arXiv:0902.2869v3 [hep-th] 4 Apr 2009

IPM/P-2009/004 0902.2869

3d CFT and Multi M2-brane Theory on R × S^2

M. Ali-Akbari

Institute for Studies in Theoretical Physics and Mathematics (IPM) P.O.Box 19395-5531, Tehran, IRAN E-mails: aliakbari@theory.ipm.ac.ir

Abstract

The radial quantization of N = 8 theory in three dimensions is considered i.e. we study the N = 8 BLG theory on R × S^2. We present the explicit from of the Lagrangian and the corresponding supersymmetry transformations and supersymmetry algebra. We study spectrum of this theory and some of its BPS configurations.

1 Introduction

The world volume theory of multiple M2-branes has been an open question over the last two-three decades ago. The low energy limit of multiple M2-branes theory is expected to be an interacting 2+1 dimensional superconformal field theory with eight transverse scalar fields as its bosonic content[1]. Moreover the multiple M2-branes theory should be maximally supersummetric, which in three dimensions means that it is ”N = 8 supersymmetric theory” and therefore superconformal symmetry group is OSp(8|4). From AdS/CFT point of view these theories are dual to AdS_4 × S^7 solution of M-theory. The bosonic part of superalgebra is SO(8) × SO(3, 2) as the global symmetry of both theories.

Very interesting theory with appropriate symmetries of 3d N = 8 was proposed by Bagger and Lambert[2, 3, 4] and also Gustavsson [5]. Therefore this model has potential to describe world volume of multiple M2-branes. In this construction the field content is a collection of eight scalars, fermions and non-propagating gauge fields which are transforming under 3-algebra and a 4-index structure constant. 3-algebra and structure constants can be considered as a generalization of a Lie algebra with triple bracket and 3-index structure constant. The structure constants satisfy a fundamental identity replacing the Jacobi identity of a Lie algebra. There should also be a symmetric invertible metric h^{ab} that can be used to raise and lower indices. Different aspects of this theory are studied in the literature[22]. Matrix realization of this theory is also presented in [6, 7, 8, 9].

According to AdS/CFT and holographic principle this model lives on the boundary of AdS_4 ×S^7. It is well known that this boundary is R×S^2. In this paper we study N = 8 BLG model on the R×S^2 background. we construct suitable supersymmetry transformations and Lagrangian and then investigate BPS configurations.

This paper is organized as follows. In section 2 we review BLG model and then in section 3 theory on R × S^2 is considered. In section 4 we study BPS configurations. Section 5 is devoted to discussions. The explicit representations for gamma matrices have been presented in appendix A.

2 Review of BLG theory

To begin, we briefly review Bagger-Lambert construction as a three dimensional superconformal field theory with OSp(8|4) superalgebra. spin(8) R-symmetry and spin(4) ≡ spin(3, 2) conformal symmetry are the bosonic part of superalgebra. Bosonic fields are X^I_a and nonpropagating A^{ab}_μ (μ = 0, 1, 2 is world volume index) and fermionic fields are Ψ^a. The index I labels components of the fundamental 8_v representation of spin(8) as scalar fields corresponding to the eight directions transverse to M2-branes and a indices take the values 1, .., dim_A with dim_A being the dimension of 3-algebra A which is yet to be specified. Representation of the fermionic fields are 8_s and they have two different indices related to spin(8) × spin(3, 2) which are suppressed here.

In order to write Lagrangian 4-index structure constants f^{abcd} is defined associated with a formal, totally antisymmetric three bracket over 3-algebra generators [T^a, T^b, T^c] = f^{abc}_dT^d, (1) and inner product is defined by a generalization of the trace over the 3-algebra indices h^{ab} = T r(T^aT^b). (2) The 4-index structure constants satisfy the ”fundamental identity” f^{efg}_df^{abc}_g = f^{efa}_gf^{bcg}_d + f^{efb}_gf^{cag}_d + f^{efc}_gf^{abg}_d. (3) The above bracket and trace satisfy the T r ( [T^a, T^b, T^c]T^d ) = −T r ( [T^d, T^a, T^b]T^c ) , (4) implying f^{abcd} = f^{[abcd]}, (5) where f^{abcd} = f^{abc}_e h^{ed}. The BLG Lagrangian L = − 1 2 (D_μX^{aI} )(D^μX^I_a ) + i 2 Ψ̄^aγ^μD_μΨ_a + i 4 Ψ̄_bΓ^{IJ} X^I_c X^J_d Ψ_af^{abcd} −V + 1 2 ε^{μνλ}(f^{abcd}A_{μab}∂_ν A_{λcd} + 2 3 f^{cda}_gf^{efgb}A_{μab}A_{νcd}A_{λef} ), (6) where V = 1 12 f^{abcd}f^{efg}_dX^I_a X^J_b X^K_c X^I_e X^J_f X^K_g (D_μX)_a = ∂_μX_a − f^{cdb}_aA_{μ cd}X_b ≡ ∂_μX_a − Ã_μ^b_aX_b, (7) is invariant under the gauge transformations δX_a = Λ_{cd}f^{cdb}_aX_b ≡ Λ̃^b_aX_b δΨ_a = Λ_{cd}f^{cdb}_aΨ_b δ(f^{cdb}_aA_{μcd}) ≡ δÃ_μ^b_a = f^{cdb}_aD_μΛ_{cd}, (8) and the supersymmetry variations δX^I_a = iϵ̄Γ^I Ψ_a (9a) δΨ_a = D_μX^I_a γ^μΓ^I ϵ − 1 6 X^I_b X^J_c X^K_d f^{bcd}_aΓ^{IJK} ϵ (9b) δÃ^b_{μ a} = iϵ̄γ_μΓ^I X^I_c Ψ_df^{cdb}_a. (9c)

In the above Ψ and ϵ should have different 3d chirality i.e. γ^{012}Ψ = −Ψ and γ^{012}ϵ = ϵ. It was shown in [3, 4] that the above supersymmetry transformations are closed up to a gauge transformation

[δ_1, δ_2]X^I_a = v^μ∂_μX^I_a + (Λ̃^b_a − v^νÃ^b_{ν a})X^I_b (10a) [δ_1, δ_2]Ψ_a = v^μ∂_μΨ_a + (Λ̃^b_a − v^νÃ^b_{ν a})Ψ_b (10b) [δ_1, δ_2]Ã^b_{μ a} = v^ν ∂_νÃ^b_{μ a} + D_μ(Λ̃^b_a − v^νÃ^b_{ν a}), (10c)

where v^μ = −2iϵ̄_2γ^μϵ_1, Λ̃^b_a = −iϵ̄_2Γ^{JK} ϵ_1X^J_c X^K_d f^{cdb}_a. (11)

It is important to notice that the fundamental identity is essential to ensure the gauge invariance of the action as well as the closure of supersymmetry transformations (10c). Note also that the supersymmetry transformations (10) are written on-shell with the following equations of motion

γ^μD_μΨ_a + 1 2 Γ^{IJ} X^I_c X^J_d Ψ_bf^{cdb}_a = 0

D^2X^I_a − i 2 Ψ̄_cΓ^{IJ} X^J_d Ψ_bf^{cdb}_a − ∂V ∂X^{Ia} = 0 (12)

F̃_{μν}^b_a + ε_{μνλ}(X^J_c D^λX^J_d + i 2 Ψ̄_cγ^λΨ_d)f^{cdb}_a = 0,

that

F̃_{μν}^b_a = ∂_νÃ_μ^b_a − ∂_μÃ_ν^b_a − Ã_μ^b_cÃ_ν^c_a + Ã_ν^b_cÃ_μ^c_a. (13)

3 BLG construction on R × S^2

To construct the BLG theory on R × S^2, we follow the same procedure as in [3, 4]. We propose appropriate supersymmetry transformations and check their closure. As we will see this fixes all the freedom in the choice of the coefficients in the supersymmetry variations as well as the equations of motion. For the ”appropriate ” supersymmetry variations we need to work with spinors on R × S^2 which in its own turn is constructed using the AdS_4 fermions. As a result we will show that supersymmetry closure again demands fundamental identity and as expected the equation of motion for the X^I_a acquires a mass term.

3.1 Killing spinor on R × S^2

Killing spinor equation on R × S^2 is our aim in this subsection. The relation between Killing spinor on AdS_5 and R × S^3 has been considered in [11]. Here we follow the same way to find

Killing spinor on R × S^2. In the global coordinate the metric of AdS_4 with radius a takes the form ds^2 = a^2(− cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdΩ^2), (14)

and Killing spinors defined by

~∇_{μ̄}ϵ = (∇_{μ̄} − 1 2R γ_{μ̄} ) ϵ = 0. (15)

μ̄(= t, ρ, i) labels components of AdS_4 metric where i denotes the direction of S^2. Supersymmetry parameters are chiral 4d fermions i.e. γ^{^0^1^2^3}ϵ = −ϵ which have four complex^1. Covariant derivative is defined by ∇_{μ̄} = ∂_{μ̄} −^1_{4R} Ω^{âb̂}_{μ̄} γ_{âb̂} that R is radius of 2-sphere and Ω^{âb̂} is the connection 1-form defined by dω^â + Ω^â_{b̂} ∧ ω^{b̂} = 0 and ω^â is the vierbein defined in the usual manner g_{μ̄ν̄} = η_{âb̂}ω^â_{μ̄}ω^{b̂}_{ν̄} , {γ^{μ̄}, γ^{ν̄}} = 2g^{μ̄ν̄} , {γ^â, γ^{b̂}} = 2η^{âb̂}, (16)

and ~∇ is written as

~∇_t = ∂_t + 1 2R sinh ργ_tγ_ρ − 1 2R cosh ργ_t = e^{− 12R ργ} ( ∂_t − 1 2R γ_t ) e^{12R ργ} ~∇_i = ∇_i + 1 2R cosh ργ_iγ_ρ − 1 2R sinh ργ_i = e^{− 12R ργ} ( ∇_i − 1 2R γ_iγ ) e^{12R ργ} ~∇_ρ = ∂_ρ − 1 2R γ_ρ = ∂_ρ + 1 2R γ. (17)

We have identified γ^ρ = −γ^{^0^1^2} ≡ −γ, γ is the three dimensional chirality and γ^2 = 1. By above identification, three gamma matrices are independent describing gamma matrices on R × S^2. Note that in this setup SO(8) symmetry of the original BLG theory doesn’t change. Therefore, the Killing spinor on AdS_4 and Killing spinor on R × S^2 are related by ϵ_{AdS4} = e^{− 12R ργ} ϵ_{R×S}2 , (18) where ϵ_{R×S}2 satisfies ∇_μϵ = 1 2R ω_μϵ, (19)

with ω_μ = (γ_t, γ_iγ) , i = 1, 2 γ^ν ∇_ν (γ^μ∇_μϵ) = − 1 4 d(d − 2)ϵ, d = 3 (20)

where γ_i are matrices on the S^2 and d is space-time dimension.

1Note that after using γ^{^0^1^2^3}ϵ = −ϵ, supersymmetry parameters have two complex fermionic degrees of freedom. By applying γ^{^0^1^2}ϵ = ϵ (see after (24)), the degrees of freedom are two real.

3.2 BLG theory on R × S^2

Inspired by the BLG and similar analysis for the N = 4 on R × S^3 [11], we propose the following deformed supersymmetry transformations for the N = 8 theory on R × S^2

δX^I_a = iϵ̄Γ^I Ψ_a (21a) δΨ_a = D_μX^I_a γ^μΓ^I ϵ − 1 6 X^I_b X^J_c X^K_d f^{bcd}_aΓ^{IJK} ϵ + m Γ^I X^I_a γ^μ∇_μϵ (21b) δÃ^b_{μ a} = iϵ̄γ_μΓ^I X^I_c Ψ_df^{cdb}_a, (21c)

where now D_μ is covariant derivative on the R × S^2 including gauge field

(D_μX)_a = ∇_μX_a − Ã_μ^b_aX_b, (22)

and m is the dimensionless parameter to be fixed later. Instead of the 3d Majorana fermions used in the original BLG analysis the fermionic fields Ψ should be appropriately chosen for the R×S^2 case. We choose Ψ to be a chiral fermion on the S^2 and hence Ψ is a one component complex fermion while also in 8_s of SO(8). For the supersymmetry transformation parameter ϵ is similarly taken to be a chiral Killing spinor on R × S^2.

Closure of the scalar field X^I leads to

[δ_1, δ_2]X^I_a = v^μ∂_μX^I_a + (Λ̃^b_a − v^νÃ^b_{ν a})X^I_b + iΛ^{IJ} X^J_a , (23)

where Λ^{IJ} = m ( ϵ̄_2Γ^{IJ} γ^μ∇_μϵ_1 − ϵ̄_1Γ^{IJ} γ^μ∇_μϵ_2 ) . (24) In the above γ^{^0^1^2}Ψ = −Ψ and γ^{^0^1^2}ϵ = ϵ. The Γ^{IJ} term shows the SO(8) R-symmetry rotation^2. Closure of supersymmetry over the fermionic fields leads to

[δ_1, δ_2]Ψ_a = v^μ∇_μΨ_a + (Λ̃^b_a − v^νÃ^b_{ν a})Ψ_b + i 4 Λ^{IJ} Γ^{IJ} Ψ_a , (25)

provided that the fermionic equations of motion are

γ^μD_μΨ_a + 1 2 Γ^{IJ} X^I_c X^J_d Ψ_bf^{cdb}_a = 0 , (26)

and that m = −^1_3 . In other words, the supersymmetry closure condition fixes the only free parameter in our model.

As the last closure condition we examine [δ_1, δ_2]Ã^b_{μ a}. Upon employing the fundamental identity, [δ_1, δ_2]Ã^b_{μ a} = v^ν ∇_νÃ^b_{μ a} + D_μ(Λ̃^b_a − v^νÃ^b_{ν a}), (27)

2Using antisymmetric property of γ^0,γ^1 and ϵ̄_2γ^2ϵ_1 = 0, one can explicitly show that ∇_μΛ^{IJ} = 0. It means that the R-symmetry is rigid. Moreover the explicit superalgebra is written in (48) and (49) in terms of the fields and their momenta.

provided that A_μ is satisfying the following equation of motion

F̃_{μν}^b_a + ε_{μνλ}(X^J_c D^λX^J_d + i 2 Ψ̄_cγ^λΨ_d)f^{cdb}_a = 0. (28)

The above closure conditions establish the supersymmetric invariance of the BLG model on R × S^2 with the above modified supersymmetry transformations. Note that in this case the supersymmetry algebra besides the “translations on R × S^2” (the γ^μ∇_μ term) also involves an SO(8) R-symmetry rotation.

To find bosonic equation of motion, we take the supervariation of the fermion equation of motion. This gives

D^2X^I_a − i 2 Ψ̄_cΓ^{IJ} X^J_d Ψ_bf^{cdb}_a − 1 4R^2 X^I_a − ∂V ∂X^{Ia} = 0. (29)

Finally we present an action for this system. The equations of motion can be obtained from the action S = ∫ dtdΩ_2 √ −g ( − 1 2 (D_μX^{aI} )(D^μX^I_a ) + i 2 Ψ̄^aγ^μD_μΨ_a + i 4 Ψ̄_bΓ^{IJ} X^I_c X^J_d Ψ_af^{abcd}

− 1 8R^2

(X^I_a )^2 − V + 1 2 ε^{μνλ}(f^{abcd}A_{μab}∂_ν A_{λcd} + 2 3 f^{cda}_gf^{efgb}A_{μab}A_{νcd}A_{λef} ) ) , (30)

that dΩ_2 = R^2 sin θdθdϕ. It is not hard to check that the action is gauge invariant and supersymmetric under the transformations (21).

In original BLG theory, since h^{ab} is positive definite, it was proved in [16] that the theory has unique solution which is f^{abcd} = ϵ^{abcd}, (31) and then the theory has been written as an ordinary gauge theory with gauge group as SU(2) × SU(2) with bifundamental matter [17]. It is evident that in our case the theory has the same structure compared to original theory and therefore it can be simply written as an ordinary gauge theory with the same gauge group. Moreover one expects that the 3d N = 8 theory is invariant under the 3d parity transformations x_0, x_1 → x_0, x_1 and x_2 → −x_2 in flat space. It was shown[3] that the parity invariance of the twisted Chern-Simon term implies that under parity A_0, A_1 → A_0, A_1, A_2 → −A_2, f → −f. (32)

Parity invariance of the kinetic terms as well as the interaction terms imply that under parity scalar fields are invariant and for 3d fermions

Ψ^a → γ^2Ψ^a. (33)

By exchanging (x_0, x_1, x_2) → (t, ϕ, θ), parity transformations for the theory on R × S^2 are t, ϕ, θ → t, π − ϕ, θ. For the gauge and fermionic fields we have A_t, A_θ → A_t, A_θ, A_ϕ → −A_ϕ, f → −f Ψ^a → γ^ϕΨ^a X^I_a → X^I_a .

(34)

The original BLG theory enjoys superconformal symmetry. It was shown that superconformal symmetry can be found by replacing ϵ by γ.xη and adding an appropriate term i.e. −X^I Γ^I η to δΨ_a[10]. Therefore from (9b) supersymmetry transformation is

δ_ξΨ_a ≡ δ_{susy}Ψ_a = D_μX^I_a γ^μΓ^I ξ − 1 6 X^I_b X^J_c X^K_d f^{bcd}_aΓ^{IJK} ξ, (35)

and superconformal transformation is δ_ηΨ_a ≡ δ_{su.conf.}Ψ_a = D_μX^I_a γ^μΓ^I γ.xη − 1 6 X^I_b X^J_c X^K_d f^{bcd}_aΓ^{IJK} γ.xη − Γ^I X^I_a η, (36)

where ξ and η are constant spinors. It is easy to write supersymmetry transformations on R × S^2(21b) in terms of (35) and (36), as a combination of 3d superPoincare and 3d superconformal transformations

δ_ϵΨ_a = δ_ξΨ_a + δ_ηΨ_a. (37)

This leads ϵ = ξ + γ.xη. (38) In the original BLG theory ξ and η are 3d Majorana fermion in 8_c of SO(8) and then they have 16 + 16 degrees of freedom. Supersymmetry transformations on R × S^2 are generated by 16 independent ϵ’s. The other combination should be considered as a ”superconformal symmetry” on R × S^2.

In order to understand the theory we would like to study complete spectrum about X^I = 0 vacuum. To do so, we expand the theory about the vacua to second order in small fluctuations. Then equations of motion for X^I_a are ( ∂^2_t − 1 R^2

∇^2_S2 + 1 4R^2 ) X^I_a = 0, (39)

where ∇^2_{S2} is written on the sphere with radius one. By expanding X^I_a in terms of spherical harmonics on the 2-sphere we have

X^I_a = ∑ l x^I_{a,lm}e^{iwlt}Y_{lm}(θ, ϕ), (40) and hence these modes would have mass squared equal to

R^2w^2_l = (l + 1 2 )^2, l = 0, 1, ... (41)

For fermionic fields by using (21a) we have ( ∂^2_t − 1 R^2

∇^2_S2 + 1 4R^2 ) δX^I_a = 0, (42)

which leads^3 ( ∂^2_t − 1 R^2

∇^2_S2 + 1 4R^2 ) Ψ_a = 0. (43)

Making the expansion [20]

Ψ_a = ∑ j ψ^{jm}_a e^{iωlt}(sin θ)^{|m|}Y_{jm}(θ, ϕ), (44)

where quantum number j is total angular momentum(j = l ±^1_2 ) of fermions. Hence mass squared is

j = l + 1 2 : R^2ω^2_l = (l + 1)^2, l = 0, 1, ... j = l − 1 2 : R^2ω^2_l = l^2, l = 1, 2, ...

(45)

As a result of supersymmetry the sum of boson masses and the sum of fermion masses are both 16(l +^1_2 )^2.

Recently, in [18] an infinite class of brane configurations was given whose low energy effective Lagrangian is a Chern-Simon theory with SO(6) R-symmetry and N = 6 supersymmetry. These theories are related to N M2-branes in R^8/Z_k including k = 1. After that by relaxing the condition on three-bracket so that it is no longer real and antisymmetric in all three indices i.e. f^{abc̄d̄} = −f^{bac̄d̄}, f^{abc̄d̄} = f^{∗c̄d̄ab}. (46) N = 6 theories based on 3-algebra have been obtained [19, 9]. However the new threebracket is still required to satisfy the fundamental identity. The supersymmetry transformations are[19] δZ^A_d = iϵ̄^{AB} ψ_{Bd} δψ_{Bd} = γ^μD_μZ^A_d ϵ_{AB} + f^{abc̄}_dZ^C_a Z^A_b Z̄_{Cc̄}ϵ_{AB} + f^{abc̄}_dZ^C_a Z^D_b Z̄_{Bc̄}ϵ_{CD} δÃ_μ^c_d = −iϵ̄_{AB} γ_μZ^A_a ψ^B_{b̄} f^{cab̄}_d + iϵ̄^{AB} γ_μZ̄_A¯_bψ_{Ba}f^{cab̄}_d, (47)

3Note that ∇^2ϵ = −^ϵ_{4R2} .

where ϵ_{AB} is in the 6 of SU(4) and a raised A index indicates that the field is in the 4 of SU(4); a lowered index transforms in the ¯4. One can write above theory on R × S^2 by adding an appropriate mass term, i.e. −^1_3 Z^A_d γ^μ∇_μϵ_{AB}, in variation of fermionic fields. Since the antisymmetry condition was not used in our earlier supersymmetry closure analysis the above supersymmetry transformations plus mass term will still remain closed. In particular, the closure of the scalar fields will exactly work in the same way as in the N = 8 theory. For the closure of gauge fields, equation of motion, (46) and fundamental identity are enough. The closure of fermionic fields just requires fermionic equation of motion. The equation of motion for scalars Z^A_a , as before is found by taking the supervariation of the fermion equation of motion if we apply (46). Therefore, one can reproduce the N = 6 supersymmetric theories on R × S^2. (Since the computations are essentially the same as the N = 8 we do not repeat the equations.)

Finally, superalgebra may be written by using (23) and (25). As we explained before fermionic fields have two different indices relating to SO(3) × U(1) and SO(8) which is the bosonic part of OSp(8|2)×U(1) superalgebra. Let’s label them with α̇ = 1, 2 and Ȧ = 1, .., 8 respectively. Then the superalgebra is

{Q^Ȧ_{α̇} , Q^Ḃ_{β̇} } = −2δ^{ȦḂ} (γ^μγ^0)_{α̇}˙_βP_μ + 1 2 δ_{α̇}˙_β(Γ^{IJ} )^{ȦḂ}J^{IJ} , (48)

where

J^{IJ} = ∫ dΩ_2 √ −g ( X^I P^J − X^J P^I + 1 2 ψ^†(iΓ^{IJ} )ψ )

Q = ∫ dΩ_2 √ −g ( D_μX^I_a Γ^I γ^μγ^0Ψ^a − 1 6 X^I_b X^J_c X^K_d f^{bcd}_aΓ^{IJK} γ^0Ψ_d + 1 4R Γ^I X^I_a γ^0Ψ^a ) . (49)

We have fixed that J^{IJ} ’s are SO(8) generators. The superalgebera for original BLG theory has been discussed in [21].

4 BPS Solution

By definition a BPS configuration is a state which is invariant under some specific supersymmetry transformations. For the configurations in which spinor fields are turned off the non-vanishing supersymmetry variations are only δ_ϵΨ_a and hence BPS equations read as

δ_ϵΨ_a = 0, (50)

for arbitrary ϵ. From the above equation and (21b) it is clear that the X^I = 0 vacuum is a full BPS configuration(with 32 supercharges). Another class of BPS solutions are small fluctuations about vacuum. In this case the equation (50) reads as ( γ^μ∇_μX^I_a Γ^I − 1 2R X^I_a Γ^I ) ϵ = 0, (51)

where gauge and fermionic fields are turned off. Replacing from (40) we have ( γ^t(iω_l) + γ^i∂_i − 1 2R ) X^I_a Γ^I ϵ = 0, i = θ, ϕ (52)

which evidently is right just for l = 0 bosonic fluctuations and then they are 1/4 BPS configurations. In this case we have a short multiplet including eight bosonic and four fermionic degrees of freedom. Other possibilities of l are non-BPS solutions with equal number of bosonic and fermionic degrees of freedom. Hence (l, l +^1_2 , l + 1), l > 0 assemble to a long multiplet. In what follows we discuss other classes of 1/4 BPS configurations.

4.1 1/4 BPS configuration

Let us start with the case in which X^{5,6,7,8}’s are turned off and then BPS equation (50) takes the form ( γ^μD_μX^îΓ^î − 1 6 [X^î, X^ĵ, X^{k̂}]Γ^{îĵk̂} − 1 2R X^îΓ^î ) ϵ = 0, î = 1, 2, 3, 4. (53) In order to solve above equation we introduce

X^î = αΓ^î. (54)

Γ^î’s are in n × n representation of Spin(4) and obey

[Γ^î, Γ^ĵ, Γ^{k̂}] = 12ϵ^{îĵk̂l̂}Γ^{l̂}, (55)

and α is a dimensional constant. Therefore, the first term in (53) vanishes and it leads to ( 2.3!α^2Γ^5 − 1 2R 11 ) X^îΓ^îϵ = 0, (56)

which has a solution if α^2 =^1_{24R} ( Γ^5 is the SO(4) chirality matrix). These solutions are exactly fuzzy three sphere with SO(4) symmetry explained in the literature e.g. [13]. One expects that the theory which lives on the two membranes can be described by BLG theory. It means that in our solution membranes blow up to a fuzzy three sphere in transverse directions. (56) shows that ϵ has eight real fermionic degrees of freedom and our solutions are 1/4 BPS. We reproduce trivial case X^I = 0 when R goes to infinity.

The other case happens when α is not a constant and can vary on the 2-sphere in the θ direction. We then have

γ^θ∂_θX^îΓ^î − 1 6 [X^î, X^ĵ, X^{k̂}]Γ^{îĵk̂} − 1 2R X^îΓ^î = 0. (57)

It is straightforward to check that the above equation is solved with

X^î = α(θ)Γ^î, (58)

provided that α(θ) = 1 √ 24s_1R(1 − e^{s2(θ−θ0)})

, (59)

that we have used

Γ^5ϵ = s_1ϵ γ^θϵ = s_2ϵ, (60)

where s_1 and s_2 can independently be +1 or −1. Two different cases exist here which are e^{s2(θ−θ0)} > 1, s_1 = −1 and e^{s2(θ−θ0)} < 1, s_1 = +1. Regarding to the sign of s_2 in each case there are eight independent ϵ’s and therefore these configurations are 1/4 BPS. These solutions correspond to M2-brane along 0θϕ ending on M5-brane along 01234ϕ which means that M5-brane wraps in ϕ direction and as a result there is a U(1)_ϕ symmetry. Unlike the previous 1/4 BPS configurations these family of solutions change to Basu-Harvey configurations [14] in specific limit as an open membrane ending on M5-brane(see also [15]). The ”Basu-Harvey limit” is then a limit where R is taken to infinity, keeping x finite, i.e. R → ∞, θ = x/R, x finite, (61) and (59) becomes α(x) = 1 √ −24s_1s_2(x − x_0)

. (62)

If x > x_0 then we should take s_1s_2 = −1 indicating s_1 = +1, s_2 = −1 or s_1 = −1, s_2 = +1. Each of them preserves four independent ϵ’s and we have 1/4 BPS Basu-Harvey configurations. (For the other case, x < x_0, there are again eight ϵ’s.)

5 Conclusion

In this work we have generalized the 3d, N = 8 BLG theory on flat space to R × S^2. As we discussed an additional term adds to supersymmetry transformation of fermion and also supersymmetry parameters are no longer constant and vary on the 2-sphere. These two differences have two results. The first one appears in the closure of bosonic and fermionic fields that we have a SO(8) R-symmetry rotation. This rotation didn’t appear for gauge fields because they have singlet representation of SO(8). Appearing a new term in the equation of motion for X’s leaded a mass term in the Lagrangian is the second one. However the equations of motion for gauge and fermionic fields formally remain unchange. Our theory like original BLG theory is parity invariance as expected. We have also considered small fluctuation about vacuum and superalgebra .

It was argued that ABJM model can be written on R × S^2. Although f^{abcd} is not real and fully antisymmetric the supersymmetry transformation including mass term closes up to a gauge transformation.

In the last section we have studied BPS configurations. One family of 1/4 BPS configurations are fuzzy three sphere with SO(4) symmetry and another one can be considered as M5-M2 configuration which M5 has been wrapped in the ϕ direction. In the Basu-Harvey limit this family of solutions reproduce Basu-Harvey configuration as an open membrane ending on M5-brane.

Acknowledgment

It is a great pleasure to thank M.M. Sheikh-Jabbari for several insightful discussions and useful comments.

A Gamma matrices

In this appendix we briefly consider our notation of Γ-matrices. The eleven dimensional Γ-matrices are defined by

{Γ^M , Γ^N } = 2η^{MN} , M, N = 0, .., 10 (63)

where η^{MN} = diag(−, +^{10}). Under dimension reduction to three dimensions we have

SO(10, 1) ⊃ SO(2, 1) × SO(8) (64) {γ^μ, γ^ν } = 2η^{μν} , μ, ν = 0, 1, 2 {Γ^I , Γ^J } = 2δ^{IJ} , I, J = 1, .., 8 {Γ^I , γ^μ} = 0

(65)

γ^μ = γ̄^μ ⊗ γ^8 Γ^I = 11_4 ⊗ γ^I

(66)

where

γ̄^μ = ( 0 iτ^μ −iτ^μ 0 ) , τ^0 = iσ^3, τ^1 = σ^1, τ^2 = σ^2

{γ^I , γ^8} = 0, (γ^8)^2 = 1

(67)

References

[1] J. H. Schwarz, JHEP 0411, 078 (2004) [arXiv:hep-th/0411077]. [2] J. Bagger and N. Lambert, Phys. Rev. D 75, 045020 (2007) [arXiv:hep-th/0611108]. [3] J. Bagger and N. Lambert, Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hep-th]]. [4] J. Bagger and N. Lambert, JHEP 0802, 105 (2008) [arXiv:0712.3738 [hep-th]]. [5] A. Gustavsson, arXiv:0709.1260 [hep-th].

[6] J. Gomis, G. Milanesi and J. G. Russo, JHEP 0806, 075 (2008) [arXiv:0805.1012 [hepth]].

[7] S. Benvenuti, D. Rodriguez-Gomez, E. Tonni and H. Verlinde, [arXiv:0805.1087 [hepth]].

[8] M. Ali-Akbari, M. M. Sheikh-Jabbari and J. Simon, JHEP 0812, 037 (2008) [arXiv:0807.1570 [hep-th]].

[9] M. M. Sheikh-Jabbari, JHEP 0812, 111 (2008) [arXiv:0810.3782 [hep-th]]. [10] M. A. Bandres, A. E. Lipstein and J. H. Schwarz, JHEP 0805, 025 (2008) [arXiv:0803.3242 [hep-th]].

[11] K. Okuyama, JHEP 0211, 043 (2002) [arXiv:hep-th/0207067], N. Kim, T. Klose and J. Plefka, Nucl. Phys. B 671, 359 (2003) [arXiv:hep-th/0306054].

[12] E. Bergshoeff, M. J. Duff, C. N. Pope and E. Sezgin, Phys. Lett. B 199, 69 (1987). [13] M. M. Sheikh-Jabbari, JHEP 0409, 017 (2004) [arXiv:hep-th/0406214], M. Ali- Akbari, M. M. Sheikh-Jabbari and M. Torabian, Phys. Rev. D 74, 066005 (2006) [arXiv:hep-th/0606117].

[14] A. Basu and J. A. Harvey, Nucl. Phys. B 713, 136 (2005) [arXiv:hep-th/0412310]. [15] C. Krishnan and C. Maccaferri, JHEP 0807, 005 (2008) [arXiv:0805.3125 [hep-th]]. [16] G. Papadopoulos, JHEP 0805, 054 (2008) [arXiv:0804.2662 [hep-th]]. [17] M. Van Raamsdonk, JHEP 0805, 105 (2008) [arXiv:0803.3803 [hep-th]]. [18] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP 0810, 091 (2008) [arXiv:0806.1218 [hep-th]].

[19] J. Bagger and N. Lambert, Phys. Rev. D 79, 025002 (2009) [arXiv:0807.0163 [hep-th]].

[20] G. Hunter and M. Emami-razavi [arXiv:0507006 [quant-ph]].

[21] F. Passerini, JHEP 0808, 062 (2008) [arXiv:0806.0363 [hep-th]].

[22] B. Ezhuthachan, S. Mukhi and C. Papageorgakis, JHEP 0807, 041 (2008) [arXiv:0806.1639 [hep-th]]; M. A. Ganjali, [arXiv:0901.2642 [hep-th]]; R. Iengo and J. G. Russo, JHEP 0810, 030 (2008) [arXiv:0808.2473 [hep-th]]; J. H. Park and C. Sochichiu, [arXiv:0806.0335 [hep-th]]; I. A. Bandos and P. K. Townsend, Class. Quant. Grav. 25, 245003 (2008) [arXiv:0806.4777 [hep-th]]; S. Mukhi and C. Papageorgakis, JHEP 0805, 085 (2008) [arXiv:0803.3218 [hep-th]]; C. S. Chu and D. J. Smith, [arXiv:0901.1847 [hep-th]]; M. R. Garousi, [arXiv:0809.0381 [hep-th]]; M. R. Garousi, Nucl. Phys. B 809, 519 (2009) [arXiv:0809.0985 [hep-th]]; M. R. Garousi and A. Ghodsi, [arXiv:0808.0411 [hep-th]]; M. Arai, C. Montonen and S. Sasaki, arXiv:0812.4437 [hep-th]; G. Bonelli, A. Tanzini and M. Zabzine, [arXiv:0807.5113 [hep-th]].