arXiv:0902.3274v4 [hep-th] 15 Nov 2010

Preprint typeset in JHEP style - HYPER VERSION arXiv:0902.3274v4

The automorphic NS5-brane

Boris Pioline

Laboratoire de Physique Théorique et Hautes Energies, CNRS UMR 7589 and Université Pierre et Marie Curie - Paris 6, 4 place Jussieu, 75252 Paris cedex 05, France Email: pioline@lpthe.jussieu.fr

Daniel Persson^∗

Physique Théorique et Mathématique, Université Libre de Bruxelles & International Solvay Institutes, ULB Campus Plaine C.P. 231, B-1050 Bruxelles, Belgium Email: dpersson@ulb.ac.be

Abstract: Understanding the implications of SL(2, Z) S-duality for the hypermultiplet moduli space of type II string theories has led to much progress recently in uncovering D-instanton contributions. In this work, we suggest that the extended duality group SL(3, Z), which includes both S-duality and Ehlers symmetry, may determine the contributions of D5 and NS5-branes. We support this claim by automorphizing the perturbative corrections to the “extended universal hypermultiplet”, a five-dimensional universal SO(3)\SL(3, R) subspace which includes the string coupling, overall volume, Ramond zero-form and six-form and NS axion. Using the non-Abelian Fourier expansion of the Eisenstein series attached to the principal series of SL(3, R), worked out by Vinogradov, Takhtajan and Bump many years ago, we extract the contributions of D(-1)-D5 and NS5-brane instantons, corresponding to the Abelian and non-Abelian coefficients, respectively. In particular, the contributions of k NS5-branes can be summarized into a vector of wave functions Ψ_{k,ℓ}, ℓ = 0 . . . k − 1, as expected on general grounds. We also point out that for more general models with a symmetric moduli space K\G, the minimal theta series of G generates an infinite series of exponential corrections of the form required for “small” D(-1)-D1-D3-D5-NS5 instanton bound states. As a mathematical spin-off, we make contact with earlier results in the literature about the spherical vectors for the principal series of SL(3, R) and for minimal representations.

Keywords: String dualities, automorphic forms, Eisenstein series, instantons.

Contents

1. Introduction 2 1.1 Generalized mirror symmetry and quaternion-Kähler geometry 2 1.2 Uncovering SL(3, Z), and the extended universal hypermultiplet 5 1.3 Summing up NS5-brane instantons 7 1.4 Outline 9

2. The extended universal hypermultiplet 10 2.1 SO(3)\SL(3, R) as a hypermultiplet moduli space 10 2.2 The universal sector in the one-modulus case 12

3. SL(3, Z) Eisenstein series and NS5-instantons 15 3.1 Quaternionic-Kähler geometry and contact potential 15 3.2 Automorphizing under SL(3, Z) 17 3.3 Perturbative and D-instanton contributions 21 3.4 Non-Abelian Fourier expansion and the minimal Eisenstein series 23 3.5 Generalized Eisenstein series and NS5-branes 25 3.6 The minimal theta series as a NS5-brane partition function 31

A. Constant terms for SL(3) Eisenstein series 34

B. Fourier expansion of the minimal Eisenstein series 36

C. Asymptotic expansion of the integral I 39

D. Non-Abelian Fourier expansions and representation theory 40 D.1 Minimal Eisenstein series 41 D.2 Principal Eisenstein series 41

∗Also at Fundamental Physics, Chalmers University of Technology, SE-412 96, Göteborg, Sweden.

– 1 –

1. Introduction

Understanding quantum corrections to hypermultiplet moduli spaces in type II Calabi- Yau compactifications is a long and out-standing problem. One of the main challenges is to include the contributions from NS5-brane instantons which give rise to exponentially suppressed corrections to the moduli space metric of order e^{−1/g2s} in the weak-coupling limit. In this work we propose that these NS5-brane instanton effects can be summed up in terms of a certain SL(3, Z)-invariant Eisenstein series. To motivate this proposal, we begin by discussing some relevant aspects of hypermultiplet moduli spaces in type II Calabi-Yau compactifications, with particular emphasis on generalized mirror symmetry and dualities.

1.1 Generalized mirror symmetry and quaternion-Kähler geometry

Type II string theory and M-theory canonically associate two quaternion-Kähler (QK) spaces to any Calabi-Yau (CY) threefold X [1],

M_C (X) × M_K (X) , (1.1)

of real dimension 4h + 4 where h = h^{1,2}(X) and h = h^{1,1}(X), respectively. Both of these spaces M = M_{C,K} (X) have a foliation by hypersurfaces ϕ = const, such that near ϕ = +∞, M is topologically a fibration T̃ → M → R_ϕ × K , (1.2) where the 2h + 3 dimensional fiber T̃ is a circle bundle over a 2h + 2-dimensional torus T , and K = K_{C,K} is the moduli space of complex structures (respectively, complexified Kähler structures) on X. Given any special Kähler metric on K, the “c-map” construction [2], or rather its “quantum corrected version” studied in [3, 4], produces a quaternion-Kähler metric on this fiber bundle, which agrees with the metric on M in the “weak coupling” limit ϕ → +∞, up to exponentially suppressed corrections of order exp(−O(e^{ϕ/2})) and smaller. An outstanding question is to compute these corrections, which should encode interesting symplectic (resp. algebraic) invariants of X, and provide valuable information about the spectrum of type II string theories on X.

Indeed, the quaternion-Kähler spaces M_{C,K}(X, Y ) and associated special Kähler spaces K_{C,K} appear as the moduli spaces of type IIA and type IIB string theories compactified on X and X × S^1 (respectively on Y and Y × S^1) as summarized in the

– 2 – table below [1]:

IIA/X IIB/Y R^{3,1} K_K (X) × M_C (X) K_C (Y ) × M_K (Y ) ↓ || ↓ || R^{2,1} × S^1 M_K (X) × M_C (X) M_C (Y ) × M_K (Y )

This table calls for several important comments:

i) The vertical arrows indicate the c-map relating the vector multiplet (VM) moduli space K in D = 4 uncompact dimensions to the VM moduli space M in D = 3. In this case, the coordinate ϕ and the twisted torus T̃ in (1.2) correspond to the radius e^{ϕ/2} = R/l_P of the circle in 4D Planck units, the Wilson lines ζ^Λ, ζ̃_Λ of the electric and magnetic vector fields in D = 4 along S^1, and the NUT scalar σ dual to the off-diagonal metric component [2]. The circle T̃ /T = S_1 parameterized by σ has first Chern class c_1 = dζ^Λ ∧ dζ̃_Λ + χω_K, where ω_K is the Kähler class of K and χ = χ_X is the Euler number of X in type IIA, or χ = −χ_Y in type IIB [3].

ii) The vertical equal signs indicate that the hypermultiplet (HM) moduli space is identical in 3 and 4 dimensions; as a matter of fact, on the type IIA side M_C (X) is also the HM moduli space in M-theory on R^{4,1} × X, since the radius of the M-theory circle is a vector multiplet. The coordinate ϕ and the twisted torus T̃ in (1.2) now correspond to the four-dimensional string coupling e^{−ϕ/2}, the Wilson lines of the Ramond-Ramond (RR) gauge fields on H_3(X, Z) (respectively H_{even}(Y, Z)), and the Neveu-Schwarz (NS) axion.

iii) T-duality along the circle maps IIA/X × S^1 to IIB on the same CY three-fold Y ≡ X times S^1 and exchanges the VM and HM moduli spaces in D = 3 (in particular the radius R/l_P is mapped to the string coupling e^{ϕ/2}). This justifies the use of the same notation M_{C,K} (·) on the IIA and IIB sides.

iv) Mirror symmetry identifies IIA/X×S^1 to IIB/X̃×S^1 where Y ≡ X̃ is the mirror CY three-fold to X (in particular h^{1,2}(X) = h^{1,1}(Y ), χ_X = −χ_Y ). At the level of the (2,2) SCFT it amounts to the well-supported identity K_C (X) = K_K (X̃), but at the “second quantized” level it requires the more far-reaching identity [5]

M_C (X) = M_K (X̃) , M_K (X) = M_C (X̃) (1.3)

– 3 – v) The c-map construction mentioned above is accurate only in the limit ϕ → +∞, which corresponds to large radius on the VM side, or small coupling on the HM side. e^{−O(eϕ/2)} corrections away from this limit on the HM side correspond to D-brane instantons already in D=4 [5], while on the VM side they correspond to Euclidean black holes in R^3 × S^1, whose worldline winds around the circle. In either case, D-instantons correspond mathematically to elements of the derived category D(X) of coherent sheaves for M_K (X), or elements in the derived Fukaya category F(Y ) of SLAG submanifolds for M_C (Y ) (see e.g. [6] for an introduction to these concepts). Thus, the equality (1.3) encompasses the homological mirror symmetry conjecture [7].

vi) In addition to the e^{−O(eϕ/2)} D-instanton corrections mentioned in v), one also expects e^{−O(eϕ)} corrections, corresponding to Euclidean NS5-brane wrapped on X on the HM side, or to Kaluza-Klein (KK) monopoles (equivalently, Taub- NUT gravitational instantons) with non-zero NUT charge along the circle. These effects are predicted by the presumed growth of the D-instanton series [8], but the mathematical structure underlying them is far from clear at the moment. They are the main subject of this note.

vii) Since IIA/X × S^1 = M/X × T^2, the VM moduli space M_K (X) must^1 possess an isometric action of the modular group SL(2, Z) of the torus T^2. Equivalently, S-duality of IIB string theory in 10 dimensions implies that M_K (Y ) must have an (identical) isometric action of the modular group SL(2, Z).

This last observation has been instrumental in the recent progress in understanding M_K (X) [10, 11, 12, 13, 14, 15]: while the metric on M_K (Y ) in the limit of weak coupling and large volume has a continuous isometric action of SL(2, R) [16, 17, 14], this isometric action is broken by the usual worldsheet instanton corrections to K_K (Y ) and by a “universal” one-loop correction [18, 3, 17] proportional to χ_Y . By restoring invariance under a discrete subgroup SL(2, Z), it is possible to determine the corrections to the QK metric on M_K (Y ) due to D(-1) and D-1 instantons, i.e. to coherent sheaves with support on rational curves in Y [10]. Not surprisingly, these corrections are controlled by the same BPS invariants which determine the tree-level worldsheet instanton corrections. By mirror symmetry, these D(-1)-D1 instantons map to D2-brane instantons wrapping SLAG submanifolds γ in X whose homology class lies in a certain Lagrangian subspace of H_3(X, Z) determined by the large complex structure limit.

1Here, we restrict to cases where, unlike the situation in [9], SL(2, Z) electric-magnetic duality is not broken to a finite index subgroup by quantum corrections. We are grateful to N. Halmagyi for emphasizing this issue.

– 4 –

Using symplectic invariance, the effects of D2-branes wrapping any homology class in H_3(X, Z) were found in [14, 15], to linear order in perturbation around the weak coupling metric; by mirror symmetry this gives the instanton corrections to M_K (Y ) from arbitrary D5-D3-D1-D(-1) instantons (or from D6-D4-D2-D0 black holes to M_K (X)), or mathematically from any element of the derived category D(Y ) (respectively, D(X)).

A key device in computing instanton corrections to the QK metric on M = M_K (Y ) is the Lebrun-Salamon theorem [19, 20, 21], which relates the QK metric on M to the complex contact structure on its twistor space Z. As a consequence, the deformed geometry can be encoded in terms of complex contact transformations between locally flat Darboux patches (which play a similar role as the holomorphic prepotential for special Kähler spaces). The deformed metric can be obtained from the complex coordinates on Z, also known as contact twistor lines, and from a complex valued (but non holomorphic) section e^{Φ(xμ,z)} of H^0(M, O(2)), known as the contact potential, which determines the Kähler potential on Z.

Using these twistorial techniques, the QK metric on M_K (Y ) including quantum corrections from all D-instantons was obtained to linear order in [14, 15]. It involves invariants n_γ , presumed to be equal to the generalized Donaldson-Thomas invariants introduced in [22, 23]. An essentially identical structure has emerged in the study of instanton corrections to the (hyperkähler) moduli space of N = 2 Seiberg-Witten theories on R^{1,2} × S^1 in [24], and in fact directly inspired the construction in [14].

These developments have left out the outstanding problem of computing the subleading e^{−O(eϕ)} corrections to M_{C,K} from NS5-brane instantons wrapped on X (or equivalently from KK-monopoles with non-zero NUT charge on S^1). While the SL(2, Z) symmetry which proved so powerful in determining the D-instanton corrections could in principle be used to convert the D5-instanton corrections into NS5-branes (or D6-branes into KK-monopoles), it is not immediately clear how to covariantize these contributions under the complicated SL(2, Z) action found in [14].

1.2 Uncovering SL(3, Z), and the extended universal hypermultiplet In this note, we employ a different strategy, and investigate how invariance under a larger discrete group, SL(3, Z), may constrain the NS5-brane contributions. This discrete symmetry is most easily seen in M-theory on R^{1,2} ×T^2 ×X: indeed, after reduction on a torus T^d of any dimension d and dualization of the Kaluza-Klein connection into scalars, the Einstein-Hilbert Lagrangian in D = d+3 dimensions leads to a SL(d+1, R) invariant non-linear sigma model in D = 3 dimensions: this SL(d + 1, R) symmetry includes the manifest SL(d, R) symmetry from diffeomorphism invariance on T^d, and a multiplet of d (non-commuting) SL(2, R) Ehlers symmetries [25] apparent in the twostep reduction D = d + 3 → D = 4 → D = 3. The discrete subgroup SL(d, Z) of

– 5 – global diffeomorphisms of the torus should clearly remain a symmetry of the quantum theory, but it is reasonable to assume that a larger discrete subgroup SL(d + 1, Z) is in fact unbroken quantum mechanically^2. In the case at hand with d = 2, we postulate that quantum corrections preserve a SL(3, Z) subgroup of SL(3, R), larger than the SL(2, Z) S-duality warranted by diffeomorphism invariance.

At this stage we should warn the reader against a possible confusion with another SL(3, Z) symmetry expected by duality to the heterotic E_8 × E_8 on R^{1,2} × T^3 × K3: indeed, when (and only when) X admits a K3-fibration with a section, heterotic-type II duality [28] predicts that

M(K3) = M_C (X) , M(T^3) = M_K (X) , (1.4)

where M(K3) parametrizes the Ricci-flat metric and E_8 × E_8 bundle on K3, while M(T^3) parametrizes the flat metric and E_8 × E_8 bundle on T^3 and the scalars dual to the Kaluza-Klein connections and the U(1)^{16} Abelian gauge fields in three dimensions. Just as on the M-theory side, M(T^3) has an obvious SL(3, Z) symmetry, enhanced to SL(4, Z) by Ehlers-type transformations. The M-theory SL(3, Z) action on M_K (X) is part of the heterotic SL(4, Z) action on M(T^3), but intersects the geometric SL(3, Z) action only along the SL(2, Z) S-duality subgroup.

Before discussing how a discrete SL(3, Z) symmetry can be preserved by quantum corrections, we must understand how the continuous symmetry group SL(3, R) acts on the weak coupling, large volume limit of M_K (X). We shall argue that in this limit, the moduli space M_K (X) decomposes as a product M_K (X) ∼ SL(3, R) SO(3) × R_K (X) × R^{3h1,1 (X)} , (1.5)

where R_K (X) is a space of real dimension h_{1,1}(X)−1, which appears as the VM moduli space in M-theory on R^{4,1} × X. SL(3, R) acts on the first factor in (1.5) by the usual non-linear action, leaves the second factor inert and acts linearly on (R^3 )^{⊗h1,1(X)}.

In particular, we claim that the hypermultiplet moduli space M_K (Y ) in type IIB string theory compactified on Y admits a universal sector M_u = SO(3)\SL(3, R), of real dimension 5, which consists of the ten-dimensional axio-dilaton τ, the overall volume V = t^3 of Y in string units, the Wilson line c_0 of the RR six-form potential on Y , and the four-dimensional NS axion ψ. Despite the fact that this universal sector does

2The fact that the discrete Ehlers symmetry is unbroken quantum mechanically in M-theory on R^{1,2} ×T^8 follows by intertwining the geometric SL(8, Z) and T-duality SO(7, 7, Z) symmetries, see e.g. [26]; in the heterotic string on T^6, Ehlers symmetry is related to S-duality by a sequence of T-dualities [27]. We are not aware of a similar derivation in the N = 2 setting.

– 6 – not carry any QK metric, we refer to it as the “extended universal hypermultiplet”, to distinguish it from the “universal hypermultiplet” [29, 30, 18, 31, 32, 33], which has real dimension 4 and carries, at tree-level, a SU(2, 1) invariant QK metric. The latter is universal in the sense that it appears as a subfactor in any “c-map” construction [2]. However, it is unclear whether a finite covolume discrete subgroup of SU(2, 1) should stay unbroken in general. However, see [34] for a discussion of this possibility when X is a rigid CY threefold.

Finally, let us mention that our identification of SL(3, Z) as the unbroken discrete subgroup of SL(3, R) is tentative: it is quite possible that only a finite index subgroup of SL(3, Z) may be unbroken, as it happens with SL(2, Z) electric-magnetic duality on the vector multiplet side. It is rather easy to adapt our considerations to this case, and it may in fact be the key to resolve a shortcoming of our proposal to be discussed presently.

1.3 Summing up NS5-brane instantons Having postulated that SL(3, Z) is preserved a the quantum level, we shall demonstrate that this symmetry potentially determines a subset of the NS5-brane corrections, once the tree-level worldsheet instantons and the one-loop correction are given. The adverb “potentially” is in order since our specific proposal (3.24) leads to unexpected terms which blow up at weak coupling (see (3.33) below). Our approach is very close in spirit to the one taken in [35], where the SL(3, Z) U-duality symmetry of type II string on R^{7,1} ×T^2 was used to determine the contributions of (p, q) strings to R^4 couplings in the effective action. Technically, however, we require the more sophisticated automorphic forms of SL(3, Z) constructed in [36] in the context of BPS membranes.

As mentioned above, quantum corrections to the QK moduli space M_K (Y ) are conveniently encoded in complex coordinates on its twistor space Z, together with the contact potential e^{Φ(xμ,z)}. Taking the conjectured SL(3, Z)-invariance at face value, we shall propose a non-perturbative completion of the contact potential e^{Φ(xμ,z(xμ))} restricted to a certain section z(x^μ) of Z, in terms of a certain non-holomorphic Eisenstein series E(g; s_1, s_2) attached to the principal continuous series of SL(3, R). Relying on the thirty-year old analysis of this Eisenstein series by Vinogradov and Takhtajan [37] and Bump [38], we show that for the special values (s_1, s_2) = (3/2, −3/2) the Fourier expansion of E(g; s_1, s_2) reproduces the correct universal^3 tree-level and one-loop corrections to the hypermultiplet metric. Moreover, the non-Abelian Fourier expansion of E(g; s_1, s_2) predicts an infinite series of exponentially suppressed contributions at weak coupling, of two distinct types:

3i.e., depending only on the generalized universal hypermultiplet moduli, and on the Euler number of Y .

– 7 – i) the Abelian contributions, of order e^{−Sp,q} where S_{p,q} is independent of the NSaxion, given in (3.57) below, can be interpreted as contributions from bound states of p D5 and q D(−1)-instantons. In particular, the instanton action S_{p,q} correctly reproduces the mass formula for D0-D6 branes on the type IIA side [39, 40, 41]. Via the c-map, the summation measure (3.58) should be related to the D0-D6 bound state degeneracies predicted by the Mac Mahon function [42], but checking this lies beyond the scope of this work.

ii) the non-Abelian contributions, of order e^{−SQ,p,k} given in (3.67) below, have a non-trivial dependence on the NS-axion ψ, and can be interpreted as instanton corrections from bound states of Q D(-1)-instantons and (p, k) 5-branes. Their action (3.67) follows from the D5-D(-1) action (3.57) by S-duality, after subtracting a moduli independent contribution e^{−2πiqdα/k} in (3.62). The latter is responsible for the apparent divergence of (3.67) at k = 0. The summation measure (3.69) is obtained from (3.58) by replacing p → d, q → Q/d^2 where d = gcd(p, k) and multiplying by the phase e^{2πiQα/(dk)}. In representation theoretic terms, as explained in Appendix D, this provides the exact real and adelic spherical vectors for the principal continuous series of SL(3, R) beyond the semi-classical limit obtained in [36].

A general property of the non-Abelian Fourier coefficients, and therefore of the NS5- brane instantons, is that they satisfy a wave function property: namely, the non-Abelian Fourier expansion can be carried out for different choices of polarization, e.g. (3.36) or (3.39), and the corresponding summands Ψ_{k,ℓ} and Ψ̃_{k,ℓ}′ are related by Fourier transform, Eq. (3.40) below. It is tempting to conjecture that the wave function Ψ_{1,0} describing the contribution of one NS5-brane is related to the topological string amplitude, possibly along the lines of [43, 44].

While our main emphasis is on the universal sector, we also speculate on the SL(3, Z)-invariant completion of the “non-universal” contributions, which include D3 and D1-instantons, and suggest that in the context of “magic” supergravity models with a symmetric hypermultiplet moduli space (2.25) the minimal theta series associated to QConf(J, Z) may resum the contributions of “very small instantons”, i.e. those whose charges satisfy I_4 = ∂I_4 = ∂^2I_4 = 0, where I_4 is the quartic invariant for the duality group Conf(J). In particular, (3.72) should provide the general action for bound states of (p, k)-5 branes, N^a D3-branes, Ñ_a D1-branes and Q̃ D-instantons, at least when the D1 and D(-1) instanton charges are induced from the D3 brane charge via (3.73). Thus, we for the first time provide a physical interpretation of the spherical vector f_K for the minimal representation of any quasiconformal group QConf(J, Z), which has been known for simply laced groups in the split real form since [45]. From

– 8 – this point of view, the puzzling cubic phase appearing in f_K simply originates from the D-instanton axionic coupling by an SL(2, Z) transformation, after subtracting out a moduli-independent contribution as in ii) above.

We now mention some limitations of our proposal. Firstly, in order to obtained the deformed QK metric the contact potential e^{Φ(xμ,z)} should be supplemented by the twistor lines. It would be very interesting to understand how to incorporate SL(3, Z)- invariance in this context^4. In addition, our proposal predicts puzzling perturbative contributions beyond the expected tree-level and one-loop terms, which grow like negative genus contributions or diverge faster than linearly at large volume. It is conceivable that these terms could be avoided by postulating invariance under a finite index subgroup of SL(3, Z), or may be attributed to hitherto unknown physical effects. Moreover, our proposal for the SL(3, Z)-invariant completion of non-universal effects is tentative only, and would require a better understanding of the SL(3, R) action on the non-universal sector of the hypermultiplet moduli space.

1.4 Outline

The rest of this article is organized as follows. In Section 2, we discuss the geometry of the extended universal hypermultiplet, and work out the decomposition (1.5) in the one-modulus case. In Section 3, we review how the SL(2, Z) symmetry of the HM moduli space M_K (X) can be restored after including suitable D(-1) and D1- instanton contributions, and show how SL(3, Z) may similarly be restored by including NS5-brane contributions (together with D5 and D(-1)-instantons). Moreover, we identify the NS5-brane contributions as certain non-Abelian Fourier coefficients of the corresponding automorphic form, and comment on their wave function property. In Appendix A we collect some results on the constant terms of minimal and generalized Eisenstein series with respect to certain parabolic subgroups. In Appendix B we give a detailed derivation of the non-Abelian Fourier expansion of the minimal Eisenstein series for SL(3, Z). In Appendix C a certain key integral is computed in the saddle point approximation. Finally, in Appendix D, we give a representation theoretic viewpoint on non-Abelian Fourier expansions, and extract the exact spherical vector for the principal series of SL(3, R).

4The SL(2, Z) action on the instanton-corrected twistor lines has recently been clarified, and is in fact identical to the tree-level action after suitable field redefinitions [46].

– 9 –

2. The extended universal hypermultiplet

In this section, we show that the symmetric space M_u = SO(3)\SL(3, R) can be viewed as a universal sector of the HM space M_K (X) in the large volume, weak coupling limit, and work out the decomposition (1.5) in the one-modulus case.

2.1 SO(3)\SL(3, R) as a hypermultiplet moduli space

The five-dimensional symmetric space M_u may be parametrized in the Iwasawa gauge by the coset g = ( ν^{−1/6} √ τ_2 )_{Hp} · ( ν^{−1/3} )_{Hq} · e^{τ1 Ep} · e^{c0Eq} · e^{ψE} = ν^{1/6}/ √ τ_2 ν^{1/6} √ τ_2 ν^{−1/3} · 1 τ_1 ψ + τ_1c_0

1 c_0 1 , (2.1)

where E_i = {E, E_p, E_q, H_p, H_q, F_p, F_q, F } form a basis of the Lie algebra of sl(3, R), such that any linear combination ∑ E ~^i E_i with E ~^i ∈ R is represented in the triplet representation by −H ~^p E ~^p E ~ −F ~^p −H ~^q + H ~^p E ~^q −F ~ −F ~^q H ~^q , (2.2)

The maximal compact subgroup K = SO(3) is generated by antisymmetric matrices, i.e. by E_p + F_p, E_q + F_q, E + F .

The right-invariant metric on M_u is obtained from the right-invariant form θ = dg · g^{−1} projected along K via

ds^2 = 1 2 Tr[(θ + θ^t)^2] = dν^2 3ν^2 + dτ^2_1 + dτ^2_2 τ^2_2 + ν (dψ + τ_1dc_0)^2 + τ^2_2 dc^2_0

τ_2

. (2.3)

The Killing vectors generating the right-action of SL(3, R) on M_u are given by

E = ∂_ψ , E_p = ∂_{τ1} − c_0∂_ψ , E_q = ∂_{c0} , H_p = 2τ_1∂_{τ1} + 2τ_2∂_{τ2} + ψ∂_ψ − c_0∂_{c0} , H_q = 2c_0∂_{c0} − 3ν∂_ν + ψ∂_ψ − τ_1∂_{τ1} − τ_2∂_{τ2} , F_p = −ψ∂_{c0} − 2τ_1τ_2∂_{τ2} + ( τ^2_2 − τ^2_1 ) ∂_{τ1} , F_q = c^2_0∂_{c0} − c_0(3ν∂_ν − ψ∂_ψ + τ_1∂_{τ1} + τ_2∂_{τ2} ) − ψ∂_{τ1} − (ντ_2)^{−1}(∂_{c0} − τ_1∂_ψ) , F = ψ(ψ∂_ψ + c_0∂_{c0} − 3ν∂_ν + τ_1∂_{τ1} + τ_2∂_{τ2} ) + c_0[(τ^2_1 − τ^2_2 )∂_{τ1} + 2τ_1τ_2∂_{τ2} ] − (ντ_2)^{−1}[(τ^2_1 + τ^2_2 )∂_ψ − τ_1∂_{c0} ]

(2.4)

– 10 –

For later reference, we record the Laplace-Beltrami operator on M_u, equal to the quadratic Casimir of the sl(3, R) action (2.4),

C_2 = τ^2_2 (∂^2_{τ1} + ∂^2_{τ2} ) + 3∂_ν (ν^2∂_ν ) + 1 ντ_2 (∂_{c0} − τ∂_ψ )(∂_{c0} − τ̄∂_ψ) . (2.5)

There is also an invariant differential operator C_3 of third order in derivatives, corresponding to the cubic Casimir given in (A.13).

The parametrization (2.1) was chosen such the SL(2, R) subgroup corresponding to matrices of the form a b c d 1 , ad − bc = 1 , (2.6)

acts by fractional linear transformations on τ ≡ τ_1 + iτ_2 and linearly on (c_0, ψ), τ → a τ + b c τ + d , ( c_0 ψ ) → ( d −c −b a ) ( c_0 ψ ) , ν → ν . (2.7) To recognize (2.3) as a hypermultiplet moduli space metric, let us change variables to (ϕ, t, ζ, ζ̃, σ) defined by ν = e^{−3ϕ/2} t^{3/2} , τ_2 = e^{ϕ/2} t^{3/2} , τ_1 = ζ , c_0 = ζ̃ , ψ = − 1 2 (σ + ζζ̃) (2.8)

The metric (2.3) becomes

ds^2 = dϕ^2 + 3 dt^2 t^2 + e^{−ϕ} ( t^{−3}dζ̃^2 + t^3dζ^2 ) + 1 4 e^{−2ϕ} ( dσ + ζ̃dζ − ζdζ̃ )_2 . (2.9)

This is the standard c-map metric associated to a special Kähler manifold K(X) with cubic prepotential F = −^1_6 κ_{abc}z^az^bz^c [2], restricted to the locus z^a = it r^a, ζ^a = ζ̃_a = 0, where r^a is a fixed reference value for the Kähler modulus t^a. Comparing (2.8) to [14], we can identify τ as the 10D type IIB axio-dilaton, c_0 = − ∫ Y A^{(6)} + . . . as the Ramond-Ramond six-form background, ψ as the 4D Neveu-Schwarz axion, t^3 ≡ V as the volume of Y in string units. The four-dimensional string coupling is then

g_4 ≡ 1 τ_2 √ 8V = 1 √ 8 e^{−ϕ/2} (2.10)

(the factor of √ 8 is conventional), while the Heisenberg Killing vectors act as

E_p = ∂_ζ + ζ̃∂_σ , E_q = ∂~_ζ − ζ∂_σ , E_k = −2∂_σ . (2.11)

– 11 –

It is perhaps worth noting that although a further restriction to the locus t = 1 produces the SU(2, 1)-invariant metric on the universal hypermultiplet, SU(2, 1) does not act on the five-dimensional manifold (2.9). The stabilizer of the locus t = const is the semi-direct product of R^+ generated by H_p + H_q and the Heisenberg group N:

1 m −p +^1_2 mn 1 n 1 : (ζ, ζ̃, σ) → (ζ + m, ζ̃ + n, σ + 2p − nζ + mζ̃) . (2.12)

On the other hand, the stabilizer of the locus t^2 + e^{−ϕ}ζ̃^2/t = const is the semi-direct product of R^2 generated by E_p, F_q and the SL(2, R) subgroup A B 1 C D , AD − BC = 1 , (2.13)

which acts as S → A S + B C S + D , ( x y ) → ( D −C −B A ) ( x y ) , z → z , (2.14) where S ≡ 1 2 (−σ + ζζ̃) + i e^ϕ √ 1 + e^{−ϕ} t^3 ζ̃ 2 , z ≡ t^2 + e^{−ϕ} t ζ̃^2 , ( x y ) ≡ 1 e^ϕt^3 + ζ̃^2 (~ ζ ζ(e^ϕt^3 + ζ̃^2) +^1_2ζ̃(σ − ζζ̃)

) (2.15)

This SL(2, R) subgroup is just the Ehlers symmetry alluded to in the introduction, written in a somewhat unusual field basis. Note that for ζ̃ = 0, the complex variable S reduces to the four-dimensional axio-dilaton, S | |_{ζ̃=0} = −^1_2 σ + ie^ϕ.

In the sequel, we shall assume that physical amplitudes are invariant under SL(3, Z), the group of integer valued, determinant one matrices. In particular, this includes the SL(2, Z) subgroup (2.6) with a, b, c, d integer, the SL(2, Z) subgroup (2.13) with A, B, C, D integer, and the Heisenberg group (2.12) with m, n, −p +^1_2 mn integer.

2.2 The universal sector in the one-modulus case

To clarify in what sense SO(3)\SL(3, R) is a universal sector of M_K , we now study the decomposition (1.5) in the one-modulus case, when M_K is the quaternion-Kähler manifold M = SO(4)\G_{2(2)}, obtained by the c-map procedure from a special Kähler manifold K_K with prepotential F = −(X^1)^3/X^0. The geometry of this symmetric space

– 12 – was studied in detail in [47], whose notations we adhere to^5. The quaternion-Kähler metric ds^2 = 2 ( u ū + v v̄ + e^1 ē^1 + E_1 Ē_1 ) , (2.16)

with u = e^{−ϕ/2} 4 t^{3/2} ( −dζ̃_0 − zdζ̃_1 + 3z^2dζ^1 − z^3dζ^0 )

v = 1 2 dϕ − i 4 e^{−ϕ}(dσ − ζ^0dζ̃_0 − ζ^1dζ̃_1 + ζ̃_0dζ^0 + ζ̃_1dζ^1)

e^1 = i √ 3 2t dz E_1 = − e^{−ϕ/2} 4 √ 3 t^{3/2} ( −3dζ̃_0 − dζ̃_1(z̄ + 2z) + 3z(2z̄ + z)dζ^1 − 3z̄ z^2dζ^0 ) (2.17)

has a G_{2(2)} isometric action, and therefore a SL(3, R) ⊂ G_{2(2)} isometric action. This action corresponds to right multiplication on the coset representative in the Iwasawa gauge (here z ≡ b + it), e = t^{−Y0} · e^{√2bY+} · e^{− 12 ϕH} · e^{− 1√2 ζ0Eq0 − 1√2 ζ̃0Ep0} · e^− √_{32 ζ1Eq1 − 1√} 6 ζ̃_1E_{p1}

· e^{− 12 σE} , (2.18)

followed by a compensating SO(4) left-action.

The SL(3, R) subgroup of G_{2(2)} is generated by the longest roots with respect to a split Cartan torus. A system of coordinates adapted to the SL(3) action is obtained by choosing instead a coset representative in the (non-Iwasawa) gauge

e = ν^{Y06 + H4} · τ^{Y02 − H4}_2 · e^{− 1√2 τ1Eq0} · e^{− 1√2 c0Ep0} · e^{ψEk} · e

√_{32 u1Eq1 −}√_{2u2Y++}√_{32 u3Fp1} (2.19)

In this way, the coordinates (ν, τ_2, τ_1, c_0, ψ) parametrize M_u as in (2.1), with the same transformations (2.4) as before, while the real coordinates (u_1, u_2, u_3) transform linearly in the triplet representation of SL(3). In these variables, the metric can be written as

ds^2_M = ds^2_{Mu} + d⃗u^2 + ( 1 + 1 3 ⃗u^2 ) (⃗u ∧ d⃗u)^2 + A^{ijk}u_iu_jdu_k (2.20)

where the contractions of the three-vectors ⃗u, d⃗u and ⃗u ∧ d⃗u are performed with the 3 × 3 symmetric matrices M, M, M^{−1}, respectively, where M = g^tg. Here A_{(ij)k} are SL(3) invariant forms on M_u. The origin of the various terms can be understood by writing it schematically as follows:

ds^2_M = (ds_{Mu} + A u u du)^2 + d⃗u^2 + (⃗u ∧ d⃗u)^2 (2.21)

5Except for the following changes of notation: τ → z, ζ^Λ → ζ^Λ/ √ 2, ζ̃_Λ → −ζ̃_Λ/ √ 2, σ → −^1_2 σ.

– 13 – reflecting the decomposition 14 = 8 + 3 + ¯3 = 5 + 3 + 3 + 3 of g_2 under so(3) ⊂ sl(3).

Note that there is no translational symmetry along the ⃗u variables: indeed the triplet

of generators (E_{q1} , − √ 6Y_+, F_p1 ) differs from ∂/∂u_i at linear order in u_j.

The relation between the two sets of coordinates can be found by determining the

SO(4) left action needed to cast (2.19) in Iwasawa form (2.18). We suppress the details

and quote only the result: ϕ = − 1 2 log ( νΔ^2

τ_2 ) , t = Δ^{1/2}

ν^{1/6}τ^{1/2}_2 (û^4_3 + (û^2_1 + û^2 + 2) û^2_3 + 1) , b = − û_2 + û_1û_3 ν^{1/6} √ τ_2 (û^4_3 + (û^2_1 + û^2 + 2) û^2_3 + 1) , ζ^0 = τ_1 − τ_2û_3 Δ ( û_2û_3û^3_1 − û^2_1 + û_2û_3 ( û^2 + û^2_3 + 3 ) û_1 + û^2 ) , ζ^1 = √ τ_2

ν^{1/6}Δ ( û_2û_3û^2_1 − ( û^2_3 + 1 ) û_1 + û_2û_3 ( û^2 + û^2_3 + 1 )) , ζ̃_0 = c_0 − Ξ

(ντ_2)^{1/2}Δ , ζ̃_1 = − 3

ν^{1/3}Δ ( û_3 ( û^2 + û^2_3 ) û^2_1 − û_2û_1 + û_3 ( û^2 + û^2_3 + 1

)_2) , σ = −2ψ − τ_1c_0 + τ_2û_3c_0 Δ ( û_2û_3û^3_1 − û^2_1 + û_2û_3 ( û^2 + û^2_3 + 3 ) û_1 + û^2 ) − τ_1Ξ − τ_2Ξ^′ Δ √ ντ_2 , (2.22)

where

û_1 = ν^{1/6} √ τ_2

(u_1 + ψu_3 + τ_1(u_2 + c_0u_3)) , û_2 = ν^{1/6} √ τ_2(u_2 + c_0u_3) , û_3ν^{−1/3}u_3 ,

Δ = û^6_3 + ( 2û^2 + 3 ) û^4_3 + ( û^4_2 + 3û^2 + 3 ) û^2_3 + û^2_1 ( û^2 + û^2_3 ) û^2_3 − 2û_1û_2û_3 + 1 ,

Ξ = û_2û_3 ( û^2 + û^2_3 ) û^2_1 − ( û^2 − û^2_3 ) û_1 + û_2û_3 ( û^4_2 + ( 2û^2_3 + 3 ) û^2 + û^4_3 + 3û^2_3 + 3 ) , Ξ^′ = ( û_3 ( û^2 + 2û^2_3 ) û^3_1 − û_2û^2_1 + û_3 ( û^4_2 + 3 ( û^2_3 + 1 ) û^2 + 2û^4_3 + 6û^2_3 + 3 ) û_1 + û_2û^2_3 ) . (2.23)

A similar decomposition holds for any quaternion-Kähler space M given by the

c-map of a special Kähler manifold K with cubic prepotential F = − 1 6 κ_{abc}X^aX^bX^c/X^0 , (2.24)

where κ_{abc} is the norm form of a Jordan algebra J of degree three. In this case, M is

a symmetric space [48, 49, 50, 51]

M = [SU(2) × ~Conf(J)]\QConf(J) , (2.25)

– 14 – where QConf(J) and ~Conf(J) are the quasi-conformal and compact conformal groups associated to J. The root lattice of QConf(J) admits a two-dimensional projection to the root lattice of G_{2(2)}, with a non-trivial multiplicity h for the short roots, and with the zero weights corresponding to the 5-dimensional duality group Str_0(J) together with the non-compact Cartan generators of SL(3). Using a suitable (non-Iwasawa) gauge, the right-invariant metric can be written as

ds_M = ds^2_{Mu} + ds^2_R + (d⃗u^a)^2 + ( 1 + 1 3 (⃗u^a)^2 ) ( 1 6 κ_{abc}⃗u^b ∧ d⃗u^c )_2 + 1 6 κ_{abc} A^{ijk} u^a_i u^b_jdu^c_k , (2.26) where a = 1 . . . h, where R = Aut(J)\Str_0(J) is the vector multiplet space in 5 dimensions, given by the cubic hypersurface [48], 1 6 κ_{abc}r^ar^br^c = 1 , (2.27)

of real dimension h − 1. The coordinate t on M_u is then the overall scale of the Kähler classes, t^a = t r^a, while the coordinates u^a_i are related to the RR Wilson lines by a generalization of (2.22), e.g. to leading order in u^a_3,

b^a = −u^a_2 + . . . , ζ̃_0 = c_0 + 1 6 κ_{abc}u^a_2u^b_2(u^c_1 + τ_1 u^c_2) + . . . ,

ζ^a = −(u^a_1 + τ_1 u^a_2) + . . . , ζ̃_a = 1 2 κ_{abc}[u^b_2(u^c_1 + τ_1 u^c_2) + e^ϕt^bu^c_3] + . . .

(2.28)

These formulae should remain correct in the large volume, weak coupling limit, even when the intersection form κ_{abc} is not the norm form of a Jordan algebra, and M_K not a symmetric space.

3. SL(3, Z) Eisenstein series and NS5-instantons

While M_K (X) admits an isometric action of SL(3, R) in the strict weak coupling, large volume limit, quantum corrections to the metric generically break all continuous isometries. In this section, we show that a discrete subgroup SL(3, Z) may be restored, provided that quantum corrections take a suitable form.

3.1 Quaternionic-Kähler geometry and contact potential

The quaternion-Kähler metric on M is conveniently encoded in the hyperkähler potential, a SU(2)-invariant, degree one homogeneous function χ on the Swann bundle S, which provides a Kähler potential for the hyperkähler metric on S in all complex structures [52, 53]. Here S is a R^4 /Z_2 bundle over M (equivalently a C^× bundle over the

– 15 – twistor space Z of M), which carries a canonical hyperkähler metric with an isometric SU(2) action and homothetic Killing vector κ [52]. Thus, one may choose coordinates x^μ on M and (v^♭, v̄^♭, z, z̄) on R^4 /Z_2 such that [54, 21, 14], χ = 4|v^♭| (1 + zz̄) |z| e^{Re[Φ(xμ,z)]} . (3.1)

where Φ(x^μ, z), a complex function holomorphic in z, is known as the “contact potential”. In order to extract the metric on S or on M, the hyperkähler potential χ should also be supplemented by the “twistor lines”, i.e. by a set of holomorphic functions u^i(x^μ, z) on Z such that (v^♭, u^i) provides a set of local complex coordinates on S. Importantly, any isometry of M can be combined with a suitable action on (v^♭, v̄^♭, z, z̄) to produce a tri-holomorphic isometry of S, leaving χ invariant. In the presence of one continuous isometry, Φ(x^μ, z) can be taken to be independent of z, but this is not possible in general. However, using the SU(2) action, it is in principle possible to recover Φ(x^μ, z) for any z from the knowledge of its restriction to any section z(x^μ). In this note, we shall restrict our attention to this “restricted” contact potential Φ for a suitable section z(x^μ), leaving for future work the determination of the twistor lines and of the contact potential away from the section z(x^μ).

In type IIB string theory compactified on Y , the contact potential on the HM moduli space M_K (Y ), including the effects of the tree-level (α^′)^3 correction, tree-level world-sheet instantons and one-loop correction was determined in [10, 21, 14]:

e^{Φpert} = τ^2_2 2 V − √ τ_2 16(2π)^3 χ_Y [ 2ζ(3) τ^{3/2}_2 +

2π^2 3 τ^{−1/2}_2 ]

+ τ^2_2 4(2π)^3 ∑ k_a>0 n^{(0)}_{ka} Re [ Li_3 ( e^{2πikaza} ) + 2πk_at^a Li_2 ( e^{2πikaza} )] , (3.2)

where V ≡^1_6 κ_{abc}t^at^bt^c = t^3 is the volume of Y , n^{(0)}_{ka} is the BPS invariant in the homology class k_aγ^a ∈ H_2(Y, Z), Li_s(x) = ∑_∞ n=1 x^n/n^s is the polylogarithm and ζ(s) is Riemann’s zeta function.

In the weak coupling, large volume limit, only the first term in (3.2) remains. The hyperkähler potential χ is then invariant under the SL(2, R) groups (2.6) and (2.13), respectively, provided the prefactor r^♭ ≡ v^♭|(1 + zz̄)/|z| in (3.1) transforms as r^♭ → r^♭ |c τ + d| , r^♭ → r^♭ |C S + D|^2 1 + z^{3/2}x^2S^2 1 +^{z3/2(Dx−By)2S2} |C S+D|^2 , (3.3)

respectively. This invariance is spoiled, however, when the other terms in (3.2) are included. Of course, χ could always be made invariant by adjusting the transformation

– 16 – rule of r^♭, but this will in general not lead to a tri-holomorphic action. For this reason, we do not allow any deformation of the SL(3, R) action on the coordinates x^μ and r^{♭6}. Instead, we allow for deformations of the contact potential Φ(x^μ) ≡ Φ(x^μ, z(x^μ)), but assume that there exists a choice of section z(x^μ) such that Φ(x^μ, z(x^μ)) retains its tree-level transformation property.

In [10], it was shown that an SL(2, Z) subgroup of (2.6) could be restored by adding to the perturbative potential (3.2) a suitable combination of D-instantons and (m, n)-string instantons,

e^{Φinv} = τ^2_2 2 V + √ τ_2 8(2π)^3 ∑ k_aγ^a∈H^+_2 (Y )∪{0}

n^{(0)}_{ka} ∑ m,n ′ τ^{3/2}_2 |mτ + n|^3 (1 + 2π|mτ + n|k_at^a) e^{−2πSm,n,ka} , (3.4) where n^{(0)}_0 = −χ_Y /2, S_{m,n,ka} = k_a|mτ + n| t^a − ik_a(mc^a + nb^a) (3.5) and the primed sum runs over pairs of integers (m, n) ≠ (0, 0). Thus, SL(2, Z) invariance is powerful enough to determine these types of instanton corrections, which with our current understanding of string theory could not be computed from first principles. As a strong consistency check, it was shown that (3.4) reproduces the expected behavior near the conifold [11].

3.2 Automorphizing under SL(3, Z) Our aim is to show that similarly, invariance under a discrete subgroup SL(3, Z) of SL(3, R) can be restored by including NS5-brane and D5-brane contributions. For simplicity we concentrate on the (α^′)^3 and g_s “universal” corrections in the first line of (3.2), which depend only on the extended universal sector (ν, τ_2, τ_1, c_0, ψ) and on the Euler number χ_Y . Factoring out the tree-level contribution, we require that

e^Φ = τ^2_2 V 2 (1 + E(g)) , (3.6)

where E(g) is an SL(3, Z)-invariant function such that, at weak coupling, E(g) = − χ_Y 8(2π)^3 ( 2ζ(3) V^{−1} + 2 π^2 3 V^{−1}τ^{−2}_2 + . . . ) (3.7)

While our knowledge of automorphic forms of SL(3, Z) is rather limited, some general principles and a few explicit examples are well understood. As explained e.g. in [55], G(Z)-invariant functions on K\G(R) can be constructed from

6The consistency of this assumption in the case of SL(2, Z) has been checked recently in [46].

– 17 – i) a unitary representation ρ of G(R) in an (infinite dimensional) Hilbert space H,

ii) a “spherical” K-invariant vector^7 f_K ∈ H, and

iii) a G(Z)-invariant distribution f_Z on H.

Moreover, f_Z can often be obtained adelically from spherical vectors f_p of the representation ρ over the p-adic number field Q_p for all primes p. With these ingredients, one may write E(g) = ⟨f_Z|ρ(g^{−1})|f_K ⟩ , (3.8) which is well defined on K\G(R)/G(Z), due to the G(Z)- and K-invariance of f_Z and f_K , respectively. Moreover, if ρ is an irreducible representation, such that any G-invariant operator O acts on H as a scalar, then E(g) is an eigenmode of O with the same eigenvalue, now acting as a G-invariant differential operator on K\G(R). In particular, the eigenvalue of E(g) under the Laplace-Beltrami operator (2.5) on K\G(R) is equal to the value of the quadratic Casimir C_2 in the representation ρ.

In the context of R^4 couplings in 8 dimensions [35], an elementary example of a SL(3, Z)-invariant function was constructed (see also [56] for a physics discussion of this type of Eisenstein series): E(g; s) = ∑ m∈Z^3\{(0,0,0)} ( m^tMm )_{−s} (3.9)

where M = g^tg. The sum converges absolutely when Re(s) > 3/2, and can be analytically continued in the rest of the s-plane, except for a pole at s = 3/2. This is the automorphic form associated to the representation ρ on homogeneous functions of degree −2s in three variables – also known as the minimal representation. The spherical vector is just f_K = (m^tm)^{−s}, and f_Z is the Dirac distribution on the lattice Z^3 minus the origin. The values of the quadratic and cubic Casimirs are given by

C_2 = 2 3 s(2s − 3) , C_3 = − 2 27 s(2s − 3)(4s − 3) , (3.10)

satisfying the relation 4 C^3_2 − 27 C^2_3 + 3 C^2_2 = 0 . (3.11)

The infinitesimal generators of the minimal representation are spelled out in Appendix D.1.

7The term “spherical” requires both K-invariance and suitable decrease at infinity. If ρ does not admit a spherical vector, f_K can be replaced by a vector in the lowest K-type, but (3.8) then leads to a section of a non-trivial homogeneous vector bundle over K\G(R).

– 18 –

More generally, one may consider the principal Eisenstein series [57, 58, 59, 37, 38] (see also [55, 36] for a physics discussion)

E(g; s_1, s_2) = 1 4ζ(2s_1)ζ(2s_2) ∑ m,n ( m^tMm )_{−s1} ( n^tM^{−1}n )_{−s2} , (3.12)

where the sum runs over pairs of non-zero integer vectors ⃗m, ⃗n such that m^tn = 0. The automorphic form (3.12) is attached to the principal continuous representation obtained by induction from the minimal parabolic (or “Borel”) subgroup

P_{min} = a_3 ∗ ∗ a_2 ∗

a_1 | | | a1a2a3 = 1 (3.13)

via the character^8

χ_{s1,s2} (p) = |a_1|^{23 (s1+2s2)} |a_2|^{23 (s1−s2)} |a_3|^{− 23 (2s1+s2)} . (3.14)

In contrast to the minimal representation, the principal series has independent quadratic and cubic Casimirs,

C_2 = 4 3 (s^2_1 +s^2 +s_1s_2)−2(s_1 +s_2) , C_3 = − 2 27 (s_1 −s_2)(2s_2 +4s_1 −3)(2s_1 +4s_2 −3) . (3.15) The infinitesimal generators of the continuous principal representation are spelled out in Appendix D.2. The sum in (3.12) converges absolutely for

Re(s_1) > 1 , Re(s_2) > 1 , (3.16)

and may be meromorphically continued to other values of (s_1, s_2) [58, 60, 37]. Singularities arise at the six lines in the (s_1, s_2) plane where (3.11) is obeyed, namely

s_1 = 0 , s_1 = 1 , s_2 = 0 , s_2 = 1 , s_1+s_2 = 1 2 , s_1+s_2 = 3 2 , (3.17)

where E(g; s_1, s_2) becomes proportional^9 to the minimal Eisenstein series E(g; s) (3.9).

8More generally, one could multiply χ by ∏ i=1...3[sign(ai)] ϵ_i , and obtain in this way the supple-

mentary continuous series; however the signs ϵ_i must be chosen to be + in order for the SL(3, Z) Eisenstein series not to vanish. The supplementary series may become relevant if only a finite index subgroup of SL(3, Z) was unbroken. We are grateful to S. Miller for consultations about this point.

9This can be seen by comparing the constant terms, see Appendix A. The matching of the Abelian and non-Abelian Fourier coefficients appears less obvious but should hold on general grounds. Note that none of the lines in (3.17) lies in the convergence domain (3.16).

– 19 –

Finally, one may also consider representations induced from the maximal parabolic subgroup

P_{max} = ∗ ∗ ∗ ∗ ∗ ∗ ∗ , (3.18)

and construct

E(g; s_1, s_2, ϕ) = ∑ ( m^tMm )_{−s1−2s2} ϕ (τ_{m,n}, τ̄_{m,n}) , (3.19) where τ_{m,n} = m^tMn + i √ (m^tMm) (n^tMn) − (m^tMn)^2 m^tMm , (3.20)

ϕ(τ, τ̄) is a non-holomorphic modular form of SL(2, Z) with weight −2s_2, ϕ ( a τ + b c τ + d , a τ̄ + b c τ̄ + d ) = |c τ + d|^{2s2} ϕ(τ, τ̄) , (3.21)

and the sum runs over pairs of non-zero integer vectors m, n, modded out by the equivalence relation n ∼ n + m. For ϕ = τ^{−2s2}_2 , this reproduces (3.12) up to a normalization factor. According to [61], these induced representations exhaust all irreducible unitary representations of SL(3, R).

In the case at hand, the values of the quadratic and cubic Casimirs can be easily determined by acting with the invariant differential operators C_2 and C_3 in (2.5) on the two perturbative terms in (3.7):

C_2 = 3 , C_3 = 0 . (3.22)

This determines (s_1, s_2) in (3.12) to be one of the six values (which lie away from the singular locus (3.11)) {( 3 2 , 3 2 ) , ( 3 2 , − 3 2 ) , ( − 3 2 , 3 2 ) , ( − 1 2 , − 1 2 ) , ( − 1 2 , 5 2 ) , ( 5 2 , − 1 2 )} . (3.23)

The Weyl group of SL(3) acts by permuting these values, and the resulting Eisenstein series (3.12) are identical, up to an overall (s_1, s_2)-dependent constant. There is no loss of generality in choosing (s_1, s_2) = (3/2, −3/2). Thus, we tentatively propose that the SL(3, Z) invariant function appearing in (3.6) is given by E(g) = − χ_Y 4(2π)^3 ζ(3) E(g; 3/2, −3/2) , (3.24)

– 20 – where the generalized Eisenstein series on right-hand side is given by (3.12) with^{10} (s_1, s_2) = (3/2, −3/2).

More generally, it is natural to conjecture that the worldsheet instanton sum in (3.4) is subsumed into a sum of SL(3, Z)-invariant functions

Ẽ(g) = ζ(3)

2(2π)^3 ∑ k_aγ^a∈H^+_2 (Y )∪{0}

n^{(0)}_{ka} ∑ m,n ( m^tMm n^tMn − (m^tMn)^2 m^tMm )_{3/2} ( 1 + 2πk_ar^a √ m^tM m ) e^{−2πS ⃗m,ka} (3.25)

where n^{(0)}_0 = −χ_Y /2, S_{⃗m,ka} = k_ar^a √ m^tM m + ik_a ⃗u^a ⃗m , (3.26)

and the second sum runs over the same set of integers as in (3.12). In the sequel we shall restrict ourselves to the universal contributions (3.24) corresponding to k_a = 0, leaving a study of (3.25) to future work.

We should stress that we do not know whether (3.12) is the only automorphic form of SL(3, Z) with the infinitesimal parameters (3.22). It seems reasonable however to take it as a working assumption, and see what kind of quantum corrections it predicts.

3.3 Perturbative and D-instanton contributions

In order to justify our proposal (3.24), we should check that the perturbative terms in (3.7), and indeed the whole D-instanton series (3.4) predicted on the basis of SL(2, Z) duality, are reproduced in the large volume limit ν → 0. The mathematical prescription is to extract the “constant term” with respect to the maximal parabolic subgroup (3.18), i.e. the zero-th Fourier coefficient with respect to (c_0, ψ),

E_{Pmax} (ν, τ_2, τ_1) ≡

∫_1 0 dc_0

∫_1 0 dψ E ( ν, τ_1, τ_2, c_0, ψ; 3 2 , − 3 2 ) . (3.27)

Since (c_0, ψ) transforms as a doublet under (2.6), the result must be invariant under SL(2, Z) ⊂ P_{max}. Using the general results due to Langlands [58, 60], or the explicit computation in [37], we find (see (A.8) in Appendix A)

E_{Pmax} (ν, τ_2, τ_1) = τ^{−3/2}_2 V^{−1} E_{3/2}(τ) − 1080 ζ(3) ζ^′(−4) τ^{9/2}_2 V^3 E_{−1/2}(τ) + 120 ζ(3) τ^{3/2}_2 V E_{−3/2}(τ)

(3.28)

10Different choices of (s_1, s_2) simply amount to permuting the various terms in (3.28) and (3.33).

– 21 – where E_s(τ) is the standard non-holomorphic SL(2, Z) Eisenstein series

E_s(τ) = ∑ (m,n)≠(0,0) ( τ_2 |m + nτ|^2 )_s , (3.29)

whose Fourier decomposition is given by the Chowla-Selberg formula (see e.g. [62, 56] for a physicis discussion)

E_s(τ) = 2ζ(2s) τ^s_2 + 2 √ π τ^{1−s}_2 Γ(s − 1/2) Γ(s) ζ(2s − 1) + 2π^sτ^s_2 (2π)^{1/2−s}Γ(s) ∑ m̃_1≠0 ∑ m_2≠0

|m̃_1|^{2s−1} K_{s−1/2} (2πτ_2|m̃_1m_2|) e^{2πim̃1m2τ1} .

(3.30)

To simplify formulas, we have defined the rescaled (modified) Bessel function: K_t(x) ≡ x^{−t}K_t(x) = √ π 2 x^{−(t+1/2)}e^{−x} ( 1 + O(1/x) ) . (3.31)

The first term E_{3/2}(τ) in (3.28) indeed reproduces (3.4) with k_a = 0, and therefore the two perturbative terms in (3.7).

To analyze the remaining terms in (3.28), it is useful to go to the weak coupling limit τ_2 → ∞, where only the first line of (3.30) contributes for each of the Eisenstein series E_s appearing in (3.28). In effect, this amounts to extracting the constant term

E_{Pmin} (ν, τ_2) =

∫_1 0 dτ_1E_{Pmax} (ν, τ_2, τ_1) (3.32)

with respect to the minimal parabolic (or Borel) subgroup (3.13) (see Eq. (A.2)):

E_{Pmin} (ν, τ_2) = 2ζ(3) V^{−1} +

2π^2 3 τ^{−2}_2 V^{−1} + 405 π^6 ζ(3)^2 ζ(5) V

+ 180 ζ(3) ζ^′(−4) τ^4_2 V^3 + 180 ζ(3) ζ^′(−4) τ^4_2 V + 2ζ(3) τ^6_2 V^3 .

(3.33)

Multiplying out by the prefactor τ^2_2 V/2 from (3.6), we see that the terms on the second line behave like perturbative contributions with negative genus −2 and −3, while the last term on the first line behaves like a tree level contribution which grows up like the square of the volume. These are the puzzling terms mentioned in the introduction. It could be that such divergent terms arise perturbatively (in analogy with the log g_s term encountered in R^4 couplings [35]), or that the proposal (3.24) is too naive. Nevertheless, it is instructive to analyze the implications of our proposal at finite volume and coupling, in the hope that these issues can be resolved in the future with minor changes to our set-up.

– 22 –

3.4 Non-Abelian Fourier expansion and the minimal Eisenstein series At finite volume and coupling, terms with non trivial dependence on c_0 and ψ will start contributing, corresponding in the type IIB context to D5 and NS5-brane instantons (or, in the IIA context, to D6 and KK-monopoles winding along S^1). However, due to the non-Abelian nature of the Heisenberg group N in (2.12), it is not possible to diagonalize translations in τ_1, c_0, ψ simultaneously and extract Fourier coefficients indexed unambiguously by D(-1), D5 and NS5-brane charges. Instead, one must decompose the action of N on functions on M_u into irreducible representations. By the Stone-von Neumann theorem, any irreducible unitary representation of the Heisenberg algebra [E_p, E_q] = E is either

i) one-dimensional, with E_p and E_q acting as scalars and E = 0,

iia) infinite-dimensional and isomorphic to the action on the space of functions of two variables x_0, y via

E_p = ix_0 , E_q = −y ∂_x0 , E = iy , (3.34)

iib) equivalently to iia) after Fourier transform, infinite-dimensional and isomorphic to the action on the space of functions of two variables x_0, y via

E_p = y ∂_x0 , E_q = ix_0 , E = iy . (3.35)

In practice, this means that any function Ψ(t, ϕ; ζ, ζ̃, σ) invariant under the Heisenberg group (2.12) can be decomposed into its “Abelian” and “non-Abelian” parts^{11}, this means that any function Ψ(t, ϕ; ζ, ζ̃, σ) invariant under the Heisenberg group (2.12) can be decomposed into its “Abelian” and “non-Abelian” parts: Ψ(t, ϕ; ζ, ζ̃, σ) = ∑ (p,q)∈Z^2 Ψ_{p,q}(t, ϕ) e^{2πi(qζ−pζ̃)} + ∑ k∈Z\{0} ∑ ℓ∈Z/(|k|Z) [ ∑ n∈Z+^ℓ_{|k|} Ψ_{k,ℓ} ( t, ϕ; ζ̃ − n ) e^{−2πiknζ−πik(σ−ζζ̃)} ] . (3.36)

The first line is the contribution from one-dimensional type i) representations, and corresponds to the Fourier expansion of the constant term Ψ(t, ϕ, ζ, ζ̃) = ∫_2 0 Ψ(t, ϕ, ζ, ζ̃, σ)dσ (3.37) 11Such non-Abelian Fourier expansions have been discussed in the mathematics literature for a variety of groups [37, 63, 64]. They also occur in condensed matter physics in discussing Landau levels on the torus [65]. We are indebted to A. Neitzke for numerous discussions on this subject.

– 23 – with respect to the “Abelianized Heisenberg group” Ñ = N/Z. Here Z denotes the center of N which coincides with the commutator subgroup [N, N]:

Z = [N, N] = 1 ∗ 1 1 . (3.38)

The second line in (3.36) then corresponds to infinite dimensional representations of type iia) with y = −2πk and x_0 = −2πkn. Note that the invariance of (3.36) under shifts ζ → ζ + 1, σ → σ + ζ̃ is immediate since σ − ζζ̃ is invariant and n is integer; under shifts ζ̃ → ζ̃ + 1, σ → σ − ζ , the summation variable n must be shifted, but the variation of πik(σ − ζζ̃) and 2πikn in the exponential compensate each other, so (3.36) is again invariant.

Equivalently, the same function may be decomposed into representations of type i) and iia), as Ψ(t, ϕ; ζ, ζ̃, σ) = ∑ (p,q)∈Z^2 Ψ_{p,q}(t, ϕ) e^{2πi(qζ−pζ̃)} + ∑ k∈Z\{0} ∑ ℓ^′∈Z/(|k|Z) [ ∑ m∈Z+^{ℓ′}_{|k|} Ψ̃_{k,ℓ′} (t, ϕ; ζ − m) e^{2πikmζ̃−πik(σ+ζζ̃)} ] . (3.39)

The relation between the two sets of non-Abelian Fourier coefficients follows by Poisson resummation over n, and is given by Fourier transform,

Ψ̃_{k,ℓ′} (t, ϕ; ζ) = |k|−1∑

ℓ=0 e^{−2πi ℓℓ′k} ∫_∞ −∞ Ψ_{k,ℓ}(t, ϕ; ζ̃) e^{2πikζζ̃} dζ̃ , (3.40)

while the Abelian Fourier coefficients in (3.36) and (3.39) are of course identical. Thus, the non-Abelian Fourier coefficients Ψ_{k,l} and Ψ̃_{k,l}′ exhibit a wave function property, i.e. should really be thought of as a single state, which can be expressed in different polarizations.^{12}

Before we proceed to the more relevant case of the full principal series, as an example we give here the non-Abelian Fourier coefficients of the minimal Eisenstein

12This property suggests that Ψ̃_{k,ℓ} may be closely related to the topological string amplitude, or rather to its one-parameter generalization advocated in [66].

– 24 – series (3.9), as computed in detail in Appendix B:

Ψ_{0,q} = 2 π^s Γ(s)

(e^ϕ/t)^s μ_{2s−1}(q) K_{s−} 1_2 ( 2π e^{ϕ/2} t^{−3/2} |q| ) , Ψ_{p,0} = 2 π^s Γ(s)

(t e^ϕ)^{32 −s} μ_{2−2s}(p) K_{1−s} ( 2π e^{ϕ/2} t^{3/2} |p| ) , Ψ_{k,ℓ} = 2 π^s Γ(s)

(e^ϕ/t)^s μ_{2s−1}(k, ℓ) K_{s−} 1_2 ( 2π |k| e^{ϕ/2} √ e^ϕ + t^{−3} ζ̃^2 ) , (3.41)

Ψ̃_{k,ℓ′} = 2 π^s

Γ(s)

(t e^ϕ)^{32 −s} μ_{2−2s}(k, ℓ^′) K_{1−s} ( 2π |k| e^{ϕ/2} √ e^ϕ + ζ^2t^3 ) , Ψ_{0,0} = 2ζ(2s) (e^ϕ/t)^s +

2 Γ(s −^1_2 ) ζ(2s − 1) π^{− 1}2 Γ(s) e^{ϕ2} t^{2s− 32} +

2 Γ(s − 1)ζ(2s − 2) π^{−1}Γ(s)

(t e^ϕ)^{32 −s} ,

where the “instanton measure” for n charges is generally defined by a sum over the common divisors of all charges μ_s(N_1, . . . , N_n) ≡ ∑ m|N_1,...,N_n |m|^s. (3.42)

These Fourier coefficients are considerably simpler than those arising from the principal Eisenstein series E(g; s_1, s_2) discussed in the next subsection, but they illustrate their general structure. In fact, they arise as the limit (s_1, s_2) → (s, 0) of a subset of the coefficients of E(g; s_1, s_2). Were this limit to describe some physical coupling, Ψ_{0,p} and Ψ_{q,0} would correspond to D5- and D(−1) -instanton effects, with instanton actions displayed in (3.48) and (3.47) below, while Ψ_{k,ℓ}′ would correspond to (p, k) 5-branes with p = km ∈ Z and vanishing D(-1) charge Q = 0, as in (3.57). However, the principal Eisenstein series E(g; s_1, s_2) with s_2 ≠ 0 displays additional contributions with pq ≠ 0 and Q ≠ 0, and considerably more involved instanton measure (3.69). A representation-theoretic point of view on the non-Abelian Fourier expansions (3.36) and (3.39) is provided in Appendix D.

3.5 Generalized Eisenstein series and NS5-branes Let us now turn to the non-Abelian Fourier expansion of the full Eisenstein series E(g; s_1, s_2) in (3.12). As it turns out, this was computed thirty years ago by Vinogradov and Takhtajan [37] and by Bump [38]. In this section, we summarize their results adapted to our conventions, and we identify the instanton configurations responsible for each contribution. We work in terms of the variables {ν, τ_2, τ_1, c_0, ψ}, which can be converted into the variables {t, ϕ, ζ, ζ̃, σ} used in the previous section using (2.8). The main reason for this choice is that the variables τ = τ_1 + iτ_2 and (c_0, ψ) have simple transformation properties (2.6) under the S-duality group SL(2, Z) ⊂ SL(3, Z), which is manifest in the Fourier expansion [37].

– 25 –

3.5.1 Constant terms As already discussed in Section 3.3, the term Ψ_{0,0} in the Fourier expansion, depending only on the “dilatonic” parameters ν, τ_2, corresponds to the “constant terms” with respect to the Borel subgroup (3.32). These terms are discussed in Appendix A, and agree with the analysis of [37]:

Ψ_{0,0}(ν, τ_2; s_1, s_2) =

∫_1 0 dτ_1 ∫_1 0 dc_0 ∫_1 0 dψ E(ν, τ_2, τ_2, c_0, ψ; s_1, s_2)

= ν^{− 2s1 +s23} τ^{s2}_2 + c(s_1) ν^{− 12 + s1−s23} τ^{s3}_2 + c(s_2) ν^{− 2s1+s23} τ^{1−s2}_2 + c(s_1) c(s_3) ν^{− 12 + s1−s23} τ^{1−s3}_2 + c(s_2) c(s_3) ν^{2s1+s23 −1}τ^{s1}_2 + c(s_1) c(s_2) c(s_3) ν^{2s1+s23 −1}τ^{1−s1}_2 ,

(3.43)

where c(s) = ξ(2s − 1) ξ(2s) , ξ(s) = π^{−s/2} Γ(s/2) ζ(s) . (3.44)

and s_3 = s_1 + s_2 −^1_2 . These terms were already discussed in (3.33) for (s_1, s_2) = (3/2, −3/2). We shall not discuss them any further here, except to note that they are consistent with the functional equations (A.7) obeyed by the completed series (A.6).

3.5.2 Abelian Fourier coefficients Let us now proceed to analyze the Abelian Fourier coefficients Ψ_{p,q} with (p, q) ≠ (0, 0), starting with the simplest cases Ψ_{0,q} and Ψ_{p,0}. As shown in [37],

Ψ_{0,q}(ν, τ_2) =

2(2π)^{1/2−s1} c(s_2)c(s_3) ξ(2s_1) ν^{s1+2s23 −1}τ^{1−s1}_2 μ_{1−2s1} (q) K_{1/2−s1} ( 2π|q|τ_2 )

+ 2(2π)^{1/2−s2}

ξ(2s_2) ν^{− 2s1 +s23} τ^{1−s2}_2 μ_{1−2s2} (q) K_{1/2−s2} ( 2π|q|τ_2 )

+ 2(2π)^{1/2−s3} c(s_1)

ξ(2s_3) ν^{s1−s2−12} τ^{1−s3}_2 μ_{1−2s3} (q) K_{1/2−s3} ( 2π|q|τ_2 ) , (3.45)

and Ψ_{p,0}(ν, τ_2) =

2(2π)^{1/2−s1}

ξ(2s_1) ν^{− 2s1 +s23} τ^{s2}_2 μ_{1−2s1} (p) K_{1/2−s1} ( 2π|p|/ √ ντ_2 )

+ 2(2π)^{1/2−s2} c(s_1)c(s_3) ξ(2s_2) ν^{s1−s23 − 12} τ^{32 −s1−s2}

2 μ_{1−2s2} (p) K_{1/2−s2} ( 2π|p|/ √ ντ_2 )

+ 2(2π)^{1/2−s3} c(s_2)

ξ(2s_3) ν^{− s2+2s13} τ^{1−s2}_2 μ_{1−2s3} (p) K_{1/2−s3} ( 2π|p|/ √ ντ_2 ) . (3.46)

– 26 –

By comparing with (3.42) it is apparent that these have a very similar structure to the minimal Eisenstein series. Using the asymptotic expansion of the Bessel function (3.31), we deduce that in the weak coupling limit τ_2 → ∞, the coefficients Ψ_{0,q} contribute to the expansion (3.39) by exponentially suppressed contributions of order e^{−2πS0,q} , with

S_{0,q}(τ) = |q| τ_2 + i q τ_1. (3.47)

This is precisely the instanton action for D(−1) instantons [67, 62]. Similarly, the coefficients Ψ_{p,0} encode D5-brane instantons, with classical action

S_{p,0}(ν, τ_2, c_0) = |p|(ντ_2)^{−1/2} − i p c_0 = |p| τ_2V − i p c_0 . (3.48)

From (3.31) of the Bessel function, we may also extract the “instanton measure” μ(p, q), defined by Ψ_{p,q}(ν, τ_2) ∼ τ^α_2 ν^β ( Re S_{p,q} )_γ μ(p, q) e^{−2π(Re Sp,q )} (3.49) in the weak coupling limit τ_2 → ∞, with suitable choices of α, β, γ to absorb the moduli dependence. The prefactors in front of e^{−2πSp,q} , including the instanton measure, should arise from the external vertices and the fluctuation determinant in the instanton background [62]. For the particular case of D(-1)-D5 instantons with pq = 0, we find μ(0, q) ≡ c(s_2)c(s_3)

ξ(2s_1) μ_{1−2s1} (q) + 1 ξ(2s_2) μ_{1−2s2} (q) + c(s_1) ξ(2s_3) μ_{1−2s3} (q). (3.50) and μ(p, 0) ≡ 1 ξ(2s_1) μ_{1−2s1} (p) + c(s_1)c(s_3) ξ(2s_2) μ_{1−2s2} (p) + c(s_2) ξ(2s_3) μ_{1−2s3} (p). (3.51)

We now proceed to analyze the coefficients Ψ_{p,q} for pq ≠ 0, which we recall were absent for the minimal Eisenstein series. These coefficients may be written as

Ψ_{p,q}(ν, τ_2) =

4ν^{s2−s1}6^{− 1}2 τ^{s2−s12 + 12} 2 ξ(2s_1)ξ(2s_2)ξ(2s_3) ∑ d_1|p ∑ d_2|^p_{d1}

d^{1−2s3}_1 d^{1−2s2}_2

× σ_{1−2s1,1−2s3} ( p d_1d_2 , |q| ) (pq)^{s3− 12} I_{s1,s2} (R_{p,q}, x_{p,q}) , (3.52)

where R_{p,q} ≡ ( p^2|q| ν )_{1/3} , x_{p,q} ≡ τ^{−1}_2 ( p^2 νq^2 )_{1/3} = t^2 ( |p| |q| )_{2/3} . (3.53)

Here, we have also defined the “double divisor sum” σ_{α,β}(n, m) ≡ ∑ m=d1d2d3, d1,d2,d3>0,gcd(d3,n)=1 d^α_2 d^β_3 , (3.54)

– 27 – and the integral I_{s1,s2} (R, x) ≡ ∫_∞ 0 K_{s3−1/2} ( 2πR x^{−1} √ 1 + x ) K_{s3−1/2} ( 2πR x^{1/2} √ 1 + 1/x ) x^{s2−s12} dx x . (3.55) At weak 4D coupling ν → 0 keeping t fixed, one may use the saddle point approximation of the integral (for details, see Appendix C) I_{s1,s2} (R, x) ∼ x^{s2−s1+1}2 √ 6 R^{3/2}(1 + x)^{1/4} exp [ − 2πR(1 + x)^{3/2} x ] ( 1 + I_1 R + O(1/R^2) ) . (3.56) Plugging in the values of R_{p,q} and x_{p,q} given in (3.53), we find that such terms give exponentially suppressed contributions of order e^{−2πSp,q} , where S_{p,q}(ν, τ, c_0) = [ (τ_2V |p|)^{2/3} + (τ_2|q|)^{2/3} ]_{3/2} + i(qτ_1 − pc_0) . (3.57)

We note that the real part of this action is proportional to the mass formula for bound states of D0-D6-branes found in [39, 40, 41]. Moreover, in the limit q = 0 or p = 0, (3.57) reduces to (3.47) and (3.48). We conclude that general Abelian terms with pq ≠ 0 correspond to bound states of D(-1) and D5-brane instantons. Their summation measure, defined as in (3.49), is given by μ(p, q) ≡ 4 √ 6 |p|^{2s1+4s2}3^{− 5}6 |q|^{4s1+2s2}3^{− 5}6 ξ(2s_1)ξ(2s_2)ξ(2s_3) ∑ d_1|p ∑ d_2|^p_{d1}

d^{1−2s3}_1 d^{1−2s2}_2 σ_{1−2s1,1−2s3} ( |p| d_1d_2 , |q| ) . (3.58) According to the general relation between instanton measure and BPS black hole degeneracies proposed in [14], the measure (3.58) should be related to the D0-D6 bound state degeneracies, which are known to be encoded in the Mac Mahon function [42]. This would provide a crucial check of our proposal, which we leave for future work.

On the type IIA side, the Abelian terms (p, q) correspond to D2-branes wrapped on the 3-cycle p γ_0 − q γ^0, where γ_0 and γ^0 are the 3-cycles singled out by the large complex structure limit.

3.5.3 Non-Abelian Fourier coefficients Following [37], the general non-Abelian Fourier coefficients are given by Ψ̃_{k,ℓ′} (ν, τ) = 4ν s2−s1 6 −^1_2

ξ(2s_1)ξ(2s_2)ξ(2s_3) ∑ q∈Z ∑ d_1|d ∑ d_2|^d_{d1}

d^{1−2s3}_1 d^{1−2s2}_2 σ_{1−2s1,1−2s3} ( d d_1d_2 , |q| )

× [τ_2]^{s2−s12 + 12} −k,p (d q) s_3−^1_2 I s_1,s_2 (Rd,q, xd,q) e −2πiq[τ_1]_{−k,p} , (3.59)

– 28 – where the notations are as follows: I_{s1,s2} (R, x) is defined in (3.55), d ≡ gcd(p, k) > 0, R_{d,q} ≡ ( d^2|q| ν )_{1/3} , x_{d,q} ≡ [τ_2]^{−1}_{−k,p} ( d^2 νq^2 )_{1/3} , (3.60)

and the variables [τ_1]_{−k,p} and [τ_2]_{−k,p} denote the real and imaginary parts of the image of τ = τ_1 + iτ_2 under an SL(2, Z) transformation of the form (2.7), δ = ( α β −k^′ p^′ ) , δ · τ = ατ + β −k^′τ + p^′ ≡ [τ_1]_{−k,p} + i[τ_2]_{−k,p}, (3.61)

where k^′ = k/d and p^′ = p/d and α, β are two integers such that αp^′ + βk^′ = 1. Since k ≠ 0, this is usefully rewritten as

[τ_2]_{−k,p} = d^2τ_2 |p − kτ|^2 , [τ_1]_{−k,p} = − dα k + d^2(p − kτ_1) k|p − kτ|^2 , (3.62)

where we used β = (1 − p^′α)/k^′ to derive the second relation. Defining Q ≡ d^2q, (3.60) may therefore be rewritten as

R_{d,q} = τ_2t^2|Q|^{1/3} , x_{d,q} = t^2 |p − kτ|^2 |Q|^{2/3} . (3.63)

In type IIA variables suitable for comparison with (3.39), this becomes R_{d,q} = e^{ϕ/2}t^{1/2}kn , x_{d,q} = e^ϕ + t^3(m − ζ)^2 n^2t

, (3.64)

where we have use (2.8) and defined m = p k ∈ Z + ℓ^′ |k| , n = sgn(Q) |Q|^{1/3}/k . (3.65)

In particular, (3.59) depends only on the difference ζ − m. Setting m = 0, we therefore have Ψ̃_{k,ℓ′} (t, ϕ; ζ) = 4t s2−s1+3 2 e^ϕd^{2(1−s1)} ξ(2s_1)ξ(2s_2)ξ(2s_3) ∑ n: (kn)^3∈d^2Z ∑ d_1|d ∑ d_2|^d_{d1}

d^{1−2s3}_1 d^{1−2s2}_2 σ_{1−2s1,1−2s3} ( d d_1d_2 , |q| )

( e^ϕ + t^3ζ^2

)^s1^{−s}2^{−1}_2 |kn|^{s3− 12} I_{s1,s2} ( e^{ϕ/2}t^{1/2}kn, e^ϕ + t^3ζ^2

n^2t ) e^{−ik t} 3n3ζ eϕ+t3ζ2 +2πi k2n3α d . (3.66)

where now d = gcd(ℓ^′, k).

– 29 –

As before, using the saddle point approximation of the integral I(R, x) (see appendix C), we find that Ψ̃_{k,ℓ}′ contributes to (3.39) with terms which are exponentially suppressed by e^{−2πSQ,p,k} , where

S_{Q,p,k} = [ (V τ_2)^{2/3}|p − kτ|^2 + τ^{2/3}_2 Q^{2/3} ]_{3/2} |p − kτ|^2 + i Q p − kτ_1 k|p − kτ|^2 − i(p c_0 + k ψ) , (3.67)

or, in type IIA variables, S_{m,n,k} = |k| e^{ϕ/2}[e^ϕ + t^3(ζ − m)^2 + tn^2]^{3/2} e^ϕ + t^3(ζ − m)^2 − ik t^3n^3(ζ − m) e^ϕ + t^3(ζ − m)^2 + i 2 k(σ + ζζ̃) − ikmζ̃ . (3.68) In these expressions, the last two terms originate from the phase factors appearing in the Fourier expansion (3.39). From the saddle point approximation (3.56), we may also extract the summation measure defined as in (3.49),

μ(Q, p, k) ≡ 4e^{2πiQα}dk √ 6 |d|^56^{−2s1} |Q|^{4s1+2s2}3^{− 5}6 ξ(2s_1)ξ(2s_2)ξ(2s_3) ∑ d_1|d ∑ d_2|^d_{d1}

d^{1−2s3}_1 d^{1−2s2}_2 σ_{1−2s1,1−2s3} ( |d| d_1d_2 , |Q/d^2| ) . (3.69) Contrary to appearances, the limit k → 0 is smooth: the apparent singularity cancels between the action and the summation measure, as the two terms in (3.62) combine into

[τ_1]_{−k,p} = d[(αp − βk)τ_1 + βp − αk|τ|^2] |p − kτ|^2 k→0−→ d |p| (ατ_1 − β) = τ_1 , (3.70)

where in the last step we used the fact that α = 1, β = 0, d = |p| when k = 0. In this limit we therefore recover the action (3.57) of D(-1)-D5 bound states. Moreover, the term with k ≠ 0 can be recovered from (Q, p, k) = (d^2q, d, 0) by an SL(2, Z) action. It would be interesting to recover (3.68) from the type IIA five-brane action [68], however by duality it is clear that (3.68) must describe the action of k NS5-branes bound to km D2-branes wrapped on γ_0 and (kn)^3 D2-branes wrapped on γ^0.

Therefore, we conclude that (3.59) describes the contribution of general bound states of Q D(−1)-instantons and (p, k) 5-branes (equivalently, on the type IIA side, NS5 − D2 bound states). Thus, despite the fact that the non-Abelian nature of the Heisenberg group prevents us from defining D(−1) and D5 brane charges unambiguously when the NS5-brane charge k is non-zero, we still find that the general term involves a contribution of D(-1), D5 and NS5-brane instantons, with independent charges Q, p, k.

– 30 –

3.6 The minimal theta series as a NS5-brane partition function

The general non-Abelian contribution (3.67) will undoubtedly remind the cognoscente of the minimal representation of G_{2(2)} constructed in Sec. 3.5. of [47]. Indeed, under the standard embedding SL(3, R) ⊂ G_{2(2)}, the minimal representation of G_{2(2)} belongs to the non-spherical supplementary series of SL(3, R) with infinitesimal parameters (s_1, s_2) = (2/3, 2/3) [69]; although this representation admits no spherical vector, its lowest K-type is indistinguishable from the spherical vector of the principal representation in the strict classical limit. Moreover, the minimal representation of G_{2(2)} is a special instance of the minimal representation of the quasi-conformal group QConf(J) attached to any cubic Jordan algebra J, in the case where J = R, κ_{111} = 6. These minimal representations were constructed in [45] for simply-laced Lie groups in the split real form (albeit not using the language of Jordan algebras), and more recently for all simple Lie groups in any non-compact real form, in particular the quaternionic real form, in [49, 50, 70]. The latter can all be reached by analytic continuation from the minimal representation for the split real form constructed in [45]. Their lowest K-type is not known in general yet, but from the G_{2(2)} example it is clear that it will be identical in the strict classical limit to the spherical vector for the split real form, found in [45] and displayed in (D.17) below.

Having recalled this representation-theoretic background, we now assume that the HM moduli space M_K (Y ) is given at tree level by the QK symmetric space (2.25), and that a larger discrete symmetry G(Z) = QConf(J, Z) ⊃ SL(3, Z) remains unbroken by quantum corrections, and argue that the minimal theta series of G(Z), i.e. the automorphic form attached to the minimal representation^{13} via (3.8), predicts exponential corrections of the form (3.67), where the D-instanton charge Q is now a composite of D3-brane charges N^a labelling the various 4-cycles in Y .

To make this more precise, we use the expression (D.17) for the approximate spherical vector f_K , and incorporate the moduli dependence by acting with ρ(e^{−1}), where e ∈ SO(4)\G_{2(2)} is the Iwasawa coset representative in (2.18) and ρ is the minimal representation obtained in Section 3.5.1 of [47] (or rather, its Fourier transform over (x_0, x_1) → (x^0, x^1)). By further relabeling y = 2πk, x^0 = 2πp, x^1 = 2πN^1, we then find that the minimal theta series of G_{2(2)} (3.8) predicts exponentially suppressed contribu-

13Early suggestions that the minimal representation is relevant for black hole counting were made in [71, 72, 73, 66].

– 31 – tions of order e^{−2πS} where S = τ_2V |p − kτ| ( 1 + (Ñ^1/t)^2 |p − kτ|^2 )_{3/2} − i(pc_0 + kψ + N^1c_1) + i

(p − kτ_1) k|p − kτ|^2 (Ñ^1)^3 + 3i k b^1(Ñ^1)^2 + i k b^1 (pb^1 − kc^1) (3Ñ^1 + pb^1 − kc^1) , (3.71)

where Ñ^1 = N^1 + kc^1 − pb^1. More generally, for an arbitrary quasi-conformal group G = QConf(J), the same procedure based on (D.17) and the results in [49, 50] leads to^{14} S =τ_2V |p − kτ| [ 1 + (t, t, Ñ)^2 − 4V (t, Ñ, Ñ) 4V^2|p − kτ|^2 + (t, Ñ, Ñ)^2 −^2_3 (Ñ, Ñ, Ñ)(ttÑ) 4V^2|p − kτ|^4 + (Ñ, Ñ, Ñ)^2 2^23^2 V^2|p − kτ|^6 ]_{1/2} − i(pc_0 + kψ + N^ac_a) + i

(p − kτ_1) 6k|p − kτ|^2 (Ñ, Ñ, Ñ) + 2πi 2k (b, Ñ, Ñ) + i 6k (b, pb − kc, 3Ñ + pb − kc) , (3.72)

where Ñ^a = N^a + kc^a − pb^a and (x, y, z) ≡ κ_{abc}x^ay^bz^c. Here and in (3.71), the type IIB variables (c^a, c_a, c_0, ψ) are related to (ζ^a, ζ̃_a, ζ̃_0, ψ) by the tree-level mirror map, Eq. (3.20) in [14]. Of course (3.72) reduces to (3.71) upon setting κ_{111} = 6.

Eq. (3.72) is recognized as the action of a (p, k)5-brane bound to D3-branes wrapping N^aγ_a ∈ H_4(Y, Z), with induced D1-brane charge Ñ_a and D(-1)-instanton charge Q̃ given by

Ñ_a = 1 6|p − kτ| κ_{abc}Ñ^bÑ^c , Q̃ = 1 6|p − kτ|^2 κ_{abc}Ñ^aÑ^bÑ^c . (3.73)

In particular, by the same token as in (3.62), the last term in (3.72) is just the axionic coupling of Q̃ D-instantons for vanishing NS5-brane charge, after rotating to the (p, k)5- brane duality frame. It would be interesting to compare (3.72) with other studies of NS5-instanton corrections to the HM moduli space based on supergravity (see e.g. [74, 75] and references therein).

In the limit k → 0, (3.72) reduces to the usual action of a D5-D3-D1-D(-1) bound state,

S = τ_2 ( p^2V^2 + 3(Ñ^a/t^a)^2V^2 + 3(Ñ_at^a)^2 + Q̃^2 )_{1/2} − i(pc_0 + N^ac_a) , (3.74)

14We are grateful to S. Alexandrov for pointing out an error in the previous version of this formula.

– 32 – with charges (p, Ñ^a, Ñ_a, Q̃) given by

Ñ^a = N^a − p b^a , Ñ_a = 1 6|p| κ_{abc}Ñ^bÑ^c , Q̃ = 1 6|p|^2 κ_{abc}Ñ^aÑ^bÑ^c . (3.75)

However, this is not the most general D5-D3-D1-D(-1) instanton correction, since the D1 and D(-1) charges are determined in terms of the D5 and D3 charges (p, N^a). This reflects the fact that the Abelian Fourier expansion of the minimal theta series has support on “very small” charges satisfying I_4 = ∂I_4 = ∂^2I_4 = 0, where I_4 is the quartic invariant of the 4D duality group Conf(J) (these conditions generalize the condition pq = 0 for the minimal representation of SL(3, R)). Therefore, one should probably look for automorphic forms in the quaternionic discrete series [76, 47, 77], where this restriction does not apply. It is also conceivable that only “very small” charges may contribute to the hypermultiplet metric, but this does not seem to be required by supersymmetry.

Nevertheless, it is tempting to conjecture that, in cases where the discrete symmetry G(Z) = QConf(J, Z) is unbroken quantum mechanically, the minimal theta series of G, or an automorphic form in the quaternionic discrete series of G, may encode the effects of bound states of NS5-brane and D-instantons on the hypermultiplet moduli space. If so, it should be possible to express them as a sum of SL(3, Z) invariant contributions as in (3.25) and compute the corresponding invariants n^{(0)}_{ka} . Clearly, more work remains to establish this claim. For example, the minimal representation is naturally understood as a submodule of H^1 ( Z_M, O(−(h + 3)/3) ) [76], whereas deformations of the quaternion- Kähler space M are usually controlled by H^1 ( Z_M, O(2) ) [78, 21]. Nevertheless, this proposal meshes well with ideas expressed in [66], where the minimal representation was related to the topological string amplitude, and in [43, 44], where the topological amplitude was related to the NS5-brane and D5-brane partition functions. It would also be interesting to extend these considerations to Calabi-Yau threefolds which do not have a symmetric moduli space at tree level.

Acknowledgments

We are indebted to S. Alexandrov, L. Bao, M. Gutperle, N. Halmagyi, A. Kleinschmidt, S. Miller, B. E. W. Nilsson, C. Petersson, F. Saueressig, L. Takhtajan, S. Vandoren and P. Vanhove for useful discussions or correspondence. Special thanks are due to A. Neitzke for discussions on NS5-branes, non-Abelian Fourier expansions and representation theory, and to A. Waldron for collaboration on SL(3, Z) Eisenstein series in the past. This research is supported in part by ANR(CNRS-USAR) contract no. 05-BLAN-0079-01.

– 33 –

A. Constant terms for SL(3) Eisenstein series

In this Section, we summarize the constant terms of the Eisenstein series (3.12) and (3.9) along the parabolic subgroups (3.13) and (3.18), based on the general results of Langlands [58, 60], or the explicit computations in [37, 38]. Our notation follows [36].

In general, the constant term of a Γ-invariant function E(g) on G with respect to a parabolic subgroup P ⊂ G is defined by the integral

E_P (g) = ∫ N/[Γ∩N] dn E(g) , (A.1)

where N is the unipotent radical of P . These coefficients provide the “perturbative” part of the automorphic form (E(g) is said to be cuspidal if its constant terms E_P (g) vanish for all parabolic subgroups).

For the principal Eisenstein series defined in (3.12), the constant term along the minimal parabolic (3.13) is a sum of six terms,

E_{Pmin} (g; s_1, s_2) = t^{λ1+1}_1 t^{λ2}_2 t^{λ3−1}_3 + t^{λ2+1}_1 t^{λ1}_2 t^{λ3−1}_3^{ξ(λ12)}_{ξ(λ21)}

t^{λ1+1}_1 t^{λ3}_2 t^{λ2−1}_3^{ξ(λ23 )}_{ξ(λ32 )} + t^{λ3+1}_1 t^{λ1}_2 t^{λ2−1}_3^{ξ(λ13)}_{ξ(λ31)}^{ξ(λ23)}_{ξ(λ32)}

t^{λ2+1}_1 t^{λ3}_2 t^{λ1−1}_3^{ξ(λ12)}_{ξ(λ21)}^{ξ(λ13)}_{ξ(λ31)} + t^{λ3+1}_1 t^{λ2}_2 t^{λ1−1}_3^{ξ(λ12)}_{ξ(λ21)}^{ξ(λ13)}_{ξ(λ31)}^{ξ(λ23)}_{ξ(λ32)}

. (A.2)

Here, λ_1, λ_2, λ_3 are defined by

2s_1 = 1 + λ_2 − λ_3 , 2s_2 = 1 + λ_1 − λ_2 , λ_1 + λ_2 + λ_3 = 0 , (A.3)

λ_{ij} denotes the difference λ_i − λ_j, the real variables t_1, t_2, t_3 are related to the Abelian part of the Iwasawa decomposition (2.1) via

(t_1, t_2, t_3) = (ν^{−1/3}, ν^{1/6} √ τ_2, ν^{1/6}/ √ τ_2) = (e^{ϕ/2} √ t, 1/t, e^{−ϕ/2} √ t) , (A.4) and ξ(s) = π^{−s/2} Γ(s/2) ζ(s) (A.5) is the “completed” Riemann Zeta function, satisfying ξ(s) = ξ(1 − s). The Weyl group acts by permutations on (λ_1, λ_2, λ_3), and leaves invariant ξ(λ_{21})ξ(λ_{31})ξ(λ_{32})E_{Pmin} (g; s_1, s_2). This invariance extends to the “completed” Eisenstein series

E(g; λ_i) = ξ(λ_{21}) ξ(λ_{31}) ξ(λ_{32}) E(g; s_1, s_2) , (A.6)

which is invariant under permutations of (λ_1, λ_2, λ_3), corresponding in the (s_1, s_2, s_3 ≡ s_1 + s_2 −^1_2 ) variables to

(s_1, s_2) ∼ (1 − s_2, 1 − s_1) ∼ (1 − s_1, s_3) ∼ (s_3, 1 − s_2) ∼ (1 − s_3, s_1) ∼ (s_2, 1 − s_3). (A.7)

– 34 –

On the other hand, the constant terms around the maximal parabolic (3.18) are given by

E_{Pmax} (g; s_1, s_2) = t^{λ12− 12 λ32 + 32}

1 E_{λ32} (τ) + ξ(λ_{12}) ξ(λ_{21}) t^{λ21− 12 λ31+ 32}

1 E_{λ31} (τ) + ξ(λ_{23})ξ(λ_{13}) ξ(λ_{32})ξ(λ_{31}) t^{λ31− 12 λ21+ 32}

1 E_{λ21} (τ) , (A.8)

where τ = a_3 + i(t_2/t_3). Here E_s(τ) is related to the SL(2, Z) Eisenstein series (3.29) via E_{1−2s}(τ) = E_s(τ)/(2ζ(2s)), and satisfies the functional relation

ξ(s) E_s(τ) = ξ(−s)E_{−s}(τ) . (A.9)

The minimal Eisenstein series (3.9) can be obtained from the principal Eisenstein series (3.12) by taking the limit

E(g; s) = 2ζ(2s) lim_{s2→0} E(g; s_1 = s, s_2) (A.10)

or more generally by keeping the leading term in the limit λ_{ij} → 1 for any i ≠ j. Thus, its constant terms are given by

E_{Pmin} (g; s) 2ζ(2s) = ( t_1t_2 t^2_3

) 2s_3 + ξ(2s − 1) ξ(1 − 2s) t_2 t_3 ( t_1t_3 t^2

) 2s_3 + ξ(2s − 2)ξ(2s − 1) ξ(1 − 2s)ξ(2 − 2s) t_1t_2 t^2_3 ( t_1t_3 t^2

) 2s_3 , E_{Pmax} (g; s) 2ζ(2s) = t^s_1E_s(τ) 2ζ(2s) + t^{3−2s}_1 ξ(2s − 2)ξ(2s − 1) ξ(1 − 2s)ξ(2 − 2s) , (A.11)

where in the second line we used the identity E_0(τ) = −1 [56].

It is straightforward if tedious to check that all terms in these expansions have the same values (3.15) of the quadratic and cubic Casimirs, where C_2 and C_3 are given by

C_2 = − 1 2 (E_p F_p + F_p E_p + E_q F_q + F_q E_q + F E + E F ) − 1 3 (H^2_p + H_p H_q + H^2_q ) (A.12)

– 35 –

C_3 = 1 54 (3 E_p F_p H_p + 6 E_p F_p H_q − 9 E_p E_q F + 3 E_p H_p F_p + 6 E_p H_q F_p − 9 E_p F E_q

+ 3 F_p E_p H_p + 6 F_p E_p H_q + 9 F_p F_q E + 3 F_p H_p E_p + 6 F_p H_q E_p + 9 F_p E F_q − 9 E_q E_p F − 6 E_q F_q H_p − 3 E_q F_q H_q − 6 E_q H_p F_q − 3 E_q H_q F_q − 9 E_q F E_p + 9 F_q F_p E − 6 F_q E_q H_p − 3 F_q E_q H_q − 6 F_q H_p E_q − 3 F_q H_q E_q + 9 F_q E F_p + 3 H_p E_p F_p + 3 H_p F_p E_p − 6 H_p E_q F_q − 6 H_p F_q E_q − 4 H_p H_p H_p − 2 H_p H_p H_q − 2 H_p H_q H_p + 2 H_p H_q H_q + 3 H_p F E + 3 H_p E F + 6 H_q E_p F_p + 6 H_q F_p E_p − 3 H_q E_q F_q − 3 H_q F_q E_q − 2 H_q H_p H_p + 2 H_q H_p H_q + 2 H_q H_q H_p + 4 H_q H_q H_q − 3 H_q F E − 3 H_q E F − 9 F E_p E_q − 9 F E_q E_p + 3 F H_p E − 3 F H_q E + 3 F E H_p − 3 F E H_q + 9 E F_p F_q + 9 E F_q F_p + 3 E H_p F − 3 E H_q F + 3 E F H_p − 3 E F H_q). (A.13)

B. Fourier expansion of the minimal Eisenstein series

As an illustration of the general principle explained in Section 3.4, let us compute the non-Abelian Fourier expansion of the minimal Eisenstein series (3.9):

E(g, s) = ′∑ [ t e^{−ϕ} ( m_1 + ζm_2 − 1 2 (σ − ζζ̃)m_3 )_2 + 1 t^2 ( m_2 + ζ̃m_3

)_2 + t e^ϕm^2_3 ]_{−s}

(B.1) where the sum runs over (m_1, m_2, m_3) ∈ Z^3\(0, 0, 0). We first split

E(g, s) = E^{(0)} + E^{(1)} (B.2)

where the first term is the contribution with m_3 = 0 (and therefore (m_1, m_2) ∈ Z^2\(0, 0)) and the second term is the one with m_3 ≠ 0. The first term is proportional to the standard SL(2, Z) Eisenstein series (3.29),

E^{(0)} = ν^{−s/3} [ 2ζ(2s)τ^s_2 + 2 √ πτ^{1−s}_2 Γ(s − 1/2) Γ(s) ζ(2s − 1) + 2π^sτ^s_2 (2π)^{1/2−s}Γ(s) ∑ m̃_1≠0 ∑ m_2≠0

|m̃_1|^{2s−1} K_{s−1/2} (2πτ_2|m̃_1m_2|) e^{2πim̃1 m2τ1} ] . (B.3)

The last term in the bracket corresponds to the Abelian Fourier coefficient with (p, q) = (0, m̃_1m_2), corresponding to D(-1)-instantons, while the first two terms reproduce the first two constant terms on the first line of (A.8).

– 36 –

In the second term of (B.2), the sum over (m_1, m_2) runs over Z^2 without restriction: thus we may perform a Poisson resummation over (m_1, m_2) by using the standard integral representation of the summand (see e.g. [56]),

M^{−s} = π^s Γ(s) ∫_∞ 0 du u^{s+1} e^{− πu M} . (B.4)

After Poisson resummation we then obtain

E^{(1)} = π^s √ t e^{ϕ/2} Γ(s) ∑ m̃_1,m̃_2 ′∑ m_3 ∫_∞ 0 du u^s exp [ − πu t e^ϕm̃^2_1 − πu t^2 (m̃_2 − ζm̃_1)^2 − π t u e^ϕm^2_3 − 2πi ( ζ̃m̃_2m_3 − 1 2 m̃_1m_3(σ + ζζ̃) )] . (B.5)

The term with (m̃_1, m̃_2) = (0, 0) leads to a Gamma-type integral,

E^{(1)} = 2π ( t e^ϕ ) 3_{2 −s} Γ(s − 1)ζ(2s − 2) Γ(s)

+ E^{(2)} (B.6)

while the one with (m̃_1, m̃_2) ≠ (0, 0) leads to a Bessel function:

E^{(2)} =

2π^s(t e^ϕ)^32^{−s} (2π)^{s−1}Γ(s) ′∑ m̃_1,m̃_2 ′∑ m_3 |m_3|^{2(1−s)}e^{−2πiζ̃m̃2m3+iπm̃1m3(σ+ζζ̃)} K_{1−s} ( 2πe^{ϕ/2}|m_3| √ e^ϕ m̃^2_1 + t^3 (m̃_2 − ζm̃_1)^2

) (B.7)

or, in a manifestly SL(2, Z)-invariant form,

E^{(2)} =

2π^s ν^{−1+ 2}3^s (2π)^{s−1}Γ(s) ′∑ m̃_1,m̃_2 ′∑ m_3

|m_3|^{2(1−s)} e^{−2πim3(m̃1ψ+m̃2 c0)} K_{1−s} ( 2π |m_3| √ ν · |m̃_2 − τm̃_1| √ τ_2 ) . (B.8) The term with m̃_1 = 0 is an Abelian Fourier coefficient with (p, q) = (m̃_2m_3, 0), corresponding to D5-brane instantons:

E^{(3)} =

2π^s(t e^ϕ)^32^{−s} (2π)^{s−1}Γ(s) ′∑ m̃_2 ′∑ m_3 |m_3|^{2(1−s)}e^{−2πiζ̃m̃2m3} K_{1−s} ( 2πe^{ϕ/2}t^{3/2}|m̃_2m_3| ) . (B.9)

The general term with m̃_1 ≠ 0 can be recast as (3.39), by identifying

m̃_1m_3 = −k , m̃_2m_3 = −km , m ∈ Z + ℓ^′ |k| , (B.10)

Ψ̃_{k,ℓ′} (ζ) = ∑ d| |k| d^{2(1−s)} 2π^s (t e^ϕ) 3 2 −s (2π)^{s−1}Γ(s) K_{1−s} ( 2π|k|e^{ϕ/2} √ e^ϕ + ζ^2t^3 ) . (B.11)

– 37 –

Dual expansion Alternatively, one may arrive at the non-Abelian Fourier expansion (3.36) by returning to (B.1), extracting the term with m_2 = m_3 = 0 and performing a Poisson resummation over the single variable m_1: E(g, s) = 2ζ(2s) e^{sϕ} t^{−s} + ∑ m̃_1 ′∑ m_2,m_3 e^{ϕ/2} √ t π^s Γ(s) ∫_∞ 0 du u^{s+ 1}2 exp [ − πu t e^ϕm̃^2_1 − π ut^2 ( m_2 + ζ̃m_3

)_2 − π t u e^ϕm^2_3 + 2πim̃_1 ( ζm_2 − 1 2 (σ − ζζ̃)m_3 )] . (B.12)

For m̃_1 = 0, one may similarly extract the term with m_3 = 0, Poisson resum over m_2 and extract the term m̃_2 = 0, to get

2π^s Γ(s −^1_2 ) e^{ϕ/2} t^{2s− 3}2 π^{s− 1}2 Γ(s) ζ(2s − 1) +

2 π^sΓ(s − 1)(t e^ϕ)^32^{−s} π^{s−1}Γ(s) ζ(2s − 2) + 2 π^s(e^ϕt)^32^{−s} (2π)^{s−1}Γ(s) ′∑ m̃_2 ′∑ m_3 |m_3|^{2(1−s)}K_{1−s} ( 2πe^{ϕ/2}t^{3/2}|m̃_2m_3| ) e^{−2πiζ̃m̃2m3} . (B.13)

The last term is the Abelian Fourier coefficient with (p, q) = (m̃_2m_3, 0), identical to (B.9), corresponding to D5-instantons. For m̃_1 ≠ 0, the integral over u is of Bessel type, leading to 2 π^s e^{sϕ} t^s (2π)^{1/2−s}Γ(s) ′∑ m̃_1 ′∑ m_2,m_3

|m̃_1|^{2s−1}e^{2πim̃1}(^{ζm2− 12 (σ−ζζ̃)m3} )

K_{s−1/2} ( 2πe^{ϕ/2} t^{3/2} |m̃_1| √( m_2 + ζ̃m_3

)_2

+ t^3 e^ϕ m^2_3 ) . (B.14)

For m_3 = 0, this reduces to the Abelian Fourier coefficient (p, q) = (0, m̃_1m_2), corresponding to D(-1)-instantons, identical to the last term in (B.3), 2 π^s e^{sϕ} t^s (2π)^{1/2−s}Γ(s) ′∑ m̃_1 ′∑ m_2 |m̃_1|^{2s−1} K_{s−1/2} ( 2πe^{ϕ/2} t^{3/2} |m̃_1m_2| ) e^{2πim̃1m2ζ} . (B.15)

For the general term with m̃_1 ≠ 0 and m_3 ≠ 0, identifying

m̃_1m_3 = k , m̃_1m_2 = −kn , n ∈ Z + l |k| , (B.16)

we recognize the non-Abelian Fourier coefficient (3.36) with

Ψ_{k,ℓ}(ζ̃) = ∑ d| |k| d^{2s−1} 2 π^se^{sϕ} (2π)^{1/2−s}Γ(s) t^s K_{s−1/2} ( 2π|k|e^{ϕ/2} √ e^ϕ + t^{−3} ζ̃^2 ) . (B.17)

Thus, we have reproduced the non-Abelian Fourier coefficients summarized in (3.41).

– 38 –

C. Asymptotic expansion of the integral I

In this appendix, we discuss the properties of an integral which is a key ingredient for the Fourier expansion, as it enters the coefficients (3.52) and (3.59):

I_{s1,s2} (R, x) = ∫_∞ 0 K_{s3−1/2} ( 2πR x^{−1} √ 1 + x ) K_{s3−1/2} ( 2πR x^{1/2} √ 1 + 1/x ) x^{s2−s12} dx x . (C.1) First, we note the functional equation I_{s1,s2} (R, x) = I_{s2,s1} ( R √ x , 1 x ) , (C.2)

which, at the origin of moduli space τ_2 = ν = 1, amounts to exchanging (p, q) in (3.53).

In order to find the semi-classical interpretation of the Fourier coefficients, we shall be interested in the limit R → ∞ keeping x fixed. In this regime, the integral (C.1) can be evaluated in the saddle point approximation. For large argument, the Bessel function may be approximated by K_s(x) ∼ √ π 2x e^{−x} ( 1 + 4s^2 − 1 8x + O(1/x^2) ) . (C.3)

To leading order, the integral then simplifies to I_{s1,s2} (R, x) ∼ x^{1/4} 4R ∫_∞ 0 x^{s2−s1}2^{− 3}4 e^{−2πS(x)} √ 1 + x dx , (C.4)

where S(x) is given by S(x) = R ( x^{−1} √ 1 + x + x^{1/2} √ 1 + 1 x ) . (C.5)

The exponent is extremized at x = x, with

S(x) =

R(1 + x)^{3/2} x , ∂^2_xS(x) = 3R 4x^2 √ 1 + x

. (C.6)

The saddle point approximation is then I_{s1,s2} (R, x) ∼ x^{s2−s1−1}2 4R √ 1 + x [ 1 2 ∂^2_xS(x) ]_{−1/2} exp (−2πS(x)) ( 1 + I_1 R + O(1/R^2) )

∼ x^{s2−s1+1}2 √ 6 R^{3/2}(1 + x)^{1/4} exp ( − 2πR(1 + x)^{3/2} x ) ( 1 + I_1 R + O(1/R^2) ) . (C.7)

– 39 –

The subleading term I_1 can be computed by exponentiating the prefactor^{15},

S̃(x) = S(x) − 1 2π log [ x^{s2−s12 − 34} / √ 1 + x ] (C.8)

and expanding around the perturbed saddle point,

x = x − x 6πR √ 1 + x

(3 + 5x + 2(1 + x)(s_1 − s_2)) + 1 R^2 δx . (C.9)

We find

S̃(x) = S̃(x) + 3δx^2 8x^2 √ x + 1 − δx^3(7x + 5) 16 ( x^3(x + 1)^{3/2} √ R ) + δx^2 128πRx^4(x + 1)^{5/2} × × ( πδx^2 ( 59x^2 + 85x + 35 ) + 4x^2(x + 1)^{3/2}(2s_1(5x + 3) − 2s_2(5x + 3) + 25x + 9) ) + . . . (C.10)

Expanding the non-Gaussian piece and performing the Gaussian integration term by term, we find that the leading quantum correction is given by

I_1 =

2048x^8(x + 1)^{7/2} 2187πR ( − 81(2s_1(5x + 3) − 2s_2(5x + 3) + 25x + 9) 128x^4(x + 1)^3 − 27 (59x^2 + 85x + 35) 16x^2(x + 1)^{7/2} + 15(7x + 5)^2 (x + 1)^3 ) . (C.11)

D. Non-Abelian Fourier expansions and representation theory

In this appendix we take a representation theoretic viewpoint on the non-Abelian Fourier expansions discussed in Section 3.4. The starting point is that, on the non- Abelian Fourier expansion (3.36), the Heisenberg algebra acts as E_p = −2πikn , E_q = −∂_n , E = −2πik , (D.1) while on the dual Fourier expansion (3.39),

E_p = ∂_m , E_q = 2πikm , E = 2πik . (D.2)

More generally, when Ψ(t, ϕ; ζ, ζ̃, σ) is an automorphic form for SL(3, Z), the non- Abelian expansions (3.36) and (3.39) correspond to two different choices of polarization in writing Ψ as a matrix element (3.8), where either (E_p, E) or (E_q, E) have been diagonalized. Note that with the exception of the minimal representation, (E_p, E) do not form a complete basis of commuting operators, which is responsible for the appearance of additional quantum numbers such as q in (3.59).

15Note that the subleading term in the Bessel function does not contribute at this order.

– 40 –

D.1 Minimal Eisenstein series Using this observation, it is easy to see that the non-Abelian Fourier expansion of the minimal Eisenstein series (3.9) in the polarization (3.39) can be written as an inner product (3.8) of a G(Z) invariant vector f_Z with the transformed spherical vector ρ(g^{−1})f_K , where ρ acts on functions of two variables y = 2πk and x_0 = 2πkm via E_p = y∂_{x0} , F_p = −x_0∂_y , E_q = ix_0 , F_q = −i(x_0∂_{x0} + y∂_y + (3 − 2s))∂_{x0} E = iy , F = −i(x_0∂_{x0} + y∂_y + (3 − 2s))∂_y H_p = x_0∂_{x0} − y∂_y , H_q = −2x_0∂_{x0} − y∂_y − (3 − 2s) ,

(D.3)

and the spherical vector f_K and the G_Z invariant distribution are given by [55] f_K = K_{1−s} (√ y^2 + x^2_0 ) , f_Z = μ_{2−2s}(y, x_0) . (D.4) Similarly, the non-Abelian Fourier expansion in the polarization (3.36) can be written as (3.8) where ρ is now the representation on functions of two variables y = −2πk and x_0 = −2πkn, E_p = ix_0 , F_p = −i(x_0∂_{x0} + y∂_y + 2s)∂_{x0} E_q = −y∂_{x0} , F_q = x_0∂_y , E = iy , F = −i(x_0∂_{x0} + y∂_y + 2s)∂_y H_q = x_0∂_{x0} − y∂_y , H_p = −2x_0∂_{x0} − y∂_y − 2s ,

(D.5)

obtained from the previous one by Fourier transform over y and x_0. The spherical vector is now f_K = K_{s−} 1_2 (√ y^2 + x^2_0 ) , f_Z = μ_{2s−1}(y, x_0) , (D.6) in agreement with Ψ_{k,ℓ} in (3.41). The spherical vector f_K in a representation where the Heisenberg algebra takes the canonical form (3.35) or (3.34) is sometimes called the “generalized Whittaker vector” in the mathematics literature.

D.2 Principal Eisenstein series The generalized Eisenstein series (3.12) is attached to the general continuous representation

E_q = −∂_x + w∂_v , F_q = −x^2∂_x − v∂_w + 2s_1 x , E_p = ∂_w , F_p = w^2∂_w + vw∂_v − (v + xw)∂_x + 2s_2 w , E = ∂_v , F = v^2∂_v + vw∂_w + x(v + xw)∂_x + 2(s_1 + s_2)v − (1 − 2s_1)xw , H_q = 2x∂_x + v∂_v − w∂_w + 2s_1 , H_p = −x∂_x + v∂_v + 2w∂_w + 2s_2

– 41 – with spherical vector

f_K = [ 1 + x^2 + (v + xw)^2 ]_{−s1} [ 1 + v^2 + w^2 ]_{−s2} . (D.7)

Equivalently, it can be written in such a way that the Heisenberg generators are represented as in (3.35), and the SL(2, Z) action acts linearly on (y, x_0):

E_p = y∂_{x0} , E_q = ix_0 , E = iy , F_p = −x_0∂_y + i x^3_1 y^2 , H_p = x_0∂_{x0} − y∂_y , H_q = −2x_0∂_{x0} − y∂_y − x_1∂_{x1} + 2(2s_1 + s_2 − 3) ,

F_q = −i(x_0∂_{x0} + y∂_y + x_1∂_{x1} + 2)∂_{x0} + (4 − 4s_1 − 2s_2) ( y 9x_1

∂^2_{x1} − i∂_0 )

+ 2 27 (3s_1 − 2)(6s_1 + 6s_2 − 7) y x^2_1

∂_{x1} + y 27 ∂^3_x1

(D.8)

and F = [F_p, F_q]. For (s_1, s_2) = 0, this reproduces the representation obtained in [36] by restricting the minimal representation of E_6 constructed in [45] to singlets of the first two factors in the maximal subgroup SL(3) × SL(3) × SL(3) ⊂ E_6. For (s_1, s_2) = (2/3, 2/3) one recovers instead the minimal representation of G_2 considered in [79, 47].

We can now frame the non-Abelian Fourier expansion in the general framework (3.8), and determine the real spherical vector for the principal series away from the semi-classical limit. For this purpose, we change of variables to

y = −k , x_0 = p , x_1 = (d^2q)^{1/3} , (D.9)

and work at the origin of moduli space where τ_1 = 0, τ_2 = ν = 1, such that

[τ_2]_{−k,p} = d^2 y^2 + x^2_0

, R_{d,q} = x_1 , x_{d,q} = y^2 + x^2_0 x^2_1

. (D.10)

Moreover, the phase factor in the non-Abelian term of (3.59) becomes e^{−2πiq[τ1]−k,p} = e^{2πiqdαk} e^{2πi pqk(k2+p2)} = e^{2πix} 3 1α dk e^− 2πix0x31 y(y2+x20) . (D.11)

We can therefore write the non-Abelian part of the expansion at the origin of moduli space as the overlap

E_{NA}(1; s_1, s_2) = ∑ (y,x_0,x^3_1)∈Z^∗×Z×Z f_Z(y, x_0, x_1) f_K (y, x_0, x_1) + . . . (D.12)

– 42 – where the real spherical vector is given by

f_K (y, x_0, x_1) = (y^2 + x^2_0)^{12 (s1−s2−1)} x^{3(s1+s2−1)}_1 e^− 2πix0x31 y(y2+x20) × ∫_∞ 0 K_{s3−} 1_2

( 2π x3_1 y^2 + x^2_0 √ 1 + x ) K_{s3−} 1_2 ( 2π √ (y^2 + x^2_0)(1 + 1 x ) ) x^{s2−s12} dx x , (D.13) the summation measure (or “adelic spherical vector”) is

f_Z(y, x_0, x_1) ≡ 4e^{2πix31α}dk √ 6 |d|^56^{−2s1} |x_1|^{4s1+2s2− 5}2 ξ(2s_1)ξ(2s_2)ξ(2s_3) ∑ d_1|d ∑ d_2|^d_{d1}

d^{1−2s3}_1 d^{1−2s2}_2 σ_{1−2s1,1−2s3} ( d d_1d_2 , x^3_1 d^2 ) , (D.14) and the ellipses stand for degenerate contributions with support at y = 0. In (D.14), we recall that d ≡ gcd(y, x_0), and that f_Z(y, x_0, x_1) vanishes unless d^2 divides x^3_1. We note that the real and p-adic spherical vectors for the principal series of SL(n, R) for any n have been obtained in [80, 81, 82, 83]. It would be interesting to see how (D.14) emerges as a product of the p-adic spherical vectors over all primes.

The spherical vector simplifies considerably in the limit where y, x_0, x_1 are scaled to infinity with fixed ratio: in this case the saddle point approximation (C.7) becomes

I(y, x_0, x_1) ∼

(y^2 + x^2_0)^{s2−s1+1}2 x^{s1−s2−2}_1 (y^2 + x^2_0 + x^2_1)^{1/4} exp [ − 2π(y^2 + x^2_0 + x^2_1)^{3/2} y^2 + x^2_0 ] , (D.15)

and the spherical vector simplifies to

f_K (y, x_0, x_1) ∼ x^{4s1+2s2−5} 1 (y^2 + x^2_0 + x^2_1)^{1/4} exp [ − 2π(y^2 + x^2_0 + x^2_1)^{3/2} y^2 + x^2_0 − 2πix_0x^3_1 y(y^2 + x^2_0) ] . (D.16)

As a consistency check, we note that in the special case (s_1, s_2) = (0, 0) (i.e. (λ_{23}, λ_{21}) = (1, 1)), this result agrees with the semi-classical spherical vector of the principal series representation of SL(3, R) obtained by restricting the minimal representation of E_6 singlets of the first two factors in the maximal subgroup SL(3) × SL(3) × SL(3) ⊂ E_6. [36]

Moreover, we note that (D.16) is in fact a special case of the general formula for the spherical vector (or lowest K-type) of the minimal representation of any group G viewed as a quasiconformal group G = QConf(J) [45],

f_K ∼ exp [ − √ y^2 + x^2_0 ( 1 + 3

(x^a)^2 y^2 + x^2_0 + 1 12 (κ_{abc}x^bx^c)^2 (y^2 + x^2_0)^2 + 1 2^2 · 3^2

(κ_{abc}x^ax^bx^c)^2 (y^2 + x^2_0)^3 )_{1/2}

+i x_0 6y(y^2 + x^2_0) κ_{abc}x^ax^bx^c ] . (D.17)

– 43 –

Indeed, (D.17) reduces to (D.16) in the one-modulus case with κ_{111} = 6, corresponding to G = G_{2(2)}. This is in accord with the fact that the minimal representation of G_{2(2)} is an irreducible representation of SL(3, R) ⊂ G_{2(2)} in the non-spherical supplementary series (see discussion in Section 3.6). Note that the exact lowest K-type of the minimal representation of G_2 was found in [47], Eq. (3.119): it would be interesting to see if the integral in (D.13) can be similarly evaluated in closed form. Moreover, the exact spherical vector of the minimal representation of any simply-laced group G in its split form was found in [45]. It would be interesting to see what representation of SL(3, Z) is obtained in the G_5 = Str_0(J) invariant sector, and see how (D.13) is reproduced.

We conclude with a comment on the “Abelian limit” y → 0 , which is needed to properly extract the Abelian Fourier coefficients Ψ_{p,q} in (3.52). As already discussed in (3.70), the phase factor in f_K is singular, but so is the measure f_Z, and the two singularities cancel. Thus, we may define f̃(0, x_0, x_1) as the y → 0 limit of f(y, x_0, x_1) after removing the singular phase [84],

f̃(0, x_0, x_1) ≡ lim_{y→0} ( exp [ 2πix_0x^3_1 y(y^2 + x^2_0) ] f(y, x_0, x_1) ) , (D.18)

and perform the opposite operation for the dual vector. In particular, the spherical vector (D.13) reduces in this limit to

f̃_K (0, x_0, x_1) = x^s1^{−s}2^{−1}_0 x^{3(s1+s2−1)}_1 × ∫_∞ 0 K_{s3−} 1_2 (2π x3_1 x^2_0 √ 1 + x ) K_{s3−} 1_2 ( 2πx_0 √ 1 + 1/x ) x^{s2−s12} dx x . (D.19)

References

[1] S. Cecotti, S. Ferrara, and L. Girardello, “Geometry of type II superstrings and the moduli of superconformal field theories,” Int. J. Mod. Phys. A4 (1989) 2475.

[2] S. Ferrara and S. Sabharwal, “Quaternionic manifolds for type II superstring vacua of Calabi-Yau spaces,” Nucl. Phys. B332 (1990) 317.

[3] D. Robles-Llana, F. Saueressig, and S. Vandoren, “String loop corrected hypermultiplet moduli spaces,” JHEP 03 (2006) 081, hep-th/0602164.

[4] S. Alexandrov, “Quantum covariant c-map,” JHEP 05 (2007) 094,

arXiv:hep-th/0702203.

[5] K. Becker, M. Becker, and A. Strominger, “Five-branes, membranes and nonperturbative string theory,” Nucl. Phys. B456 (1995) 130–152, hep-th/9507158.

– 44 –

[6] P. S. Aspinwall, “D-branes on Calabi-Yau manifolds,” arXiv:hep-th/0403166.

[7] M. Kontsevich, “Homological algebra of mirror symmetry,” in Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zürich, 1994), pp. 120–139. Birkhäuser, Basel, 1995. arXiv:alg-geom/9411018.

[8] B. Pioline and S. Vandoren, “Large D-instanton effects in string theory,”

arXiv:0904.2303 [hep-th].

[9] P. S. Aspinwall and M. R. Plesser, “T-duality can fail,” JHEP 08 (1999) 001,

arXiv:hep-th/9905036.

[10] D. Robles-Llana, M. Roček, F. Saueressig, U. Theis, and S. Vandoren, “Nonperturbative corrections to 4D string theory effective actions from SL(2,Z) duality and supersymmetry,” Phys. Rev. Lett. 98 (2007) 211602, hep-th/0612027.

[11] F. Saueressig and S. Vandoren, “Conifold singularities, resumming instantons and nonperturbative mirror symmetry,” JHEP 07 (2007) 018, arXiv:0704.2229 [hep-th].

[12] D. Robles-Llana, F. Saueressig, U. Theis, and S. Vandoren, “Membrane instantons from mirror symmetry,” arXiv:0707.0838 [hep-th].

[13] F. Saueressig, “Recent results in four-dimensional non-perturbative string theory,” J.

Phys. Conf. Ser. 110 (2008) 102010, arXiv:0710.4931 [hep-th].

[14] S. Alexandrov, B. Pioline, F. Saueressig, and S. Vandoren, “D-instantons and twistors,” JHEP 03 (2009) 044, arXiv:0812.4219 [hep-th].

[15] S. Alexandrov, “D-instantons and twistors: some exact results,” arXiv:0902.2761

[hep-th].

[16] M. Bodner, A. C. Cadavid, and S. Ferrara, “(2,2) vacuum configurations for type IIA superstrings: N=2 supergravity Lagrangians and algebraic geometry,” Class. Quant. Grav. 8 (1991) 789–808.

[17] H. Günther, C. Herrmann, and J. Louis, “Quantum corrections in the hypermultiplet moduli space,” Fortsch. Phys. 48 (2000) 119–123, arXiv:hep-th/9901137.

[18] I. Antoniadis, S. Ferrara, R. Minasian, and K. S. Narain, “R^4 couplings in M- and type II theories on Calabi-Yau spaces,” Nucl. Phys. B507 (1997) 571–588,

arXiv:hep-th/9707013.

[19] S. M. Salamon, “Quaternionic Kähler manifolds,” Invent. Math. 67 (1982) no. 1, 143–171.

– 45 –

[20] C. LeBrun, “Quaternionic-Kähler manifolds and conformal geometry,” Math. Ann. 284 (1989) no. 3, 353–376.

[21] S. Alexandrov, B. Pioline, F. Saueressig, and S. Vandoren, “Linear perturbations of quaternionic metrics.,” arXiv:0810.1675 [hep-th].

[22] D. Joyce, “Holomorphic generating functions for invariants counting coherent sheaves on Calabi-Yau 3-folds,” Geom. Topol. 11 (2007) 667–725.

[23] M. Kontsevich and Y. Soibelman, “Stability structures, motivic Donaldson-Thomas invariants and cluster transformations,” arXiv:0811.2435 [math.AG].

[24] D. Gaiotto, G. W. Moore, and A. Neitzke, “Four-dimensional wall-crossing via three-dimensional field theory,” arXiv:0807.4723 [hep-th].

[25] J. Ehlers, “Konstruktionen und Charakterisierung von Losungen der Einsteinschen Gravitationsfeldgleichungen,”. PhD dissertation, Hamburg, 1957.

[26] N. A. Obers and B. Pioline, “U-duality and M-theory,” Phys. Rept. 318 (1999) 113–225, hep-th/9809039.

[27] I. Bakas, “Space-time interpretation of s duality and supersymmetry violations of t duality,” Phys. Lett. B343 (1995) 103–112, arXiv:hep-th/9410104.

[28] S. Kachru and C. Vafa, “Exact results for N=2 compactifications of heterotic strings,” Nucl. Phys. B450 (1995) 69–89, arXiv:hep-th/9505105.

[29] A. Strominger, “Loop corrections to the universal hypermultiplet,” Phys. Lett. B421 (1998) 139–148, arXiv:hep-th/9706195.

[30] K. Becker and M. Becker, “Instanton action for type II hypermultiplets,” Nucl. Phys.

B551 (1999) 102–116, arXiv:hep-th/9901126.

[31] I. Antoniadis, R. Minasian, S. Theisen, and P. Vanhove, “String loop corrections to the universal hypermultiplet,” Class. Quant. Grav. 20 (2003) 5079–5102, hep-th/0307268.

[32] L. Anguelova, M. Roček, and S. Vandoren, “Quantum corrections to the universal hypermultiplet and superspace,” Phys. Rev. D70 (2004) 066001, hep-th/0402132.

[33] S. Alexandrov, F. Saueressig, and S. Vandoren, “Membrane and fivebrane instantons from quaternionic geometry,” JHEP 09 (2006) 040, hep-th/0606259.

[34] L. Bao, C. Colonnello, A. Kleinschmidt, B. Nilsson, , and D. Persson, “Instanton corrections to the universal hypermultiplet and automorphic forms on SU(2, 1).”. To appear.

– 46 –

[35] E. Kiritsis and B. Pioline, “On R^4 threshold corrections in type IIB string theory and (p,q) string instantons,” Nucl. Phys. B508 (1997) 509–534, arXiv:hep-th/9707018.

[36] B. Pioline and A. Waldron, “The automorphic membrane,” JHEP 06 (2004) 009,

hep-th/0404018.

[37] A. I. Vinogradov and L. A. Takhtadžjan, “Theory of the Eisenstein series for the group SL(3, R) and its application to a binary problem. I. Fourier expansion of the highest Eisenstein series,” Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 76 (1978) 5–52, 216. Analytic number theory and the theory of functions.

[38] D. Bump, Automorphic forms on GL(3, R), vol. 1083 of Lecture Notes in Mathematics.

Springer-Verlag, Berlin, 1984.

[39] A. Dhar and G. Mandal, “Probing 4-dimensional nonsupersymmetric black holes carrying D0- and D6-brane charges,” Nucl. Phys. B531 (1998) 256–274,

arXiv:hep-th/9803004.

[40] D. Rasheed, “The Rotating dyonic black holes of Kaluza-Klein theory,” Nucl. Phys.

B454 (1995) 379–401, arXiv:hep-th/9505038.

[41] F. Larsen, “Rotating Kaluza-Klein black holes,” Nucl. Phys. B575 (2000) 211–230,

arXiv:hep-th/9909102.

[42] F. Denef and G. W. Moore, “Split states, entropy enigmas, holes and halos,”

hep-th/0702146.

[43] R. Dijkgraaf, E. P. Verlinde, and M. Vonk, “On the partition sum of the NS five-brane,” hep-th/0205281.

[44] A. Kapustin, “Gauge theory, topological strings, and S-duality,” JHEP 09 (2004) 034,

hep-th/0404041.

[45] D. Kazhdan, B. Pioline, and A. Waldron, “Minimal representations, spherical vectors, and exceptional theta series. I,” Commun. Math. Phys. 226 (2002) 1–40,

hep-th/0107222.

[46] S. Alexandrov and F. Saueressig, “Quantum mirror symmetry and twistors,” JHEP 09 (2009) 108, arXiv:0906.3743 [hep-th].

[47] M. Gunaydin, A. Neitzke, O. Pavlyk, and B. Pioline, “Quasi-conformal actions, quaternionic discrete series and twistors: SU(2, 1) and G_2(2),” Commun. Math. Phys. 283 (2008) 169–226, arXiv:0707.1669 [hep-th].

[48] M. Günaydin, G. Sierra, and P. K. Townsend, “The geometry of N = 2 Maxwell-Einstein supergravity and Jordan algebras,” Nucl. Phys. B242 (1984) 244.

– 47 –

[49] M. Günaydin and O. Pavlyk, “Minimal unitary realizations of exceptional U-duality groups and their subgroups as quasiconformal groups,” JHEP 01 (2005) 019,

hep-th/0409272.

[50] M. Günaydin and O. Pavlyk, “Generalized spacetimes defined by cubic forms and the minimal unitary realizations of their quasiconformal groups,” JHEP 08 (2005) 101,

hep-th/0506010.

[51] B. Pioline, “Lectures on on black holes, topological strings and quantum attractors,” Class. Quant. Grav. 23 (2006) S981, hep-th/0607227.

[52] A. Swann, “Hyper-Kähler and quaternionic Kähler geometry,” Math. Ann. 289 (1991) no. 3, 421–450.

[53] B. de Wit, M. Roček, and S. Vandoren, “Hypermultiplets, hyperkähler cones and quaternion-Kähler geometry,” JHEP 02 (2001) 039, hep-th/0101161.

[54] A. Neitzke, B. Pioline, and S. Vandoren, “Twistors and Black Holes,” JHEP 04 (2007) 038, hep-th/0701214.

[55] B. Pioline and A. Waldron, “Automorphic forms: A physicist’s survey,”

hep-th/0312068.

[56] N. A. Obers and B. Pioline, “Eisenstein series and string thresholds,” Commun. Math.

Phys. 209 (2000) 275–324, arXiv:hep-th/9903113.

[57] A. Selberg, “Discontinuous groups and harmonic analysis,” in Proc. Internat. Congr.

Mathematicians (Stockholm, 1962), pp. 177–189. Inst. Mittag-Leffler, Djursholm, 1963.

[58] R. P. Langlands, On the functional equations satisfied by Eisenstein series. Lecture Notes in Mathematics, Vol. 544. Springer-Verlag, Berlin, 1976.

[59] A. B. Venkov, “The Selberg trace formula for SL(3, Z),” Dokl. Akad. Nauk SSSR 228 (1976) no. 2, 273–276.

[60] R. P. Langlands, Euler products. Yale University Press, New Haven, Conn., 1971. A James K. Whittemore Lecture in Mathematics given at Yale University, 1967, Yale Mathematical Monographs, 1.

[61] I. J. Vahutinski, “Unitary irreducible representations of the group GL(3, R) of real matrices of the third order,” Mat. Sb. (N.S.) 75 (117) (1968) 303–320.

[62] M. B. Green and M. Gutperle, “Effects of D-instantons,” Nucl. Phys. B498 (1997) 195–227, arXiv:hep-th/9701093.

– 48 –

[63] Y.-h. Ishikawa, “The generalized Whittaker functions for SU(2, 1) and the Fourier expansion of automorphic forms,” J. Math. Sci. Univ. Tokyo 6 (1999) no. 3, 477–526.

[64] H. Narita, “Fourier-Jacobi expansion of automorphic forms on Sp(1, q) generating quaternionic discrete series,” J. Funct. Anal. 239 (2006) no. 2, 638–682.

[65] E. Onofri, “Landau levels on a torus,” Int. J. Theor. Phys. 40 (2001) 537–549,

arXiv:quant-ph/0007055.

[66] M. Günaydin, A. Neitzke, and B. Pioline, “Topological wave functions and heat equations,” JHEP 12 (2006) 070, hep-th/0607200.

[67] G. W. Gibbons, M. B. Green, and M. J. Perry, “Instantons and Seven-Branes in Type IIB Superstring Theory,” Phys. Lett. B370 (1996) 37–44, arXiv:hep-th/9511080.

[68] E. Witten, “Five-brane effective action in M-theory,” J. Geom. Phys. 22 (1997) 103–133, arXiv:hep-th/9610234.

[69] D. A. Vogan, Jr., “The unitary dual of G_2,” Invent. Math. 116 (1994) no. 1-3, 677–791. [70] M. Günaydin and O. Pavlyk, “A unified approach to the minimal unitary realizations of noncompact groups and supergroups,” JHEP 09 (2006) 050, hep-th/0604077.

[71] M. Günaydin, K. Koepsell, and H. Nicolai, “Conformal and quasiconformal realizations of exceptional Lie groups,” Commun. Math. Phys. 221 (2001) 57–76, hep-th/0008063.

[72] M. Günaydin, K. Koepsell, and H. Nicolai, “The minimal unitary representation of E_{8(8)},” Adv. Theor. Math. Phys. 5 (2002) 923–946, hep-th/0109005.

[73] B. Pioline, “BPS black hole degeneracies and minimal automorphic representations,” JHEP 0508 (2005) 071, hep-th/0506228.

[74] M. de Vroome and S. Vandoren, “Supergravity description of spacetime instantons,” Class. Quant. Grav. 24 (2007) 509–534, hep-th/0607055.

[75] M. Chiodaroli and M. Gutperle, “Instantons and Wormholes in N=2 supergravity,”

arXiv:0901.1616 [hep-th].

[76] B. H. Gross and N. R. Wallach, “On quaternionic discrete series representations, and their continuations,” J. Reine Angew. Math. 481 (1996) 73–123.

[77] M. Gunaydin and O. Pavlyk, “Spectrum Generating Conformal and Quasiconformal U-Duality Groups, Supergravity and Spherical Vectors,” arXiv:0901.1646 [hep-th].

[78] C. LeBrun, “A Rigidity Theorem for Quaternionic-Kahler Manifolds,” Proceedings of the American Mathematical Society 103 (1988) no. 4, 1205–1208.

– 49 –

[79] A. Joseph, “Minimal realizations and spectrum generating algebras,” Comm. Math.

Phys. 36 (1974) 325–338.

[80] T. Shintani, “On an explicit formula for class-1 “Whittaker functions” on GL_n over P -adic fields,” Proc. Japan Acad. 52 (1976) no. 4, 180–182.

[81] W. Casselman and J. Shalika, “The unramified principal series of p-adic groups. II. The Whittaker function,” Compositio Math. 41 (1980) no. 2, 207–231. .

[82] A. Givental, “Stationary phase integrals, quantum Toda lattices, flag manifolds and the mirror conjecture,” in Topics in singularity theory, vol. 180 of Amer. Math. Soc. Transl. Ser. 2, pp. 103–115. Amer. Math. Soc., Providence, RI, 1997.

[83] A. Gerasimov, D. Lebedev and S. Oblezin, “On q-deformed gl(l+1)-Whittaker function”, arXiv:0803.0145 [hep-th].

[84] D. Kazhdan and A. Polishchuk, “Minimal representations: spherical vectors and automorphic functionals,” in Algebraic groups and arithmetic, pp. 127–198. Tata Inst. Fund. Res., Mumbai, 2004.

– 50 –