arXiv:0902.1427v3 [hep-th] 30 Apr 2009

IFT-UAM/CSIC-09-06 arXiv:0902.1427

Wrapping in maximally supersymmetric and marginally deformed N = 4 Yang-Mills

Johan Gunnesson

Instituto de Física Teórica UAM-CSIC, C-XVI Universidad Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain

johan.gunnesson@uam.es

Abstract

In this note we give evidence for an equality of the spectra, including wrapping, of the SU(2)-sector spin chain for real deformations β and β + 1/L, in marginally β-deformed N = 4 Yang-Mills, which appears after relaxing the cyclicity constraint. Evidence for the equality is given by evaluating the first wrapping correction to the energy of the undeformed magnon of momentum π, and the β = 1/2, physical magnon, for several spin chain lengths L. We also show that the term of maximal transcendentality coincides for both magnons to all L. As a by-product we provide an expression for the first wrapping correction to the β = 1/2 single-magnon operator dimension, valid for all even L. We then apply the symmetry to the magnon dispersion relation of N = 4, obtaining its first wrapping correction for a discrete set of magnon momenta.

1 Introduction

Using the techniques of integrability, much progress has been made towards confirming the complete identification of the planar spectra of N = 4 gauge theory and AdS_5 × S^5 string theory implied by the AdS/CFT correspondence [1]. First, the construction of the scattering matrix and the asymptotic Bethe ansatz [2, 3] turned reachable the spectrum of asymptotically long operators and infinitely fast strings in the supergravity background. For short operators, or strings with small charges it was shown that the Bethe ansatz equations are no longer valid (see for example [4]). In the gauge theory wrapping interactions need to be taken into account when the perturbative order reaches the length L of the gauge invariant operator [5] while in the string theory finite-size effects come from virtual corrections traveling around the worldsheet cylinder [6]. Recently, however, even wrapping effects have started to become manageable. The four-loop anomalous dimension of the Konishi operator, which is the simplest case where wrapping effects are present, has been obtained both from perturbative computations on the gauge theory side [7] and from a thermodynamic Bethe ansatz calculation based on the quantum field theory of the string worldsheet [8]. This last approach was subsequently extended to the entire spectrum of twist-two operators [9]. Finally, there is a recent proposal, also based on integrable twodimensional QFT, for a set of equations determining the wrapping corrections to the entire spectrum of planar, gauge invariant operators [10].

Given this success in the maximally supersymmetric case, one would like to find other examples of gauge/gravity correspondences which exhibit integrability. One possibility is to deform the N = 4 theory in such a way that the maximum amount of integrability is preserved. With this in mind, one can consider marginally β-deformed N = 4 theory [11], which has integrable subsectors [12, 13], admitting an asymptotic Bethe ansatz. The β-deformed theory is obtained from the N = 4 theory by modifiying the superpotential as Tr([X, Y ], Z) → e^{iπβ} Tr(X, Y, Z) − e^{−iπβ} Tr(Y, X, Z) . (1.1) The deformation β can be complex in general, but we will limit ourselves to the study of real β, for which the theory remains superconformal [14] and probably completely integrable. The string theory dual of this theory was constructed in [15], and is obtained by deforming the S^5 part of the background through a series of T-duality transformations and shifts of angular variables. The integrable structure of the string theory was analyzed in [16]. Wrapping calculations have been performed in the deformed theory for operators corresponding to one and two magnons [17, 18], and the first finite size correction to the giant magnon dispersion relation has been obtained on the string side [19].

In this note we will see that at least in the SU(2)_β-sector, consisting of scalar operators of the form Tr(ΦZZΦ · · · ) , (1.2) the energies, including their wrapping corrections, have a certain symmetry, which relates them at different values of the deformation. One can then use this symmetry to obtain additional information on the original N = 4 theory. In particular, we will extract the first wrapping correction to the magnon dispersion relation (for a discrete set of momenta), which can give insights into the structure of the wrapping dependence of the dilatation operator.

To be more precise, we will provide evidence that for a spin chain of length L deformations differing by 1/L are equivalent. The equality of spectra at β and β + 1/L is obvious in the twisted asymptotic Bethe ansatz, and not difficult to see in the asymptotic Hamiltonian. It is however not clear whether wrapping respects the equivalence, but we will show that the first contribution to wrapping in certain cases is consistent with it.

The equality is, however, not directly visible from the gauge theory since spin chain states that satisfy the cyclicity constraint, which is the condition that physical, single trace operators must satisfy, at deformation β will generally not do so at β + 1/L. But the equality of spectra is still useful and we will see, as mentioned above, how it can be employed to extract information on the magnon dispersion relation and the physical spectrum. One can also combine it with the symmetry β → −β in order to relate the spectra at several inequivalent values of the deformation.

In section two we will show why the spin chain spectra is the same at β and β + 1/L in the asymptotic case. We also mention a wrapping correction that satisfies the symmetry and note how the string theory finite size corrections are consistent with it. In section three we provide further evidence that wrapping respects the symmetry, showing the equality of the energies of the L = 4, 6, 8 magnon at β = 0, p = π and β = 1/2, p = 0, and that the coefficient of the maximal trascendentality term is the same for all L. As an application, we note that the equality of these energies provides an efficient way of calculating the first wrapping correction to the physical magnon operator anomalous dimension at β = 1/2. We end the section by using the symmetry to obtain the magnon dispersion relation of

N = 4 for some specific values of the momentum. We then present some concluding remarks in section four.

2 Equality of the spectra at β and β + 1/L

In this section we will show that the spectra for the SU(2)_β spin chain at deformation β is the same as that for deformation β + 1/L. We will begin by looking at the Bethe ansatz, after which we will study the structure of the hamiltonian. Let us for convenience consider in detail the one-loop ansatz [12]. The discussion carries over unaltered to the asymptotic all-loop case, since the deformation enters in the same way [20, 13]. The marginally deformed one-loop SU(2) Bethe ansatz, with real deformation parameter β, is given by e^{−2πiβL} ( u_k + i/2 u_k − i/2 )_L = M∏ j≠k=1 u_k − u_j + i u_k − u_j − i , (2.1)

with cyclicity contraint_M ∏ k=1 u_k + i/2 u_k − i/2 = e^{2πiβM} , (2.2)

and magnon energy E_k =

2g^2 u^2_k + 1/4

. (2.3)

When β → β + 1/L, the deformation factor e^{−2πiβL} is unaltered in (2.1). Thus, any set of rapidities solving the Bethe equations for deformation β will also do so for β + 1/L, and vice versa. Furthermore, (2.3) shows that the solution has the same energy in both cases. The only thing that can be violated is the cyclicity constraint (2.2), which implies that the total momentum of the state is shifted^1 by −2πM/L on going from β to β +1/L. Physical states (satisfying the cyclicity constraint) at deformation β will therefore correspond to unphysical states at deformation β + 1/L. We thus find a symmetry of the more general spin chain, with the cyclicity constraint removed, which the gauge theory is embedded in. In what follows we will be particularly interested in the symmetry β → β + 1/2, present for even length spin chains (obtained by applying the general symmetry L/2 times). The

1This assumes that we are using the picture of a periodic spin chain, so that physical operators correspond to zero total momentum. Alternatively, one can eliminate the deformation dependence of the dispersion relation and the S-matrix by introducing twisted boundary conditions [12, 20]. In the latter case, the momentum is not altered upon changing β, and the cyclicity constraint instead gives a β-dependent momentum condition for physical operators.

cyclicity constraint then implies that physical states with odd magnon number in one case will correspond to unphysical states of total momentum p = π in the other.

Let us now exhibit the symmetry between the different values of β at the level of the spin chain Hamiltonian. The undeformed Hamiltonian can be written as a linear combination of generalized permutations [21], {a_1, . . . , a_n} ≡ L−1∑ l=0 P_{a1+l, a1+l+1} · · · P_{an+l, an+l+1} , (2.4) where the P_{i, i+1} permutes the spins at sites i and i + 1 and can be written in terms of the Pauli matrices as

P_{i, i+1} = 1 2 ( 11_{i, i+1} + σ^z_i ⊗ σ^z_{i+1} + σ^+_i ⊗ σ^−_{i+1} + σ^−_i ⊗ σ^+_{i+1} ) . (2.5)

The asymptotic deformed Hamiltonian can be obtained from the undeformed one by simply replacing all permutations (2.5) with deformed operators [12, 17, 20],

P_{i, i+1} = 1 2 ( 11_{i, i+1} + σ^z_i ⊗ σ^z_{i+1} + e^{2πiβ} σ^+_i ⊗ σ^−_{i+1} + e^{−2πiβ}σ^−_i ⊗ σ^+_{i+1} ) . (2.6)

The coefficients that multiply the generalized permutations do not change when going to the deformed theory. Now, making the change β → β + 1/L produces additional phases multiplying the last two terms in (2.6), but which can be removed by performing a nonlocal change of basis, such as the one in [12]. Normally, such a change of basis introduces an additional twist in the boundary conditions, but when the change in deformation is 1/L, the twist becomes unity. This can also be combined with the more obvious symmetry β → −β , p_k → −p_k , (2.7) which can be read directly from (2.6), since the reversal of β can be undone by changing the order of the sites, or equivalently, by changing the sign of the magnon momenta. For β = 0 and β = 1/2 this reduces to the ordinary parity symmetry.

It is however not clear whether wrapping effects will spoil the correspondence between β and β + 1/L. One would therefore like some wrapping computations respecting the symmetry. As a first example, the dimensions of all even length operators with even number of impurities M should coincide at β = 0 and β = 1/2, since the cyclicity constraint is not violated in that case. In particular, the M = 2 operator should respect the symmetry. In [17] the anomalous dimension of the two-impurity operator is given as a function of β, for L = 4, and the deformation enters through cos(4πβ), invariant under both β → β +1/2 and β → −β. In the next section we will also show the equality of two single-magnon energies at β = 0 and β = 1/2.

Further evidence in favor of the symmetry arises from string theory. The first finite size correction to the magnon dispersion relation in the β-deformed theory was calculated in [19]. At strong-coupling the deformation enters through a quantity cos Φ, where Φ = 2π(n_2 − βL) 2^{3/2} cos^{3 p̃}_4

, (2.8)

where n_2 is a winding number, which in order for the existence of a solution to the equations of motion, had to be chosen as [βL], the integer nearest to βL. The quantity p̃ is the momentum when twisted boundary conditions are used, or if one prefers periodic boundary conditions is related to the periodic momentum p via

p̃ = p + 2πβ . (2.9)

The momentum p̃ is invariant under the symmetry, while the complete phase (2.8) is so (in addition to the β → −β symmetry) when the winding is set to [βL]. Different choices of the winding, such as a fixed number, would violate the symmetry for general p̃.

3 Equality of magnon energies

An essential ingredient in the asymptotic Bethe ansatz of marginally β-deformed N = 4 Yang-Mills is the magnon dispersion relation [2, 20],

E = −1 + √ 1 + 16g^2 sin^2 ( p̃ 2 ) , (3.1)

where g^2 ≡ g^2_{YM}N/16π^2 and p̃ is defined in the previous section. For a non-zero βdeformation, single-magnon operators Tr ( ΦZ^{L−1} ) (3.2)

are not protected by supersymmetry and thus acquire non-zero anomalous dimension given by (3.1) with p̃ = 2πβ. As (3.1) does not explicitly depend on β it is invariant under the symmetry β → β + 1/L. In this section we will show the equality of the first wrapping correction to the energies of the physical β = 1/2 magnon, and the β = 0, p = π magnon, for even L, as expected from the symmetry. We will first study the case L = 4 and then move on to larger L, relying on the formula recently presented in [18] for the first wrapping contribution to the anomalous dimensions of the single magnon operators (3.2) in the βdeformed theory. It was shown that the first wrapping correction, appearing at order g^{2L}, takes the general form

δγ^β_L = −2Lg^{2L} [( C_{L,0}(β) − C_{L,L−1}(β) ) P_L − 2 ⌊^L_2 ⌋−1∑ j=0 ( C_{L,j}(β) − C_{L,L−j−1}(β) ) I^{(j+1)}_L ] , (3.3)

where

C_{L,j}(β) = −8 sin^2(πβ) cos [2πβ(L − j − 1)] , P_L = 2 L ( 2L − 3 L − 1 ) ζ(2L − 3) . (3.4)

The integrals I^{(j+1)}_L are presented explicitly up to nine-loops in [18]. When β = 1/2 one has δγ^{1/2}_L = −16Lg^{2L} ( 1 − (−1)^{(L−1)} ) [ P_L − 2 ⌊^L_2 ⌋−1∑ j=0 (−1)^j I^{(j+1)}_L ] . (3.5)

Interestingly, the wrapping contribution vanishes for all odd operator lengths when β = 1/2. Furthermore, using (see the appendix in [18])

I^{(1)}_4 = 1 2 ζ(3) + 5 2 ζ(5) , I^{(2)}_4 = − 3 2 ζ(3) + 5 2 ζ(5) , (3.6)

we get the first non-trivial wrapping correction to the operator of length four as

δγ^{1/2}_4 = 512ζ(3) − 640ζ(5) . (3.7)

In the β-deformed theory, one can thus obtain some non-trivial information about wrapping corrections to the magnon dispersion relation solely from the physical spectrum. By constrast, this would seem impossible in the original N = 4 theory. However, in [22] it was suggested that this not be the case. Instead it appears to be possible to extract the energy of a magnon of momentum p = π from the physical spectrum of twist-two operators. To be more precise, the anomalous dimension of twist-two operators Tr ( ZD^M Z ) , (3.8)

can be expanded perturbatively as γ(M) = ∞∑ r=1 γ_r(M)g^{2r} , (3.9) where the γ_r(M) can be conveniently expressed through a basis of harmonic sums, defined through S_a ≡ M∑ j=1 (sgn(a))^j j^a , S_{a1,...,an} ≡ M∑ j=1 (sgn(a_1))^j j^{a1} S_{a2,...,an} (j) . (3.10) Setting M = 1 into the three-loop expressions[23] one finds [22],

γ(1) = 8g^2 − 32g^4 + 256g^6 + · · · , (3.11)

which coincides with the expansion of the dispersion relation (3.1) at p = π. Furthermore setting M = 1 into the four-loop term in the asymptotic Bethe ansatz formula [4] this trend continues. We can thus interpret γ(1) as giving the energy of a single magnon of momentum p = π.^2 Therefore if it continues to hold to higher orders that γ(1) is the energy of a single magnon with momentum p = π then we should be able to extract non-trivial information about the magnon dispersion relation directly from the physical spectrum. The way this bypasses the physical zero-momentum constraint is that only even values of M correspond to physical, gauge theory states. Odd M are unphysical, as is the p = π state found at M = 1. Information about such unphysical states can be obtained by analytically continuing from the physical values of M. In fact the prescription used for analytically continuing the harmonic sums is the (−) prescription of [24]. and coincides with (3.10) at odd values of M. By contrast, usually the physical (+) prescription is used in N = 4 Yang-Mills, since it connects the physical, even M states.

Starting from four loops wrapping contributions will affect the twist-two anomalous dimension. It was suggested in [22] that such contributions would cancel when M = 1, and therefore would not affect the dispersion relation for p = π. However, the complete spectrum of twist-two operators at four-loops including wrapping effects has been computed

2Indeed, at M = 1, the one-loop Baxter equation is given by

(u + i/2)^L P_M (u + i) + (u − i/2)^L P_M (u − i) = t(u)P_M (u) , (3.12)

where P_M (u) ∝ M∏ i=1 (u − u_i) , (3.13)

given in terms of the Bethe roots {u_i}, and the transfer matrix

t(u) = 2u^L + · · · , (3.14)

is a polynomial where the omitted terms, depending on M and L, are of lower powers in u. The only non-trivial solution for M = 1 and L even, which follows from requiring that the highest powers of t(u) be 2u^L, is that P_1(u) ∝ u. We thus have a single u = 0 root at even L, corresponding to p = π.

recently [9]. The wrapping contributions are given by

δγ_4(M) = 256S^2_1 (−S_5 + S_{−5} + 2S_{4,1} − 2S_{3,−2} + 2S_{−2,−3} − 4S_{−2,−2,1})−

− 512S^2_1 S_{−2}ζ(3) − 640S^2_1 ζ(5) . (3.15)

In the single magnon case this expression becomes^3

γ_{4,wrapping}(1) = 512ζ(3) − 640ζ(5) , (3.16)

which coincides with the wrapping contribution (3.7) to the magnon operator at β = 1/2.

We have thus verified that the p = π magnon in N = 4 Yang-Mills and the β = 1/2 physical magnon have the same energy up to four-loops, including wrapping effects, with the length of the spin chain such that wrapping starts at four loops. This is consistent with the β → β + 1/2 symmetry.

We will shortly verify also the cases L = 6 and L = 8. But let us first simply note that an important issue in evaluating the wrapping contribution of [9] is that special care must be taken at the odd values of M. To make sure that wrapping starts at the correct perturbative order an additional (−1)^M factor must be introduced at a certain point in the expression for the wrapping contribution. This prescription is a departure from the physical analytical continuation, and seems to be equivalent to a re-insertion of the (−1)^M factor in the definition of the alternating harmonic sums. The main consequence of this is that the wrapping contributions obtained in [9] at odd values of M correspond to the (−) analytical continuation, which is precisely the prescription to be applied in our case.

In what follows we will extend the previous results to longer spin chains. The formula (3.5) can be applied to extract the first wrapping correction to the β = 1/2 magnon energy for arbitrarily large L, but since the integrals I^{(j+1)}_L are given explicitly up to L = 9 in [18] we will mainly limit ourselves to studying the first cases. We will however check that the transcendentality structures of the two magnon energies coincide also to higher L, and show that the coefficients of the maximal transcendentality terms match to all L. For the p = π, undeformed case, one can obtain the wrapping correction for longer spin chains from the equations of [9] by simply chosing different values for L in the exponential term. In fact, as shown in appendix A, for the single magnon, and L even, the formula for the

3The non-vanishing irrational contribution was not expected in [22].

wrapping correction takes the simple form^4 δE(L)=−256 · 4^{L−2}ig^{2L} ∞∑ Q=1 Res_{q=iQ} [ Q^2 (1 − 1/(q^2 + Q^2))^2 (q^2 +(Q − 1)^2)(q^2 +(Q+1)^2)(q^2 +Q^2)^{L−2} ] , (3.17)

where we have chosen to write this in terms of the SU(2)-sector length, explaining why it enters as L − 2. Evaluating this expression for L = 6 and L = 8 one has

δE(6) = 128 [ 32ζ(5) + 28ζ(7) − 63ζ(9) ] , (3.18)

δE(8) = 768 [ 32ζ(7) + 64ζ(9) + 44ζ(11) − 143ζ(13) ] . (3.19)

These expressions coincide with what is obtained from (3.5).

For higher L we can also check that (3.3) and (3.17) have certain aspects in common. To start with, for all the cases we have checked, the rational parts of both equations are zero. It may be possible to prove this in general, but it is not obvious at all from expression (3.17). For example, for L = 4, the integral gives − 640 Q^5 + 512 Q^3 + 4096Q(1 + 16Q^2 − 16Q^4)

(1 − 4Q^2)^4

, (3.20)

where the first two terms obviously sum up to the result. The last term is responsable for the rational part, and sums up to zero. Going further, we have checked that up to at least L = 30, the entire trancendentality structure of (3.17) coincides with what is expected for (3.5). That is, the ζ of minimal transcendentality is ζ(L − 1) while that of maximal trascendentality is ζ(2L − 3)^5.

We can also extract the coefficient of the maximum trascendentality part and show that it coincides between the two expressions. According to the expansion displayed in [18], up to at least L = 9 the ζ of maximum transcendentality is always present in the coefficients P_L, I^{(1)}_L and I^{(2)}_L , but not in the I^{(j)}_L for j > 2. Furthermore, in the exact allloop expression for I^{(1)}_L , the highest trancendentality ζ enters as^1_2 P_L, and thereby cancels the first P_L coefficient in (3.3). It therefore seems that the highest transcendentality contribution is determined by the I^{(2)}_L coefficients. An all-loop form for these coefficients is also conjectured in [18], with the result that the highest transcendentality ζ again has

4A closed form for this expression, which answers many of the questions raised below, was produced in [25]._5

Such an L dependence for the ζ of maximum transcendentality was conjectured in [26], for the N = 4 theory.

coefficient^1_2 P_L. All in all, inserting the definition of P_L, we have that the maximum trascendentality part of the first wrapping correction at β = 1/2 is

δγ^{1/2}_{max. trans.} = −64g^{2L} ( 2L − 3 L − 1 ) ζ(2L − 3) . (3.21)

In appendix B it is proven that the maximal transcendentality contribution to (3.17) indeed coincides with this expression.^6

For odd L, the spectra at β = 0 and β = 1/2 are not expected to be related. Still, given the success for even L, we can try to extract some non-trivial information from the SL(2)-spectrum in this case as well. Unfortunately, this turns out to not be possible. In particular, for twist-three operators the spectrum is usually given in terms of harmonic sums evaluated at M/2 [27] (the one-loop piece is proportional to S_1 (_M 2 ) ), which do not seem to have meaningful values when analytically continued to odd values of M. As an alternative, one can use the relation^7 S_1 (_M 2 ) = S_1(M) + S_{−1}(M), valid for even M, and continue the right hand side to M = 1. The wrapping correction to twist-three operators, given in [28], is as expected proportional to the square of the one-loop anomalous dimension and thereby vanishes when this prescription is used. Curiously, this coincides with the wrapping correction to the β = 1/2 magnon energy (3.5) for odd L. However, the asymptotic expressions do not match since the one-loop energy at β = 1/2 is non-vanishing, so the odd L, β = 1/2 magnon does not appear in the SL(2)-spectrum.

Instead, we can interpret the vanishing result at M = 1 as giving a magnon of momentum p = 0. Indeed, harmonic sums with positive indeces and argument M/2 can always be re-written as a combination of sums with argument M, having the property that the sums cancel at M = 1. So if it continues to hold that the twist-three spectrum can be written in terms harmonic sums with positive indeces evaluated at M/2, then it should vanish when analytically continued to M = 1 to all orders, in accordance with the energy of a p = 0 momentum magnon. Furthermore, the Baxter equation at M = 1 has no non-trivial

6Since for large L, by Stirling’s approximation, ( 2L − 3 L − 1 ) = L(L − 1) 2(2L − 2)(2L − 1)

(2L)! (L!)^2 ∼ 1 8 4^L (3.22)

we see that (3.21) will decay exponentially, at large L, as long as g^2 < 1/4. If none of the terms of less transcendentality grow faster than (3.21) as L → ∞, which is indeed the case for the values of L that we have checked, the entire wrapping correction will decay exponentially. The large L behaviour of the correction was later made rigourous and more precise in [25].

7I would like to thank one of the referees of this article for pointing this out to me.

solution for odd L, but it always has the trivial solution where all magnon rapidities are infinite, corresponding to zero momentum. In sum, the odd L SL(2)-spectrum does not seem to provide any non-trivial information on the magnon energies as it, depending on the prescription used for analytical continuation, is either nonsensical or gives the trivial zero-momentum magnon at M = 1.

Anyway, we see that there is a substantial amount of evidence that the first wrapping corrections to the magnon dispersion relation is the same for β = 0, p = π and β = 1/2, p = 0, for all even L, in agreement with the β → β + 1/2 symmetry. This gives a solid conjecture for the first wrapping correction to the single magnon operator (3.2) at β = 1/2 for all L. For odd L it is zero, and for even L it is given by (3.17).

We will conclude this section by using the β → β + 1/L symmetry to extract some information on the first wrapping correction to the magnon dispersion relation in N = 4 Yang-Mills. The symmetry implies that the anomalous dimensions of the single magnon operators, as given in (3.3), at β = N/L, coincide with the energy of the p = 2πN/L magnon in the undeformed theory. For this set of momenta we thus have the wrapping correction δE(p) = −2Lg^{2L} [( C_{L,0} ( p 2π ) − C_{L,L−1} ( p 2π ) ) P_L

−2 ⌊^L_2 ⌋−1∑ j=0 ( C_{L,j} ( p 2π ) − C_{L,L−j−1} ( p 2π ) ) I^{j+1}_L ] . (3.23)

Curiously, we obtain the correction for precisely those magnons that correspond to physical (periodical) states of the spin chain.

4 Conclusions

In this note we have given evidence that the symmetry β → β + 1/L of the SU(2)_β spin chain of marginally β-deformed N = 4 Yang Mills, which is obvious from the point of view of the asymptotic Hamiltonian, continues to hold after wrapping corrections have been included. This was done by showing the equality of the physical magnon operator dimension at β = 1/2, and the p = π magnon in the undeformed theory, for several spin chain lengths L, and for the term of maximum transcendentality to all L. It was also noted that previous gauge and string theory calculations are consistent with the symmetry.

The symmetry involves the general spin chain defined by relaxing the cyclicity constraint, but can still provide additional information on physical states. For example, equation (3.17) provides a compact expression for the first wrapping correction to the length L, with L even, single magnon operator at β = 1/2. Furthermore, using the known expression for the wrapping correction to physical magnon operators at different β, the symmetry would determine the first wrapping correction to the N = 4 dispersion relation at momenta p = 2πN/L, for integer N.

The fact that we obtain the same magnon energy at β = 0 and β = 1/2 supports the assumptions made when calculating the energy of the p = π magnon. It gives further weight, for example, that the energy of the p = π magnon in the undeformed theory can be obtained, for even L, by analytically continuing the SL(2) spectrum to M = 1. Furthermore, the extension to arbitrary L of the string thermodynamic Bethe ansatz inspired formula of [9] gives the expected result.

One could object that the case that we have primarily checked, that is the coincidence of magnon energies at (shifted) momentum p̃ = π is special, since the string theory finite size factor cos Φ becomes independent of the winding in that case. It could thus be that the symmetry does not hold in general, if for example the winding is chosen differently in gauge and string theories. However, as mentioned in section 2, the scaling dimension of the L = 4 two-magnon operator, which is the Konishi operator in the undeformed theory, also satisfies the symmetry. And the momenta of the magnon consituents of the Konishi operator are ±2π/3 at lowest order, so this does not seem to be the case.

Curiously, these momenta are also special because up to integer multiples of 2π, and apart from p = 0, they are the only zeros of the wrapping correction (3.23) to the dispersion relation. It would thus be valuable to have some additional checks of the symmetry. For example, the L = 6, M = 3 operators should have the same anomalous dimension at β and β + 1/3.

It would also be interesting to try to connect the weak and strong coupling expressions of the magnon dispersion relations. At a first glance they seem to behave slightly differently. For example, the p̃ = π, β = 1/2 magnon correction, given by (3.5), vanishes for all odd L, while the string theory correction of [19] does not do so. This difference seems to carry over to the N = 4 theory, since the dimension of the magnon operator at β =^{L−1}_{2L} should coincide, by the symmetry, with the undeformed magnon energy at p = π^{L−1}_L .

Letting L → ∞ this again implies that the first wrapping correction at weak coupling for odd L at p = π should vanish^8 in an expansion around infinite volume. By contrast, the string theory finite-size result of [29] has no L-dependence beyond the argument of the exponential.

Acknowledgments

We are grateful to L. Freyhult, for useful comments and discussions, and to C. Gómez and especially R. Hernández for much help and support during the various stages of the elaboration of this text. The work of J. G. is supported by a Spanish FPU grant.

A The one-magnon wrapping correction

Here we will show how to obtain the expression (3.17) for the first wrapping correction to the magnon of momentum π in an SU(2)-sector spin chain of even length L. Our point of departure will be the formula (17) of [9], giving the wrapping correction to the M-magnon state in the SL(2)-sector. We assume that, for the N = 4 theory, the magnon dispersion relation is global, in the sense that the first wrapping correction to the length L SU(2)- magnon is the same as the first correction to the length L − 2 SL(2)-magnon. By simply re-introducing the L dependence of the leading part of the exponential factor 4^{L−2} (q^2 + Q^2)^{L−2}

, (A.1)

where L refers to the SU(2) length, we have the wrapping correction

δγ(L, M) = −4^{L−2}g^{2L}(γ^L_2 (M))^2 ∫_∞ −∞ dq 2π T_M (q, Q)^2 R_M (q, Q) 1 (q^2 + Q^2)^{L−2}

, (A.2)

where R_M (q, Q) =P_M ( 1 2 (q − i(Q − 1)) ) P_M ( 1 2 (q + i(Q − 1)) ) · P_M ( 1 2 (q + i(Q + 1)) ) P_M ( 1 2 (q − i(Q + 1)) ) , (A.3)

T_M (q, Q) = Q−1∑ j=0 [ 1 2j − iq − Q − (−1)^M 1 2(j + 1) − iq − Q ] P_M ( 1 2 (q − i(Q − 1)) + ij ) , (A.4)

8Or at least have an additional power law suppression as compared to the even L terms.

γ^L_2 (M) is the coefficient of the one-loop energy, and where P_M is the Baxter Q-function. The function P_M (u) is proportional to M∏ i=1 (u − u_i) , (A.5)

where the u_i are the magnon rapidities solving the Bethe equations. For L even, the oneloop Baxter equation requires the single magnon to have the root u = 0, corresponding to momentum π, so in this case γ^L_2 (1) = 8, for all L, as seen from (2.3) or (3.1). Furthermore, P_1(u) will be proportional to the identity. Requiring that (A.2) at M = 1 gives the wrapping correction (3.16) when L = 4, fixes the constant of proportionality to 2i. With the replacement of the Baxter function by the identity, things simplify considerably and we have R_1(q, Q) = (q^2 + (Q − 1)^2)(q^2 + (Q + 1)^2) , (A.6) and T_1(q, Q) =− Q−1∑ j=0 [ 2 + i q − iQ + 2ij − i q − iQ + 2i(j + 1) ] =−2Q ( 1 − 1 q^2 + Q^2 ) . (A.7)

Introducing (A.6) and (A.7) into (A.2) for M = 1, and using that, according to [9], the only pole that contributes to the integral after summing over Q is the one at q = iQ, gives the desired result.

B The maximal transcendentality contribution to the first wrapping correction

In this appendix we will show that the maximal transcendentality term of (3.17) coincides with the maximal transcendentality piece in the marginally deformed theory, (3.21). Let us calculate the relevant part of the residue by noting that the term of maximal transcendentality dominates in the limit Q → 0. When expanding in terms of (q − iQ), the expansions of the 1/(q^2 + (Q ± 1)^2) factors will be subleading in this limit, and can simply be set to one (which is what they evaluate to at q = iQ, when Q → 0). For example, 1 q + i(Q − 1) = 1 i(2Q − 1) ∞∑ j=0 i^j ( q − iQ (2Q − 1) )_j , (B.1) for which the expansion coefficients do not receive an enhancement as Q → 0, while the factor 1/(q + iQ), present in 1/(q^2 + Q^2), has the expansion 1 q + iQ = 1 2iQ ∞∑ j=0 i^j ( q − iQ 2Q )_j . (B.2)

The most singular term is then the one having the maximum number of 1/(q − iQ) terms, since these have to be compensated for by the enhanced 1/(q + iQ)-terms. We can thus substitute the numerator (1 − 1/(q^2 + Q^2))^2 for 1/(q^2 + Q^2)^2. So the maximal transcendentality contribution is simply obtained by evaluating the residue Res_{q=iQ} [ Q^2 (q^2 + Q^2)^L ] , (B.3)

which is equivalent to finding the (L − 1) − th expansion coefficient of Q^2/(q + iQ)^L. This, in turn is given by Q^2 (2iQ)^{2L−1} ( −L L − 1 ) = 1 4^{L−1} 1 i 1 Q^{2L−3} ( 2L − 3 L − 1 ) . (B.4)

Substituting the residue of (3.17) for (B.4) and summing over Q immediately gives (3.21).

References

[1] J. M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2, 231 (1998), hep-th/9711200. • S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 hep-th/9802109. • E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253 (1998), hep-th/9802150

[2] N. Beisert, V. Dippel and M. Staudacher, A novel long range spin chain and planar N = 4 super Yang-Mills, JHEP 0407 (2004) 075, hep-th/0405001.

[3] M. Staudacher, The factorized S-matrix of CFT/AdS, JHEP 0505 (2005) 054, hep-th/0412188. • N. Beisert and M. Staudacher, Long-range P SU(2, 2|4) Bethe ansaetze for gauge theory and strings, Nucl. Phys. B 727 (2005) 1, hep-th/0504190. • N. Beisert, The su(2|2) dynamic S-matrix, hep-th/0511082. • G. Arutyunov, S. Frolov and M. Zamaklar, The Zamolodchikov-Faddeev algebra for AdS(5) x S**5 superstring, JHEP 0704 (2007) 002 hep-th/0612229. • G. Arutyunov and S. Frolov, The S-matrix of String Bound States, Nucl. Phys. B 804 (2008) 90 arXiv:0803.4323 [hep-th]. • G. Arutyunov, S. Frolov and M. Staudacher, Bethe ansatz for quantum strings, JHEP 0410 (2004) 016 hep-th/0406256. • R. A. Janik, The AdS_5 ×S^5 superstring worldsheet S-matrix and crossing symmetry, Phys. Rev. D 73 (2006) 086006, hep-th/0603038. • N. Beisert, R. Hernández and E. López, A crossing-symmetric phase for AdS_5 × S^5 strings, JHEP 0611 (2006) 070, hep-th/0609044. • N. Beisert, B. Eden and M. Staudacher, Transcendentality and crossing, J. Stat. Mech. 0701 (2007) P021 hep-th/0610251.

[4] A. V. Kotikov, L. N. Lipatov, A. Rej, M. Staudacher and V. N. Velizhanin, Dressing and Wrapping, J. Stat. Mech. 0710 (2007) P10003, arXiv:0704.3586 [hep-th].

[5] C. Sieg and A. Torrielli, Wrapping interactions and the genus expansion of the 2-point function of composite operators, Nucl. Phys. B 723 (2005) 3 arXiv:hep-th/0505071.

[6] J. Ambjorn, R. A. Janik and C. Kristjansen, Wrapping interactions and a new source of corrections to the spin-chain string duality, Nucl. Phys. B 736 (2006) 288 hep-th/0510171. • G. Arutyunov and S. Frolov, On String S-matrix, Bound States and TBA, JHEP 0712 (2007) 024 arXiv:0710.1568 [hep-th].

[7] F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, Wrapping at four loops in N = 4 SYM, Phys. Lett. B 666 (2008) 100, arXiv:0712.3522 [hep-th]. • F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, Anomalous dimension with wrapping at four loops in N = 4 SYM, Nucl. Phys. B 805 (2008) 231, arXiv:0806.2095 [hep-th]. • V. N. Velizhanin, The Four-Loop Konishi in N=4 SYM, arXiv:0808.3832 [hep-th].

[8] Z. Bajnok and R. A. Janik, Four-loop perturbative Konishi from strings and finite size effects for multiparticle states , Nucl. Phys. B 807 (2009) 625 arXiv:0807.0399

[hep-th].

[9] Z. Bajnok, R. A. Janik and T. Lukowski, Four loop twist two, BFKL, wrapping and strings, arXiv:0811.4448 [hep-th].

[10] N. Gromov, V. Kazakov and P. Vieira, Integrability for the Full Spectrum of Planar AdS/CFT, arXiv:0901.3753 [hep-th].

[11] R. G. Leigh and M. J. Strassler, Exactly marginal operators and duality in fourdimensional N = 1 supersymmetric gauge theory, Nucl. Phys. B 447 (1995) 95,

hep-th/9503121.

[12] D. Berenstein and S. A. Cherkis, Deformations of N = 4 SYM and integrable spin chain models, Nucl. Phys. B 702 (2004) 49, hep-th/0405215.

[13] N. Beisert and R. Roiban, Beauty and the twist: The Bethe ansatz for twisted N = 4 SYM, JHEP 0508 (2005) 039, hep-th/0505187.

[14] A. Mauri, S. Penati, A. Santambrogio and D. Zanon, Exact results in planar N = 1 superconformal Yang-Mills theory, JHEP 0511 (2005) 024, hep-th/0507282.

[15] O. Lunin and J. M. Maldacena, Deforming field theories with U(1) x U(1) global symmetry and their gravity duals, JHEP 0505 (2005) 033 hep-th/0502086 .

[16] S. Frolov, Lax pair for strings in Lunin-Maldacena background, JHEP 0505 (2005) 069, hep-th/0503201.

[17] F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, Finite-size effects in the superconformal beta-deformed N = 4 SYM, JHEP 0808 (2008) 057, arXiv:0806.2103

[hep-th].

[18] F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, Single impurity operators at critical wrapping order in the beta-deformed N = 4 SYM, arXiv:0811.4594

[hep-th].

[19] D. V. Bykov and S. Frolov, Giant magnons in TsT-transformed AdS_5xS^5, JHEP 0807 (2008) 071, arXiv:0805.1070 [hep-th].

[20] S. A. Frolov, R. Roiban and A. A. Tseytlin, Gauge - string duality for superconformal deformations of N = 4 super Yang-Mills theory, JHEP 0507 (2005) 045,

hep-th/0503192.

[21] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 664 (2003) 131, hep-th/0303060.

[22] C. Gómez, J. Gunnesson and R. Hernández, Magnons and BFKL, JHEP 0809 (2008) 060, arXiv:0807.2339 [hep-th].

[23] A. V. Kotikov, L. N. Lipatov and V. N. Velizhanin, Anomalous dimensions of Wilson operators in N = 4 SYM theory, Phys. Lett. B 557 (2003) 114, hep-ph/0301021. • S. Moch, J. A. M. Vermaseren and A. Vogt, The three-loop splitting functions in QCD: The non-singlet case, Nucl. Phys. B 688 (2004) 101 hep-ph/0403192. • A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, Three-loop universal anomalous dimension of the Wilson operators in N = 4 SUSY Yang-Mills model, Phys. Lett. B 595 (2004) 521, [Erratum-ibid. B 632 (2006) 754], hep-th/0404092.

[24] A. V. Kotikov and V. N. Velizhanin, Analytic continuation of the Mellin moments of deep inelastic structure functions, hep-ph/0501274.

[25] M. Beccaria and G. F. De Angelis, On the wrapping correction to single magnon energy in twisted N=4 SYM, arXiv:0903.0778 [hep-th].

[26] Y. Hatsuda and R. Suzuki, Finite-Size Effects for Multi-Magnon States, JHEP 0809 (2008) 025 arXiv:0807.0643 [hep-th].

[27] M. Beccaria, Anomalous dimensions at twist-3 in the sl(2) sector of N = 4 SYM, JHEP 0706 (2007) 044, arXiv:0704.3570 [hep-th]. • M. Beccaria, Yu. L. Dokshitzer and G. Marchesini, Twist 3 of the sl(2) sector of N = 4 SYM and reciprocity respecting evolution, Phys. Lett. B 652 (2007) 194, arXiv:0705.2639 [hep-th]. • M. Beccaria, Three loop anomalous dimensions of twist-3 gauge operators in N = 4 SYM, JHEP 0709 (2007) 023, arXiv:0707.1574 [hep-th].

[28] M. Beccaria, V. Forini, T. Lukowski and S. Zieme, Twist-three at five loops, Bethe Ansatz and wrapping, JHEP 0903 (2009) 129, arXiv:0901.4864 [hep-th].

[29] G. Arutyunov, S. Frolov and M. Zamaklar, Finite-size effects from giant magnons, Nucl. Phys. B 778 (2007) 1 hep-th/0606126.