15] C.W. Misner, K.S. Thorne, and J.A. Wheeler, Gravitation (W.H. Freeman and Company 1973). [16] J.L. Synge, Relativity: The General Theory (North-Holland, Amsterdam, 1960). [17] B. Mashhoon, Astrophys. J. 216, 591 (1977).

[18] B. Mashhoon, N. Mobed, and D. Singh, Class. Quantum Grav. 24, 5031 (2007). [19] S. Hassani, Foundations of Mathematical Physics (Allyn and Bacon 1991). [20] C. Itzykson and J-B. Zuber, Quantum Field Theory (McGraw-Hill 1980).

[21] S. Chandrasekhar, The Mathematical Theory of Black Holes (Oxford University Press, New York, 1992). [22] I.J.R. Aitchison and A.J.G. Hey, Gauge Theories in Particle Physics - Volume II: QCD and the Electroweak Theory, 3rd Edition (IOP Publishing 2004).

[23] N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space, (Cambridge University Press 1982). [24] H. Pagels, Ann. Phys. 31, 64 (1965).

[25] L. Ryder, Quantum Field Theory, Second Edition (Cambridge University Press 1996). [26] F. Gürsey, in Relativity, Groups and Topology, edited by B.S. DeWitt and C.M. DeWitt (Gordon and Breach 1963), 91.

[27] P. Ramond, Field Theory: A Modern Primer, 2nd Edition (Addison-Wesley 1990). [28] R.P Feynman, F.B. Moringo, and W.G. Wagner, Feynman Lectures on Gravitation (Westview Press 2003). [29] E.R. Caianiello, Lett. Nuovo Cim. 41, 370 (1984).

[30] G. Papini, Nuovo Cim. 117B, 1325 (2003); G. Papini et al., Phys. Lett. A300, 603 (2002). [31] C. Chicone and B. Mashhoon, Class. Quantum Grav. 23, 4021 (2006). [32] A.S. Goldhaber and M.M. Nieto, arXiv:0809.1003 [hep-ph]; Phys. Rev. D 9, 1119 (1974). [33] M. Fierz and W. Pauli, Proc. Roy. Soc. London A 173, 211 (1939). [34] F.D. Steffen, arXiv:0711.1240 [hep-ph].

[35] J.A. Wheeler, in Relativity, Groups and Topology, edited by B.S. DeWitt and C.M. DeWitt (Gordon and Breach 1963), 315.

[36] Y.J. Ng, arXiv:0801.2962 [hep-th].

Copyright line will be provided by the publisher