arXiv:0902.1676v4 [hep-th] 29 Mar 2009

arXiv:0902.1676

February 2009

Fractional supersymmetric Liouville theory and the multi-cut matrix models

Hirotaka Irie^∗

Department of Physics and Center for Theoretical Sciences, National Taiwan University, Taipei 10617, Taiwan, R.O.C

abstract

We point out that the non-critical version of the k-fractional superstring theory can be described by k-cut critical points of the matrix models. In particular, in comparison with the spectrum structure of fractional super-Liouville theory, we show that (p, q) minimal fractional superstring theories appear in the Z_k-symmetry breaking critical points of the k-cut two-matrix models and the operator contents and string susceptibility coincide on both sides. By using this correspondence, we also propose a set of primary operators of the fractional superconformal ghost system which consistently produces the correct gravitational scaling critical exponents of the on-shell vertex operators.

∗E-mail: irie@phys.ntu.edu.tw

1 Introduction

String theory plays important roles not only as a candidate of the fundamental theory of our universe but also as an interesting tool to investigate other physics areas, including nuclear physics and condensed matter physics. We can also expect that there would be a possibility that other kinds of string theories have hidden some interesting connections to various regimes of physics.

The string theory considered in this paper is fractional superstring theory of order k [1], a different kind of string theory whose worldsheet gauge symmetry is so called fractional supersymmetry [2–8]. Each number k gives a different kind of theory (the case of k = 1 (2) is nothing but the usual bosonic (super) string theories). There are several reasons for studying these theories. One might be a phenomenological reason to have a model of lower (or reasonable) critical dimensions less than ten [9,10]. Another can be a possibility of extending the spacetime spectrum to include different types of statistics [11–13] (This feature might be good for applying to some systems with different kinds of statistics). In addition, it is also interesting to deepen our understanding of the RNS superstring formulation from the viewpoint of this generalization of worldsheet conformal field theory. For instance, this would be helpful to understand several structures among spacetime and worldsheet, like their symmetries and statistics.

Roughly speaking, fractional superstring theory is obtained by replacing the worldsheet fermions in the superstring theory with the Zamolodchikov-Fateev parafermions [14]. Even though there is much progress in studying this system [1, 9–13, 15–20], several difficulties have prevented us from revealing its whole body and structure. The main difficulty comes from the special feature of this fractional supersymmetry: spin of the current is equal to some fractional number, (k + 4)/(k + 2) (k = 2, 3, · · · ), and the algebra of this current is of the non-local non-Abelian braiding type [15]. Consequently, these facts cause the complexity of the system and also make it also difficult to identify the appropriate ghost system.

In this paper, we will shed new light on this string theory from another promising approach which is known as non-critical strings and matrix models [21–56]. We point out that the non-critical version of fractional superstring theory has the matrix-model dual description, known as multi-cut matrix models [43]. This should be an important clue to the investigation since it enables us to extract not only perturbative information but also nonperturbative one (for example, the D-branes in fractional superstring theory). The existence of a consistent fractional superstring theory is quite significant because we totally lost the reason why we can ignore the possibility of this string theory. Since there are infinitely many kinds of the fractional superstrings (which are essentially related to the classification of Kac-Moody algebra) [58], this implication opens a broad possibility of string theory.

In the rest of this section, we explain the basic idea of the correspondence between fractional superstring theory and multi-cut matrix models [59], which can be seen from the minimal string field formulation for the multi-cut matrix models [56, 60]. Let us first recall the two-cut-matrix-model case, which corresponds to type 0 superstring theory [49–51].

The important point of the correspondence with superstrings (k = 2) is the fact that the Z_2 reflection transformation of the two-cut-matrix-model eigenvalues, λ → −λ, corresponds to the RR charge conjugation of the D-branes [49–51, 53]. Thereafter, this structure was shown to be clarified by the minimal string field formulation [46–48] of this two-cut case [56].

In the minimal superstring field formulation [56], the FZZT and its anti-FZZT brane in this theory were identified with the two-component fermions c^{(1)}_0 (ζ) and c^{(2)}_0 (ζ). The charge conjugation is, therefore, equivalent to exchanging these two fermions:

Ω : c^{(1)}_0 (ζ) ↔ c^{(2)}_0 (ζ). (1.1)

One way to see the connection with the superstring theory is to consider the bosonization field φ^{(i)}_0 (ζ) (c^{(i)}_0 (ζ) ≡: e^{φ(i)0 (ζ)} :), which turns out to be a string field of the FZZT-brane boundary state [48]. That is, the following re-expression of the string fields,

φ^{(i)}_0 (ζ) ≡ φ^{[0]}_0 (ζ) + (−1)^{(i−1)}φ^{[1]}_0 (ζ), (1.2)

with respect to the behavior of the charge conjugation (Ω : φ^{[μ]}_0 (ζ) → (−1)^μφ^{[μ]}_0 (ζ)) can be interpreted as the decomposition into the NSNS and RR contributions of the boundary states in the CFT language, | |B; (ζ, i)⟩ = | |B; ζ⟩_{NSNS} + (−1)^{i−1} | |B; ζ⟩_{RR}. (1.3)

Note that the conservation law of the RR charge is related to the Z_2 spin structure of the worldsheet fermion. So the existence of the Z_2 charged D-branes is one of the indications of superstring theory.

In the same way, the k-cut matrix model can be described with the k-component fermions c^{(i)}_0 (ζ) (i = 1, 2, · · · , k), and they have the following Z_k-charge-conjugation property [60]:

Ω^n : c^{(i)}_0 (ζ) → c^{(i+n)}_0 (ζ) (n ∈ Z), (1.4) with c^{(i+k)}_0 (ζ) = c^{(i)}_0 (ζ). This Z_k charge conjugation is also related to the Z_k rotation of the eigenvalue, λ → e^{2πi}k^nλ, of the multi-cut matrix models (See [56] or section 2.2).

Therefore it is also natural to re-express the bosonization fields φ^{(i)}_0 (ζ) (i = 1, 2, · · · , k) as φ^{(i)}_0 (ζ) ≡ φ^{[0]}_0 (ζ) + ω^{i−1}φ^{[1]}_0 (ζ) + · · · + ω^{(i−1)(k−1)}φ^{[k−1]}_0 (ζ) (ω ≡ e^{2πi/k}), (1.5)

with respect to the behavior of the Z_k charge conjugation (Ω : φ^{[μ]}_0 (ζ) → ω^μ φ^{[μ]}_0 (ζ)). Then the D-branes in the corresponding string theory should be expressed as the Z_k charged boundary states with the Z_k generalized Ramond sector: | |B; (ζ, i)⟩ = | |B; ζ⟩_{NSNS} + ω^{i−1} | |B; ζ⟩_{RR[1]} + · · · + ω^{(i−1)(k−1)} | |B; ζ⟩_{RR[k−1]} . (1.6)

In this sense, it is natural to conjecture that the k-cut extension is realized by replacing the fermions in superstring theory with parafermions which realize the Z_k spin structure^1 on worldsheet [59]. That is, the multi-cut matrix models should correspond to the fractional superstring theory.^2 In particular, we will show that the simplest class of k-fractional superstring theory (i.e. (p, q) minimal k-fractional superstring theory) has the same spectrum structure and string susceptibility as those in the k-cut two-matrix model.

The organization of this paper is following: In section 2, we first give the definition and meaning of the multi-cut two-matrix models and then discuss the spectrum in the critical points. In section 3, we study fractional super-Liouville theory, especially the matching of the operator contents and string susceptibility in both sides. After that, we discuss the gravitational scaling exponents and the ghost primary fields in the fractional super-Liouville theory. Section 4 is devoted to conclusion and discussion. In the appendix A, we summarize the basics of parafermion and introduce some notations and terminology.

2 The multi-cut matrix models

2.1 The meaning of the multi-cut matrix integrals

Here we first note the meaning and definition of the multi-cut matrix model and then show its operator contents in next subsection.

1The basics of Zamolodchikov-Fateev parafermion and its Z_k spin-structure are in Appendix A. 2It was also pointed out in [59] that at least some special (but infinitely many) Kac tables of the unitary (p, q) = (p, p + k) minimal fractional SCFT of the GKO coset construction [2] coincides with that of the differential operator system of the k-component KP hierarchy of k-cut matrix models.

The meaning of “multi-cut” in the multi-cut matrix models was first proposed by C. Crnkovid and G. Moore [43]. Since the double scaling limit means that we only focus on the vicinity of the critical points, the general multi-cut configuration should have the cuts which run in a radial pattern (See Figure. 1 (a)). This can be understood as “orbifold matrix models,” which mean that the hermit matrix H is replaced with some matrix Φ such that Φ^k = H is hermit:^3 ∫ DH e^{−N tr V (H)} → ∫ DΦ e^{−N tr Ṽ (Φ)}. (2.1)

Figure 1: The case of k = 3: (a) The multi-cut geometry of the matrix models. The cuts form radial

pattern. This means that there are Z_k mirror images of the spacetime. (b) The spacetime (Liouville-theory) geometry in terms of ζ_{bos} = ζ^k. There are k sheets (spacetime), and there is only one cut along the real axis on each sheet.

This orbifolding picture is also justified by the recent progress in the two-cut matrix models [51, 53, 56] which came after the original investigations [40–42, 44, 45]. In particular with the spacetime interpretation of the boundary cosmological constant ζ_{bos} = e^{−b(ϕ+iX)} [48,52,53], it was argued by [56] that the multi-cut matrix models represent “orbifolding of

3Note that this configuration is different from the configuration where all the multi (more than two) cuts run only along the real axis in the planer limit of the matrix models, which is also called “multi-cut matrix models” in the literature.

spacetime” and that the multi-cut geometry of the multi-cut matrix models which is probed by cosmological constant ζ is the k-th root of the original spacetime, ζ_{bos} (= ζ^k), on which there is only one cut along the real axis on each sheet (Figure 1 (b)). We can also consider some condensation of twisted modes in spacetime.^4 This is nothing but the consideration of the matrix-model potentials which breaks the Z_k symmetry [42].

The definition of multi-cut matrix models is usually given in the orthogonal polynomial method of the diagonalized matrix models since the essential information (the integrable hierarchy and string equations) comes from the recursive relations of the polynomials [43].

How to define multi-cut “multi-matrix” models was given in [56] as is shown below: The orthogonal polynomial system of the two-matrix models is as usual except for the contour C_k × C_k ⊂ C^2 of the integration of (x, y): ⟨α_n| β_m⟩ ≡ ∫ C_k ×C_k dxdy e^{−Nw(x,y)} α_n(x) β_m(y) = δ_{n,m}, (2.2) with the orthonormal polynomials,

α_n(x) = 1 √ h_n x^n + · · · , β_n(y) = 1 √ h_n y^n + · · · , (2.3)

and the potential w(x, y) = V_1(x)+V_2(y)−cxy. The contour C_k ×C_k ⊂ C^2 of the integration is C_k ≡ { ω^nz ∈ C ; z ∈ R, n ∈ Z } , (2.4)

with the parameter ω = e^{2πi/k}. The proposal of how to construct the multi-cut matrix model [56] is: (i) to consider the following simultaneous Z_k transformation of eigenvalues (x, y): Ω^n : (x, y) → (ω^nx, ω^{−n}y) (n = 0, 1, 2, · · · , k − 1), (2.5) which should be respected in the k-cut models, and (ii) to focus on the critical behavior in the vicinity of the fixed point (x, y) = (0, 0). In the special case of two-cut two-matrix models, this system correctly reproduces the results of super-Liouville theory, at least with some scaling ansatz [56].

One may wonder how we can realize this multi-cut geometry (especially k ≥ 3) in terms of “matrix-model integral”. That is, how to specify the matrix Φ and their measure DΦ in

4The R-R sector in the two-cut case.

its matrix model. It is easy to construct the matrix integral for multi-cut multi- (two- in practice) matrix models, and fortunately, it is the case where the matrix model should have the correspondence with minimal fractional superstrings. When we try to construct “multicut matrix quantum mechanics”, we may find it is not so straightforward. This should be, however, just a technical problem because 2D fractional superstring theory would be consistently defined, at least from the the worldsheet point of views.^5

The integral is given as follows: The important requirement here is that the measure of the inner product (2.2) should be invariant under this Z_k transformation, even though the matrix-model potentials V_1(x) and V_2(y) is not necessarily symmetric. Note that, with these requirements, the orthonormal conditions (2.2) are consistent under this Z_k transformation. From this orthogonal polynomial system, we can define the meaningful matrix integral, Z_{MM} = ∫ C_{Mk} ×C_{Mk} dXdY e^{N tr w(X,Y )}. (2.6) The measure is defined by the following metric:

ds^2_X = tr [ (dX)^2 ] , ds^2_Y = tr [ (dY )^2 ] , (2.7) and then the measure dXdY is invariant under the Z_k transformation,^6 (X, Y ) → (ω^nX, ω^{−n}Y ). (2.8) The contour C_{Mk} ⊂ gl(N, C ) of the matrix integral should be C_{Mk} ≡ {U diag(x_1, x_2, · · · , x_N ) U^† ; U ∈ U(N), x_i ∈ C_k} ⊂ gl(N, C ). (2.9) This means that the matrix X (and Y ) of this model should be an N × N normal matrix X such that X^{k̂} = H is an hermit matrix.^7 Here we define,

k̃ = { k (k ∈ 2Z + 1) k/2 (k ∈ 2Z). (2.10)

Every odd k-cut model (i.e. k is odd) has the same contour integral as even 2k-cut models have. They are, however, physically different systems because their Liouville directions e^{−bϕ} = Re (ζ_{bos}) = Re (ζ^k) are different.

5 Only when k ≤ 2, the two-matrix models can include the one-matrix models as the special case of the system because the Gaussian potential V (y) = y^2 which is necessary for the reduction into one-matrix model is forbidden in the higher Z_k symmetric case.

6We cannot use this measure when the number of the matrices in the model is odd, which includes one-matrix models and matrix quantum mechanics.

7This kind of matrix contour integral is also observed in the supermatrix description of the type 0 superstrings [57].

2.2 The spectrum of the multi-cut two-matrix models

In general, the matrix model possesses the integrable structure of KP hierarchy and the string field formulation [34, 35, 37–39, 46–48]. The two-cut matrix models also have the two-component extension of the KP hiererchy [56]. These structures are really useful to see the physical picture and dynamics of the string theory [46–48, 54, 55]. This formulation is also powerful even for the case of multi-cut matrix models and enable us to see various information of the matrix models.

From the case of two-cut matrix models [56], it is obvious that the integrable hierarchy of the k-cut matrix model is given by the k-component KP hierarchy, and the extension to the case of the k-component KP hierarchy is essentially the same as the extension to the two-component KP case [60].^8 So we just briefly mention how the k-component KP hierarchy appears in the k-cut two-matrix models to extract information of the spectrum. See [56] for more detail discussion, and [61] for the k-component KP hierarchy.

The integrable structure comes from the recursive relations of the orthonormal polynomials, x α_n(x) = Â_x(n, e^{∂n} ) · α_n(x), N^{−1} ∂ ∂x α_n(x) = B̂_x(n, e^{∂n} ) · α_n(x), y β_n(y) = Â_y(n, e^{∂n} ) · β_n(y), N^{−1} ∂ ∂y β_n(y) = B̂_y(n, e^{∂n} ) · β_n(y), (2.11)

with the canonical commutation relations, [Â_x, B̂_x] = [Â_y, B̂_y] = N^{−1}. For the simplicity, we first choose the Z_k symmetric potentials V_1(ωx) = V_1(x) and V_2(ωy) = V_2(y), then we can see the Z_k transformation property of the orthonormal polynomials:

α_n(ωx) = ω^nα_n(x), β_n(ωy) = ω^nβ_n(y). (2.12)

If we have critical points near the origin (x, y) = (0, 0), then there should be the k kinds of scaling orthonormal functions {Ψ̂_n(t; ζ)}^k_{n=1} which satisfy the same Z_k transformation property:

Ψ̂_n(t; ωζ) = ω^n Ψ̂_n(t; ζ), (2.13)

or equivalently, the scaling functions {Ψ_i(t; ζ)}^k_{i=1} which satisfy

Ψ_i(t; ωζ) = Ψ_{i−1}(t; ζ), Ψ_i(t; ζ) = k−1∑ n=0 ω^{−ni} Ψ̂_n(t; ζ). (2.14)

8The author would like to thank Prof. Masafumi Fukuma for the various useful discussion and sharing insights into this matter.

Furthermore, if we can find the special scaling limits,

x = ζ a^{p̂2} , N^{−1} = g a^{p̂+q̂2} , n N = 1 + t a^{p̂+q̂−12} , ∂_n = (g ∂_t) a^{12} , (2.15)

which make the operator Â and B̂ the differential operators (P , Q) in ∂ (≡ ∂_t) of (p̂, q̂) order,^9

a^{−p̂/2}Â_x(n, e^{∂n} ) ⊏ P (t, ∂) = U^{(P )}_0 ∂^{p̂} + U^{(P )}_1 (t)∂^{p̂−1} + · · · + U^{(P )}_{p̂} (t), a^{−q̂/2}B̂_x(n, e^{∂n} ) ⊏ Q(t, ∂) = U^{(Q)}_0 ∂^{q̂} + U^{(Q)}_1 (t)∂^{q̂−1} + · · · + U^{(Q)}_{q̂} (t), (2.16)

then the operator (P , Q) should be k × k matrix valued differential operators. At this level, we can consider Z_k breaking potential even such a critical points [42, 44, 45]. With these operators, we can see that the scaling recursive relations turn out to be the differential equations, ζ Ψ(t; ζ) = P (t, ∂) Ψ(t; ζ), g ∂ ∂ζ Ψ(t; ζ) = Q(t, ∂) Ψ(t; ζ), (2.17)

with Ψ(t; ζ) ≡^t(Ψ_1, Ψ_2, · · · , Ψ_k), which are related to the Baker-Akhiezer function with the Douglas equation [P , Q] = g1. Since the operators are k × k matrix differential operators, we have k independent solutions {Ψ^{(i)}(t, ζ)}^k_{i=1},

ζ_i Ψ^{(i)}(t; ζ) = P (t, ∂) Ψ^{(i)}(t; ζ), g ∂ ∂ζ_i Ψ^{(i)}(t; ζ) = Q(t, ∂) Ψ^{(i)}(t; ζ). (2.18)

Note that we take Ψ^{(1)}(t, ζ) = Ψ(t, ζ) is a special solution ζ_1 = ζ which satisfy (2.17). In the superstring case (k = 2), this another solution Ψ^{(2)} is related to the anti-FZZT-branes which have different charges from the original Ψ^{(1)}. In particular, each solution Ψ^{(i)}(t; ζ) corresponds to each free fermion of the k-component KP hierarchy, c^{(i)}_0 (ζ) (See [56] for how to relate). Thus it is natural to say that Ψ^{(i)} (or c^{(i)}_0 (ζ)) corresponds to Z_k charged D-branes.

In general, the matrices U^{(P )}_0 and U^{(Q)}_0 commute with each other, thus they can be chosen to be diagonal matrices. Notice that the diagonal elements of U^{(P )}_0 are directly related to the eigenvalues ζ_i of each solution Ψ^{(i)}(t, ζ), and that we can freely change the relations among {ζ_i}^k_{i=1} and ζ.^{10} That is, we can freely (without loss of generality) chose the matrix

9We should note that there should be several nontrivial changes of the basis of orthonormal polynomials which depend on the index n of α_n(x) to get the smooth scaling functions Ψ_i(t; ζ). For example, in the two-matrix model case, we need the change of the overall sign of the functions: α_n(x) → (−1)^{[n/4]}α_n(x) ([∗] is the Gauss symbol). Here we just assume the existence of scaling functions, which should be checked by some direct evaluation of critical points.

10It is because this is just a redefinition of the boundary cosmological constants {ζ_i} of each FZZT brane. See [56].

U^{(P )}_0 as^{11}

U^{(P )}_0 = Ω ≡ 1 ω ... ω^{k−1} , (2.20)

which gives P (t, ∂) Ψ(t, ζ) = Ψ(t, ζ) Z, Q(t, ∂) Ψ(t, ζ) = g Ψ(t, ζ) ←− ∂ ∂Z , (2.21) with

Z ≡ ζ ω ζ .. . ω^{k−1} ζ , ←− ∂ ∂Z ≡ ←− ∂_ζ ←− ∂_ζ ω^{−1} ... ←− ∂_ζ ω^{1−k} , (2.22)

and Ψ(t; ζ) = (Ψ^{(1)}(t; ζ), Ψ^{(2)}(t; ζ), · · · , Ψ^{(k)}(t; ζ)), an N × N matrix-valued function.^{12} With this differential operator P (x, ∂), we can construct the Lax operators of the kcomponent KP hierarchy, L and Ω,

L = ∂ + ∞∑ n=0 U_n(t) ∂^{−n}, Ω = Ω + ∞∑ n=1 H_n(t) ∂^{−n}. (2.23)

which satisfy [L, P ] = [Ω^n, P ] = 0 (n = 1, 2, · · · , k) and P = (ΩL^{p̂}). In this sense, we can have the operators Q in terms of L and Ω [39, 62]: Q(b; ∂) = p̂+q̂∑

n=1 k−1∑ μ=0 nb^{[μ]}n p̂ (Ω^{μ−1}L^{n−p̂})_+ (2.24)

11The reason why this form is canonical can be easily seen as follows: For example, consider the k = 3 case. If we have the Z_k symmetric system, then the recursive relation of ζ× (resp. ∂_ζ ×) (2.17) should be a map from Ψ̂_n(t; ζ) to Ψ̂_{n+1}(t; ζ) (resp. from Ψ̂_n(t; ζ) to Ψ̂_{n−1}(t; ζ)). Thus the differential operator P and Q should start from the shift matrices:

P = 1 1 1 ∂^{p̂} + · · · , Q = 1 1 1 ∂^{q̂} + · · · , (2.19)

the diagonalization of which gives (2.20).

12From these expression, we can easily see that, if we choose Ψ^{(2)} as the starting point of the function (2.17), we need to change the boundary cosmological constant as ζ → ω^{−1}ζ. Then the role of each function Ψ^{(i)} shifts as follows: Ψ^{(i)} → Ψ^{(i−1)}. So there is no priory reason to choose Ψ^{(1)} and this Z_k nature gives the “Z_k charge” of D-branes. (This is the same reason we can also assign a positive electric charge to electron.)

with the general background b = {b^{[μ]}n }. From these operators (P , Q), we can obtain the spectrum of the k-cut matrix models as the KP flow of this system [63]:

B^{[μ]}_n ≡ (Ω^μL^n)_+, g ∂ ∂t^{[μ]}n X(t, ∂) = [B^{[μ]}_n , X(t, ∂)], (2.25)

where X(t, ∂) = P (t, ∂), Q(t, ∂), L(t, ∂) and Ω(t, ∂), and we abbreviate the KP times {t^{[μ]}n }_{n,μ} as t = {t^{[μ]}n }_{n,μ}. The original t should be t = t^{[0]}_1 . The special feature of the multi-component KP hierarchy is the Z_k indices μ of t^{[μ]}n which indicate the behavior of the Z_k charge conjugation [56].

Therefore, the gravitational scaling exponents of this spectrum are

B^{[μ]}_n ∼ a^{−n/2}, (2.26)

with the lattice spacing a. The scaling of the most relevant operators t^{[μ]}_1 and the “should-be” cosmological constant ρ ≡ t^{[0]}_{q̂−p̂} are

t^{[μ]}_1 ∼ a^{− p̂+q̂−12} , ρ ≡ t^{[0]}_{q̂−p̂} ∼ a^{−p̂}, (2.27)

and the string susceptibility of the cosmological constant γ^{(Mat)}_{str} is F_0(ρ) ∼ ρ^{2−γ(Mat)str} , γ^{(Mat)}_{str} = 1 − q̂ p̂ , (2.28)

where F_0(ρ) is the scaling genus-zero free energy of the matrix model (or the partition function of the genus-zero worldsheet random surfaces), and the gravitational scaling dimension of each operator is given as ⟨ α^{[μ1]}_{n1} · · · α^{[μl]}_{nl} ⟩ c ≡ ∂^l ln F_0(t; ρ) ∂t^{[μ1 ]}n_1 · · · ∂t^{[μl]}n_l | | t=0,ρ≠0 ∼ ρ^{∑li=1 ni−(p̂+q̂)2p̂} . (2.29) Also as as important information of the differential operators P and Q, the special KP flows of P^n and Q^n are trivial flows of the system, which should be unphysical-state propagations of the corresponding string theory [39]. In particular, since we have P = (ΩL^{p̂}) as the canonical choice, the following operators

B^{[m]}_{mp̂} = P^m = (Ω^mL^{mp̂}), (2.30)

are trivial flows of the system, and especially if we consider Z_k symmetric critical points, we should have^{13} Q = q̂+p̂∑

n=1 nb^{[0]}n p̂ (Ω^{−1}L^n) + · · · , (2.31)

13Diagonalization of of Q in (2.19) gives (2.31). See footnote 11.

and some flows of B^{[−n]}_{nq̂} + · · · should also be trivial.

Considering these information as inputs of the multi-cut matrix models, in next section, we will study the fractional super-Liouville theory and its comparison to the multi-cut matrix models.

3 Fractional super-Liouville theory

3.1 The Kac table of (p, q) minimal fractional SCFT

We first discuss comparison to the Kac table of the minimal fractional superconformal models, which can be derived from the generalized Feigin-Fuchs construction developed in [3,16]. The basic properties of parafermion and its terminology are summarized in Appendix A. The system is described with one free boson X(z) with a background charge Q̃ and the Zamolodchikov-Fateev parafermion system Z_k. The action can be written as S_{Matt} = 1 2πk ∫ d^2z ( ∂X ¯∂X + iQ̃ √ g RX ) + S_{Zk} (ψ^M , ψ̃^M ), (3.1)

where S_{Zk} (ψ^M , ψ̃^M ) is the action of the parafermion ψ^M (z). Note that here we use the α^′ = k convention. The superscript M means that this is the FSUSY partner of matter bosonic field X(z). The energy momentum tensor T^M (z) and the fractional supercharge G^M (z) is given as [1, 8]^{14}

T^M (z) = − 1 k ( ∂X(z) )_2 + i Q̃ k ∂^2X(z) + T^M_{Zk} (z), (3.2)

G^M (z) = ( ∂X(z) − i (k + 2)Q̃ 4 ∂ ) ϵ^M (z) − i kQ k + 4 η^M (z). (3.3)

with the background charges Q̃ and Q, and the central charge c_M ,

Q̃ = b − 1 b , Q = b + 1 b , ĉ_M ≡ k + 2 3k c_M = 1 − 2

(k + 2) k^2

Q̃^2. (3.4)

The operator ϵ^M (z) is the first energy operator of matter parafermion and η^M (z) is its first descendent in the sense of W_k-algebra [3]. The basic fractional super-primary operators^{15} in this Feigin-Fuchs construction are given by

O^{[λ]}_p (z) = σ_λ(z) :e^{i 2k pX(z)} :, ( O^{[λ]}_p )_† (z) = O^{[k−λ]}_{Q̃−p} (z), (3.5)

14We used the same normalization for the primaries of the parafermion, ϵ and η, as in [1, 14, 15]. 15This means that G_r · O(z) = 0, (r > 0), for the modes of the fractional supercurrent G(z).

with the dimension

Δ(O^{[λ]}_p ) = Δ(σ_λ) − 1 k p(Q̃ − p), Δ(σ_λ) = λ(k − λ) 2k(k + 2)

. (3.6)

Here σ_λ(z) is the spin field (See Appendix A). The Verma module of Feigin-Fuchs construction is generated by this primary: V_{p,λ} ≡ [ O^{[λ]}_p (z) ] ϵ^M ,X = [ O^{[λ]}_p (z) ] G^M . (3.7)

The screening charge is defined with the basic parafermion ψ(z) and ψ^†(z) as [3] Q_± ≡ ∮ dz S_±(z), S_+ = ψ(z) :e^{2ibX(z)/k} :, S_− = ψ^†(z) :e^{−2iX(z)/kb} :, (3.8) with Δ(S_±) = 1 and [ Q_±, G^M (z) ] = 0 [3]. The degenerate fields of the fractional superconformal field theory are given as [16] O_{r,s}(z) ≡ O^{[r−s]}_{pr,s} (z), p_{r,s} = − 1 2 ( (1 − r) b^{−1} − (1 − s) b ) . (3.9)

Here we always write [r − s] to indicate that r − s should be understood as modulo k. The first null state in the module of V_{r,s} appears at the level of N_{r,s} [16], N_{r,s} = rs k + Δ(σ_{[r+s]}) − Δ(σ_{[r−s]}), (3.10) as χ_{r,s}(z) = ( Q^{(s)}_+ · O_{−r,s}(z) )_† = ( Q^{(r)}_− · O_{r,−s}(z) )_† ∈ V_{r,s}. (3.11) The minimal model means that some finite set of degenerate primary operators are closed in the OPE algebra, and it is always realized if the parameter b is related to a rational number [64], b = √ p̂ q̂ . (3.12)

Here we assume that (p̂, q̂) are coprime integers and q̂ > p̂ > 0.^{16} Then the dimension of the primary operator is written as

Δ(O_{(r,s)}) =

(q̂r − p̂s)^2 − (q̂ − p̂)^2 4kp̂q̂ + Δ(σ_{[s−r]}). (3.13)

16Note that these indices are related to the exponent of differential operator in k-component KP hierarchy, so we used the same notation. One may want to write the labeling of minimal models by (p̂, q̂; k) like in [43].

The usual conformal labeling of (p, q) is the range of the indices (r, s): 1 ≤ r ≤ p − 1, 1 ≤ s ≤ q − 1, (3.14) or we can also say that the minimal numbers (p, q) which satisfy O_{r+lp,s+lq}(z) = O_{r,s}(z) (l ∈ Z), (3.15) in the Feigin-Fuchs terminology. Because of this property, there appears additional basic null state: χ̃_{r,s}(z) = Q^{(q−s)}_+ · O_{−(p−r),(q−s)}(z) = Q^{(p−r)}_− · O_{(p−r),−(q−s)}(z) ∈ V_{r,s}, (3.16) at the level of Ñ_{r,s} = (p − r)(q − s) k + Δ(σ_{[q+p−r−s]}) − Δ(σ_{[r−s]}), (3.17)

and the labeling (p, q) appear in those formulas. One can easily see that this conformal labeling (p, q) is given as (p, q) ≡ (k̂p̂, k̂q̂), (3.18) where k̂ is defined by k = k̂ · d_{q̂−p̂} so that d_{q̂−p̂} is the largest common divisor among the integers k and q̂ − p̂.^{17} Note that if we consider the special case where k is a prime number, then we have two kinds of models: (p, q) = { (kp̂, kq̂) : q̂ − p̂ ≢ 0 (mod. k) (p̂, q̂) : q̂ − p̂ ≡ 0 (mod. k).

(3.19)

If we take k = 2, for each case they are called even and odd models respectively. In this sense, this argument is consistent with the condition argued in [65]. Therefore the above (p, q) indices are the natural generalization of the constraints in minimal superconformal field theory (k = 2), and there are several distinct kinds of minimal models in each k-th fractional superconformal field theory. The number of the kinds is give by the number of divisors of k plus one. Here we show some examples of the Kac table (Table 1 and Table 2 in the matrix-model language).

17This means that q − p ≡ 0 mod. k. We should note that another coprime labeling of the minimal model, (A, B), which was introduced in [16] to describe the fractional level coset model SU(2)_k ⊗ SU(2)_{A/B−2}/SU(2)_{k+A/B−2} of (p, q) = (A, A + kB), is equivalent to our labeling (3.18).

1 ΩL^2 ΩL Ω^2L^4 Ω Ω^2L^3 L^6 Ω^2L^2 L^5 ΩL^8 Ω^2L L^4 ΩL^7 Ω^2L^{10} Ω^2 L^3 ΩL^6 Ω^2L^9 L^{12} L^2 ΩL^5 Ω^2L^8 L^{11} ΩL^{14} L ΩL^4 Ω^2L^7 L^{10} ΩL^{13} Ω^2L^{16} ΩL^3 Ω^2L^6 L^9 ΩL^{12} Ω^2L^{15} L^{18}

Table 1: Kac table for (p̂, q̂; k) = (2, 3; 3). Thus (p, q) = (6, 9) and d_{q̂−p̂} = 1. The relation is O_{r,s} =

(Ω^{r−s}L^{q̂r−p̂s})_+.

1 ΩL^3 ΩL Ω^2L^6 Ω^2L^4 Ω^3L^9 Ω^2L^2 Ω^3L^7 L^{12} Ω^2 Ω^3L^5 L^{10} ΩL^{15} Ω^3L^3 L^8 ΩL^{13} Ω^2L^{18} Ω^3L L^6 ΩL^{11} Ω^2L^{16} Ω^3L^{21} L^4 ΩL^9 Ω^2L^{14} Ω^3L^{19} L^{24} L^2 ΩL^7 Ω^2L^{12} Ω^3L^{17} L^{22} ΩL^{27} ΩL^5 Ω^2L^{10} Ω^3L^{15} L^{20} ΩL^{25} Ω^2L^{30}

Table 2: Kac table for (p̂, q̂; k) = (3, 5; 4). Thus (p, q) = (6, 10) and d_{q̂−p̂} = 2. There are two copies of Kac

table. The relation is O_{r,s} = (Ω^{r−s}L^{q̂r−p̂s})_+, and the operators which do not correspond to the CFT one are obtained by just multiplying Ω: Õ_{r,s} = (Ω^{r−s+1}L^{q̂r−p̂s})_+.

From the Kac table, one can easily see that the labeling (p̂, q̂) of the minimal models can be identified as the order of the differential operator (P , Q) of the multi-cut matrix-model, and the relation with the KP flows is the following: O_{r,s} ⇔ B^{[r−s]}_{n=q̂r−p̂s} (q̂r − p̂s ≥ 0). (3.20) This correspondence indicates the matching of the unphysical spectrum,

O_{p,q−n} ⇔ B^{[n]}_{np̂} = (ΩL^{p̂})^n, O_{n,0} ⇔ B^{[n]}_{nq̂} = (ΩL^{q̂})^n, (3.21)

which means that the (p, q) minimal fractional superstring theory corresponds to the following operators:

P = (ΩL^{p̂}), Q =

(q̂ + p̂)b^{[2]}_{q̂+p̂} p̂ (ΩL^{q̂})_+ + · · · , (3.22)

in the multi-cut matrix models. Note that the operator Q does not start from (Ω^{−1}L^{q̂}) like (2.31) which was derived in the assumption of the Z_k symmetry of the matrix model. This means that the background corresponding to this minimal model basically breaks the original Z_k symmetry of the k-cut matrix model (k ≥ 3), remaining at most Z_2 symmetry of (−1)^{r−s}. This breaking symmetry property is actually an expected thing in the Liouville side, because the minimal-model correlators include the screening charges (3.8) which belong to R^{[2]} sector (and R^{[k−2]} sector as the dual) and also breaks the Z_k symmetry, remaining at most Z_2 symmetry.^{18} Note that the coincidence of this breaking nature is non-trivial since the origins of these phenomena in both sides are different.

Finally we should note that the matrix model includes some operators which do not correspond to the operators of the conformal field theory in general. This is also observed in the case of k = 2 for the odd model and such operators could be dropped by gauging a Z_2 symmetry [56]. Here we can drop these operators by gauging the following Z_k × Z_k symmetry, (Ω, L) → (ω^{−(q̂m−p̂n)k̂}Ω, ω^{(m−n)k̂}L) (m, n ∈ Z), (3.23) and then the correspondence (3.20) become a one-to-one mapping. Interestingly, this Z_k×Z_k symmetry is essentially the symmetry which preserves the form of the differential operators (P , Q) = (ΩL^{p̂}, (ΩL^{q̂})_+). We also note that before gauging this symmetry there are d_{q̂−p̂}

18In this sense, the two-dimensional fractional superstring theory (which might correspond to multi-cut matrix quantum mechanics) should preserve the Z_k symmetry.

copies of the primary operators of (p, q) = (k̂p̂, k̂q̂) minimal fractional SCFT and they are related by the action of Ω^l (l = 1, 2, · · · , d_{q̂−p̂} − 1) on the gauge singlet operators.

As a summary, the correspondence with respect to the spectrum can be phrased as (p, q) = (k̂p̂, k̂q̂) minimal k-fractional superstring theory can be described with the Z_k breaking critical points of the k-cut two matrix model with P = (ΩL^{p̂}) and Q = (ΩL^{q̂})_+. As we have seen, this correspondence requires several non-trivial matching of the spectrum structure. In the next subsection, we also consider coupling to the fractional super-Liouville system, and we will see that the string susceptibility of cosmological constant also coincides in both side.

3.2 Fractional super Liouville field theory

Here we discuss the critical exponents, so coupling to fractional super-Liouville field theory. The original construction of Liouville theory [21, 23, 24] always starts from the gauge fixing procedure of the (super-)diffeomorphism on worldsheet (super-)gravity. In the fractional super-Liouville case, we should also start from such a thing but we still do not know how to define “fractional supergravity” and even so-called “fractional superfield formalism” on “fractional superspace”.

In the practical CFT calculation (for example [28]), we do not need the other terms which include contact terms [66].^{19} So we assume that the action of fractional super Liouville field theory without contact terms is given as S_{Liou} = 1 2πk ∫ d^2z ( ∂ϕ ¯∂ϕ + 2πkω^{12} ρ ψ^Lψ̃^L e^{2k bϕ} ) + S_{Zk} (ψ^L, ψ̃^L), (3.24)

in conformal gauge and we only consider this action. Here we also use the α^′ = k convention. This action is the Liouville counterpart of the fractional supersymmetric sine-Gordon theory [8]. Here ϕ(z, z̄) is the Liouville field, and ψ^L(z) and ψ̃^L(z̄) are the basic Z_k parafermion fields, with the statistics, ψ̃^L(z̄)ψ^L(z) = ω ψ^L(z)ψ̃^L(z̄). Let us call ρ the cosmological constant. At the first sight, this choice of the cosmological constant term is strange because this operator belongs to R^2 sector of the Liouville parafermion^{20} and NS sector (i.e. identity operator) of the matter parafermion. However this choice is consistent with the string susceptability of the matrix model.

From this action, we can obtain the energy-momentum tensor T^L(z) and the fractional

19For example, however, the minisuperspace formalism needs such terms [50]. 20See Appendix A.

supercurrent G^L(z) [1, 8] as

T^L(z) = − 1 k ( ∂ϕ(z) )_2 + Q_L k ∂^2ϕ(z) + T_{Zk} (z),

G^L(z) = ( ∂ϕ(z) − (k + 2)Q_L 4 ∂ ) ϵ(z) − kQ̃_L k + 4 η(z), (3.25)

with the background charges and the central charge,

Q_L = b_L + 1 b_L , Q̃_L = b_L − 1 b_L , ĉ_L ≡ k + 2 3k c_L = 1 + 2

(k + 2) k^2

Q^2_L. (3.26)

If this system couples to matter CFT, the background charges (Q_L, Q̃_L) should be related to those of matter CFT, (Q̃, Q) in (3.3). It is natural to consider the following ansatz:

Q_L ≡ Q = b + 1 b , Q̃_L ≡ Q̃ = b − 1 b , b_L ≡ b. (3.27)

This identification implies the critical central charge ĉ_{crit} or the central charge of fractional superconformal ghosts, ĉ_G,

ĉ_{crit} ≡ ĉ_L + ĉ_M = 1 + (k + 4 k )_2

= −ĉ_G. (3.28)

This is actually nothing but the choice of the following critical central charge, −c_G = − 3k k + 2 ĉ_G = 6k k + 2 + 24 k , (3.29)

which was found in [1]. So we just write Q_L = Q and Q̃_L = Q̃ in the following discussion.

The basic primary operators are V^{[μ]}α (z) ≡ σ_μ(z) : e^2k^{αϕ(z)} : and their dual (V^{[μ]}α (z))^† = V^{[k−μ]} Q−α (z) with dimension:

Δ(V^{[μ]}_α (z)) = Δ(V^{[k−μ]}_{Q−α} (z)) = Δ(σ_μ) + 1 k α(Q − α). (3.30)

Since the Seiberg bound [25] in this case is also α ≤ Q/2, we choose the gravitational dressing [23] of each primary operators to satisfy this bound. The KPZ-DDK exponents [22–24] of the correlators can be calculated as in the usual way, ⟨_N ∏ i=1 V^{[μi]}_{αi} (z_i) ⟩ ρ = ρ Q 2b χ − N∑ i=1 α_i b ⟨_N ∏ i=1 V^{[μi]}_{αi} (z_i) ⟩ ρ=1 , (3.31)

where χ is the Euler number χ = 2 − 2h with the genus h.

From this relation, we can obtain the scaling relation of the genus-zero partition function with respect to cosmological constant ρ:

F_0(ρ) ∼ ρ^{2−(1−b−2 )} ⇔ γ^{(Liou)}_{str} = 1 − b^{−2} = 1 − q̂ p̂ = γ^{(Mat)}_{str} , (3.32)

and this coincides with the matrix-model “should-be” cosmological-constant string susceptibility γ^{(Mat)}_{str} of (2.28), with the identification of the pair of the coprime numbers (p̂, q̂) as the order of the differential operators P and Q. This is also consistent with our identification of the operator contents given in section 3.1. Note that the consistent matching of string susceptibility depends on the choice of the cosmological constant term in the Liouville action (3.24) and the critical central charge of (3.27), (3.28) and (3.29).

3.3 The critical exponents and the on-shell vertex operators

For further evidence of the correspondence, we need to consider the gravitational exponents of all the on-shell vertex operators. Actually this is not so easy now because the corresponding ghost system has not been known until now, and other quantization procedures and GSO projection also include some mysterious things [9–13]. So we here give some proposal for the vertex operators and ghost primary fields which are consistent with the matrix models.^{21} So this should be justified by some other procedures in future investigation.

From the critical central charge (3.29), the ghost system is expected to have the following central charge^{22} c_{ZkG} ≡ c_G − c_{bc} = −2 2(k − 1) k + 2

+ 24 ( 1 − 1 k ) , (3.33)

and to have a set of the “canonical” ghost primary fields Ξ^{(λ)}μ (z) (λ − μ ∈ 2Z), with the identification,

Ξ^{(λ)}_μ (z) = Ξ^{(λ)}_{μ+2nk}(z) = Ξ^{(λ+nk)}_{μ±nk} (z), (3.34)

and the dimensions,

Δ(Ξ^{(λ)}_μ (z)) = 1 − 1 k − Δ(σ_λ) − Δ(σ_μ) ≡ 1 − a^{(λ)}_μ ( λ − μ ∈ 2Z ) . (3.35)

21We should note that there is also another guess work for ghost system [11], which is different from ours. 22Here the system Z_kG indicates the “fractional super-partner” of the bc ghost system of c_{bc} = −26. Also note that this value has been also argued in [1, 10, 11].

Here we call them as “canonical” because we can expect that there should be some generalization of “picture” in the superstring βγ ghost system [67] and that they belong to the canonical picture primary operators.^{23} Also note that the value of a^{(λ)}μ is the intercept (L_0 − a^{(λ)}μ ) | phys ⟩ = 0 of the fractional super-Virasoro constraints for the sector which couples to the ghost primary field Ξ^{(λ)}μ (z), especially a^{(λ+2)}_λ is the value for the massless R^{[λ]} sector old covariant quantization discussed in [1, 20], which comes from the decoupling condition of the Lorentz-signature ghost contributions at the massless level.

With these ghost primary fields, we can write down the tachyon-level vertex operator as the following (1, 1)-primary operators: T_{r,s}(z, z̄) = Ξ^{(r+s)}_{r−s} (z, z̄) V_{r,−s}(z, z̄) O_{r,s}(z, z̄) (q̂r − p̂s ≥ 0). (3.36) Here V_{n,m}(z) ≡ V^{[n−m]}α_{n,m} (z) is the special primary field with α_{n,m} = 1 2 [ (1 − n)b^{−1} + (1 − m)b ] . (3.37)

The Seiberg bound indicates the restriction q̂n + p̂m ≥ 0.

If mn > 0, then V_{n,m}(z) corresponds to degenerate fields in Liouville theory and the null state operator appears at the level N_{n,m}, N_{n,m} = nm k + Δ(σ_{[n+m]}) − Δ(σ_{[n−m]}), (3.38)

and has the same dimension as V_{−n,m}(z), that is, they are given as χ_{n,m}(z) = ( Q^{(m)}_+ · V_{−n,m}(z) )_† = ( Q^{(n)}_− · V_{n,−m}(z) )_† ∈ V_{n,m}. (3.39) It is worth to note the case of b^2 = p̂/q̂ ∈ Q_+ . In this case, the range indices (p_L, q_L) of degenerate fields in Liouville theory appear, and they are the minimal integer pair of (p_L, q_L) satisfying V_{n+lpL,m−lqL} (z) = V_{n,m}(z) (l ∈ Z). (3.40) The distinct thing of this case is that they are different from the conformal labeling (p, q) of the matter CFT in general (k ≥ 3), and should be chosen as

(p_L, q_L) = (k̂_Lp̂, k̂_Lq̂), (3.41)

with k = k̂_L · d_{q̂+p̂}. Here d_{q̂+p̂} is the maximal common divisor among k and q̂ + p̂.

23 For example, the cosmological constant term in the action (3.24) should belong to 0-picture.

There are several reason we choose the combination of the tachyon operators (3.36). The first reason is that these operators have the following gravitational scaling dimension: ⟨_l ∏ i=1 T_{ri,si} (z_i) ⟩ ∼ ρ^{∑li=1 ni−(q̂+p̂)2p̂} (n_i ≡ q̂r_i − p̂s_i ≥ 0), (3.42) which is consistent with the scaling dimension in the matrix model (2.29), with the identification of (3.20): O_{r,s} ↔ T_{r,s} ↔ B^{[r−s]}_{q̂r−p̂s}. Another important check is about the cosmological constant vertex operator,

T_{1,1}(z, z̄) = Ξ^{(2)}_0 (z, z̄) V_{1,−1}(z, z̄) O_{1,1}(z, z̄) = Ξ^{(2)}_0 (z, z̄) σ^L_2 (z, z̄) e^{2k bϕ(z,z̄)}. (3.43)

This belongs to R^2 sector in the Liouville parafermion and has the same gravitational scaling dimension as that of the cosmological constant term in the action (3.24),

ψ^L(z)ψ̃^L(z̄) e^{2k bϕ(z,z̄)}, (3.44)

which also belongs to the same R^2 sector of the Liouville parafermion. From this we can argue the following thing:

Here we recall that the picture changing operator in the superstring case is given as the combination of the ghost field ξ(z) and supercurrent (i.e. gauge current) [67]: X ≡ ∫ dz ξ(z)G(z), (3.45) and that the fractional supercurrent G(z) also belongs to NS sector whose action on other operators preserves the parafermion sector of the operators. This means that, even though the operators are expressed in the different pictures, the sector itself should not be changed. In this sense, our choice of the above cosmological constant operators in canonical picture ((3.43) and (3.36)) is consistent with the operator (3.44) in the action which can be related by some appropriate picture changing procedure.

The other reason is related to the decoupling conditions for the Lorentz-ghost contribution discussed in [1, 20]. The argument given in [1, 20] is essentially the consideration of (p, q) = (2, k+2) pure fractional supergravity system in our terminology, and can be phrased as follows: Which dimension of the ghost primaries (i.e. the intercept a_λ) can enhance the null structure of the spectrum. The solution [1, 20] is

χ^{(a)}_λ (z) = Ξ_λ(z) [ Q^{(λ+1+aqL )} + · V_{−1−apL,λ+1+aqL} (z) ]_† (a = 0, 1, · · · ) χ̃^{(a)}_λ (z) = Ξ_λ(z) [ Q^{(aqL−1)} − · V_{−1+apL,λ+1−aqL} (z) ]_† (a = 1, 2, · · · ), (3.46) with Δ(Ξ_λ) = a^{(λ+2)}_λ of (3.35). That is, they are all (1, 1)-primary operators and the Liouville primaries are null fields. Interestingly the matrix model implies that the set of ghost primary fields {Ξ_λ(z)}^k_{λ=0} is not enough if we turn on the matter theory, and the generalization should be given as (3.36).

With the choice of the primary fields (3.36), there are the following enhancements of null structure:

χ^{(a)}_{r,s} (z) = Ξ^{(r+s)}_{r−s} (z) [ Q^{(r+apL)} − · V_{r+apL,−(s+aqL)}(z) ]_† O_{r,s}(z), χ̃^{(ã)}_{r,s} (z) = Ξ^{(r+s)}_{r−s} (z) [ Q^{((ã+1)qL−s)} + · V_{−(pL−r)−ãpL,(qL−s)+ãqL} (z) ]_† O_{r,s}(z), (3.47)

with a, ã = 0, 1, · · · . That is, they are all (1, 1)-primary fields of the following level: N^{(a)}_{r,s;L} = 1 k (r + ak̂_Lp̂)(s + ak̂_Lq̂) + Δ(σ_{r+s}) − Δ(σ_{r−s−ak̂L(q̂−p̂)}), Ñ^{(ã+1)}_{r,s;L} = 1 k (r − (ã + 1)k̂_Lp̂)(s − (ã + 1)k̂_Lq̂) + Δ(σ_{r+s}) − Δ(σ_{r−s+(ã+1)}^_{kL(q̂−p̂)}). (3.48)

We also note that the degenerate operator O_{r,s} has null states at the level N^{(aM )}_{r,s;M} = 1 k (r + a_Mk̂p̂)(s + a_Mk̂q̂) + Δ(σ_{r+s+aM k̂(p̂+q̂)}) − Δ(σ_{r−s}), Ñ^{(ãM +1)} r,s;M = 1 k (r − (ã_M + 1)k̂p̂)(s − (ã_M + 1)k̂q̂) + Δ(σ_{r+s−(ãM +1)}^_{k(q̂+p̂)}) − Δ(σ_{r−s}), (3.49)

and they turn out to be the same with the relations: N^{(tk̂)}_{r,s;L} = N^{(tk̂L )}_{r,s;M} , Ñ^{(tk̂)}_{r,s;L} = Ñ^{(tk̂L)}_{r,s;M} , (t = 1, 2, · · · ). (3.50) Although this enhancement is not the same kind argued in [1, 20], this should be related to the existence of the discrete states at the higher level [26].

4 Summary and discussion

In this paper, we have pointed out that the non-critical k-fractional superstring theory can be described by the k-cut matrix models. After we showed that multi-cut two-matrix model has the natural multi-cut matrix integral representation, we compared the operator contents of the matrix model and (p̂, q̂) minimal k-fractional superconformal field theory. We then found that (p̂, q̂) minimal k-fractional superstring theory corresponds to the critical point of k-cut matrix model with the differential operators (P , Q) = (Ω∂^{p̂} +· · · , Ω∂^{q̂} +· · · ). Several consistency checks are in order:

• From the CFT point of view, the Z_k RR symmetry of the matter sector is broken by the screening charge and at most Z_2 symmetry remains. We also observed this property in the matrix model side. That is, the critical point itself breaks the Z_k symmetry of the k-cut matrix models to at most Z_2 symmetry.

• Although the matrix model includes much more operators than (p̂, q̂) minimal fractional superstrings, there is a Z_k × Z_k symmetry in the matrix model which can give the selection rule to correctly assign the operator contents of the CFT side.

• The definition of the cosmological constant operator is consistent with the matrix model, especially the string susceptibility with respect to the cosmological constant coincides on both sides.

From this coincidence, we can again make sure that the critical central charge (or ghost central charge) (3.29) argued in [1] should be the correct value. At least from these primary fields (3.35), the corresponding ghost system is like a “ghost parafermion system” which might be the wrong-statistics field theory of chiral (or “Weyl”) parafermion.^{24} It should be important to identify or concretely to construct the corresponding ghost CFT system.

Although there are several non-trivial checks in this paper, the coincidence of the gravitational exponents of “all” the vertex operators is not totally accomplished. In this sense, it should be fair to say that this correspondence is still at the level of conjecture. So other relevant checks (for example, the coincidence of the D-brane amplitudes in both sides) should be important. In particular, disk amplitudes [29] is interesting because this even does not require any knowledge of the ghost system. The interesting question is how the Z_k breaking nature does affect the Z_k charged FZZT brane and its algebraic curve. It is also interesting to compare the annulus amplitudes because annulus amplitudes are sensitive to the RR charges [30, 31].

Since the Z_k-symmetry breaking critical points correspond to minimal k-fractional superstring theory, it is quite possible that there is some other Z_k symmetric minimal string theory which corresponds to the Z_k symmetric critical points of the k-cut two-matrix model. If there exists such a theory, the algebraic curve should show the k-cut geometry. Finding such a model should be also an interesting problem.

24 The “wrong statistics” means that the statistics is different from the canonical one only by sign (−1). Also note that the usual parafermion system can be interpreted as “Majorana” parafermion because k = 2 gives Majorana fermion.

The important future work in the matrix-model direction is direct evaluation of the critical points, especially how we fix the “hermiticity” of the KP flow parameters t^{[μ]}n . In the two-cut case, this was identified in [45], that is, the odd potential should be pure imaginary. The multi-cut two-matrix model should also have such a selection of the potential and such a consideration can be only obtained from direct evaluation of the critical points.

In this paper, we only focus on minimal fractional superstrings which can be described by the two matrix model. An interesting direction is to give an answer to the question what should correspond to multi-cut one-matrix model, which was originally given by [43], and also how we can construct the multi-cut matrix quantum mechanics which should describe the two-dimensional fractional superstring theory.

Acknowledgment The author would like to express his appreciation to Masafumi

Fukuma, Shigenori Seki and Yoshinori Matsuo for the fascinating collaborations and sharing insights into this field, and Jun Nishimura for suggesting of giving the talk at the KEK string workshop 2008 which gives the starting point of this work, and Pei-Ming Ho and Kazuyuki Furuuchi for kind encouragements, and Yasuaki Hikida, Yoske Sumitomo, Shoichi Kawamoto, Hiroshi Isono, Darren Shih and Tomohisa Takimi for useful discussion, and Hikaru Kawai, Tamiaki Yoneya, Satoshi Iso, Tadashi Takayanagi, Jen-Chi Lee, Kazutomu Shiokawa and Yutaka Matsuo for useful comments, and David Shih for showing interests in this work, and Wen-Yu Wen, Dan Tomino and Hirofumi Mineo for various help in living in Taiwan, and finally Chuan-Tsung Chan for holding nice mini-school and study group. The author also would like to say thank you to the people in the KEK theory group and Taiwan string focus group. This work is partially supported by Taiwan National Science Council under Grant No. 97-2119-M-002-001.

A The parafermion and the Z_k spin-structure

Here we summarize the basic ingredients and terminology for the parafermion CFT Z_k [14] which we use in the section 3, especially focusing on how they can be the extension of the usual fermion. This terminology should be useful for this kind of “parafermionic” string theory. The conformal field theory of parafermion is parametrized by integer k = 1, 2, · · · and has the central charge of c_{Zk} = 2(k − 1)/(k + 2). Basically this system is nothing but the coset CFT of Z_k = SU(2)_k/U(1)_k [14]. Here we only focus on the left-hand-side (i.e.

chiral) part of the CFT, and detail discussions of the parafermion can be found in [14, 68].

A.1 Primary fields and the Z_k × Z̃_k parafermion charge

The basic dynamical degree of freedom is the parafermion field ψ(z) with their descendants {ψ_l(z)}^{k−1}_{l=0} of the dimensions,

Δ_l ≡ Δ(ψ_l) = l(k − l) k , (A.1)

with ψ_0(z) = 1, ψ_1(z) = ψ(z), ψ_{k−l}(z) = ψ^†_l (z) and ψ_{l+nk}(z) = ψ_l(z) (n ∈ Z). They form the following closed OPE algebra, the parafermion algebra:

ψ_{l1} (z) ψ_{l2} (0) ∼ c_{l1,l2} z^{Δl}1^{+Δl}2^{−Δl}1^{+l}2 [ ψ_{l1+l2} (0) + · · · ] . (A.2)

The dots in the parenthesis indicate descendants fields in the sense of W_k-algebra [69]. So we often use the abbreviate notation: [ ψ_{l1} (z) ] W × [ ψ_{l2} (z) ] W = [ ψ_{l1+l2} (z) ] W , (A.3)

to clarify the algebraic structure. The important thing is that this algebra preserves the following Z_k symmetry: Γ^n : ψ_l(z) → ω^{nl}ψ_l(z), Γ ≡ ω^{fR} , ω ≡ e^{2πik} . (A.4) Here we call f_R the worldsheet parafermion number (of left-hand-side). The charge Γ is the counterpart of the usual chirality operator and is called the (worldsheet) parafermion charge operator.

Other basic primary fields are spin fields {σ_λ}^k_{λ=0} of the dimension

Δ(σ_λ) = λ(k − λ) 2k(k + 2)

, σ^†_λ(z) = σ_{k−λ}(z). (A.5)

They are the vacuum operators of the parafermion module, [ σ_λ(z) ] ψ ≡ ⨁ μ∈Z/Z_k [ σ^{(λ)}_μ (z) ] W , [ ψ_l(z) ] W × [ σ^{(λ)}_μ (z) ] W = [ σ^{(λ)}_{μ−2l}(z) ] W , (A.6)

with

σ_λ(z) ≡ σ^{(λ)}_λ (z), σ^{(λ)}_μ (z) = σ^{(λ)}_{μ+2nk}(z) = σ^{(λ+nk)}_{μ±nk} (z) (n ∈ Z), (A.7) especially ψ_l(z) = σ^{(0)}_{2l} (z) = σ^{(k)}_{2l−k}(z). The dimension is

Δ(σ^{(λ)}_μ (z)) = λ(λ + 2) 4(k + 2) − μ^2 4k . (A.8)

Among them, there is the disorder (Kramers-Wannier) dual field μ_λ(z) for each σ_λ(z): σ_λ(z) ↔ μ_λ(z) ≡ σ^{(k−λ)}_{λ−k} (z), (A.9) with μ^†_λ(z) = μ_{k−λ}(z). The assignment of the chirality Γ for each primary fields has two choices in general:

Γ(σ^{(λ)}_μ (z)) = ω^{μ+λ2} σ^{(λ)}_μ (z), Γ̃(σ^{(λ)}_μ (z)) = ω^{μ−λ2} σ^{(λ)}_μ (z), (A.10)

especially Γ(σ_λ) = ω^λ = Γ̃(μ_{k−λ}) and Γ̃(σ_λ) = 1 = Γ(μ_{k−λ}). In this sense, the parafermion basically has the Z_k × Z̃_k structure in its spectrum.

A.2 The Z_k spin-structure

Although the Z_k symmetry (A.4) is the symmetry of the algebra (A.3) and the module (A.6), this is not preserved in the general OPE algebra.^{25} This Z_k degree of freedom however appears in the twisted boundary condition of parafermion fields:

ψ(e^{2πi}z) O_μ(0) = ω^μ ψ(z) O_μ(0), Ω(O_μ(z)) ≡ ω^μO_μ(z), Ω ≡ ω^F (A.11)

and this Z_k charge Ω is preserved in the OPE algebra. This is the generalization of the spacetime fermion number or the R-R charge of the usual superstrings. We also call Ω the Z_k R-R charge or specetime “parafermion number”, and we say that the operator O_μ belongs to R^μ sector, and especially R^0 sector is called NS sector. These sectors corresponds to the cuts of the parafermion fields in Riemann surfaces. We can easily see that the operator σ^{(λ)}μ (z) belongs to R^μ sector. The special operators of NS sector, ϵ_i(z) ≡ σ^{(2i)}_0 (z) (ϵ^†_i (z) ≡ σ^{k−2i}_k (z)), are called energy operators and have the dimension

Δ(ϵ_i(z)) = i(i + 2) k + 2

. (A.12)

Note that this field has no Z_k R-R charge Ω but has the Z_k × Z̃_k parafermion charge Γ × Γ̃.

We also note that it is convenient to use the Young diagram notation based on the Z_k × Z̃_k structure of (A.10):

σ^{(λ)}_μ (z) ⇔ f_R { } f̃_R ≡^t(f_R, f̃_R), (A.13)

25This charge is the coulomb charge of the Wakimoto construction and screened in general.

which is actually related to the W_k-labeling. In this notation, the conjugation of Γ ↔ Γ̃ expresses the Kramers-Wannier duality, and the other conjugation (Γ, Γ̃) → (Γ^†, Γ̃^†) means the dual field conjugation. The size of the diagram is nothing but the Z_k R-R charge: Ω = (Γ × Γ̃)_{diag}.

References

[1] P. C. Argyres, A. LeClair and S. H. H. Tye, “On The Possibility Of Fractional Superstrings,” Phys. Lett. B 253 (1991) 306.

[2] P. Goddard, A. Kent and D. I. Olive, “Virasoro Algebras And Coset Space Models,” Phys. Lett. B 152 (1985) 88; “Unitary Representations Of The Virasoro And Supervirasoro Algebras,” Commun. Math. Phys. 103 (1986) 105.

[3] D. Kastor, E. J. Martinec and Z. a. Qiu, “Current Algebra and Conformal Discrete Series,” Phys. Lett. B 200 (1988) 434.

[4] J. Bagger, D. Nemeschansky and S. Yankielowicz, “Virasoro Algebras with Central Charge c > 1,” Phys. Rev. Lett. 60 (1988) 389.

[5] F. Ravanini, “An Infinite Class Of New Conformal Field Theories With Extended Algebras,” Mod. Phys. Lett. 3A (1988) 397.

[6] D. Bernard and A. Leclair, “Residual quantum symmetries of the restricted sine-Gordon theories,” Nucl. Phys. B 340 (1990) 721.

[7] C. Ahn, D. Bernard and A. LeClair, “Fractional supersymmetries in perturbed coset CFTs and integrable soliton theory,” Nucl. Phys. B 346 (1990) 409.

[8] D. Bernard and A. LeClair, “The Fractional supersymmetric Sine-Gordon models,” Phys. Lett. B 247 (1990) 309.

[9] P. C. Argyres and S. H. H. Tye, “Fractional Superstrings With Space-Time Critical Dimensions Four And Six,” Phys. Rev. Lett. 67 (1991) 3339 [arXiv:hep-th/9109001].

[10] K. R. Dienes and S. H. H. Tye, “Model building for fractional superstrings,” Nucl.

Phys. B 376 (1992) 297 [arXiv:hep-th/9112015].

[11] G. B. Cleaver and P. J. Rosenthal, “Aspects Of Fractional Superstrings,” Commun.

Math. Phys. 167 (1995) 155 [arXiv:hep-th/9302071].

[12] K. R. Dienes, “The World sheet conformal field theory of the fractional superstring,” Nucl. Phys. B 413 (1994) 103 [arXiv:hep-th/9305094].

[13] P. C. Argyres and K. R. Dienes, “Central charge reduction and space-time statistics in the fractional superstring,” Phys. Rev. Lett. 71 (1993) 819 [arXiv:hep-th/9305093].

[14] A. B. Zamolodchikov and V. A. Fateev, “Parafermionic Currents In The Two- Dimensional Conformal Quantum Field Theory And Selfdual Critical Points In Z(N) Invariant Statistical Systems,” Sov. Phys. JETP 62 (1985) 215 [Zh. Eksp. Teor. Fiz. 89 (1985) 380].

[15] P. C. Argyres, J. M. Grochocinski and S. H. H. Tye, “Structure constants of the fractional supersymmetry chiral algebras,” Nucl. Phys. B 367 (1991) 217 [arXiv:hep-th/9110052].

[16] S. w. Chung, E. Lyman and S. H. H. Tye, “Fractional supersymmetry and minimal coset models in conformal field theory,” Int. J. Mod. Phys. A 7 (1992) 3339.

[17] P. C. Argyres, K. R. Dienes and S. H. H. Tye, “New Jacobi Like Identities For Z(K) Parafermion Characters,” Commun. Math. Phys. 154 (1993) 471 [arXiv:hep-th/9201078].

[18] P. C. Argyres, E. Lyman and S. H. H. Tye, “Low Lying States Of The Six-Dimensional Fractional Superstring,” Phys. Rev. D 46 (1992) 4533 [arXiv:hep-th/9205113].

[19] P. C. Argyres, “Fractional superstring tree scattering amplitudes,” arXiv:hep-th/9302079;

P. C. Argyres and S. H. H. Tye, “Tree scattering amplitudes of the spin 4/3 fractional superstring. 1. The Untwisted sectors,” Phys. Rev. D 49 (1994) 5326 [arXiv:hep-th/9310131]; “Tree Scattering Amplitudes Of The Spin 4/3 Fractional Superstring. 2. The Twisted Sectors,” Phys. Rev. D 49 (1994) 5349 [arXiv:hep-th/9311131].

[20] Z. Kakushadze and S. H. H. Tye, “Kac and new determinants for fractional superconformal algebras,” Phys. Rev. D 49 (1994) 4122 [arXiv:hep-th/9310160].

[21] A. M. Polyakov, “Quantum geometry of bosonic strings,” Phys. Lett. B 103 (1981) 207; “Quantum geometry of fermionic strings,” Phys. Lett. B 103 (1981) 211.

[22] V. G. Knizhnik, A. M. Polyakov and A. B. Zamolodchikov, “Fractal structure of 2dquantum gravity,” Mod. Phys. Lett. A 3 (1988) 819.

[23] F. David, “Conformal field theories coupled to 2-D gravity in the conformal gauge,” Mod. Phys. Lett. A 3 (1988) 1651;

J. Distler and H. Kawai, “Conformal field theory and 2-D quantum gravity, or who’s afraid of Joseph Liouville?,” Nucl. Phys. B 321 (1989) 509.

[24] J. Distler, Z. Hlousek and H. Kawai, “Super Liouville theory as a two-dimensional, superconformal supergravity Theory,” Int. J. Mod. Phys. A 5 (1990) 391.

[25] N. Seiberg, “Notes on quantum Liouville theory and quantum gravity,” Prog. Theor.

Phys. Suppl. 102 (1990) 319.

[26] B. H. Lian and G. J. Zuckerman, “New selection rules and physical states in 2-D gravity:

Conformal gauge,” Phys. Lett. B 254 (1991) 417.

[27] H. Dorn and H. J. Otto, “Two and three point functions in Liouville theory,” Nucl.

Phys. B 429 (1994) 375 [arXiv:hep-th/9403141];

A. B. Zamolodchikov and Al. B. Zamolodchikov, “Structure constants and conformal bootstrap in Liouville field theory,” Nucl. Phys. B 477 (1996) 577 [arXiv:hep-th/9506136];

V. Fateev, A. B. Zamolodchikov and Al. B. Zamolodchikov, “Boundary Liouville field theory. I: Boundary state and boundary two-point function,” arXiv:hep-th/0001012; J. Teschner, “Remarks on Liouville theory with boundary,” arXiv:hep-th/0009138; A. B. Zamolodchikov and Al. B. Zamolodchikov, “Liouville field theory on a pseudosphere,” arXiv:hep-th/0101152.

[28] R. H. Poghosian, “Structure constants in the N = 1 super-Liouville field theory,” Nucl.

Phys. B 496 (1997) 451 [arXiv:hep-th/9607120];

R. C. Rashkov and M. Stanishkov, “Three-point correlation functions in N = 1 Super Liouville Theory,” Phys. Lett. B 380 (1996) 49 [arXiv:hep-th/9602148]; T. Fukuda and K. Hosomichi, “Super Liouville theory with boundary,” Nucl. Phys. B 635 (2002) 215 [arXiv:hep-th/0202032];

C. Ahn, C. Rim and M. Stanishkov, “Exact one-point function of N = 1 super-Liouville theory with boundary,” Nucl. Phys. B 636 (2002) 497 [arXiv:hep-th/0202043].

[29] N. Seiberg and D. Shih, “Branes, rings and matrix models in minimal (super)string theory,” JHEP 0402 (2004) 021 [arXiv:hep-th/0312170].

[30] K. Okuyama, “Annulus amplitudes in the minimal superstring,” JHEP 0504 (2005) 002 [arXiv:hep-th/0503082].

[31] H. Irie, “Notes on D-branes and dualities in (p, q) minimal superstring theory,” Nucl.

Phys. B 794 [PM] (2008) 402 [arXiv:0706.4471 hep-th].

[32] V. A. Kazakov, “The appearance of matter fields from quantum fluctuations of 2-D gravity,” Mod. Phys. Lett. A 4, 2125 (1989).

[33] E. Brezin and V. A. Kazakov, “Exactly solvable field theories of closed strings,” Phys.

Lett. B 236 (1990) 144;

M. R. Douglas and S. H. Shenker, “Strings in less than one dimension,” Nucl. Phys. B 335 (1990) 635;

D. J. Gross and A. A. Migdal, “A nonperturbative treatment of two-dimensional quantum gravity,” Nucl. Phys. B 340 (1990) 333.

[34] M. R. Douglas, “Strings in less than one-dimension and the generalized KdV hierarchies,” Phys. Lett. B 238 (1990) 176.

[35] T. Tada and M. Yamaguchi, “P and Q operator analysis for two matrix model,” Phys.

Lett. B 250, 38 (1990);

M. R. Douglas, “The Two matrix model,” In *Cargese 1990, Proceedings, Random surfaces and quantum gravity* 77-83. (see HIGH ENERGY PHYSICS INDEX 30 (1992) No. 17911)

[36] J. M. Daul, V. A. Kazakov and I. K. Kostov, “Rational theories of 2-D gravity from the two matrix model,” Nucl. Phys. B 409 (1993) 311 [arXiv:hep-th/9303093].

[37] M. Fukuma, H. Kawai and R. Nakayama, “Continuum Schwinger-Dyson equations and universal structures in two-dimensional quantum gravity,” Int. J. Mod. Phys. A 6 (1991) 1385.

[38] M. Fukuma, H. Kawai and R. Nakayama, “Infinite dimensional Grassmannian structure of two-dimensional quantum gravity,” Commun. Math. Phys. 143 (1992) 371.

[39] M. Fukuma, H. Kawai and R. Nakayama, “Explicit solution for p–q duality in twodimensional quantum gravity,” Commun. Math. Phys. 148 (1992) 101.

[40] V. Periwal and D. Shevitz, “Unitary matrix models as exactly solvable string theories,” Phys. Rev. Lett. 64 (1990) 1326; “Exactly solvable unitary matrix models: multicritical potentials and correlations,” Nucl. Phys. B 344 (1990) 731.

[41] M. R. Douglas, N. Seiberg and S. H. Shenker, “Flow and instability in quantum gravity,” Phys. Lett. B 244 (1990) 381.

[42] C. R. Nappi, “Painleve-II And Odd Polynomials,” Mod. Phys. Lett. A 5 (1990) 2773.

[43] C. Crnkovic and G. W. Moore, “Multicritical multicut matrix models,” Phys. Lett. B 257 (1991) 322.

[44] C. Crnkovic, M. R. Douglas and G. W. Moore, “Loop equations and the topological phase of multi-cut matrix models,” Int. J. Mod. Phys. A 7 (1992) 7693 [arXiv:hep-th/9108014].

[45] T. J. Hollowood, L. Miramontes, A. Pasquinucci and C. Nappi, “Hermitian Versus Anti-Hermitian One Matrix Models And Their Hierarchies,” Nucl. Phys. B 373 (1992) 247 [arXiv:hep-th/9109046].

[46] M. Fukuma and S. Yahikozawa, “Nonperturbative effects in noncritical strings with soliton backgrounds,” Phys. Lett. B 396 (1997) 97 [arXiv:hep-th/9609210].

[47] M. Fukuma and S. Yahikozawa, “Combinatorics of solitons in noncritical string theory,” Phys. Lett. B 393 (1997) 316 [arXiv:hep-th/9610199].

[48] M. Fukuma and S. Yahikozawa, “Comments on D-instantons in c < 1 strings,” Phys.

Lett. B 460 (1999) 71 [arXiv:hep-th/9902169].

[49] T. Takayanagi and N. Toumbas, “A matrix model dual of type 0B string theory in two dimensions,” JHEP 0307 (2003) 064 [arXiv:hep-th/0307083].

[50] M. R. Douglas, I. R. Klebanov, D. Kutasov, J. M. Maldacena, E. J. Martinec and N. Seiberg, “A new hat for the c = 1 matrix model,” arXiv:hep-th/0307195.

[51] I. R. Klebanov, J. M. Maldacena and N. Seiberg, “Unitary and complex matrix models as 1-d type 0 strings,” Commun. Math. Phys. 252 (2004) 275 [arXiv:hep-th/0309168].

[52] J. M. Maldacena, G. W. Moore, N. Seiberg and D. Shih, “Exact vs. semiclassical target space of the minimal string,” JHEP 0410 (2004) 020 [arXiv:hep-th/0408039].

[53] N. Seiberg and D. Shih, “Flux vacua and branes of the minimal superstring,” JHEP 0501 (2005) 055 [arXiv:hep-th/0412315].

[54] M. Fukuma, H. Irie and S. Seki, “Comments on the D-instanton calculus in (p, p + 1) minimal string theory,” Nucl. Phys. B 728 (2005) 67 [arXiv:hep-th/0505253].

[55] M. Fukuma, H. Irie and Y. Matsuo, “Notes on the algebraic curves in (p, q) minimal string theory,” JHEP 0609 (2006) 075 [arXiv:hep-th/0602274].

[56] M. Fukuma and H. Irie, “A string field theoretical description of (p, q) minimal superstrings,” JHEP 0701 (2007) 037 [arXiv:hep-th/0611045].

[57] M. Fukuma and H. Irie, “Supermatrix models and multi ZZ-brane partition functions in minimal superstring theories,” JHEP 0703, 101 (2007) [arXiv:hep-th/0701031].

[58] H. Chakir, A. Elfallah and E. H. Saidi, “On generalized fractional superstring theory,” Class. Quant. Grav. 14 (1997) 2049;

A. El Fallah, E. H. Saidi and R. Dick, “On generalized fractional superstring models and the associative division algebras,” Class. Quant. Grav. 17 (2000) 43.

[59] H. Irie, “What should correspond to multi-cut matrix models,” a talk at KEK string workshop 2008, 4th - 6th March 2008 at KEK

[60] M. Fukuma and H. Irie, unpublished.

[61] V. G. Kac and J. W. van de Leur, “The n-component KP hierarchy and representation theory,” J. Math. Phys. 44 (2003) 3245 [arXiv:hep-th/9308137].

[62] I. Krichever, “The dispersionless Lax equations and topological minimal models,” Commun. Math. Phys. 143 (1992) 415.

[63] M. Sato, RIMS Kokyuroku 439 (1981) 30;

E. Date, M. Jimbo, M. Kashiwara and T. Miwa, “Transformation groups for soliton equations. 3. Operator approach to the Kadomtsev-Petviashvili equation,” RIMS-358; M. Jimbo and T. Miwa, “Solitons and infinite dimensional Lie algebras,” Publ. Res. Inst. Math. Sci. Kyoto 19 (1983) 943

[64] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, “Infinite conformal symmetry in two-dimensional quantum field theory,” Nucl. Phys. B 241 (1984) 333.

[65] P. Di Francesco, H. Saleur and J. B. Zuber, “Generalized Coulomb gas formalism for two-dimensional critical models based on SU(2) coset construction,” Nucl. Phys. B 300 (1988) 393.

[66] M. B. Green and N. Seiberg, “Contact interactions in superstring theory,” Nucl. Phys.

B 299 (1988) 559;

M. Dine and N. Seiberg, “Microscopic Knowledge From Macroscopic Physics In String Theory,” Nucl. Phys. B 301 (1988) 357;

P. Di Francesco and D. Kutasov, “World Sheet And Space-Time Physics In Two-Dimensional (Super)String Theory,” Nucl. Phys. B 375 (1992) 119 [arXiv:hep-th/9109005].

[67] D. Friedan, E. J. Martinec and S. H. Shenker, “Conformal Invariance, Supersymmetry And String Theory,” Nucl. Phys. B 271 (1986) 93.

[68] D. Gepner and Z. a. Qiu, “Modular Invariant Partition Functions for Parafermionic Field Theories,” Nucl. Phys. B 285 (1987) 423.

[69] V. A. Fateev and A. B. Zamolodchikov, “Conformal Quantum Field Theory Models in Two-Dimensions Having Z(3) Symmetry,” Nucl. Phys. B 280 (1987) 644; V. A. Fateev and S. L. Lukyanov, “The Models of Two-Dimensional Conformal Quantum Field Theory with Z(n) Symmetry,” Int. J. Mod. Phys. A 3 (1988) 507.