arXiv:0902.2987v3 [hep-th] 13 May 2009

  HU-EP-09/06
LAPTH-1308/09

Yangian Symmetry of Scattering Amplitudes in N = 4 super Yang-Mills Theory

James Drummond^1, Johannes Henn^2 and Jan Plefka^2

1LAPTH, Université de Savoie, CNRS, B.P. 110, F-74941 Annecy-le-Vieux Cedex, France

2Institut für Physik, Humboldt-Universität zu Berlin, Newtonstraße 15, D-12489 Berlin, Germany

drummond@lapp.in2p3.fr,{henn,plefka}@physik.hu-berlin.de

Abstract

Tree-level scattering amplitudes in N = 4 super Yang-Mills theory have recently been shown to transform covariantly with respect to a ‘dual’ superconformal symmetry algebra, thus extending the conventional superconformal symmetry algebra psu(2, 2|4) of the theory. In this paper we derive the action of the dual superconformal generators in on-shell superspace and extend the dual generators suitably to leave scattering amplitudes invariant. We then study the algebra of standard and dual symmetry generators and show that the inclusion of the dual superconformal generators lifts the psu(2, 2|4) symmetry algebra to a Yangian. The non-local Yangian generators acting on amplitudes turn out to be cyclically invariant due to special properties of psu(2, 2|4). The representation of the Yangian generators takes the same form as in the case of local operators, suggesting that the Yangian symmetry is an intrinsic property of planar N = 4 super Yang-Mills, at least at tree level.

1 Introduction

The N = 4 supersymmetric Yang-Mills theory (SYM) [1] is a remarkable model of mathematical physics. To begin with it is the gauge theory with maximal supersymmetry and it is superconformally invariant at the classical and quantum level with a coupling constant free of renormalisation. In its planar limit all observables of the SU(N) model depend on a single tunable parameter, the ’t Hooft coupling λ. Moreover the theory is dual to superstring theory on AdS_5 × S^5 in the sense of the AdS/CFT correspondence [2]. In recent years we have seen formidable progress in our understanding of this most symmetric AdS/CFT system due to its hidden integrability [3, 4, 5]. The first hints of integrable structures in planar QCD appeared in the study of high-energy scattering processes [6, 7]. In N = 4 SYM integrability has been observed in the study of anomalous scaling dimensions of gauge invariant local operators and in the spectral problem of the classical and quantum AdS_5 × S^5 string. On the gauge theory side the problem of finding the all-loop scaling dimensions can be mapped to the eigenvalue problem of a long-range integrable spin chain model, which in turn is governed by a nested set of Bethe equations [8] (see [9] for reviews), for recent progress see [10]. Here the spin chain Hamiltonian - alias the dilatation operator - acts on the chain of fundamental fields - the ‘spins’ - inside the trace of the local operator. Integrability refers to the existence of an infinite set of charges, which are in involution, and contain the Hamiltonian of the system. Integrability on the string side has been established at the level of the classical theory, where again an infinite set of conserved charges may be constructed [5, 11]. A number of positive tests of the Bethe equations in the strong coupling limit have been performed in various perturbative studies of the quantised AdS_5 ×S^5 string, see e.g. [12]. A natural question following these tremendous advances is, what implications integrability has beyond the realm of two-point functions of local operators or, respectively, the excitation spectrum of superstrings in an AdS_5 × S^5 background.

Parallel and initially unrelated progress has been made in the study of on-shell scattering amplitudes in N = 4 SYM. Maximally helicity violating (MHV) n-gluon scattering amplitudes at tree-level have a very simple form when expressed in the spinor helicity formalism [13]. As shown by Witten [14] at tree level there is an interesting perturbative duality to strings in twistor space. This inspired the development of recursive techniques to construct tree-level gauge theory amplitudes known as the BCFW recursion relations [15, 16]. At the level of loop corrections Bern, Dixon and Smirnov (BDS) [17] conjectured an all-loop form of the MHV amplitudes in N = 4 gauge theory, based on an iterative structure [18] found at lower loop levels employing on-shell techniques [19, 20] (see [21] for a recent review). The form of this conjecture was dictated by the tree-level and one-loop structure and the cusp anomalous dimension, a quantity which is simultaneously the leading ultraviolet singularity of Wilson loops with light-like cusps [22, 23, 24] and the scaling dimension of a particular class of local operators in the high spin limit. Due to this latter property it may be obtained from the above mentioned Bethe equations. In fact the BDS conjecture is now known to fail at two loops and six points [25, 26, 27, 28, 29] but the deviations from it are constrained by a novel symmetry, dual conformal symmetry, which we will now discuss.

The dual string theory prescription for computing scattering amplitudes was proposed in [30]. There, the problem of computing certain scattering amplitudes at strong coupling was mapped via a T-duality transformation to that of computing Wilson loops with light-like segments. The strong coupling calculation of [30] is insensitive to the helicity structure of the amplitude being calculated. At weak coupling however, it was found that light-like Wilson loops are dual to MHV amplitudes, as was demonstrated for n = 4, 5, 6 gluons scattering up to two-loop order [31, 32, 33]. A direct implication of this Wilson loop/MHV amplitude duality is the existence of a novel ‘dual conformal’ symmetry of the amplitudes, for which hints had appeared at the level of loop integrals contributing to the amplitudes [34, 35, 36]. This symmetry has its interpretation as the ordinary conformal symmetry of the Wilson loops [33, 37]. Indeed the two-loop, six-point calculations of [26, 28, 29] showed that the amplitude and the Wilson loop both differ from the BDS conjecture by the same function of dual conformal invariants. This symmetry extends naturally to dual superconformal symmetry when one considers writing all amplitudes (MHV and non-MHV) in on-shell superspace [38, 39]. In particular, tree-level amplitudes are covariant under dual superconformal symmetry. On the string side this symmetry can be seen to arise from the combination of a bosonic and a novel fermionic T-duality transformation of the AdS_5 × S^5 superstring onto itself. This transformation maps the dual superconformal symmetry of the original theory to the ordinary superconformal symmetry of the dual model, thereby providing another indication for the dual superconformal symmetry of planar scattering amplitudes [40, 41].

For tree-level amplitudes, dual superconformal symmetry was verified recursively [42] by employing a supersymmetrised version [43, 42, 44] of the BCFW recursion relations [15, 16]. In fact the supersymmetric recursion relations can be explicitly solved to obtain a closed form for all tree-level amplitudes in N = 4 SYM [45]. The expression thus obtained is given by a sum over dual superconformally covariant quantities.

The natural question arising from these two symmetry algebras is, what mathematical structure arises, when one commutes generators of the superconformal and dual superconformal algebras with each other? One would indeed expect to generate an infinite-dimensional symmetry algebra as a manifestation of the integrability of the theory. We shall show in this paper that a Yangian symmetry of scattering amplitudes appears, at least at tree level. We take our inspiration from the discussion of the behaviour of the infinite tower of charges in the sigma model in references [40, 41]^1. There it was shown how the combination of bosonic and fermionic T-dualities maps the charges of the original model into the charges of the T-dual model. In this way dual superconformal symmetry can be identified with certain non-local charges which map to local ones. Yangian symmetry has been observed in other instances of the AdS/CFT system, at strong coupling in string theory [5], at weak coupling in the gauge theory [47, 48], perturbatively in the spin-chain picture [49], as well as in the AdS/CFT S-matrix [50]. These occurrences have all been connected to the integrable spin chain picture and its ‘world-sheet’ S-matrix of magnon scattering along the chain. Traditionally Yangian symmetry is connected to integrable 2d field theories or spin chains, for reviews see e.g. [51]. However it is reasonable to expect that scattering amplitudes

1We thank Niklas Beisert for important comments on this point, see also [46].

should exhibit such a symmetry, as suggested in [14]. Remarkably, we indeed find the emergence of a Yangian structure at the level of the gauge theory scattering amplitudes (i.e. the spacetime S-matrix). As we shall see we may again associate a ‘spin-chain’ picture to the case of scattering amplitudes, where the ‘sites’ are identified with the on-shell external fields in the colour ordered amplitude. This chain is by definition periodic and cyclically invariant. The Yangian generators act non-locally along this chain and, as we shall show, are also cyclic invariant when acting on a scattering amplitude due to the special properties of the underlying psu(2, 2|4) Lie superalgebra. We would like to stress this fact as commonly Yangian symmetry is violated by finite length systems, which is not the case for our specific representation. This is of central importance for us, as typical scattering amplitudes are of short ‘length’ with the order of, say, n = 4, 5, 6 particles involved.

Outline

In section 2, after summarising our conventions for writing amplitudes in on-shell superspace, we review how the conventional and dual superconformal symmetries are realised on the amplitudes. Then, in section 3, we study the closure of the conventional and dual superconformal algebras, and find that one obtains a Yangian algebra. Section 4 contains the conclusions and an outlook. The definitions of all generators of the conventional and dual superconformal algebras as well as their commutation relations are collected in an appendix.

2 Properties of scattering amplitudes

In this paper we consider colour-ordered partial amplitudes, and we use the spinor-helicity formalism (for a review, see e.g. [53]), where the on-shell momenta p^μ_i of the i’th particle (with p^2_i = 0) are written as a product of commuting spinors,

p^μ_i (σ_μ)^{αα̇} = p^{αα̇}_i = λ^α_i λ̃^α_i . (1)

For contractions between spinors we will use the standard notation ⟨ij⟩ = λ^α_i λ_{jα}. The spinors λ and λ̃ are defined only modulo a complex rescaling λ → αλ, λ̃ → α^{−1}λ̃. The scaling weight is the helicity and is normalised so that λ has helicity −^1_2 and λ̃ has helicity +^1_2 .

2.1 Amplitudes in on-shell superspace and superconformal symmetry

Recall that using Grassmann variables η^A, where A is an SU(4) index, we can define a superwavefunction

Φ(p, η) = G^+(p) + η^AΓ_A(p) + 1 2 η^Aη^B S_{AB}(p) + 1 3! η^Aη^Bη^C ϵ_{ABCD}Γ̄^D(p) + 1 4! η^Aη^B η^C η^Dϵ_{ABCD}G^−(p) , (2) which incorporates as its components all on-shell states of N = 4 SYM. For example, G^+(p) and G^−(p) correspond to helicity plus and helicity minus gluons, respectively, with ingoing momentum p^μ. The Grassmann variables η carry helicity +^1_2 so that the whole multiplet carries helicity +1. Since the N = 4 supermultiplet is PCT self-conjugate, we could have equally chosen an anti-chiral representation (see [38, 39] for more explanations).

We can write the amplitudes in the on-shell superspace with coordinates (λ_i, λ̃_i, η_i) [54, 14, 55], A_n ( λ_i, λ̃_i, η_i ) = A (Φ_1 . . . Φ_n) . (3)

Since the helicity of each supermultiplet Φ_i is 1 then the amplitude obeys

h_iA_n(λ_i, λ̃_i, η_i) = A_n(λ_i, λ̃_i, η_i) , (4)

where h_i = −^1_2 λ^α_i ∂ ∂λ^α_i +^1_2λ̃^{α̇}_i ∂ ∂λ̃^{α̇}_i +^1_2 η^A_i ∂ ∂η^A_i (5) is the ith helicity operator. The amplitude is a distribution,

A_n = δ^{(4)}(p)δ^{(8)}(q) ⟨12⟩ . . . ⟨n1⟩ P_n(λ_i, λ̃_i, η_i) , (6)

where the delta functions are consequences of translation invariance and supersymmetry,

p^{αα̇} = n∑ i=1 p^{αα̇}_i , q^{αA} = n∑ i=1 q^{αA}_i , with q^{αA}_i = λ^α_i η^A_i . (7)

The function P_n(λ_i, λ̃_i, η_i) is a polynomial in the η_i, with terms of Grassmann degree 4m corresponding to N^mMHV amplitudes. The first term in P_n(λ_i, λ̃_i, η_i) is equal to 1, so that we recover the well-known formula for MHV amplitudes [54],

A^{MHV}_n = δ^{(4)}(p)δ^{(8)}(q) ⟨12⟩ . . . ⟨n1⟩ . (8)

An explicit expression for P_n(λ_i, λ̃_i, η_i) for all non-MHV tree-level amplitudes can be found in [45]. The function P_n(λ_i, λ̃_i, η_i) is constrained by the fact that (at least at tree-level) the amplitude should be annihilated by all generators of the conventional superconformal algebra (the explicit form of the generators in the on-shell superspace was given in [14]). Let J^{(0)} denote the conventional superconformal generators satisfying

[J^{(0)}_a , J^{(0)}_b } = f_{ab}^cJ^{(0)}_c , (9)

where f_{ab}^c are the structure constants of the psu(2, 2|4) algebra and the mixed brackets [·, ·} denote the graded commutator defined in the usual way, i.e.

[O_1, O_2} = O_1O_2 − (−1)^{deg(O1)deg(O2)}O_2O_1 . (10)

Here deg(O) is the Grassmann degree of O.

The generators J^{(0)}a are in fact sums of generators acting along the chain of colour-ordered scattered particles,

J^{(0)}_a = n∑ i=1 J^{(0)}_{ia} , (11)

and we call J^{(0)}_{ia} the density of the generator J^{(0)}a . In particular we have the second order constraint,

k_{αα̇} A_n = 0 , k_{αα̇} = n∑ i=1 k_{iαα̇} = n∑ i=1 ∂ ∂λ^α_i ∂ ∂λ̃^{α̇}_i , (12)

where k_{αα̇} is the generator of special conformal transformations. The expressions for the remaining generators of the conventional superconformal algebra are given in the appendix. We will use the superscript zero for the level zero generators to distinguish them from higher level generators to be defined below. In some formulae, like in (12), this superscript will be omitted for the level zero generators for the sake of legibility.

We can trivially extend psu(2, 2|4) to su(2, 2|4) by including the central charge c which is related to the total helicity via c = ∑_n i=1(1 − h_i) and therefore annihilates the amplitudes, as can be seen from equation (4). In fact this is also true for the density c_i which is related to the helicity generators via c_i = 1 − h_i. We can further extend to u(2, 2|4) by including the hypercharge b, but we must remember that this is not a symmetry of the amplitudes. Thus we can take the structure constants f_{ab}^c to be those of u(2, 2|4).

2.2 Dual superconformal symmetry

It has become clear recently that amplitudes have an additional symmetry, dual superconformal symmetry [38]. This symmetry is most conveniently seen by introducing dual variables x_i and θ_i, (x_i − x_{i+1})_{αα̇} − λ_{i α} λ̃_{i α̇} = 0, (θ_i − θ_{i+1})^A_α − λ_{iα}η^A_i = 0 . (13)

For now, we will identify the dual superspace points (x_{n+1}, θ_{n+1}) and (x_1, θ_1), as suggested by momentum conservation and supersymmetry. However, we will come back to this issue momentarily and explain why it is more appropriate to consider (x_{n+1}, θ_{n+1}) ≠ (x_1, θ_1).

First we recall how the generators of the dual superconformal algebra are constructed [38]. We begin with the dual coordinates x_i and θ_i. On this chiral superspace, the conformal generator reads K^{αα̇} = n∑ i=1 [ x^{αβ̇}_i x^{α̇β}_i ∂ ∂x^{ββ̇}_i + x^{α̇β}_i θ^{αB}_i ∂ ∂θ^{βB}_i ] . (14)

The action of the dual conformal generator on the variables (λ^α_i , λ̃^{α̇}_i , η^A_i ) is found by extending (14) so that it commutes with the constraints (13) modulo constraints. In other words it is constructed so that it preserves the surface defined by (13). There is a choice in how to do this related to how the conformal transformation of λ_i is split up between the points x_i and x_{i+1}. The choice we will make (as in [38]) associates λ_i entirely with the point x_i and λ̃_i with the point x_{i+1},

K^{αα̇} = n∑ i=1 [ x^{αβ̇}_i x^{α̇β}_i ∂ ∂x^{ββ̇}_i + x^{α̇β}_i θ^{αB}_i ∂ ∂θ^{βB}_i + x^{α̇β}_i λ^α_i ∂ ∂λ^β_i + x^{αβ̇}_{i+1}λ̃^{α̇}_i ∂ ∂λ̃^{β̇}_i + λ̃^{α̇}_i θ^{αB}_{i+1} ∂ ∂η^B_i ] . (15)

We can obtain all generators of the dual superconformal algebra in the same way. For our purposes it will be useful to recall here the form of the superconformal generator S^A_α ,

S^A_α = n∑ i=1 [ −θ^B_{iα}θ^{βA}_i ∂ ∂θ^{βB}_i + x_{iα}^{β̇} θ^{βA}_i ∂ ∂x^{ββ̇}_i + λ_{iα}θ^{γA}_i ∂ ∂λ^γ_i + x_{i+1 α}^{β̇} η^A_i ∂ ∂λ̃^{β̇}_i − θ^B_{i+1 α}η^A_i ∂ ∂η^B_i ] . (16)

The expressions for the remaining generators of the dual superconformal algebra are given in the appendix. It will be sufficient for us to consider K^{αα̇} and S^A_α since the other generators of the dual superconformal algebra can be seen to be trivially related to generators of the conventional superconformal algebra.

Recall [38] that we can act on the amplitude as a distribution by introducing an additional point (x_{n+1}, θ_{n+1}) ≠ (x_1, θ_1). Then the terms in the generators which depend on ∂/∂x_i or ∂/∂θ_i (i.e. the first two terms in (15) and (16)) are summed up to n + 1. From the dual space perspective this means that the chain of points no longer forms a closed loop but rather an open curve. The delta functions δ^{(4)}(p)δ^{(8)}(q) appearing in a generic super-amplitude, c.f. (6), can then be written as δ^{(4)}(x_1 − x_{n+1})δ^{(8)}(θ_1 − θ_{n+1}) and hence reimposes the closure of the loop which is thus a consequence of translation invariance and supersymmetry.

The product δ^{(4)}(p)δ^{(8)}(q) = δ^{(4)}(x_1 −x_{n+1})δ^{(8)}(θ_1 −θ_{n+1}) can be seen to be dual superconformally invariant [38]. The full amplitude is dual superconformally covariant, with the conformal weights coming exclusively from the denominator ⟨12⟩ . . . ⟨n1⟩, K^{αα̇}A_n = − n∑ i=1 x^{αα̇}_i A_n , S^A_α A_n = − n∑ i=1 θ^A_{iα}A_n . (17)

The operators which annihilate the amplitude are therefore

K̃^{αα̇} = K^{αα̇} +^n ∑ i=1 x^{αα̇}_i and S̃^A_α = S^A_α + n∑ i=1 θ^A_{iα} . (18)

We want to consider the commutation of the charges which annihilate the amplitude in both the conventional and dual superconformal algebras. To do this we must bring K̃ and S̃ to a form where they only act on the on-shell superspace coordinates (λ_i, λ̃_i, η_i). First we will use the constraints (13) to eliminate the dual variables x_i and θ_i for 2 ≤ i ≤ n + 1 in favour of the on-shell superspace coordinates,

x^{αα̇}_i = x^{αα̇}_1 − ∑ j<i λ^α_j λ̃^{α̇}_j , θ^{αA}_i = θ^{αA}_1 − ∑ j<i λ^α_j η^A_j for 2 ≤ i ≤ n + 1 , (19)

so that the terms acting on the eliminated variables can be dropped. The terms which act on x_1 and θ_1 can also be dropped because, once x_2, . . . , x_{n+1} and θ_2, . . . , θ_{n+1} have been eliminated, the dual translation invariance and dual supersymmetry of the amplitude simply state the independence of the amplitude on x_1 and θ_1,

P_{αα̇}A_n = ∂ ∂x^{αα̇}_1 A_n = 0, Q_{αA}A_n = ∂ ∂θ^{αA} A_n = 0 . (20)

Indeed we know from the start that the amplitude can be written so that it only depends on the on-shell superspace coordinates (λ_i, λ̃_i, η_i). Thus we keep only the final three terms in both (15) and (16).

Then if we inspect the remaining terms in K̃ and S̃ in equation (18) which depend on x_1 and θ_1 we see that they annihilate the amplitude by themselves. For example, if we look at S̃ we find the following terms which depend on x_1 and θ_1, n∑ i=1 [ θ^{γA}_1 λ_{iα} ∂ ∂λ^γ_i − θ^B_{1α}η^A_i ∂ ∂η^B_i + x_{1α}^{β̇} η^A_i ∂ ∂λ̃^{β̇}_i − θ^A_{1α} ] = = θ^B_{1γ} (−δ^A_B m^γ_α +^1_2 δ^γ_αδ^A_B (d + c) + δ^γ_αr^A_B) + x_{1α}^{β̇}q̄^A_{β̇} . (21)

Here we use the notation m, d, c, r, q̄ for the generators of the superconformal algebra whose explicit forms are given in the appendix. Since all terms on the r.h.s. of (21) are proportional to generators of the original superconformal algebra, they annihilate the amplitude. The remaining terms in K̃ and S̃ contain only the on-shell superspace coordinates (λ_i, λ̃_i, η_i) and derivatives with respect to them. We will call these symmetry generators K^′ and S^′,

K^′ = − n∑ i=1 [_{i−1} ∑ j=1 λ^β_j λ̃^{α̇}_j λ^α_i ∂ ∂λ^β_i + i∑ j=1 λ^α_j λ̃^{β̇}_j λ̃^{α̇}_i ∂ ∂λ̃^{β̇}_i + i∑ j=1 λ̃^{α̇}_i λ^α_j η^B_j ∂ ∂η^B_i + i−1∑ j=1 λ^α_j λ̃^{α̇}_j ] , (22)

S^{′A}_α = − n∑ i=1 [_{i−1} ∑ j=1 λ^γ_j η^A_j λ_{iα} ∂ ∂λ^γ_i + i∑ j=1 λ_{jα}λ̃^{β̇}_j η^A_i ∂ ∂λ̃^{β̇}_i − i∑ j=1 λ_{jα}η^B_j η^A_i ∂ ∂η^B_i + i−1∑ j=1 λ_{jα}η^A_j ] . (23)

That these operators are symmetries is the expression of dual superconformal symmetry purely in terms of the data defining the scattering amplitudes.

We could equivalently have arrived at the form of K^′ and S^′ by noting that K̃ and S̃ commute with the dual translation generator P_{αα̇} and the dual supersymmetry generator Q_{αA} modulo terms which themselves annihilate the amplitude. Therefore we could simply use the latter to set x_1 and θ_1 to zero in (18), immediately leading to (22) and (23).

3 Yangian symmetry

What happens when we commute the generators of the conventional and dual superconformal symmetries to obtain higher charges which are realised on the amplitudes? The answer is that the closure of the two symmetry algebras defines a Yangian algebra. We will show presently that the dual superconformal generators are equivalent to level one generators J^{(1)} that are symmetries of the amplitudes and that satisfy

[J^{(1)}_a , J^{(0)}_b } = f_{ab}^cJ^{(1)}_c . (24)

The level one generators are defined by

J^{(1)}_a = f_a^{cb} ∑ 1≤i<j≤n J^{(0)}_{ib} J^{(0)}_{jc} , (25)

where f^{cb}_a is obtained from f_{ab}^c by raising and lowering indices with the metric g_{ab} of the algebra. Further they satisfy the following relation (Serre relation)

[J^{(1)}_a , [J^{(1)}_b , J^{(0)}_c }} + (−1)^{|a|(|b|+|c|)}[J^{(1)}_b , [J^{(1)}_c , J^{(0)}_a }} + (−1)^{|c|(|a|+|b|)}[J^{(1)}_c , [J^{(1)}_a , J^{(0)}_b }} = h(−1)^{|r||m|+|t||n|}{J^{(0)}_l , J^{(0)}_m , J^{(0)}_n ]f_{ar}^lf_{bs}^mf_{ct}^nf^{rst}. (26) Here we use the mixed brackets [·, ·} to denote the graded commutator, as before, and the symbol {·, ·, ·] to denote the graded symmetriser. The index gradings denote the Grassmann degree of the corresponding generators, i.e. |a| = deg(J_a) etc. The constant h is dependent on conventions.

The conditions under which (25) is sufficient to give a representation of the Yangian (i.e. that the level one generators obey the Serre relation) were discussed in detail in [48]. A sufficient condition is that the adjoint appears only once in the tensor product of the representation of the single-site level-zero generators J^{(0)}_{ia} with its conjugate. The representation of interest here, namely the on-shell gluon supermultiplet, does satisfy this property [48]. Therefore to show that the tree-level amplitudes have a Yangian symmetry it will be sufficient to show that dual superconformal symmetry implies invariance under the generators J^{(1)}a given in (25).

Let us start with constructing the level one supersymmetry generator q^{(1)A}_α . Looking at formula (25) we expect to find terms of the form m_iq_j , d_iq_j , p_is̄_j, q_ir_j and c_iq_j (all antisymmetrised on i and j). Recall that here we are using the notation m_i for the density of the Lorentz generator m and similarly for the other generators of the superconformal algebra whose explicit forms are given in the appendix. The central charge density c_i appears because certain elements of the metric are off-diagonal. In particular we have g_{sq} ≠ 0, g_{bc} ≠ 0, f_{sb}^s ≠ 0 and hence 0 ≠ f^{qc}_q = −f_q^{qc}. Since c is central b will never appear on the r.h.s. of (25).

We would like to show that the dual superconformal symmetry generator S^A_α is related to the level one supersymmetry generator q^{(1)A}α . To see that this is the right way to attempt to identify dual superconformal symmetry with the Yangian symmetry, it suffices to note that this is the only generator of u(2, 2|4) having the same labels as S^A_α , namely a chiral Lorentz spinor index and an upstairs su(4) index.

We know that dual superconformal symmetry implies that the amplitude is annihilated by the operator S^′, given in equation (23). Looking at (25) we note that f_a^{cb} has the symmetry property f_a^{cb} = −(−1)^{|b||c|}f_a^{bc}, where |a| is zero (one) for a corresponding to a bosonic (fermionic) generator. We can match this symmetry property by anti-symmetrising the indices i and j under the sum in (23). This can be achieved by adding to S^{′A}_α the term

ΔS^A_α = 1 2 [ −q^A_γ m^γ_α + q^A_α 1 2 d_λ + nq^A_α + p^{β̇}_αs̄^A_{β̇} + q^B_α r^A_B − q^A_α 1 4 d_η ] , (27)

where d_λ = ∑ i λ^β_i^∂_{∂λβi} and d_η = ∑ i η^B_i^∂_{∂ηBi} are counting operators. In (27) they always appear multiplied by q^A_α such that all operators in (27) annihilate the amplitudes, and hence we have the freedom of modifying S^{′A}_α in this way.

After a short calculation we obtain

S^{′A}_α + ΔS^A_α = 1 2 ∑ i>j [ m^γ_{iα}q^A_{jγ} − 1 2 (d_i + c_i)q^A_{jα} + p^{β̇}_{iα}s̄^A_{jβ̇} + q^B_{iα}r^A_{jB} − (i ↔ j) ]

+ n∑ i=1 q^A_{iα}c_i − 1 2 q^A_α . (28)

We will now argue that the terms in the second line of (28) annihilate the scattering amplitudes on their own and we may therefore drop them. Indeed, for the second term this is obvious, and from the discussion in section 2 we already know that not only c, but also the density c_i annihilates the amplitudes. So we can make the definition

q^{(1)A}_α := ∑ i>j [ m^γ_{iα}q^A_{jγ} − 1 2 (d_i + c_i)q^A_{jα} + p^{β̇}_{iα}s̄^A_{jβ̇} + q^B_{iα}r^A_{jB} − (i ↔ j) ] . (29)

Here we have included an extra overall factor of 2 for convenience. By construction q^{(1)A}α annihilates all tree level scattering amplitudes, and it contains as an essential part the dual generator S^{′A}_α .

We will now show that (29) is exactly of the form (25). This can be done by computing the structure constants f_a^{cb} in (25) for a corresponding to q^A_α . We do this explicitly in the appendix (see equations (75,76,77)). Here we prefer to give a simpler derivation by noting that we have found precisely the types of terms we expected from (25). Therefore we only need to check that the relative coefficients in (29) are correct. We will do this by verifying the algebra relations (24). To begin with, the equations

{q^{(1)A}_α , s̄^B_{α̇} } = 0 , [q^{(1)A}_α , p^{ββ̇}] = 0 , (30)

fix all the relative coefficients in (29) to take the values given there, except for the cq term. Since c is a central charge it does not appear on the l.h.s. of any commutation relation. Nevertheless, we can check its coefficient in (29) by verifying the algebra relations (24), as we will see presently. In order to do this, we compute {q^{(1)A}_α , q̄_{α̇B} } =: δ^A_B p^{(1)}_{αα̇} , (31)

and obtain p^{(1)}_{αα̇} = ∑ i>j [( m^γ_{iα}δ^{γ̇}_{α̇} + m̄^{γ̇}_{iα̇}δ^γ_α − d_iδ^γ_αδ^{γ̇}_{α̇} ) p_{jγγ̇} + q̄_{iα̇C} q^C_{jα} − (i ↔ j) ] . (32)

Now we are in a position to verify selfconsistently that

[p^{(1)}_{αα̇}, s̄^{β̇}_A] = δ^{β̇}_{α̇}q^{(1)A}_α . (33)

Indeed, the q^{(1)A}α we find from (33) is exactly (29), which confirms the coefficient of the cq term there.

This completes the proof that (29) is equivalent to the corresponding case in (25), up to the overall normalisation. We remark that the structure of the su(2, 2|4) algebra is such that, given q^{(1)}, we can obtain all other level one generators from the relations (24). From [47, 48] we then know that (24) and the Serre relations are satisfied, such that the symmetry operators of the amplitudes form a Yangian algebra. We remark that p^{(1)} is related to the dual generator K^′ in a way very similar to how q^{(1)A} is related to S^{′A}. Therefore no further new generators appear from commuting the Yangian generators with K^′ .

Before concluding we give a convenient (super-)matrix form of the Yangian generators. Introducing super-indices Ā = (α, α̇, A) we can define (4|4) × (4|4) super-matrices J_i^Ā¯_B satisfying the u(2, 2|4) (anti)commutation relations (for i = j)

[J_i^Ā¯_B , J_j^{C̄}¯_D} = δ_{ij} [ δ^{C̄}_{B̄} J_i^Ā¯_D − (−1)^{(|Ā|+|B̄|)(C̄|+|D̄|)}δ^Ā_{D̄} J_i^{C̄}¯_B ] , (34)

where we have introduced the index-gradings |α| = |α̇| = 0 and |A| = 1. One can show that the definition

J_i^Ā¯_B = ∂_i^αλ_{iβ} ∂_i^α∂_i˙_β ∂_i^α∂_{iB} λ̃_iα̇λ_{iβ} λ̃_iα̇∂_{iβ̇} λ̃_iα̇∂_{iB} η_i^Aλ_{iβ} η_i^A∂_i˙_β η_i^A∂_{iB} (35)

= m^α_β −^1_2 δ^α_β (d +^1_2 c −^1_4 t) k^α˙_β s^α_B p^{α̇}_β m^{α̇}˙_β +^1_2 δ^{α̇}_{β̇} (d −^1_2 c +^1_4 t) q̄^{α̇}_B q^A_β s̄^A˙_β −r^A_B −^1_2 δ^A_B (^1_2 c +^1_4 t) i satisfies (34). Here we used a shorthand notation for the derivatives, c.f. (48), and t_i is the super-trace of the matrix. It can be identified with the hypercharge b_i, but the definition of b_i is arbitrary in that one can add an arbitrary amount of the central charge and a constant. So the general expression for the hypercharge is b_i = t_i + n_1c_i + n_2. The explicit expression for t_i in (35) is t_i = 2 − λ_i^γ ∂_{iγ} + λ̃_i^{γ̇} ∂_{iγ̇} − η_i^C ∂_{iC} .

We can now write down the level one generators using the super-matrix notation. They take the form J^{(1) Ā}¯_B := − ∑ i>j (−1)^{|C̄|}(J^Ā_i¯_C J^{C̄}_j¯_B − J^Ā_j¯_C J^{C̄}_i¯_B ) , (36)

which can be seen to be equivalent to (25). An advantage of the (super-)matrix formulation is that using (34) it is straightforward to compute (anti-)commutators involving Yangian generators. For example, we can easily verify that (36) obeys the Yangian relation (24),

[J^{(1) Ā}¯_B , J^{C̄}¯_D} = δ^{C̄}_{B̄} J^{(1) Ā}¯_D − (−1)^{(|Ā|+|B̄|)(C̄|+|D̄|)}δ^Ā_{D̄} J^{(1) C̄}¯_B . (37)

Let us comment on the consistency of the level one Yangian generators defined by (25) with the cyclicity of the scattering amplitudes^2. Let us consider the definition we would obtain if we rotated the chain of points cyclically by one step,

J̃^{(1)}_a = f_a^{cb} ∑ 2≤i<j≤n+1 J_{ib}J_{jc} . (38)

Here we identify J_{n+1 a} with J_{1a}. Since the amplitudes are cyclic, both J^{(1)}a and J̃^{(1)}a should annihilate the amplitudes and hence so should their difference. In the super-matrix notation it is easy to evaluate this difference,

J^{(1) Ā}¯_B − J̃^{(1) Ā}¯_B = −2 n∑ k=1 (−1)^{|C̄|}(J^Ā_k¯_C J^{C̄}_1¯_B − J^Ā_1¯_C J^{C̄}_k¯_B ) . (39)

Here ∑_n k=1 J_k^Ā¯_C = J^Ā¯_C is itself a symmetry of the amplitudes, and therefore the r.h.s. of (39) annihilates the amplitudes up to a term proportional to (−1)^{|C̄|}[J_1^Ā¯_C , J_1^{C̄}¯_B }. The latter may be

2We thank Edward Witten for drawing our attention to this point.

computed using (34), yielding

(−1)^{|C̄|}[J_1^Ā¯_C , J_1^{C̄}¯_B } = (−1)^{|C̄|}(δ^{C̄}_{C̄} J_1^Ā¯_B − (−1)^{(|Ā|+|C̄|)(|B̄|+|C̄|)}δ^Ā_{B̄} J_1^{C̄}¯_C ) = δ^Ā_{B̄} J_1^{C̄}¯_C = δ^Ā_{B̄} c_1 , (40)

where we have used the fact that, importantly, (−1)^{|C̄|}δ^{C̄}_{C̄} = 0 for u(2, 2|4) and that the trace of J_1 is equal to the central charge density c_1, see (35). Since the central charge densities c_i annihilate the amplitudes we conclude that so does J^{(1) Ā}¯_B − J̃^{(1) Ā}¯_B and therefore the definition (36) is consistent with cyclicity of the amplitudes. Note that this emergence of the central charge density is a peculiar property of u(m|m) superalgebras.

More generally one can say that, up to a term which is proportional to J_a, the difference between J^{(1)}a and J̃^{(1)}a is given by f_a^{cb}f_{bc}^dJ_{1d} . (41)

For general (super)algebras this is proportional to J_{1a} which is not a symmetry generator. However for certain superalgebras the constant of proportionality is zero. As we show in equations (73)-(74) in the appendix, this is the case for the algebras with vanishing Killing form which are psl(n|n), osp(2n + 2|2), D(2, 1; α), P (n), Q(n) [56, 57]. So the bilocal formula (25) is consistent with the cyclicity of the chain for these superalgebras only.

4 Conclusions and outlook

In this paper we showed that the dual superconformal symmetry found in [38], together with the conventional superconformal symmetry of N = 4 SYM forms a Yangian symmetry. The Yangian generators acting on the scattering amplitudes have exactly the same structure as those relevant for the spectrum of anomalous dimensions of N = 4 SYM, at least at tree level.

We conclude with some remarks and give an outlook.

In [14] it was shown that tree-level amplitudes have remarkable properties when written in (super)twistor space. To obtain the amplitudes in this space, one usually performs a Fourier transform with respect to the variables λ̃_i and η_i. Here we will take a slightly different definition and take a Fourier transform with respect to λ_i, i.e.

Ã(μ_i, λ̃_i, η_i) = ∫ (∏ i d^2λ_ie^{iλαi μiα} ) A(λ_i, λ̃_i, η_i) . (42)

We can think about the generators of the Yangian symmetry written in supertwistor space. If we do this then the level zero generators J^{(0)}a all become first order differential operators. It is then clear from the formula for the level one generators (25) that the latter are given by second order operators. Higher charges generated by commutation of the J^{(1)}a will result in yet higher order operators. Let us illustrate the above statements by explicit formulae. The pairs (−i μ^α_i , λ̃^{α̇}_i ) form homogeneous coordinates Z^{A′}_i on twistor space. Combining the twistors Z^{A′}_i with the Grassmann coordinates η^A_i we obtain supertwistors Z^Ā_i = (Z^{A′}_i , η^A_i ). The level zero generators of u(2, 2|4) take a particularly simple form in this language,

J^{(0)Ā}¯_B = ∑ i Z^Ā_i ∂ ∂Z^{B̄}_i . (43)

The level one generators are then obviously second order operators acting on the Z_i. They can be written as

J^{(1)Ā}¯_B = − ∑ i>j [ Z^Ā_i Z^{C̄}_j ∂ ∂Z^{C̄}_i ∂ ∂Z^{B̄}_j − (i ↔ j) ] . (44)

It is easy to write down similar formulae for higher level generators. An interesting absence from this set of generators are order zero operators, i.e. multiplication operators. These would be the relevant operators for describing the coplanarity/collinearity properties found in [14].

Perhaps the most urgent question concerns the fate of the symmetries of the amplitudes at loop level. Beyond tree level, infrared divergences appear, and the necessary regularisation a priori breaks the Yangian symmetry. Nonetheless, in analogy with the case of the spectrum of anomalous dimensions of N = 4 SYM, one might expect that the Yangian symmetry is realised at loop level as well, where (at least some of) the Yangian generators receive coupling-dependent deformations. For example, the dual conformal symmetry is expected to be broken in a way governed by an anomalous dual conformal Ward identity [33, 37]. Although this Ward identity was initially derived for Wilson loops dual to MHV amplitudes, it was found in [38, 39] that the same Ward identity also holds for one-loop NMHV amplitudes, and it was conjectured that it should hold for all amplitudes, MHV and non-MHV. Therefore it seems natural to modify K^′_{αα̇} by a coupling-dependent piece which accounts for this anomaly. It would be very interesting to find out whether a ‘deformed’ Yangian symmetry is realised at loop level.

Assuming that the amplitudes at loop level have a ‘deformed’ Yangian symmetry one may hope that perhaps the Yangian algebra implies some constraints on higher-point amplitudes. In particular it is not impossible that such constraints could help to fix the two-loop six-gluon MHV amplitude, which at the moment is known in terms of rather complicated parametric integrals only [26, 29, 28, 58].

On-shell scattering amplitudes and the spectrum of anomalous dimensions of gauge-invariant operators in N = 4 SYM exhibit hidden symmetries. Given these findings it seems worthwhile to look for new symmetries of other objects in N = 4 SYM as well. Indeed, a Yangian symmetry could have easily been overlooked in previous studies since the higher-order Yangian generators are intrinsically non-local. It would be wonderful if e.g. three- and four-point functions of gaugeinvariant composite operators were governed by a similar Yangian symmetry.

Acknowledgements

We thank Luc Frappat, Axel Kleinschmidt, Thomas Quella, Eric Ragoucy, Emery Sokatchev, Fabian Spill, and particularly Niklas Beisert and Edward Witten for important discussions. This research was supported in part by the French Agence Nationale de la Recherche under grant ANR-06-BLAN-0142 and by the Volkswagen Foundation.

Appendix: Formulae for both superconformal algebras

We begin by listing the commutation relations of the algebra u(2, 2|4). The Lorentz generators M_{αβ} , M_{α̇}˙_β and the su(4) generators R^A_B act canonically on the remaining generators carrying Lorentz or su(4) indices. The dilatation D and hypercharge B act via

[D , J] = dim(J) J, [B , J] = hyp(J) J. (45)

The non-zero dimensions and hypercharges of the various generators are

dim(P) = 1, dim(Q) = dim(Q ) =^1_2 , dim(S) = dim(S) = −^1_2 dim(K ) = −1, hyp(Q) = hyp(S) =^1_2 , hyp(Q ) = hyp(S) = −^1_2 . (46)

The remaining non-trivial commutation relations are, {Q_{αA} , Q^B_{α̇} } = δ^B_A P_{αα̇}, {S^A_α, S_{α̇B} } = δ^A_B K_{αα̇} , [P_{αα̇}, S^{βA}] = δ^β_αQ^A_{α̇} , [K_{αα̇} , Q^β_A ] = δ^β_αS_{α̇A}, [P_{αα̇}, S^{β̇}_A] = δ^{β̇}_{α̇}Q_{αA} , [K_{αα̇} , Q^{β̇A}] = δ^{β̇}_{α̇}S^A_α, [K_{αα̇} , P^{ββ̇} ] = δ^β_αδ^{β̇}_{α̇}D + M_α^βδ^{β̇}_{α̇} + M_{α̇}^{β̇}δ^β_α, {Q^α_A , S^B_β } = M^α_βδ^B_A + δ^α_β R^B_A +^1_2 δ^α_β δ^B_A (D + C ), {Q^{α̇A}, S˙_{βB}} = M^{α̇}˙_βδ^A_B − δ^{α̇}_{β̇} R^A_B +^1_2 δ^{α̇}_{β̇} δ^A_B(D − C ). (47)

Note that in writing the algebra relations we are obliged to choose the su(4) chirality of the odd generators. The relations above are valid directly for the dual superconformal generators. For the conventional realisation of the algebra, one should simply swap all su(4) chiralities appearing in the commutation relations. We now give the generators in both the conventional and dual representations of the superconformal algebra. We will use the following shorthand notation: ∂_{iαα̇} = ∂ ∂x^{αα̇}_i , ∂_{iαA} = ∂ ∂θ^{αA}_i , ∂_{iα} = ∂ ∂λ^α_i , ∂_{iα̇} = ∂ ∂λ̃^{α̇}_i , ∂_{iA} = ∂ ∂η^A_i . (48)

We first give the generators of the conventional superconformal symmetry, using lower case characters to distinguish these generators from the dual superconformal generators which follow afterwards.

p^{α̇α} = ∑ i λ̃^{α̇}_i λ^α_i , k_{αα̇} = ∑ i ∂_{iα}∂_{iα̇} , m_{α̇}˙_β = ∑ i λ̃_{i(α̇}∂_{iβ̇)}, m_{αβ} = ∑ i λ_{i(α}∂_{iβ)} , d = ∑ i [^1_2 λ^α_i ∂_{iα} +^1_2λ̃^{α̇}_i ∂_{iα̇} + 1], r^A_B = ∑ i [−η^A_i ∂_{iB} +^1_4 δ^A_B η^C_i ∂_{iC} ] , q^{αA} = ∑ i λ^α_i η^A_i , q̄^{α̇}_A = ∑ i λ̃^{α̇}_i ∂_{iA} , s_{αA} = ∑ i ∂_{iα}∂_{iA}, s̄^A_{α̇} = ∑ i η^A_i ∂_{iα̇} , c = ∑ i [1 +^1_2 λ^α_i ∂_{iα} −^1_2λ̃^{α̇}_i ∂_{iα̇} −^1_2 η^A_i ∂_{iA}] . (49) We can construct the generators of dual superconformal transformations by starting with the standard chiral representation and extending the generators so that they commute with the constraints, (x_i − x_{i+1})_{αα̇} − λ_{i α} λ̃_{i α̇} = 0 , (θ_i − θ_{i+1})^A_α − λ_{iα}η^A_i = 0 . (50) By construction they preserve the surface defined by these constraints, which is where the amplitude has support. The generators are

P_{αα̇} = ∑ i ∂_{iαα̇} , Q_{αA} = ∑ i ∂_{iαA} , Q^A_{α̇} = ∑ i [θ^{αA}_i ∂_{iαα̇} + η^A_i ∂_{iα̇}], (51) M_{αβ} = ∑ i [x_{i(α}^{α̇}∂_{iβ)α̇} + θ^A_{i(α}∂_{iβ)A} + λ_{i(α}∂_{iβ)}] , M_{α̇}˙_β = ∑ i [x_{i(α̇}^α∂_i˙_{β)α} + λ̃_{i(α̇}∂_i˙_{β)}] , (52) R^A_B = ∑ i [θ^{αA}_i ∂_{iαB} + η^A_i ∂_{iB} −^1_4 δ^A_B θ^{αC}_i ∂_{iαC} −^1_4 δ^A_B η^C_i ∂_{iC} ] , (53) D = ∑ i [−x^{α̇α}_i ∂_{iαα̇} −^1_2 θ^{αA}_i ∂_{iαA} −^1_2 λ^α_i ∂_{iα} −^1_2λ̃^{α̇}_i ∂_{iα̇}] , (54) C = ∑ i [−^1_2 λ^α_i ∂_{iα} +^1_2λ̃^{α̇}_i ∂_{iα̇} +^1_2 η^A_i ∂_{iA}] , (55) S^A_α = ∑ i [−θ^B_{iα}θ^{βA}_i ∂_{iβB} + x_{iα}^{β̇}θ^{βA}_i ∂_{iβ}˙_β + λ_{iα}θ^{γA}_i ∂_{iγ} + x_{i+1 α}^{β̇}η^A_i ∂_i˙_β − θ^B_{i+1 α}η^A_i ∂_{iB} ] , (56) S_{α̇A} = ∑ i [x_{iα̇}^β∂_{iβA} + λ̃_{iα̇}∂_{iA}] , (57) K_{αα̇} = ∑ i [x_{iα}^{β̇}x_{iα̇}^β∂_{iβ}˙_β + x_{iα̇}^βθ^B_{iα}∂_{iβB} + x_{iα̇}^β λ_{iα}∂_{iβ} + x_{i+1 α}^{β̇}λ̃_{iα̇}∂_i˙_β + λ̃_{iα̇}θ^B_{i+1 α}∂_{iB} ] . (58)

Here the summations go from 1 to n if we identify the dual superspace points (x_1, θ_1) = (x_{n+1}, θ_{n+1}). However, as was discussed in the text, if we want to act on an amplitdue as a distribution, we need to consider (x_1, θ_1) ≠ (x_{n+1}, θ_{n+1}) instead. In this case the terms involving derivatives ∂/∂x_i and ∂/∂θ_i are summed from 1 to n + 1.

Note that if we restrict the dual generators Q̄, S̄ to the on-shell superspace they become identical to the conventional generators s̄, q̄.

The fundamental representation of u(2, 2|4)

First let us give the fundamental representation of u(2, 2|4). This representation is given by (4|4)×(4|4) matrices. We will use the notation E^A_B to refer to a matrix which is zero everywhere except for the entry 1 in row A and column B. We will denote the fundamental representation of of the generator J_a by M[J_a]. Let us arrange all generators except d, c, b into a matrix. Then the non-zero entries of these generators are given by M m^α_β p^α˙_β q^{αB} k^{α̇}_β m^{α̇}˙_β s̄^{α̇B} s_{Aβ} q̄_A˙_β r_A^B = E^α_β −^1_2 δ^α_β I E^α˙_β E^{αB} E^{α̇}_β E^{α̇}˙_β −^1_2 δ^{α̇}_{β̇} I E^{α̇B} E_{Aβ} E_A˙_β E_A^B −^1_4 δ^B_A I . (59) This equation is to be read as

M[m^α_β] =

E^α_β −^1_2 Iδ^α_β 0 0

0 0 0 0 0 0

(60)

and so on. The remaining generators are given by M[d] = 1 2 I 0 0 0 −^1_2 I 0 0 0 0 , M[c] = 1 2 I 0 0 0^1_2 I 0 0 0^1_2 I , M[b] = 0 0 0 0 0 0 0 0 −^1_2 I . (61) One can easily check that these matrices obey the algebra relations.

The metric is defined by g_{ab} = g(J_a, J_b) = str(M[J_a]M[J_b]). (62) It satisfies g_{ba} = (−1)^{|a|}g_{ab}, g_{ab} = 0 if |a| ≠ |b|. (63) The non-zero components of the metric are

g(p^α˙_β, k^{γ̇}_δ) = g(k^{γ̇}_δ, p^α˙_β) = δ^α_δ δ^{γ̇}_{β̇} , g(r_A^B, r_C^D) = −δ^D_A δ^B_C +^1_4 δ^B_A δ^D_C ,

g(m^α_β , m^γ_δ) = δ^α_δ δ^γ_β −^1_2 δ^α_β δ^γ_δ , g(m^{α̇}˙_β, m^{γ̇}˙_δ) = δ^{α̇}_{δ̇} δ^{γ̇}_{β̇} −^1_2 δ^{α̇}_{β̇} δ^{γ̇}_{δ̇} , g(d, d) = 1, g(c, b) = g(b, c) = 1, g(q^{αB}, s_{Cδ}) = −g(s_{Cδ}, q^{αB}) = δ^B_C δ^α_δ g(s̄^{α̇B} , q̄_C˙_δ) = −g(q̄_C˙_δ, s̄^{α̇B}) = δ^B_C δ^{α̇}_{δ̇} . (64)

In fact it is convenient to use a different basis of generators. We will define the generators y^α_β = m^α_β +^1_2 δ^α_β (d + c + b), y^{α̇}˙_β = m^{α̇}˙_β +^1_2 δ^{α̇}_{β̇} (c + b − d), w_A^B = r_A^B −^1_2 δ^B_A b (65) Then the fundamental representation is easy to write. We organise the generators into a matrix

M[J^A_B] = M y^α_β p^α˙_β q^{αB} k^{α̇}_β y^{α̇}˙_β s̄^{α̇B} s_{Aβ} q̄_A˙_β w_A^B

= E^A_B (66)

In this basis the non-zero components of the metric are g(p^α˙_β , k^{γ̇}_δ) = g(k^{γ̇}_δ, p^α˙_β) = δ^α_δ δ^{γ̇}_{β̇} , g(w_A^B , w_C^D) = −δ^D_A δ^B_C , g(y^α_β, y^γ_δ) = δ^α_δ δ^γ_β , g(y^{α̇}˙_β, y^{γ̇}˙_δ) = δ^{α̇}_{δ̇} δ^{γ̇}_{β̇} , g(q^{αB}, s_{Cδ}) = −g(s_{Cδ}, q^{αB}) = δ^B_C δ^α_δ g(s̄^{α̇B} , q̄_C˙_δ) = −g(q̄_C˙_δ, s̄^{α̇B} ) = δ^B_C δ^{α̇}_{δ̇} . (67)

We will denote the inverse metric by g^{ab} = g^{−1}(J_a, J_b). It satisfies g_{ab}g^{bc} = δ^c_a = g^{cb}g_{ba}, g^{ba} = (−1)^{|a|}g^{ab}. (68) The non-zero components of the inverse metric are best written in the matrix basis, g^{−1}(p^α˙_β, k^{γ̇}_δ) = g^{−1}(k^{γ̇}_δ, p^α˙_β) = δ^δ_αδ^{β̇}_{γ̇} , g^{−1}(w_A^B, w_C^D) = −δ^A_Dδ^C_B , g^{−1}(y^α_β, y^γ_δ) = δ^δ_αδ^β_γ , g^{−1}(y^{α̇}˙_β, y^{γ̇}˙_δ) = δ^{δ̇}_{α̇}δ^{β̇}_{γ̇} , g^{−1}(q^{αB} , s_{Cδ}) = −g^{−1}(s_{Cδ}, q^{αB}) = −δ^C_B δ^δ_α g^{−1}(s̄^{α̇B}, q̄_C˙_δ) = −g^{−1}(q̄_C˙_δ, s̄^{α̇B}) = −δ^C_B δ^{δ̇}_{α̇}. (69)

We will raise and lower indices with the left index of g_{ab} or g^{ab}. Thus, we will define the lowered structure constants, f_{abc} = f_{ab}^dg_{dc}. (70) The metric is invariant, i.e.

g([J_a, J_b], J_c) = g(J_a, [J_b, J_c]). (71) Therefore we have f_{abc} = f_{bc}^dg_{ad} = (−1)^{|a|}f_{bca}. (72) Using these properties we find f_a^{cb}f_{bc}^d = (−1)^{|d|}f_{ac}′^bf^d_{bc}g^{c′c} = (−1)^{|d|+|c|}f_{ac}^bf^d_b^c (73) This expression vanishes for certain super-algebras, including psu(n|n), due to the vanishing of the Killing form, K_{ab} = str[ad(J_a)ad(J_b)] = (−1)^{|c|}f_{ac}^df_{bd}^c. (74)

Let us now check that the formula

J^{(1)}_a = f_a^{cb} ∑ i<j J_{ib}J_{jc} (75)

agrees with our explicit expression for q^{(1)}. We find from (75) q^{(1)αA} = f_qαA^{cb} ∑ i<j J_{ib}J_{jc} = f_qαA_c′^bg^{c′c} ∑ i<j J_{ib}J_{jc} (76)

The non-zero structure constants contribute the following terms, f_qαA_{q̄Bα̇}^{pβ β̇} g^{−1}(q̄_{Bα̇}, s̄^{γ̇C} ) ∑ i<j p^β_i˙_βs̄^{γ̇C}_j + f_qαA_kα̇_β^{s̄γ̇C} g^{−1}(k^{α̇}_β , p^γ˙_δ) ∑ i<j s̄^{γ̇C}_i p^γ_j˙_δ +f_qαA_{sBβ}^{yγ δ} g^{−1}(s_{Bβ}, q^{ρC} ) ∑ i<j y^γ_{i δ}q^{ρC}_j + f_qαA_yγ_δ^{qϵE} g^{−1}(y^γ_δ, y^ρ_λ) ∑ i<j q^{ϵE}_i y^ρ_{j λ} +f_qαa_{sBβ}^{wDC} g^{−1}(s_{Bβ}, q^{ρE} ) ∑ i<j w_{iD}^C q^{ρE}_j + f_qαA_{wB} C^{qβD} g^{−1}(w_B^C , w_F^E) ∑ i<j q^{βD}_i w_{jF}^E = ∑ i<j [ p^α_{i α̇}s̄^{α̇A}_j + y^α_{i β}q^{βA}_j + w_{iB}^Aq^{αB}_j − (j, i) ]

= ∑ i<j [ p^α_{i α̇}s̄^{α̇A}_j + (m^α_{i β} +^1_2 δ^α_β (d_i + c_i + b_i))q^{βA}_j + (r_{iB}^A −^1_2 δ^A_Bb_i)q^{αB}_j − (j, i) ] (77)

The terms involving the hypercharge density b_j cancel out and we find agreement with formula (29).

References

[1] L. Brink, J. H. Schwarz and J. Scherk, “Supersymmetric Yang-Mills Theories,” Nucl. Phys.

B 121, 77 (1977);

F. Gliozzi, J. Scherk and D. I. Olive, “Supersymmetry, Supergravity Theories And The Dual Spinor Model,” Nucl. Phys. B 122, 253 (1977).

[2] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.

Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [hep-th/9711200]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B 428 (1998) 105 [hep-th/9802109]; E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150].

[3] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,” JHEP 0303, 013 (2003) [hep-th/0212208].

[4] N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 664, 131 (2003) [hep-th/0303060].

[5] I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS_5 × S^5 superstring,” Phys. Rev. D 69, 046002 (2004) [hep-th/0305116].

[6] L. N. Lipatov, “High-energy asymptotics of multicolor QCD and exactly solvable lattice models,” arXiv:hep-th/9311037.

[7] L. D. Faddeev and G. P. Korchemsky, “High-energy QCD as a completely integrable model,” Phys. Lett. B 342 (1995) 311 [arXiv:hep-th/9404173].

[8] M. Staudacher, “The factorized S-matrix of CFT/AdS,” JHEP 0505 (2005) 054 [arXiv:hep-th/0412188];

G. Arutyunov, S. Frolov and M. Staudacher, “Bethe ansatz for quantum strings,” JHEP 0410 (2004) 016 [arXiv:hep-th/0406256]:

N. Beisert and M. Staudacher, “Long-range P SU(2, 2|4) Bethe ansätze for gauge theory and strings,” Nucl. Phys. B 727 (2005) 1 [arXiv:hep-th/0504190];

R. A. Janik, “The AdS_5 ×S^5 superstring worldsheet S-matrix and crossing symmetry,” Phys. Rev. D 73 (2006) 086006 [arXiv:hep-th/0603038];

N. Beisert, R. Hernandez and E. Lopez, “A crossing-symmetric phase for AdS_5 ×S^5 strings,” JHEP 0611, 070 (2006) [hep-th/0609044];

N. Beisert, B. Eden and M. Staudacher, “Transcendentality and crossing,” J. Stat. Mech. 0701, P021 (2007) [hep-th/0610251].

[9] A. A. Tseytlin, “Semiclassical strings in AdS_5 × S^5 and scalar operators in N = 4 SYM theory,” Comptes Rendus Physique 5, 1049 (2004) [hep-th/0407218]; A. V. Belitsky, V. M. Braun, A. S. Gorsky and G. P. Korchemsky, “Integrability in QCD and beyond,” Int. J. Mod. Phys. A 19 (2004) 4715 [arXiv:hep-th/0407232]; N. Beisert, “The dilatation operator of N = 4 super Yang-Mills theory and integrability,” Phys. Rept. 405, 1 (2005) [hep-th/0407277];

K. Zarembo, “Semiclassical Bethe ansatz and AdS/CFT,” Comptes Rendus Physique 5, 1081 (2004) [Fortsch. Phys. 53, 647 (2005)] [hep-th/0411191];

J. Plefka, “Spinning strings and integrable spin chains in the AdS/CFT correspondence,” Living Rev. Rel. 8, 9 (2005) [hep-th/0507136];

J. A. Minahan, “A brief introduction to the Bethe ansatz In N = 4 super-Yang-Mills,” J. Phys. A 39, 12657 (2006);

G. Arutyunov and S. Frolov, “Foundations of the AdS_5 × S^5 Superstring. Part I,” arXiv:0901.4937 [hep-th].

[10] F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, “Anomalous dimension with wrapping at four loops in N=4 SYM,” Nucl. Phys. B 805 (2008) 231 [arXiv:0806.2095 [hep-th]]; Z. Bajnok and R. A. Janik, “Four-loop perturbative Konishi from strings and finite size effects for Nucl. Phys. B 807 (2009) 625 [arXiv:0807.0399 [hep-th]];

N. Gromov, V. Kazakov and P. Vieira, “Integrability for the Full Spectrum of Planar AdS/CFT,” arXiv:0901.3753 [hep-th].

[11] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Classical / quantum integrability in AdS/CFT,” JHEP 0405 (2004) 024 [arXiv:hep-th/0402207]; N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, “The algebraic curve of classical superstrings on AdS_5 × S^5,” Commun. Math. Phys. 263 (2006) 659 [arXiv:hep-th/0502226].

[12] B. Basso, G. P. Korchemsky and J. Kotanski, “Cusp anomalous dimension in maximally supersymmetric Yang-Mills theory at strong coupling,” Phys. Rev. Lett. 100 (2008) 091601 [arXiv:0708.3933 [hep-th]];

R. Roiban and A. A. Tseytlin, “Strong-coupling expansion of cusp anomaly from quantum superstring,” JHEP 0711 (2007) 016 [arXiv:0709.0681 [hep-th]].

[13] S. J. Parke and T. R. Taylor, “An Amplitude for n Gluon Scattering,” Phys. Rev. Lett. 56 (1986) 2459.

F. A. Berends and W. T. Giele, “Recursive Calculations for Processes with n Gluons,” Nucl. Phys. B 306 (1988) 759.

[14] E. Witten, “Perturbative gauge theory as a string theory in twistor space,” Commun. Math.

Phys. 252 (2004) 189 [arXiv:hep-th/0312171].

[15] R. Britto, F. Cachazo and B. Feng, “New recursion relations for tree amplitudes of gluons,” Nucl. Phys. B 715 (2005) 499 [arXiv:hep-th/0412308].

[16] R. Britto, F. Cachazo, B. Feng and E. Witten, “Direct proof of tree-level recursion relation in Yang-Mills theory,” Phys. Rev. Lett. 94 (2005) 181602 [arXiv:hep-th/0501052].

[17] Z. Bern, L. J. Dixon and V. A. Smirnov, “Iteration of planar amplitudes in maximally supersymmetric Yang-Mills theory at three loops and beyond,” Phys. Rev. D 72 (2005) 085001 [arXiv:hep-th/0505205].

[18] C. Anastasiou, Z. Bern, L. J. Dixon and D. A. Kosower, “Planar amplitudes in maximally supersymmetric Yang-Mills theory,” Phys. Rev. Lett. 91 (2003) 251602 [arXiv:hep-th/0309040].

[19] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, “One-Loop n-Point Gauge Theory Amplitudes, Unitarity and Collinear Limits,” Nucl. Phys. B 425 (1994) 217 [arXiv:hep-ph/9403226].

[20] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, “Fusing gauge theory tree amplitudes into loop amplitudes,” Nucl. Phys. B 435 (1995) 59 [arXiv:hep-ph/9409265].

[21] Z. Bern, L. J. Dixon and D. A. Kosower, “On-Shell Methods in Perturbative QCD,” Annals Phys. 322 (2007) 1587 [arXiv:0704.2798 [hep-ph]].

[22] A. M. Polyakov, “Gauge Fields As Rings Of Glue,” Nucl. Phys. B 164 (1980) 171. [23] G. P. Korchemsky and A. V. Radyushkin, “Renormalization of the Wilson Loops Beyond the Leading Order,” Nucl. Phys. B 283 (1987) 342.

[24] I. A. Korchemskaya and G. P. Korchemsky, “On lightlike Wilson loops,” Phys. Lett. B 287 (1992) 169.

[25] L. F. Alday and J. Maldacena, “Comments on gluon scattering amplitudes via AdS/CFT,” JHEP 0711 (2007) 068 [arXiv:0710.1060 [hep-th]].

[26] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “The hexagon Wilson loop and the BDS ansatz for the six-gluon amplitude,” Phys. Lett. B 662 (2008) 456 [arXiv:0712.4138 [hep-th]].

[27] J. Bartels, L. N. Lipatov and A. S. Vera, “BFKL Pomeron, Reggeized gluons and Bern- Dixon-Smirnov amplitudes,” arXiv:0802.2065 [hep-th].

[28] Z. Bern, L. J. Dixon, D. A. Kosower, R. Roiban, M. Spradlin, C. Vergu and A. Volovich, ‘The Two-Loop Six-Gluon MHV Amplitude in Maximally Supersymmetric Yang-Mills Theory,” Phys. Rev. D 78 (2008) 045007 [arXiv:0803.1465 [hep-th]].

[29] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “Hexagon Wilson loop = six-gluon MHV amplitude,” arXiv:0803.1466 [hep-th].

[30] L. F. Alday and J. M. Maldacena, “Gluon scattering amplitudes at strong coupling,” JHEP 0706 (2007) 064 [arXiv:0705.0303 [hep-th]].

[31] J. M. Drummond, G. P. Korchemsky and E. Sokatchev, “Conformal properties of fourgluon planar amplitudes and Wilson loops,” Nucl. Phys. B 795 (2008) 385 [arXiv:0707.0243 [hep-th]].

[32] A. Brandhuber, P. Heslop and G. Travaglini, “MHV Amplitudes in N=4 Super Yang-Mills and Wilson Loops,” Nucl. Phys. B 794 (2008) 231 [arXiv:0707.1153 [hep-th]].

[33] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “On planar gluon amplitudes/Wilson loops duality,” Nucl. Phys. B 795 (2008) 52 [arXiv:0709.2368 [hep-th]].

[34] J. M. Drummond, J. Henn, V. A. Smirnov and E. Sokatchev, “Magic identities for conformal four-point integrals,” JHEP 0701 (2007) 064 [arXiv:hep-th/0607160].

[35] Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, “The Four-Loop Planar Amplitude and Cusp Anomalous Dimension in Maximally Supersymmetric Yang- Mills Theory,” Phys. Rev. D 75 (2007) 085010 [arXiv:hep-th/0610248].

[36] Z. Bern, J. J. M. Carrasco, H. Johansson and D. A. Kosower, “Maximally supersymmetric planar Yang-Mills amplitudes at five loops,” Phys. Rev. D 76 (2007) 125020 [arXiv:0705.1864 [hep-th]].

[37] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “Conformal Ward identities for Wilson loops and a test of the duality with gluon amplitudes,” arXiv:0712.1223 [hep-th].

[38] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “Dual superconformal symmetry of scattering amplitudes in N=4 super-Yang-Mills theory,” arXiv:0807.1095 [hepth].

[39] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, “Generalized unitarity for N=4 super-amplitudes,” arXiv:0808.0491 [hep-th].

[40] N. Berkovits and J. Maldacena, “Fermionic T-Duality, Dual Superconformal Symmetry, and the Amplitude/Wilson Loop Connection,” JHEP 0809 (2008) 062 [arXiv:0807.3196 [hepth]].

[41] N. Beisert, R. Ricci, A. A. Tseytlin and M. Wolf, “Dual Superconformal Symmetry from AdS5 x S5 Superstring Integrability,” Phys. Rev. D 78 (2008) 126004 [arXiv:0807.3228 [hep-th]].

[42] A. Brandhuber, P. Heslop and G. Travaglini, “A note on dual superconformal symmetry of the N=4 super Yang-Mills S-matrix,” Phys. Rev. D 78 (2008) 125005 [arXiv:0807.4097 [hep-th]].

[43] N. Arkani-Hamed, F. Cachazo and J. Kaplan, “What is the Simplest Quantum Field Theory?,” arXiv:0808.1446 [hep-th].

[44] H. Elvang, D. Z. Freedman and M. Kiermaier, “Recursion Relations, Generating Functions, and Unitarity Sums in N=4 SYM Theory,” arXiv:0808.1720 [hep-th].

[45] J. M. Drummond and J. M. Henn, “All tree-level amplitudes in N=4 SYM,” arXiv:0808.2475 [hep-th].

[46] N. Beisert, talk given at ’Workshop on Applied 2d Sigma Models’, DESY Hamburg, November 2008 [47] L. Dolan, C. R. Nappi and E. Witten, “A relation between approaches to integrability in superconformal Yang-Mills theory,” JHEP 0310 (2003) 017 [arXiv:hep-th/0308089].

[48] L. Dolan, C. R. Nappi and E. Witten, “Yangian symmetry in D = 4 superconformal Yang- Mills theory,” arXiv:hep-th/0401243.

[49] D. Serban and M. Staudacher, “Planar N = 4 gauge theory and the Inozemtsev long range spin chain,” JHEP 0406 (2004) 001 [arXiv:hep-th/0401057];

A. Agarwal and S. G. Rajeev, “Yangian symmetries of matrix models and spin chains: The dilatation Int. J. Mod. Phys. A 20 (2005) 5453 [arXiv:hep-th/0409180]; B. I. Zwiebel, “Yangian symmetry at two-loops for the su(2|1) sector of N = 4 SYM,” J. Phys. A 40 (2007) 1141 [arXiv:hep-th/0610283];

N. Beisert and D. Erkal, “Yangian Symmetry of Long-Range gl(N) Integrable Spin Chains,” J. Stat. Mech. 0803 (2008) P03001 [arXiv:0711.4813 [hep-th]];

T. Bargheer, N. Beisert and F. Loebbert, “Long-Range Deformations for Integrable Spin Chains,” arXiv:0902.0956 [hep-th].

[50] N. Beisert, “The S-Matrix of AdS/CFT and Yangian Symmetry,” PoS SOLVAY (2006) 002 [arXiv:0704.0400 [nlin.SI]];

S. Moriyama and A. Torrielli, “A Yangian Double for the AdS/CFT Classical r-matrix,” JHEP 0706 (2007) 083 [arXiv:0706.0884 [hep-th]];

N. Beisert and F. Spill, “The Classical r-matrix of AdS/CFT and its Lie Bialgebra Structure,” Commun. Math. Phys. 285 (2009) 537 [arXiv:0708.1762 [hep-th]]; F. Spill and A. Torrielli, “On Drinfeld’s second realization of the AdS/CFT su(2 | 2) Yangian,” arXiv:0803.3194 [hep-th];

M. de Leeuw, “Bound States, Yangian Symmetry and Classical r-matrix for the AdS5 x S5 Superstring,” JHEP 0806 (2008) 085 [arXiv:0804.1047 [hep-th]];

F. Spill, “Weakly coupled N=4 Super Yang-Mills and N=6 Chern-Simons theories from u(2|2) Yangian symmetry,” arXiv:0810.3897 [hep-th];

M. de Leeuw, “Yangian Symmetry, S-Matrices and Bethe Ansatz for the AdS5 x S5 Superstring,” arXiv:0901.3445 [hep-th].

[51] D. Bernard, “An Introduction to Yangian Symmetries,” Int. J. Mod. Phys. B 7 (1993) 3517 [arXiv:hep-th/9211133];

N. J. MacKay, “Introduction to Yangian symmetry in integrable field theory,” Int. J. Mod. Phys. A 20 (2005) 7189 [arXiv:hep-th/0409183].

[52] N. Beisert, “The dilatation operator of N = 4 super Yang-Mills theory and integrability,” Phys. Rept. 405 (2005) 1 [arXiv:hep-th/0407277].

[53] M. L. Mangano and S. J. Parke, “Multiparton amplitudes in gauge theories,” Phys. Rept.

200 (1991) 301 [arXiv:hep-th/0509223].

[54] V. P. Nair, “A current algebra for some gauge theory amplitudes,” Phys. Lett. B 214 (1988) 215.

[55] G. Georgiou, E. W. N. Glover and V. V. Khoze, “Non-MHV Tree Amplitudes in Gauge Theory,” JHEP 0407 (2004) 048 [arXiv:hep-th/0407027].

[56] V. G. Kac, “Lie Superalgebras,” Adv. Math. 26 (1977) 8.

[57] L. Frappat, P. Sorba and A. Sciarrino, “Dictionary on Lie superalgebras,” arXiv:hep-th/9607161.

[58] C. Anastasiou, A. Brandhuber, P. Heslop, V. V. Khoze, B. Spence and G. Travaglini, “Two- Loop Polygon Wilson Loops in N=4 SYM,” arXiv:0902.2245 [hep-th].