arXiv:0902.2937v1 [hep-ph] 17 Feb 2009

Finite-width effects in the mixing of neutral mesons

V. I. Kuksa^∗

Institute of Physics, Southern Federal University , Rostov-on-Don 344090, Russia (Dated: February 17, 2009)

Abstract

We analyze a contribution of the finite-width (mass-smearing) effects to the mixing of neutral mesons. It was shown, that this contribution is dominant in the D-meson system and large in the K-meson one. An account of the mass-smearing effects allows to explain some discrepancy between standard predictions and experimental data in these cases.

PACS numbers: 11.30.Er,11.30.Pb

∗Electronic address: kuksa@list.ru

I. INTRODUCTION

Finite-width effects (FWE) is an analog of the energy level spreading which takes place in the quantum non-stationary systems. These effects arise in the processes with participation of the unstable particles (UP) with a large width. There are two principal ways of description of FWE (or instability). In the S-matrix approach UP in an intermediate state is described by the amplitude with complex pole [1] or by dressed propagator [2]. The second way is the description of instability by the time-dependent field operator [3, 4] which simulates an ”asymptotic” state of UP.

It was shown in Ref. [3], that the instability is connected with the spreading (smearing) of the UP mass. A wave function of UP in their rest system can be written in terms of its Fourier transform [3]: Ψ(t) = exp{iMt − Γ|t|/2} → Γ 2π ∫ exp{−imt} (m − M)^2 + Γ^2/4 dm. (1.1) Right-hand part of Eq. (1.1) may be interpreted as a distribution of mass value m, with a spread δm, related to the lifetime δτ = 1/Γ, by an uncertainty relation δm · δτ ∼ 1.

Uncertainty relations play a fundamental role in quantum theory. They are based on the general principles of the theory and manifest themselves in the processes on various hierarchy levels. There are two different types of uncertainty relations in quantum theory: the Heisenberg uncertainty relations and the time-energy uncertainty relation [5]. The first type relation takes place for canonically conjugated quantities and follows from the Cauchy-Schwarz inequality and commutation relations for operators, corresponding to these quantities [6]. The standard Heisenberg uncertainty relation is valid for the operators of the momentum and coordinate. There is no any operator which corresponds to the time and the second type uncertainty relation has a completely different character. The time-energy uncertainty relation follows from the equation of motion in the Heisenberg representation, which desribes the evolution of the non-stationary quantum system [7, 8]. In this case, the uncertainty relation can be represented in the form [5]: ΔE · Δt ≥ 1 2 , where Δt = ΔO(t) |^d_{dt}Ō(t)| . (1.2)

Thus, Δt is the time interval, during which the physical value, described by operator O(t), undergos to the character variation. In the case of unstable particle, Δt is the lifetime and ΔE is the value of the mass smearing Δm in the rest frame system .

The effect of the mass smearing (or finite-width effect) was applied in Refs. [9, 10] for the description of UP with smeared mass by the wave field function in the most general form:

Ψ(x) = ∫ Ψ(x, μ)ω(μ)dμ . (1.3) Here Ψ(x, μ) is the spectral component of wave function which describes particle with fixed mass squared m^2 = μ and ω(μ) is some weight function. The function ρ(μ) = |ω(μ)|^2 describes the distribution (smearing, spreading) of random (fuzzed) mass m of UP. This smearing is caused by the stochastic self-energy type interaction of UP with the vacuum fluctuations [10] and leads to FWE. There are many processes with the participation of UP, where FWE play a significant role [10].

In this work, we consider the contribution of FWE or mass smearing to the mass difference in the neutral meson systems M^0 − M̄^0. Mass difference Δm = m_H − m_L of heavy (M^0_H ) and light (M^0_L) component is one of the main characteristics of mixing in M^0 − M̄^0 system, which describes the time of oscillations. When Δm ∼ Γ_S , i.e. mass difference is an order of width of the short-lived component M^0_S , then the smearing of mass of this component leads to an additional contribution to the total mass difference. To illustrate the situation we present in Table 1 the experimental data on Δm and Γ for K, B and D mesons, which are taken from Refs.[11, 12, 13].

M^0 − M̄^0 Δm^{exp} (eV) Γ^{exp} (eV) K^0 − K̄^0 (3.483 ± 0.006) · 10^{−6} 7.349 · 10^{−6} B^0_d − B̄^0_d (3.337 ± 0.033) · 10^{−4} 4.301 · 10^{−4} B^0_s − B̄^0_s (117 ± 0.8) · 10^{−4} 4.488 · 10^{−4} D^0 − D̄^0 (1.56 ± 0.5) · 10^{−5} 1.60 · 10^{−3}

From the data in Table 1, it follows that Δm_K ≈ Γ_K /2, Δm_{Bd} ≤ Γ_{Bd} and Δm_D ≪ Γ_D. So, the contribution of the mass-smearing effect (MSE ) to the mass difference can be large for the K and D mesons and noticeable for B_d meson. In the case of B_s meson, this contribution is negligible due to Γ ≪ Δm.

The aim of this work is to evaluate the contribution of the MSE to the mass difference for the case of K, B_d and D mesons. In the second section, we consider the theoretical status of mixing in the standard approach. The formalism for evaluation of mass-smearing contribution to the mixing in the general case is presented in Section III. The evaluation of this contribution to the mixing in K^0 − K̄^0, B^0_d − B̄^0_d and D^0 − D̄^0 systems is fulfilled in Sections IV and V. It was shown, that the contribution of mass smearing to mixing in D^0-meson and K^0-meson is dominant and large respectively.

II. MASS DIFFERENCE IN THE STANDARD MODEL

In the standard approach mass difference is defined by the relation Δm ≈ 2Re(M_{12}), where M_{12} is the amplitude of the flavor changing transition M^0 → M̄^0. In the framework of Standard Model it is caused by box diagrams which lead to the flavor changing neutral current (FCNC) at one-loop level (short-distance contribution, SD) [14]. Long-distance contribution is uncontrolled in the case of K and D mesons and is assumed negligible in the mixing of B mesons.

The SD value of mass difference in the case of K^0 − K̄^0 systems is [14, 15]:

Δm_K =

G^2_F 6π^2

M^2_W M_K B_K f^2_K [η_1λ^2_c s_0(x_c) + λ^2_t η_2s_t(x_t) + 2λ_cλ_tη_3s_0(x_c, x_t)]. (2.1)

In Eq.(2.1) the notations are in general usage:

λ^2_c = |U^∗_{cs}U_{cd}|^2, λ^2_t = |U^∗_{ts}U_{td}|^2, (U is KM matrix), λ_cλ_t = |U^∗_{cs}U_{cd}| · |U^∗_{ts}U_{td}|, s_0(x_c) = x_c = m^2_c M^2_W , s_0(x_t) =

4x_t − 11x^2_t + x^3_t 4(1 − x_t)^2 − 3x^3_t 2(1 − x_t)^3 ln x_t, x_t = m^2_t M^2_W , s_0(x_c, x_t) = x_c[ln x_t x_c − 3x_t 2(1 − x_t) − 3x^2_t 4(1 − x_t)^2 ln x_t]. (2.2)

The values of parameters, entering into Eq.(2.1), are discussed in Refs.[14, 15]:

B_K = 0.84, η_1 = 1.38, η_2 = 0.574, η_3 = 0.47, f_K = 160 MeV [14]; B_K = 0.86 ± 0.15, η_1 = 1.38 ± 0.20, η_2 = 0.57, η_3 = 0.47, f_K = 160 MeV [15]. (2.3)

The numerous lattice evaluations of B_K give significantly less values, for instance, B^{RI}_K (2 GeV) = 0.514, B^{MS}_K (2 GeV) = 0.524 and B̂_K = 0.72 [16]. A recent review, including all lattice data, quoted a value B^{MS}_K (2 GeV) = 0.58(3)(6) [17]. From Eqs.(2.1)-(2.3) one can get Δm_K ≈ 2.34 · 10^{−6} eV. We consider also the result, given in Ref.[18], where lattice B_K was used:

Δm_K = (1.87 ± 0.49) · 10^{−6} eV. (2.4) So, the standard evaluations of SD contribution to mass difference give the values which are significantly less than the experimental one:

Δm^{exp}_K = (3.483 ± 0.006) · 10^{−6} eV. (2.5)

This discrepancy has been the subject of various speculations concern extra FCNC transition: unknown LD contribution, mixing of singlet quark with ordinary ones [19], the presence of additional Z^′ boson [20], charged Higgs boson [21] and other new physics [22]. In Section IV, we show that an account of the MSE can significantly increases the theoretical mass difference and improve the correspondence of theoretical predictions within the framework of Standard Model (SM) and experimental data .

Mass difference in B^0_d − B̄^0_d system is mainly caused by t-quark contribution [14]:

Δm_B =

G^2_F 6π^2

M^2_W M_B B_B f^2_B η_Bs_0(x_t)|U^∗_{td}U_{tb}|^2, (2.6)

where for x_0(x_t) a good approximation x_0(x_t) = 0.784x^{0.76}_t is given in [23]. The values of parameters are discussed in Refs.[14], [15], [24] and [25]:

η_B = 0.551 [14], η_B = 0.55 [15];

f_B = 0.20 ± 0.03 Gev [15, 24], B_B = 1.30 ± 0.12 [15, 24]; f_B √ B_B = 0.228 GeV [15, 24], f_B √ B_B = 0.220 GeV [25]. (2.7)

Here, we consider the results, given in Refs.[24, 25]:

Δm_B = 3.646 · 10^{−4} eV [24], Δm_B = 3.518 · 10^{−4} eV [25]. (2.8)

The theoretical predictions (2.8) are calculated for the average values of input parameters and exceed the experimental date:

Δm^{exp}_B = (3.337 ± 0.033) · 10^{−4} eV. (2.9)

The deviation of theoretical values from experimental one is not large and can be explained by an uncertainty of the values f_B √ B_B and |U^∗_{td}U_{tb}|. In Section V we show, that an account of the MSE decreases this deviation and improves correspondence between mean theory value and experimental data.

The mixing in B^0_s − B̄^0_s system is intensively studied now both in theoretical and experimental directions. However, as was noted in the first section, mass-smearing contribution to the mixing in this system is most likely very small.

In the case of D^0 − D̄^0 system, the situation is more complicated and hazy. The central problem of calculations is that two approaches that have been successful in treating heavy (B) and light (K) meson mixing both are not applicable to D mixing [26]. Moreover, due to relatively small splitting of down quarks GIM mechanism leads to strong damping of box contribution. Including box diagrams only, one finds x^{box} ∼ 10^{−5} and y^{box} ∼ 10^{−7} [27], where x = Δm/Γ and y = ΔΓ/2Γ. In the approaches, which are based on operator product expansion, the calculations usually yield x, y ≤ 10^{−3}. The collaborations BaBar and Belle now obtained evidence for a non-vanishing mixing in the D system: x_D ∼ 10^{−2} and y_D ∼ 10^{−3} [13] (see Table 1). So, the experimental mass difference in the case of D meson exceeds an expected theoretical one at least an order of magnitude (see also [28]-[31]). In Section V, we show that the contribution of mass-smearing to x_D can be large and dominant. An account of mass smearing makes it possible to get an accordance between the theoretical value x_D and experimental one.

III. DESCRIPTION OF THE MASS-SMEARING EFFECT IN M^0 −M̄^0 SYSTEMS

The mass difference is one of the main characteristics of the mixing and oscillation in the M^0 − M̄^0 systems. This mixing is caused by FCNC transition M^0 ←→ M̄^0, which is described by box diagrams (SD contribution) within the frame-work of the Standard Model. The effect of mixing leads to the processes of type M^0(t) → M̄^0(t) → F̄ along with the straight process M^0 → F , where F is flavor-specific final state. The ratio of the yields Y (F ) and Y (F̄ ) is related with the mixing and can be observed as time-dependent oscillation of quark flavor.

In the frame-work of the model [9], the MSE is described by the probability density of smeared mass ρ(m). In the case of K^0 mesons Δm ∼ Γ_S ≫ Γ_L, that is the short-lived component contributes to the additional mixing, and we need the functions ρ(m_S ). In the cases of B^0 and D^0 mesons, Γ_S ∼ Γ_L and both components contribute to the mixing. In the general case, we have Δm = Δm_0 = M_H − M_L, but it does not mean that the additional contribution of the mass smearing to the mass difference is equal to zero. Mass difference is not a directly observed physical value, nor the value we should average. Such a quantity is the transition probability P (M^0 → M̄^0(t)), which is directly related with the mixing as function of Δm. Now we give a brief description of the conventional formalism we need for the calculations of mass-smearing contribution to mixing.

Time-dependent amplitudes of the transitions

M_+(t) =< M^0|M^0(t) >, M_−(t) =< M̄^0|M^0(t) > (3.1) in the parametrization of states [23]

|M^0(t) >= g_+(t)|M^0 > + q p g_−(t)|M̄^0 >, |M̄^0(t) >= g_+(t)|M̄^0 > + p q g_−(t)|M^0 > (3.2)

can be represented in the forms:

M_+(t) = g_+(t), M_−(t) = q p g_−(t), q p = ( M^∗_{12} −^i_2 Γ^∗_{12} M_{12} −^i_2 Γ_{12}

)^{1/2}. (3.3)

Then, the probabilities of the transitions are:

P_+(t) = |M_+(t)|^2 = |g_+(t)|^2, P_−(t) = |M_−(t)|^2 = | q p |^2|g_−(t)|^2, (3.4)

where [23]: |g_±(t)|^2 = 1 2 e^{−Γt} [cosh( ΔΓ 2 t) ± cos(Δm · t)]. (3.5)

In Eq.(3.5), Γ = (Γ_S + Γ_L)/2, where Γ_{S,L} are the widths of short- and long-lived (or heavy and light) states. Time-integrated probabilities are the function of Δm:

P_±(Δm) = ∫ P_±(t) dt. (3.6)

Using Eq.(3.5), from (3.6) one can get (Δm → x = Δm/Γ):

P_+(x) = 1 2Γ { 1 1 − y^2 + 1 1 + x^2 }, P_−(x) = 1 2Γ | q p |^2 { 1 1 − y^2 − 1 1 + x^2

}, (3.7)

where x = Δm/Γ and y = ΔΓ/2Γ.

To account the mass-smearing effect, we have to average P_±(x) = |M_±(x)|^2 with the help of the model probability density ρ_x(x) [9, 10]:

P^M_± = ∫ P_±(x) ρ_x(x) dx, (3.8)

where ρ_x(x) is related with ρ_m(m) by the standard equality ρ_x(x)dx = ρ_m(m)dm. Here, we should note that the values Δm and ΔΓ emerge as a result of the diagonalization of the matrix M − iΓ/2, which describes the mixing in M^0 − M̄^0 system. So, the values M_1, M_2, Γ_1, Γ_2 and, consequently, Δm and ΔΓ are interdependent in the general case. Therefore, variation x leads to variation y, that is y → y(x), where the function y(x) is defined by the functions Γ(x) and ΔΓ(x). This issue will be considered in the next section.

The simplest characteristic of mixing is the time-integrated mixing probability: χ(x) = P_−(x) P_−(x) + P_+(x) ≈ x^2 + y^2 2(1 + x^2) , (| q p |^2 ≈ 1). (3.9)

The model generalization of this characteristic is the quantity

χ^M = P^M_− P^M_− + P^M_+ = ∫ P_−(x) ρ(x) dx ∫ [P_−(x) + P_+(x)]ρ(x) dx

. (3.10)

We should note that in the general case χ^M ≠ χ(x). It is easy to check that in the limit of the fixed mass, that is when ρ(x) = δ(x − x_0), the value χ^M coincides with the standard one:

χ^M = χ(x_0) = x^2_0 + y^2 2(1 + x^2_0)

. (3.11)

Thus, to calculate the contribution of the MSE to the value χ, that is to Δm, we need the function ρ_x(x) which is defined by the initial function ρ_m(m). The various definitions of ρ_m(m) were discussed in Refs.[9, 10], where the Lorentzian (Breit-Wigner type), Gaussian and phenomenological distributions have been considered. It was noted, that the Lorentzian and Breit-Wigner distributions have a bad behavior at the infinity. So, for the evaluation of the mass-smearing contribution to the mixing, further we use the Gaussian distribution.

IV. MASS-SMEARING EFFECT IN THE K^0 − K̄^0 SYSTEM

In the case of K^0 −K̄^0 system, the time-integrated measurements are not suitable because of the lifetime τ_L of the long-lived component K^0_L is much greater the lifetime τ_S of the shortlived component K^0_S, that is Γ_S ≫ Γ_L and y = (Γ_s − Γ_L)/(Γ_S + Γ_L) ≈ 1. From Eq.(3.7), it follows that the second term in P_±(x) is small and χ^M ≈ χ ≈ 1/2. So, for this case, the time-dependent characteristics of mixing are usually measured. However, we firstly consider the time-intergated characteristic χ in order to illustrate the influence of mass smearing on mass splitting. Moreover, the comparison of the standard and model approaches gives us some information on the function y(x).

Consider the model value χ^M which is defined by the expression (3.10). To evaluate χ^M we need the probability density ρ(x), which follows from the function ρ(m_S ) in the case of K^0 − K̄^0 system. The value Δm_0 = M_L − M_S is fixed mass difference, defined by FCNC transitions according to Δm_0 ≈ 2M_{12}. Then, Δm = M_L − m_S is a random value of the mass difference, which is defined by the probability density ρ(m_S ) with mean value m_S = M_S and deviation σ(m_S ) = Γ_S /2. Further, we consider Gaussian distribution for the short-lived component:

ρ(m_S ) dm_S = 1 √ 2πσ exp{− (m_S − M_S )^2 2σ^2 } dm_S = − 1 √ 2πσ exp{− (Δm − Δm_0)^2

2σ^2 } dΔm, (4.1) where Δm = M_L − m_S , Δm_0 = M_L − M_S , σ = Γ_S /2 ≈ Γ and Γ = (Γ_S + Γ_L)/2. Eq.(4.1) can be represented in the form: ρ_x(x) dx = 1 √ 2π exp{− 1 2 (x − x_0)^2} dx, (4.2)

where x = Δm/Γ, x_0 = Δm_0/Γ and dx = −dΔm/Γ. Now, we should take into account the interdependence of the variables Δm and ΔΓ. Such a dependence arises in self-consistent diagonalization of generalized mass-decay matrix M − iΓ/2 of K^0 − K̄^0 system with variable (random) matrix elements. Moreover, some measurements of the τ_S (that is Γ_S ) are correlated with Δm [23]. We have no a rigid theory of such a system and define the interdependence of the variable values Δm and ΔΓ in a phenomenological way as function Γ_S (x). In the simplest case, one can approximate this function by linear relation Γ_S (x) = Γ_S +k(x_0 −x) with free parameter k. So, we get an equality Γ_S (x_0) = Γ_S , where Γ_S is experimental mean value of width of the short-lived state K^0_S . In order to avoid the negative values of the Γ_S (x), when k(x − x_0) > Γ_S , we use the exponential formula:

Γ_S (x) = Γ_S exp(k(x_0 − x)). (4.3)

Expanding this expression in the vicinity of x_0, one can see the satisfaction of the above mentioned requirements. Note that the gaussian distribution (4.2) cuts out the vicinity of x_0 and approximately equates the linear and exponential expressions for Γ_S (x). Now, we have to modify the Eq.(3.7), introducing the dependence y(x) = 2ΔΓ(x)/Γ(x), where Γ(x) = (Γ_S (x) + Γ_L)/2. With allowance for a such modification, Eq.(3.10) can be represent in the form: χ^M ≈ ∫ {1 − ε(x) − 4ε(x)/(1 + x^2)}ρ(x)dx 2 ∫ (1 − ε(x))ρ(x)dx , (4.4)

where ρ(x) is defined by Eq.(4.2), ε(x) = ε exp(−k(x_0 − x)) and ε = Γ_L/Γ_S ∼ 10^{−3} is small parameter. To illustrate the contribution of mass smearing to mass splitting we introduce the effective (model) Δm^M and model parameter x^M = Δm^M /Γ. These parameters are related with the characteristic χ^M in a standard way (3.11):

χ^M =

(x^M )^2 + y^2 2(1 + (x^M )^2)

, x^M = √ 2χ^M − y^2 1 − 2χ^M , (4.5)

where y = y^{exp}. So, in order to illustrate effect, we assume an additional convention. With the help of Eqs.(4.4) and (4.5) we get a set of the curves (Fig.1), which describe the dependence x^M on free parameter k for various Δm_0 = (1.87, 2.34, 2.72) · 10^{−6} eV, which correspond to x_0 = 0.51, 0.64, 0.74 (dashed, dashed and solid lines respectively). The first two values Δm have been considered in the second section as short-distance (SD) mass splitting and the third one is found from the condition x^M (k, Δm_0) = x^{exp} = 0.9478.

From Fig.1, it follows that the mass smearing gives an additional contribution to mass splitting, however, the standard SD mass splitting Δm_0 = (1.87; 2.34) · 10^{−6} eV is not sufficient to explain the experimental one even with the contribution of mass smearing. The value Δm_0 = 2.72 · 10^{−6} eV is found by the matchings Δm^M and Δm^{exp} at k ≈ 0.55 (see Fig.1). This results are based on rather rough evaluations which contain some arbitrariness. However, they lead to the conclusions: mass smearing gives an additional contribution to the mass splitting in K^0 − K̄^0 system; we need in extra small splitting, caused, for instance, by the long distance contribution. Besides, the phenomenological function Γ_S(x) can be described by the function (4.3) with the parameter k ∼ 0.5.

Now, we consider in detail the time-dependent effect, which describes the oscillation of strange in the beam of K-mesons. The experimental measurements of the Δm and Γ_S is connected with the complicated procedure of fitting. Experimental data are fit to the distribution of decays in the regenerator beam, where Δm and Γ are fitting parameters along with other technical parameters [32]. So, we consider the simplest standard characteristic of this effect [33]: S(t, Δm) = P_+(t, Δm) − P_−(t, Δm) P_+(t, Δm) + P_−(t, Δm)

, (4.6)

where P_±(t, Δm) are defined by Eqs.(3.4) and (3.5). The characteristic S(t, Δm) is convenient to describe the oscillation of strange in K^0-meson beam at the time t ∼ τ_S . The time

FIG. 1: The dependence x^M on parameter k at various x_0 (Δm_0). (1) x_0=0.51; (2)x_0=0.64; (3) x_0=0.74.

of oscillation depends on the splitting of mass, which is smeared within the framework of our model. So, we introduce the weighted probability transition:

P^M_± (t) = ∫ P_±(t, Δm)ρ(Δm)dΔm, (4.7) where ρ(Δm) is probability density (4.1). Then, the weighted time-dependent characteristic of oscillation is defined as:

S^M (t) =

P^M_+ (t) − P^M_− (t) P^M_+ (t) + P^M_− (t)

. (4.8)

Performing the change of variable Δm → xΓ(x) in the expressions (4.7), (4.8) and substituting ρ(x), defined by (4.2), into (4.7), we get the final expression for the function S^M (t), This function describes the time-oscillation of strange with an account of mass smearing and can be represented in the form:

S^M (t) = 2 ∫ exp(−Γ(x)t − 0.5(x − x_0)^2) cos(xΓ_S (x)t/2)dx ∫ [exp(−Γ_S (x)t) + exp(−Γ_Lt)] exp(−0.5(x − x_0)^2)dx

, (4.9)

where x = 2Δm/Γ_S (x) ≈ Δm/Γ(x). With the help of the expression (4.9), we have performed a fitting of the standard oscillation curve S^{exp}(t), which is defined by (4.6) and corresponds to the experimental values Δm^{exp} and Γ^{exp}. The input parameter Δm_0 was changed in the interval (2.34 − 2.72) · 10^{−6} eV and free parameter was varied near the value k ≈ 0.5. It was found, that the least deviation of the S^M (t, Δm_0) from the S(t, Δm^{exp}) takes place for the values Δm^M_0 = Δm_0 = 2.6 · 10^{−6} eV and k = 0.42. In Fig.2 we represent the functions S(t) for the cases, when mass differences are equal to Δm^{exp} = 3.483 · 10^{−6}eV (dotted line) and Δm_0 = 2.34 · 10^{−6}eV (dashed line), and the model function S^M (t) for

FIG. 2: The oscillation of strange in K-beam at various Δm_0. Dotted line - S(t, Δm^{exp}); Solid line - S^M (t, Δ^M_0 ). True time is t · 6.58 · 10^{−10} sec.

the Δm_0 = 2.6 · 10^{−6}eV (solid line). The true (proper) time is represented in the unit 6.58 · 10^{−10} sec.

From Fig.2, one can see that an account of the mass smearing make it possible to decrease the discrepancy between the theoretical prediction Δm and the experimental value Δm^{exp}. The approach considered can not describe strictly an effect of mass smearing in the systems of neutral mesons, however, it provides an estimation of this effect. From the results of estimation, it follows that the effect is large for the case of K^0 − K̄^0 system and should be accounted in the interpretation of the experimental data. Moreover, this estimation gives an additional information about possible value of the long-distance or new physics contribution.

The above considered approach to the description of the MSE in K^0-meson system has rather methodological than an operational status. The time-integrated characteristic χ(x) is not well defined for this system and can not be experimentally measured. The timedepended characteristic S(t), which describes an oscillation of strange, is more adequate and conventional one. However, time-energy uncertainty relation imposes some restriction on the measuring of this characteristic. To get more detailed function S(t) we have to decrease an interval of time t + δt, where the measurement is fulfilled. According to uncertainty relation for unstable system the energy, and consequently the mass of K^0_S meson, is measured with the corresponding uncertainty. The oscillation of strange manifests itself at time t ∼ O(τ_S), so the measurements at the intervals δt ≲ τ_S lead to the large uncertainty. In order to escape this uncertainty, we need in large statistic or another characteristic, for instance, partially time-integrated one, which is some modification of the χ(x), defined by (3.9): χ(T, x) = ∫_T 0 P_−(t, x)dt ∫_T 0 (P_−(t, x) + P_+(t, x))dt . (4.10)

Performing the integration in (4.10), we can represent χ(T, x) in the form: χ(T, x) = 1 2 [1 − I_2(T, x) I_1(T, y) ], (4.11)

where

I_1(T, y) = 1 2Γ(1 − y^2)

[1 − e^{−ΓT} cosh(ΔΓT/2) − ye^{−ΓT} sinh(ΔΓT/2)],

I_2(T, x) = 1 2Γ(1 + x^2)

[1 − e^{−ΓT} cos(ΔmT ) + xe^{−ΓT} sin(ΔmT )]. (4.12)

Here, x = Δm/Γ, y = ΔΓ/2Γ and y ≠ y(x) when the mass smearing is absent. It is easy to check that in the limit T → ∞, the value χ(T, x) go to usual function χ(x) which is defined by Eq.(3.9). The measurement of the partially time-integrated characteristic χ(T ) is also in conflict with uncertainty relation at T ≲ τ_S , but it seems lead to smaller uncertainty in comparison with S(t).

In full analogy with the definition of S^M (t) the model definition of χ^M (T ), which account mass smearing, can be represented by the expression:

χ^M (T ) = 1 2 [1 −

I^M_2 (T ) I^M_1 (T )

], (4.13)

where I^M_{1,2}(T ) = ∫ I_{1,2}(T, x)ρ(x)dx, (4.14) and x = Δm/Γ(x), y(x) ≈ 1 − 2ε(x). In Fig.3 we represent the functions χ(T ) (dotted and dashed lines) and χ^M (T ) (solid line) for the same condition as in Fig.2. Thus, the approach considered makes it possible to improve an accordance between the standard evaluations of the mixing parameters and experimental data on the oscillation in K^0 − K̄^0-system. Moreover, we establish a correspondence between the time-integrated characteristics of the mixing and time oscillation of strange.

We have performed an estimation of the effect of mass smearing in the K^0 − K̄^0 system. This estimation has some arbitrariness related with free parameter k in the function y(x, k) and with the choice of the Δm_0. These free input are fixed by the matching of the model characteristic of oscillation with the standard one, when the experimental Δm is used. The approach considered make it possible to perform this matching with good accuracy and evaluate the MSE, which occur noticeable.

V. MASS-SMEARING EFFECTS IN B AND D SYSTEMS

The time-integrated value χ, defined by Eq.(3.9), is well measured characteristic of mixing in the case of B^0_{d,s} − B̄^0_{d,s} and D^0 − D̄^0 systems. In these cases, we have to take into consideration an inequality ΔΓ ≪ Γ, that is Γ_L ≈ Γ_H . So, both the states M^0_L (light) and M^0_H (heavy) have approximately the same width Γ and, consequently, the same mass smearing. To describe mass smearing by the probability density ρ(Δm) we need in two-dimensional function ρ(m_H , m_L), which in the general case has five parameters - m̄_H , m̄_L, σ_H , σ_L and ρ_k (coefficient of correlation). The values m̄_H = M_H and m̄_L = M_L are related by the equality

FIG. 3: The time-integrated characteristic of oscillation in K-beam at various x_0 (Δm_0). Dotted line - χ(T, x^{exp}); Solid line - χ^M (T, x^M_0 ). True time is T · 6.58 · 10^{−10} sec.

m̄_H − m̄_L = M_H − M_L = Δm. From the relation Γ_H ≈ Γ_L = Γ it follows σ_H ≈ σ_L = σ, where σ ≈ Γ/2. So, we have one free parameter ρ_k. From the physical consideration, it is clear that for Δm ≫ Γ, which occur in the B^0_S − B̄^0_S system, the correlation is small, ρ_k ≈ 0. When Δm/Γ = x̄ decreases then the correlation increases. So, it is naturally to assume that for the B^0_d − B̄^0_d system (x^{exp}_d = 0.776) the correlation is not large (moderate) and for the D^0 − D̄^0 system (x ≈ 10^{−2}) it is large.

The probability density ρ(Δm) can be exactly defined with the help of the assumption that the conditional one-dimensional distribution of values m_H and m_L is Gaussian. Then, in accordance with the comment to the Theorem 18.8-9(b) in Ref.[34], the value Δm = m_H −m_L is also described by Gaussian distribution with the parameters:

Δm = m̄_H − m̄_L = Δm_0 = M_H − M_L;

σ^2(m_H − m_L) = σ^2(m_H ) + σ^2(m_L) − 2ρ_kσ(m_H )σ(m_L). (5.1)

Taking into account the equalities σ(m_H ) = σ(m_L) = Γ/2 and σ(Δm) = Γ √ (1 − ρ_k)/2, we represent the differential of probability in the form: ρ(Δm)dΔm → ρ_x(x)dx = 1 √ π(1 − ρ_k) exp(−

(x − x_0)^2 1 − ρ_k )dx, (5.2)

where x = Δm/Γ and x_0 = Δm_0/Γ. In the limit ρ_k → 1 (full correlation) the function ρ_x(x) → δ(x − x_0), that is we get an asymptotic model of δ-function (see [34], sect. 21.9-4). In this limit, mass difference is fixed and mass smearing does not get any contribution to the mass splitting. So, we consider 0 ≤ ρ_k < 1, taking into account that maximum effect occurs at ρ_k = 0, when σ(Δm) = √ 2σ(m). It is clear also, that in the case ΔΓ/2Γ = y ≪ 1, we can neglect the dependence y = y(x). Thus, from Eqs.(3.7) and (3.10) it follows:

χ^M = 1 2 [1 − (1 − y^2) ∫ ρ(x)dx 1 + x^2

], (5.3)

where ρ(x) is defined by Eq.(5.2).

Now, we consider an effect of the mass splitting in B^0_d − B̄^0_d system. As was shown in Section II, the mass difference in the framework of the Standard Model gives the most likely interval of values Δm^{box}_d ≈ (3.52 − 3.65)10^{−4} eV (x_0 = 0.82 − 0.85). These values slightly exceed the experimental one Δm^{exp}_d = (3.337 ± 0.033) · 10^{−4} eV (x_d = 0.768 − 0.784). An account of the MSE permits to decrease this discrepancy. In Fig.4, we represent the model values x^M (x_0, ρ_k), defined by the relation (4.5) with y = 0, as the functions of ρ_k for x_0 = 0.79, 0.80, 0.81 (dashed, solid and dashed lines, respectively). The horizontal

FIG. 4: The values x^M as function of ρ_k at x_0 = 0.79, 0.80, 0.81. Solid line - x^M (ρ_k, x^M_0 = 0.80).

lines restrict the experimental interval of x, where the point-like line corresponds to the central experimental value x = 0.776. The nearest line to the central experimental one corresponds to Δm_0 = 3.45 · 10^{−4} eV, which corresponds to x_0 = 0.80, and ρ_k = 0.62 (moderate correlation). So, an account of the mass smearing make it possible to explain some exceeding of the expected theoretical Δm_0 over the experimental one. Note that, in contrast to the case of K^0-meson, when mass smearing increases mass splitting, in the case of B^0_d -meson it decreases mass splitting. To illustrate the effect we calculate the value R = x^M /x_0 (coefficient of smearing) as function of x_0 at a various ρ_k. The results are represented in Fig.5, where R(x_0) are calculated for ρ_k = 0, 0.5, 0.8, 0.99 (the larger ρ_k the nearer the curve to R = 1). From Fig.5, one can see that for every ρ_k there are two domain of x_0, which correspond to R > 1 and R < 1. For small x_0 the coefficient R > 1 and mass smearing dominates, when ρ_k ≠ 1. For x_0 ≳ 1 the coefficient R < 1 and R(x_0) → 1 when x_0 → ∞, or ρ_k → 1. These properties illustrate the role of the MSE in K^0, B^0 and D^0

FIG. 5: The coefficient of smearing R = x^M /x_0 as function on x_0 at various ρ_k: (1) ρ_k=0; (2)ρ_k=0.5; (3) ρ_k=0.8; (4) ρ_k=0.99.

meson systems. From Fig.5 it follows, that this effect is negligible in B^0_s system and can be very large in D^0 system.

In the second section, it was noted that for D^0 − D̄^0 system the values x^{th}_D and y^{th}_D are expected to be well below 10^{−2} in the frame-work of the Standard Model (see also [35]). At the same time, recent measurements imply x_D ≈ 10^{−2} and y_D ∼ 10^{−3} − 10^{−2} [13]. An account of the MSE makes it possible to explain this contradiction. When Δm ≪ Γ, the main contribution to the mass difference is caused by the mass smearing. From Eq.(5.3), it follows that, when y ≪ x ≪ 1, the value χ^M can be approximated by the formula:

χ^M (x_0) ≈ 1 2 [1 − ∫ (1 − x^2)ρ(x)dx] = 1 2 (x^2_0 + σ^2_x), (5.4)

where σ^2_x = (1 − ρ_k)/2. Thus, for ρ_k = 0 and x_0 ≪ 1 we get χ^M ≈ 1/4, and according to Eq.(4.5), x^M ≈ √ (2χ^M /(1 − 2χ^M )) ≈ 1 ≫ x^{exp}. So, the measured value x^{exp} ∼ 10^{−2} can be obtained in the case of large correlation ρ_k ≈ 1. From Eq.(5.4) and χ^M = χ^{exp} it follows

ρ_k ≈ 1 − 2(x^{exp})^2. (5.5)

Thus, to explain the mixing x_D ∼ 10^{−2} we have to assume large correlation ρ_k ≈ 1. As was noted early, this assumption is natural for the case Δm ≪ Γ. It should be noted, also, that an account of the dependence y = y(x) may influence on the effective value of the parameter y.

VI. CONCLUSION

The FCNC processes play a significant role in the precise test of SM and search for New Physics (NP). Mass difference between light and heavy component is an important characteristic of the mixing in M^0 − M̄^0 systems, which is caused by FCNC at loop level in the frame-work of SM. There are some discrepancy between theoretical predictions on Δm and experimental ones. The largest contradiction occur in the case of D^0 − D̄^0 system (Δm^{exp} ≫ Δm^{th}) and K^0 − K̄^0 one (Δm^{exp} ≈ 2Δm^{th}). These facts are often interpreted as the presence of non-controlled processes, for instance LD contribution, or as the windows for NP.

In this work, we show that the phenomenon of mass smearing (or finite-width effect) gives a significant contribution to mass difference in the K^0 and D^0 meson systems. In particular, this contribution can be dominant in the case of D^0 meson and large in the case of K^0- meson. An account of the MSE can significantly improves an accordance of the theoretical predictions and the experimental data on Δm for K^0, B^0_d and D^0 mesons. We also suggest the existing of the correlation between the variable masses of the light and heavy states. The value of this correlation depends on the relation of Δm and Γ, that is on the value of x̄. The approach considered is the phenomenological description of the mass-smearing phenomenon in the systems of neutral mesons. It based on the model of unstable particles with a smeared mass and closely connected with the uncertainty relation. This effect may occur in other characteristics of mixing, such as width difference ΔΓ (see the third section) or CP violation. Moreover, it may be observed also in the mixing of hadron states with M_1 − M_2 ∼ Γ, such as ω − ρ^0, a_0 − f_0 etc. There is no a strict theory of the mass-smearing phenomenon, however, the effect can be described in a phenomenological way and it should be taken into consideration in the precision test of SM and in the search for the NP.

[1] A. Leike, T. Riemann and J. Rose, Phys. Lett. B 273, 513 (1991). [2] R. G. Stuart, Phys. Lett. B 272, 353 (1991). [3] P. T. Matthews and A. Salam, Phys Rev. 112, 283 (1958). [4] A. Bohm et al., Eur. Phys. J. C 18, 333 (2000).

[5] S. M. Bilenky, F. von Feilitzsch and W. Potzel, J. Phys. C 35, 095003 (2008) [arXiv:hepph/0803.0527].

[6] A. Messiah, Quantum Mechanics, Vol.I (North Holland, Amsterdam, 1970). [7] N. N. Bogolubov and D. V. Shirkov, Introduction to the theory of quantized fields, (Moskow, Nauka, 1976).

[8] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory, (Addison- Wesley Advanced Book Program, 1995).

[9] V. I. Kuksa, in Proceeding of the 17 International Workshop, Samara-Saratov, Russia, September 4-11, 2003, edited by M. Dubinin, V. Savrin (D.V. Skobeltsyn Institute of Nuclear Physics, Moskow State University, 2004), p.350.

[10] V. I. Kuksa, Int. J. Mod. Phys. A (in press) [arXiv:hep-ph/0612064]. [11] C. Amsler et al., (Particle Data Group), Phys. Lett. B 667, 1 (2008). [12] A. Abulencia et al. (CDF Collaboration), Phys. Rev. Lett. 97, 242003 (2006).

[13] L. M. Zhang et al. (Belle Collaboration), Phys. Rev. Lett. 99, 131803 (2007) [arXiv:hepex/0704.1000].

[14] G. Buchalla, A. J. Buras, M. E. Lautenbacher, Rev. Mod. Phys. 68, 1125 (1996). [15] J. A. Aguilar-Saavedra, Phys. Rev. D 67, 035003 (2003).

[16] D. J. Antonio et al. (RBG and UKQCD Collaborations), Phys. Rev. Lett. 100, 032001 (2008) [arXiv:hep-ph/0702042].

[17] C. Dawson, PoS LAT2005, 007 (2006).

[18] A. Kumar Alok and S. Uma Sankar, arXiv:hep-ph/0704.0252. [19] P. Langaker, D. London, Phys. Rev. D 38, 886 (1988). [20] V. Barger et al., Phys. Rev. D 33, 1902 (1986). [21] Y. Okada et al., Phys. Lett. B 405, 297 (1997).

[22] A. E. Blechman and S.-P. Ng, JHEP0806, 043 (2008) [arXiv:hep-ph/0803.3811]. [23] K. Hagivara et al., (Particle Data Group), Phys. Rev. D 66, 010001 (2002). [24] C. T. Sachrajda, Nucl. Instrum. Methods Phys. Res. A 462, 23 (2001). [25] W.-S. Choong and D. Silverman, Phys. Rev. D 49, 2322 (1994).

[26] H. N. Nelson, in Proceeding of the 19th Internatiomal Symposium on Photon and Lepton Interactions at High Energy LP99, ed. J. A. Jaros and M. E. Peskin (2000) [ArXiv:hep-ex/9908021].

[27] P. Ball, arXiv:hep-ph/0703245.

[28] D. Guadagnoli, J. Phys. Conf. Ser. 110, 052020 (2008) [arXiv:hep-ph/0709.4343]. [29] Y. Nir, JHEP0705, 102 (2007) [arXiv:hep-ph/0703235].

[30] G. Burdman and I. Shipsey, Ann. Rev. Nucl. Part. Sci. 53, 431 (2003) [arXiv:hep-ph/0310076]. [31] A. Petrov, Int. J. Mod. Phys. A 21, 5686 (2006) [arXiv:hep-ph/0611361]. [32] A. Alavi-Harati et al. (KTeV Collaboration), Phys. Rev. D 67, 012005 (2003) [arXiv:hep-ex/0208007].

[33] E. D. Commins, P. H. Bucsbaum, Weak interactions of leptons and quarqs, (Cambridge University Press,1983).

[34] G. A. Korn and T. M. Korn, Mathematical Handbook, (McGraw-Hill Book Company, New York, San Francisco, Toronto, London, Sydney, 1968).

[35] Z. Ligeti, ECONFC070512 021 (2007) [arXiv:hep-ph/0706.0919].