arXiv:0902.3765v2 [hep-th] 2 Mar 2009

UCLA/08/TEP/40

Progress on Ultraviolet Finiteness of Supergravity

Z. Bern^1, J. J. M. Carrasco^2 and H. Johansson^2

Department of Physics and Astronomy UCLA, Los Angeles, CA 90095-1547, USA

Abstract

In this lecture we summarize recent calculations pointing to the possible ultraviolet finiteness of N = 8 supergravity in four dimensions. We outline the modern unitarity method, which enables multiloop calculations in this theory and allows us to exploit a remarkable relation between tree-level gravity and gauge-theory amplitudes. We also describe a link between observed cancellations at loop level and improved behavior of tree-level amplitudes under large complex deformations of momenta.

1 Introduction

For over 25 years the prevailing wisdom has been that it is impossible to construct a perturbatively ultraviolet finite point-like quantum field theory of gravity in four dimensions (see e.g. refs. [1]). In this lecture we describe recent concrete calculations that call into question this belief.

Of all unitary quantum gravity field theories, maximally supersymmetric N = 8 supergravity [2] is the most promising one to investigate for possible ultraviolet finiteness. Its high degree of supersymmetry suggests that it has the best ultraviolet properties of any gravity field theory with two derivative couplings. Moreover, with the modern unitarity method [3, 4, 5, 6, 7, 8, 9], the high degree of supersymmetry can be exploited to greatly simplify calculations. In fact, the striking simplicity of the theory led to the recent suggestion that N = 8 supergravity may in a sense be the simplest quantum field theory [10]. The unitarity method allows us to exploit a remarkable relation between gravity and gauge-theory tree amplitudes [11, 12, 13], allowing us to map gravity calculations into algebraically simpler gauge-theory calculations.

In a classic paper ’t Hooft and Veltman showed that gravity coupled to matter generically diverges at one loop in four dimensions [14, 15]. Due to the dimensionful nature of the coupling, the divergences cannot be absorbed by a redefinition of the original parameters of the Lagrangian, rendering the theory non-renormalizable. Pure Einstein gravity does not possess a viable counterterm at one loop, delaying the divergence to two loops [14, 16, 17]. The two-loop divergence of pure Einstein gravity was established by Goroff and Sagnotti and by van de Ven, through direct computation [18, 19].

1Presenter at International School of Subnuclear Physics, 46th Course, Erice Sicily, August 29- September 7, 2008.

2Scientific secretary.

Figure 1: Gauge theories have three- and four-point vertices in a Feynman diagrammatic description.

Figure 2: Gravity theories have an infinite number of higher-point contact interactions in a Feynman diagrammatic description.

Over the years supersymmetry has been studied extensively as a mechanism for delaying the onset of divergences in gravity theories. No supergravity theory can diverge until at least three loops [20, 21, 1]. With additional assumptions this can be delayed further [22, 23, 24, 25, 26], perhaps even to nine loops. However, all studies to date based on supersymmetry considerations alone point to protection against divergences from supersymmetry failing at some loop order. An additional mechanism is needed to prevent divergences.

Here we review direct evidence at three loops [27, 28] that such a mechanism does indeed exist in gravity theories. It is striking that all explicit complete calculations of N = 8 supergravity scattering amplitudes [6, 29, 30, 31, 27, 32, 33, 34, 10, 28] find a power counting identical to that of N = 4 super-Yang-Mills theory, which is known to be finite in four dimensions [35, 36, 37]. Interestingly, M theory has also been used to argue for the finiteness of N = 8 supergravity [38], though issues with decoupling towers of massive states [39] may alter these conclusions.

Here we focus only on the possible order-by-order finiteness of the perturbative series of N = 8 supergravity, leaving aside non-perturbative issues or how one might go about constructing a realistic ultraviolet finite theory. We are interested in perturbative ultraviolet finiteness of gravity because the existence of cancellations sufficient to render the theory finite would imply a new symmetry or dynamical mechanism to enforce these. We can expect that a proper understanding of the mechanism behind such cancellations will have a profound impact on our understanding of gravity.

2 Quantum gravity

2.1 Feynman diagram approach

Before turning to the on-shell methods used in modern calculations, it is helpful to first survey gravity Feynman diagrams. We compare the Feynman diagrams of gravity to those of gauge theory. Consider the Einstein-Hilbert and Yang-Mills Lagrangians,

L_{YM} = − 1 4 F^a_{μν} F^{a μν} , L_{EH} = 2 κ^2 √ −gR . (1) Following standard Feynman diagrammatic methods we gauge fix and then expand the Lagrangians in a set of vertices. As illustrated in figs. 1 and 2, with standard gauge choices for gauge theory there are three- and four-point interactions, while for gravity there are an infinite number of contact interactions. (As we shall discuss below, all interactions beyond three points are, in fact, unnecessary when using on-shell methods.) Perhaps more striking than the infinite number of interactions is the complexity of these interactions. Consider, for example, the three-graviton interaction. In standard de Donder gauge, the three-graviton vertex is of the form, G_{3μα,νβ,σγ} (k_1, k_2, k_3) = i κ 2 Sym [ − 1 2 P_3(k_1 · k_2η_{μα}η_{νβ}η_{σγ} ) − 1 2 P_6(k_{1ν} k_{1β}η_{μα}η_{σγ} ) + 1 2 P_3(k_1 · k_2η_{μν} η_{αβ}η_{σγ} )

+ P_6(k_1 · k_2η_{μα}η_{νσ}η_{βγ} ) + 2P_3(k_{1ν} k_{1γ} η_{μα}η_{βσ}) − P_3(k_{1β}k_{2μ}η_{αν} η_{σγ} ) + P_3(k_{1σ}k_{2γ} η_{μν} η_{αβ}) + P_6(k_{1σ}k_{1γ} η_{μν} η_{αβ}) + 2P_6(k_{1ν} k_{2γ} η_{βμ}η_{ασ})

+ 2P_3(k_{1ν} k_{2μ}η_{βσ}η_{γα}) − 2P_3(k_1 · k_2η_{αν} η_{βσ}η_{γμ}) ] , (2)

where “Sym” signifies a symmetrization in μ ↔ α, ν ↔ β and σ ↔ γ, and P_3 and P_6 signify a symmetrization over the three external legs, generating three or six terms respectively. Here the coupling κ is related to Newton’s constant by κ^2 = 32π^2G_N . In total the vertex has on the order of 100 terms. The k_i are the momenta of the three gravitons and η_{μν} the flat metric. The precise form of the vertex depends on the gauge, but in general the three vertex is rather complicated. We may contrast this to the relatively simple three-gluon vertex in Feynman gauge, V^{abc}_{3μ,ν,σ}(k_1, k_2, k_3) = gf^{abc} [ (k_1 − k_2)_ση_{μν} + cyclic ] . (3)

Obviously, based on these considerations gravity would seem much more complicated than gauge theory.

One can do better with special gauge choices and appropriate field redefinitions [19, 12], considerably simplifying the Feynman rules. Still, multiloop calculations in gravity based directly on Feynman diagrams are extremely difficult, if not impossible, even with the power of modern computers. Because of this difficulty, few explicit determinations of counterterms have been carried out using Feynman diagrams, with some notable exceptions [14, 15, 18, 19].

2.2 Power counting in gravity theories

In four dimensions Newton’s constant is dimensionful, implying that gravity theories in four dimensions are non-renormalizable by power counting. The standard argument that gravity theories are badly behaved in the ultraviolet follows simply from loop-level Feynman diagrams. Consider a Feynman diagram such as the three-loop one in fig. 3. If

Figure 3: A sample diagram at three loops. A three-graviton vertex is quadratic in the momenta while a gauge theory vertex in linear in the momenta, suggesting that gravity theories are worse behaved in the ultraviolet than gauge theories.

the diagram is for gluon scattering of Yang-Mills theory, the diagram yields a Feynman integral of the form, ∫ L∏ j=1 d^Dp_j (2π)^D · · · (gf^{abc}p^μ_i ) · · · ∏ m(l^2_m + iϵ)

, (4)

where the numerator factor of the form (gf^{abc}p^μ_i ) signifies a vertex factor, given by a coupling g, color factor f^{abc} and a momentum p^μ_j . The denominators are the Feynman propagators of the diagram, carrying momenta depending on the independent loop and external momenta p_i and k_i. This may be contrasted with the corresponding gravity diagram, whose form is similar except the vertices have two powers of momenta in the numerator for each vertex, ∫ L∏ j=1 d^Dp_j (2π)^D · · · (κp^μ_i p^ν_k) · · · ∏ m(l^2_m + iϵ)

. (5)

Generically, the momenta appearing in the vertices will be loop momenta. Because of the larger number of loop momenta in the numerators we may expect each gravity Feynman integral to be worse behaved in the ultraviolet, compared to the corresponding gauge theory diagram, unless there are non-trivial cancellations. Based on these simple power-counting considerations, as the number of loops increases we may expect an everworsening behavior compared to gauge theory.

We can easily determine the structure of a counterterm given a divergence at a given loop order. Since every loop gains an extra power of G_N ∼ 1/M^2_{planck} every additional loop must gain two powers of mass dimension to compensate. For graviton amplitudes this corresponds to an additional power of the Riemann tensor, R_{μνσρ}, or to a covariant derivative D^2. At one loop, pure-gravity counterterms in the Lagrangian involve two powers of the Riemann tensor, but by an accident of four dimensions, the Gauss-Bonnet theorem eliminates the potential on-shell counterterm. However, if matter is added, then generically a one-loop divergence appears [14, 15]. At two loops the potential counterterm is of the form R^{λρ}_{μν} R^{μν}_{στ} R^{στ}_{λρ}. In pure gravity, thanks to calculations by Goroff and Sagnotti and by van de Ven [18, 19], we know for a fact that the theory diverges and the coefficient of this counterterm is nonvanishing.

The first divergence in any four-dimension supergravity theory can be no earlier than three loops, since the potential one- and two-loop counterterms cannot be made consistent with supersymmetry [20]. In this case, the potential counterterm consistent with supersymmetry is an R^4 term [1] with indices appropriately contracted, corresponding to the square of the Bel-Robinson tensor. With additional assumptions we can raise the loop order where a divergence is first expected in N = 8 supergravity. For example, if an off-shell superspace with N = 6 supersymmetries manifest were to exist, potential divergences in four dimensions would be delayed to at least five loops [22]. This is supported by recent supersymmetry arguments which do not rely on the existence of such a superspace [26]. One can go beyond this by assuming the existence of a superspace with N = 7 supersymmetries manifest which would delay the first potential divergence to at least six loops [22]. Continuing in this way, if one were to assume the existence of a fully covariant off-shell superspace with N = 8 supersymmetries manifest, then the first potential divergence would be pushed to seven loops [40]. It is important to note that since no off-shell superspace beyond N = 4 has been constructed for supergravity theories, bounds based on assuming their existence are not firm. A full superspace invariant, which could act as potential a counterterm, has been constructed at eight loops, suggesting that a divergence might appear at this loop order, if it does not appear earlier [41]. The appearance of the first potential divergence can even be pushed to nine loops, with an additional speculative assumption that all fields respect ten-dimensional general coordinate invariance [25]. This bound coincides with the one argued [24] from the type II string theory non-renormalization theorem of Berkovits [23]. Beyond this order, no purely supersymmetric mechanism has been suggested for preventing the onset of divergences. Indeed, for a supergravity theory to be ultraviolet finite to all orders of the perturbative expansion, novel cancellations beyond the known supersymmetric ones must exist.

Of course, no power counting arguments can prove the existence of a divergence, only that divergences cannot appear prior to a certain loop order. If the theory were to possess a hidden symmetry, not accounted for in the power counting bound, the bound may suggest the appearance of a divergence when, in fact, there is none. The possibility of hidden symmetries is real: the three-loop divergence thought to appear in the three-loop four-point amplitude in the studies from 1980’s [1] is now known to not be present [27, 28, 26]. As already mentioned in the introduction, there are a number of good reasons to question the conventional wisdom and to reexamine the ultraviolet behavior of N = 8 supergravity using modern on-shell methods.

3 On-shell methods

The computations we summarize in the next section were obtained using on-shell methods. A key feature of these methods is that the elementary building blocks for obtaining new amplitudes are previously obtained on-shell amplitudes. These methods fall into two basic categories: on-shell recursion [42, 43] and the modern unitarity method [3]. Onshell recursion is suitable for obtaining complete tree-level amplitudes while the unitarity method is suitable at loop level. At one loop a hybrid bootstrap approach making use of both unitarity and on-shell recursion has also been developed [44]. The use of these methods have become much more widespread in recent years because of their computational efficiency, especially at loop level. These methods have been applied to a wide variety of problems, including QCD (see refs. [45] for examples of recent applications),

AdS/CFT studies of N = 4 super-Yang-Mills amplitudes [46, 47], and to quantum gravity which we discuss here. Here we only briefly review on-shell methods, focusing on the salient features for gravity, and refer the reader to various reviews [48] for more extensive expositions.

3.1 On-shell vertices

As an explicit example of the inherent simplification of on-shell methods, consider an on-shell version of the three-graviton vertex in eq. (2), where we dot the three legs with physical polarizations tensors, satisfying the on-shell conditions, k^2_i = ε^{μν}_i k_{iμ} = ε^{μν}_i k_{iν} = ε^μ_μ = 0. This gives the simplified vertex,

G_3(k_1, k_2, k_3) = −iκε^{μα}_1 ε^{νβ}_2 ε^{σγ}_3 [ (k_1)_ση_{μν} + cyclic ][ (k_1)_γ η_{αβ} + cyclic ] , (6)

which is not much more complicated than the corresponding on-shell Yang-Mills vertex,

V^{abc}_3 (k_1, k_2, k_3) = ε^μ_1 ε^ν_2 ε^σ_3 2gf^{abc} [ (k_1)_ση_{μν} + cyclic ] , (7)

where the polarization vector satisfies ε^μ_i k_{iμ} = 0. As we shall discuss below, the structure of the on-shell graviton vertex as a product of the kinematic part of gauge-theory vertices is not accidental, but reflects a profound and important property of gravity.

If we proceed naively with an on-shell formalism, we encounter a difficulty: the on-shell three vertex for gravitons or gluons actually vanishes, because the process is kinematically forbidden. The solution is to use complex momenta [18, 49, 7], which allows us to satisfy the on-shell conditions and momentum conservation, yet define a nonvanishing vertex.

In general, in four dimensions it is best to express gauge and gravity amplitudes in terms of spinors. We define the two helicity configurations gluons as

ε^μ_±(k_i, q_i) = ± ⟨q_i^−| γ^μ |k_i^−⟩ √ 2⟨q^∓_i |k^±_i ⟩ , (8)

where |k^±_i ⟩ ≡ u_±(k_l) are Weyl spinors and the q_i are arbitrary null “reference momenta”. The graviton polarization tensors are simply products of these,

ε^{μα}_± (k_i, q_i) = ε^μ_±(k_i, q_i) ε^α_±(k_i, q_i) . (9)

For later reference we define spinor inner products, as ⟨j l⟩ = ⟨k^−_j |k^+_l ⟩ , [j l] = ⟨k^+_j |k^−_l ⟩ . (10) These products are antisymmetric, ⟨j l⟩ = − ⟨l j⟩, [j l] = − [l j]. For massless momenta, spinor inner products are complex square roots of Lorentz inner products, satisfying ⟨i j⟩ [j i] = 2k_i · k_j. For further details, see refs. [50].

3.2 Behavior of amplitudes under large complex shifts

On-shell recursion [42, 43, 51, 52] gives us a simple means for systematically constructing new tree-level amplitudes in gravity and in gauge theory using previously constructed lower-point amplitudes. The proof of the recursion relations employs a complex shift of two momenta,

k^μ_j → k^μ_j (z) = k^μ_j − z 2 ⟨ j^− | γ^μ | l^− ⟩ , k^μ_l → k^μ_l (z) = k^μ_l + z 2 ⟨ j^− | | γ^μ | |l^−⟩ , (11) so that they remain massless, k^2_j (z) = k^2_l (z) = 0, and overall momentum conservation is maintained. An on-shell amplitude containing the momenta k_j and k_l then depends on the parameter z, A(z) = A(k_1, . . . , k_j(z), k_{j+1}, . . . , k_l(z), k_{l+1}, . . . , k_n) , (12) where the physical amplitude is recovered by setting z = 0.

A crucial step in the proof of on-shell recursion relations is the requirement that A(z) vanishes as z → ∞. This property has been demonstrated for a wide class of shifts in gauge [43, 53] and gravity theories [51, 52]. This property is especially surprising for gravity, where the larger number of powers of loop momentum in the vertices would tend to make the diagrams ill-behaved as z → ∞. In general, individual Feynman diagrams are not well behaved as z → ∞; only the complete amplitudes vanish in this limit because of a strong cancellation between diagrams. However, with a space-like gauge similar to light-cone gauge [54] it is possible to arrange the diagrams in both gauge theory [55] and gravity [52] such that each diagram is well behaved at large z. The improved large z behavior appears connected to an enhanced Lorentz symmetry appearing in this limit [52].

An important consequence of the on-shell recursion relations is that we can recursively construct tree-level scattering amplitudes starting from on-shell three-point vertices. This can even be carried out for pure gravity in D dimensions [52]. Using the unitarity method these tree amplitudes are all that are needed to systematically construct all higher-loop amplitudes. This construction does not use four- and higher-point vertices in any step for either gauge or gravity theories. Thus, rather surprisingly the four- and higher-point vertices displayed in figs. 1 and 2 are irrelevant, as far as scattering amplitudes to any loop order are concerned.

Note the behavior of the amplitudes as z → ∞ is connected to the high-energy behavior of the theory, albeit in a complex direction. As we shall discuss below, the vanishing of A(z) as z → ∞ is connected directly to loop-level ultraviolet cancellations [32].

3.3 Kawai-Lewellen-Tye tree-level relations

From the perspective of Lagrangians or off-shell Feynman rules it is very difficult to discern any simple relations between gravity and gauge theory amplitudes. Nevertheless, tree-level gravity amplitudes can be rewritten in terms of gauge-theory amplitudes, a fact first uncovered in string theory by Kawai, Lewellen and Tye (KLT) [11, 12, 13]. These relations also hold in field theory, as the low-energy limit of string theory. In this limit, the KLT relations for four-, and five-point amplitudes are

M^{tree}_4 (1, 2, 3, 4) = −is_{12}A^{tree}_4 (1, 2, 3, 4) ~A^{tree}_4 (1, 2, 4, 3) , (13) M^{tree}_5 (1, 2, 3, 4, 5) = is_{12}s_{34}A^{tree}_5 (1, 2, 3, 4, 5) ~A^{tree}_5 (2, 1, 4, 3, 5) + is_{13}s_{24}A^{tree}_5 (1, 3, 2, 4, 5) ~A^{tree}_5 (3, 1, 4, 2, 5) . (14)

Here the M_n’s are amplitudes in a gravity theory stripped of couplings, the A_n’s and ~A_n’s are two distinct color-ordered gauge theory amplitudes and the Mandelstam invariants are s_{ij} ≡ (k_i +k_j )^2, with k_i being the outgoing momentum of leg i. The color-ordered [50] gauge-theory amplitudes correspond to the coefficient of color traces with a given ordering of matrices. The gravity states are direct products of gauge-theory states for each external leg. Explicit formulæ for n-point amplitudes may be found in refs. [29, 56].

As a simple example, consider the four-graviton amplitude M^{tree}_4 (1^−, 2^−, 3^+, 4^+), where the ± labels refer to the helicity of the gravitons in an all outgoing convention. Using the four-gluon color-ordered amplitudes [50],

A^{tree}_4 (1^−, 2^−, 3^+, 4^+) = i

⟨1 2⟩^3 ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩ , A^{tree}_4 (1^−, 2^−, 4^+, 3^+) = i

⟨1 2⟩^3 ⟨2 4⟩ ⟨4 3⟩ ⟨3 1⟩ , (15)

from the KLT relation (13), we obtain immediately,

M^{tree}_4 (1^−, 2^−, 3^+, 4^+) = i ( κ 2 )_2 s_{12}

⟨1 2⟩^3 ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩ ⟨1 2⟩^3 ⟨2 4⟩ ⟨4 3⟩ ⟨3 1⟩ , (16)

where we have restored the gravity coupling constant. We invite the reader to evaluate this four-graviton amplitude using Feynman rules starting from the Einstein action: the result will match eq. (16). These relations hold not only for any theory corresponding to the low energy limit of a string theory, but appear to hold for a much broader range of gravity theories [13].

The KLT relations have recently been clarified, giving a more transparent form of the relation [56]. Consider the diagrammatic expansion of color-dressed gauge-theory amplitudes,

A^{tree}_n (1, 2, 3, . . . , n) = g^{n−2} ∑ i n_ic_i ( ∏ j p^2_j )_i , ~A^{tree}_n (1, 2, 3, . . . , n) = g̃^{n−2} ∑ i ñ_ic_i ( ∏ j p^2_j )_i

, (17)

where the A^{tree}_n and ~A^{tree}_n are two distinct gauge-theory amplitudes including color factors, c_i, and g is the coupling constant. The sum runs over all diagrams with only cubic vertices, so each diagram has exactly n − 3 propagators. The denominator ( ∏ j p^2_j )_i, represents the Feynman propagators of the i^{th} diagram. As discussed in ref. [56] the n_i and ñ_i numerators can be constrained to satisfy a kinematic numerator identity similar to the Jacobi identity satisfied by the c_i color factors. If the numerators satisfy this constraint, the gravity amplitudes, including factors of the coupling κ, are then given by,

M^{tree}_n (1, 2, 3, . . . , n) = i ( κ 2 )_{n−2} ∑ i n_iñ_i ( ∏ j p^2_j )_i

. (18)

The sum runs over the same set of diagrams as for the gauge theory case in eq. (17). This equation has been explicitly checked to be equivalent to the KLT relations through eight points [56].

Figure 4: Examples of generalized cuts for determining a three-loop four-point amplitude. Each blob represents an on-shell tree amplitude, and the displayed intermediate lines are all on shell.

Although the KLT relations are at present used merely as a technical trick to efficiently evaluate gravity amplitudes, they point towards a non-trivial field-theory unification of gravity and gauge theory. As is well known, string theory automatically encodes this unification.

3.4 Modern unitarity method for obtaining loop amplitudes

The modern unitarity method [3] gives us a systematic means for constructing loop amplitudes using on-shell tree amplitudes as input. To obtain an amplitude one first constructs an initial ansatz in terms of integral functions that reproduces one cut. Then, subsequent cuts of the amplitude are compared against the corresponding cuts of the ansatz. If any discrepancy is found in a later cut, additional terms that vanish when all the earlier cut conditions are imposed are added to the ansatz. Once a complete set of cuts have been checked, this procedure gives an integral representation of the loop amplitude with the correct cuts in all channels. The result is the complete amplitude, equivalent to what would have been obtained with Feynman diagrams.

At one loop, massless amplitudes in supersymmetric gauge theories are determined completely by their four-dimensional cuts [3]. Unfortunately, this has not been demonstrated at higher loops. Even if the theory is ultraviolet finite, infrared singularities are present in four dimensions requiring use of a version of dimensional regularization compatible with supersymmetry [57]. To guarantee that no terms are dropped in the construction, the unitarity cuts must be evaluated in D dimensions. Unfortunately, evaluating the cuts in D dimensions [4] makes the calculation significantly more difficult, because powerful four-dimensional spinor methods [50] can no longer be used.^3 For N = 4 super-Yang-Mills theory, some of this additional complexity can be sidestepped by performing internal-state sums in terms of the gauge supermultiplet of D = 10, N = 1 super-Yang-Mills theory instead of the D = 4, N = 4 multiplet; this counts the same states but simplifies the bookkeeping.

In practical calculations it is useful to first construct an ansatz for the amplitude based on using four-dimensional momenta in the generalized cuts, since we can use powerful spinor methods. Recently, there has been considerable improvement in bookkeeping the superpartners crossing unitarity cuts in four dimensions [59, 10], based on extensions of Nair’s on-shell superspace [60] to general amplitudes. After an ansatz for the complete

3An interesting paper with a six-dimension helicity-like formalism recently appeared [58].

amplitudes is constructed based on four-dimensional cuts, to guarantee that no terms are dropped, it must be check against the D-dimensional cuts. However, for four-point amplitudes in N = 4 super-Yang-Mills theory the weight of evidence points to all terms being detectable through five loops by four-dimensional cuts [61, 6, 62, 8]. Beyond this we do not expect cuts with four dimensional kinematics to be sufficient. Indeed, for two-loop six-point amplitudes, terms appear that vanish in four dimensions [47].

The KLT relations give us a rather efficient means of evaluating gravity generalized cuts that reduce the amplitude to products of tree amplitudes summed over intermediate states. These relations allow us to re-express cuts of gravity amplitudes to sums of products of cuts of gauge-theory amplitudes. The gauge-theory cuts are generally much simpler to evaluate. An important feature of this construction is that once the superpartner sums are performed for N = 4 super-Yang-Mills generalized cuts, the corresponding super-partner sum in N = 8 supergravity follows directly from the KLT relations. This holds in D dimensions as well. More generally, any simplifications performed on the gauge-theory generalized cuts carry over immediately to gravity cuts.

4 Ultraviolet properties of N = 8 supergravity

4.1 Early higher-loop computations

In refs. [61, 6], the two-loop four-point amplitudes of N = 4 super-Yang-Mills theory and N = 8 supergravity were determined in terms of scalar integrals via the unitarity method. A class of unitarity cuts—the “iterated two-particle cuts”—were evaluated to all loop orders, yielding a partial reconstruction of the four-point amplitudes at any loop order. The iterated cuts are fairly simple to evaluate because the same sewing algebra appears at each loop order [61]. For the case of N = 4 super-Yang-Mills theory, examining the powers of loop momenta in the numerator of the generic iterated two-particle cut contributions suggests the finiteness bound [6], D < 6 L + 4 (L > 1) , (19)

where D is the dimension of space-time and L the loop order. (The case of one loop, L = 1, is special, with the amplitudes finite for D < 8, not D < 10.) The bound (19) differs somewhat from earlier superspace power counting [37], although all bounds confirm the ultraviolet finiteness of N = 4 super-Yang-Mills theory in D = 4. This all-loop-order bound (19) has since been confirmed [22] using N = 3 harmonic superspace [63]. Explicit computations demonstrate this bound is saturated through at least four loops [61, 6, 64].

In ref. [6], the iterated two-particle cuts of N = 8 supergravity amplitudes were also analyzed, leading to the proposal that the four-point N = 8 supergravity amplitude should be ultraviolet finite for D < 10 L + 2 (L > 1) . (20)

(Again the one-loop case is special with the N = 8 supergravity amplitudes being finite for D < 8 [34].) This bound implies that in D = 4 the first potential divergence

Figure 5: Any one-loop n-point amplitude can be expressed as a linear combination of scalar box, triangle and bubble integrals. In N = 4 super-Yang-Mills and N = 8 supergravity, after reducing all integrals to this basis, the coefficients of all triangle and bubble integrals vanish.

in N = 8 supergravity may appear at five loops. The formula is also consistent with bounds obtained by Howe and Stelle [22], assuming the existence of an N = 6 harmonic superspace [63]. It is also consistent with a newer analysis [26] predicting divergences for L = 4, D = 5 and L = 5, D = 4, but which does not rely on the existence of such a superspace. Since bound (20), proposed in ref. [6] is based on a partial calculation, if there are additional hidden cancellations with uncalculated terms then the true finiteness bound would be improved compared to eq. (20).

4.2 Novel cancellations at one loop

A key clue for the existence of novel cancellations at higher loops [64] comes from one loop. A one-loop theorem [65] states that near four dimensions any n-point massless amplitude can be expressed as

A_n = ∑ i d_iI^i_4 + ∑ i c_iI^i_3 + ∑ i b_iI^i_2 , (21)

where the scalar integrals I_{2,3,4} are respectively bubbles, triangles, and boxes and d_i, c_i, b_i are (possibly dimension dependent) rational coefficients. These basis scalar integrals are displayed in fig. 5 and are the same ones that would appear in φ^3 theory. Some time ago, for the special case of maximally helicity violating one-loop amplitudes of N = 8 supergravity, a curious cancellation was observed, setting the coefficients of all triangle and bubble integrals to zero [29]. More recently, it became clear that the vanishing of the triangle and bubble integral coefficient was a general property of all one-loop N = 8 supergravity amplitudes [30, 31, 33], with proofs given in refs. [34, 52]. This has been called the “no-triangle property”, although it also implies lack of bubble integrals. For N = 8 supergravity this one-loop behavior is rather surprising and suggests the existence of hidden cancellations not apparent in naive power counting. We can use this to limit the number of powers of loop momenta which can appear in the numerator of one-loop amplitudes in N = 8 supergravity. Under the Brown-Feynman or Passarino-Veltman reduction [65] each power of l · k_i—where l is a loop momentum and k_i an external momentum—will give a linear combination of integrals with either no or one canceled propagator. For example, an amplitude with a hexagon integral with a numerator of the form (l · k_i)^3, after integral reductions will contain box and triangle integrals. With an additional power of l · k_i, bubble integrals will also appear.

Interestingly, the observed novel cancellations appear to be generic in gravity theories, as suggested by the one-loop study of ref. [32]. In fact, these type of cancellations

Figure 6: An L-loop contribution as proposed in ref. [6] based on a partial analysis of unitarity cuts. In N = 4 super-Yang-Mills theory the numerator factor is [(l+k_4)^2]^{(L−2)}, after dividing out factors which are independent of loop momenta. In the N = 8 supergravity case the proposed corresponding factor was [(l + k_4)^2]^{2(L−2)}. This proposal violates the no-triangle property of the one-loop amplitude isolated by the cut in fig. 7(a), implying additional cancellations with other contributions.

Figure 7: The no-triangle property ensures that all one-loop subamplitudes appearing in a multiloop N = 8 supergravity amplitude have the same degree of divergence as that of N = 4 super-Yang-Mills theory. The cut (a) is an L-particle cut of an L-loop amplitude. Cut (b) makes use of generalized unitarity to isolate a one-loop subamplitude. These cuts may be used to demonstrate the existence of novel cancellations to all loop orders.

may be generic to any theory where color factors do not prevent cancellations between contributions with a differing ordering of legs [66]. The novel one-loop cancellations were also shown to follow from the remarkably good high-energy behavior of gravity tree amplitudes under the complex deformations used to prove on-shell recursion relations in gravity [43, 51, 10].

4.3 Novel cancellations to all loop orders

By itself, the cancellation of one-loop triangle and bubble integrals at n-points does not directly say anything about the ultraviolet properties of the theory. However, as pointed out in ref. [64], for a certain class of terms, the unitarity method gives us a powerful means to non-trivially constrain the ultraviolet behavior of multiloop amplitudes to all loop orders [64], starting from the one-loop no-triangle cancellations. In particular, consider the diagrammatic contributions to the L-loop four-point amplitude of the form in fig. 6. Based on evaluating the iterated two-particle cuts, ref. [6] suggested that for N = 4 super-Yang-Mills theory the numerator of the integral corresponding to this diagram be dressed by a factor of [(l + k_4)^2]^{(L−2)} , (22) after removing factors which are independent of the loop momentum l. For N = 8 supergravity, the proposed corresponding factor was,

[(l + k_4)^2]^{2(L−2)} . (23)

which is much worse behaved as L increases compared to the super-Yang-Mills numerator (22). Power counting the integral in fig. 7 with this numerator gives the N = 8 finiteness bound in eq. (20).

However, additional cancellations must exist because the too high a power of loop momentum in the proposed numerator (23) would lead to a violation of the no-triangle-integral property in the one-loop subamplitude isolated by the unitarity cut shown in fig. 7(a). This violation would start at three loops. To prevent this, non-trivial cancellations with other integrals would need to start at three loops, effectively reducing the number of powers of loop momenta in the numerators. Besides constraints on the power counting from the cut in fig. 7(a), non-trivial additional constraints follow from the set of all generalized cuts isolating a one-loop subamplitude, schematically depicted in fig. 7(b). After the cancellations take place, at three loops only two powers of loop momenta should remain, matching the number appearing in the N = 4 super-Yang-Mills case (22). This has been confirmed by explicit calculation [27, 28].

It is interesting that there does not appear to be a purely supersymmetric explanation of these cancellations [22, 26]. If it is not entirely supersymmetry then what might be behind the cancellations? The unitarity method implies that cancellations must have their origin in tree-level cancellations. An obvious guess is that the loop-level cancellations should be related to the tree-level ones under large complex deformations of the momenta discussed in section 3.2. Indeed this is the case [31, 32]. From an analysis of one-loop cancellations using an integration formalism due to Forde [67], the following picture emerges [32]: Most of the one-loop cancellations observed in N = 8 supergravity leading to the no-triangle property are already present in non-supersymmetric pure gravity and are directly tied to the tree-level cancellations. Schematically, in N = 8 supergravity we find that a one-loop integral with the 2n maximum number of powers of loop momentum undergoes a cancellations of n + 4 powers, leaving n − 4 powers. Of the canceled powers of loop momentum, 8 are due to supersymmetry while n − 4 are generic and cancel also in pure Einstein gravity. The generic cancellations have recently been attributed to the unordered nature of the graviton amplitudes [34, 66].

Although the above arguments demonstrate the existence of novel ultraviolet cancellations to all loop orders, they do not demonstrate that these cancellations exist for all contribution. In particular, contributions not detectable by isolating a one-loop subamplitude will not be constrained. We therefore need to inspect such terms. The three-loop four-point amplitude is the logical place to do so because it is the simplest example expected to exhibit the novel cancellations.

4.4 Superfiniteness at three loops

In refs. [27, 28] the full three-loop four-point amplitude of N = 8 supergravity was obtained using the unitarity method. These computations establish the existence of novel cancellations in terms not sensitive to cuts isolating a one-loop subamplitude.

Figure 8: The different parent diagrams in terms of which four-point three-loop amplitudes may be expressed.

In the original calculation of the three-loop four-point amplitude [27], the result was given in a form where individual diagrams have a worse power counting than the complete answer. An improved form, was subsequently found using the method of maximal cuts [8].^4 In the latter form the individual contributions are no worse behaved than the contributions of the corresponding super-Yang-Mills amplitude [28].

The three-loop amplitudes can be described in terms of the “parent diagrams” displayed in fig. 8 dressed by appropriate numerator factors. The integrals composing the amplitudes are of the form,

I^{(x)} = i ∫ [ 3∏ i=1 d^Dq_i (2π)^D ] N^{(x)}(q_j , k_j) ∏_{14}

m=5 l^2_m

, (24)

where the q_i’s are three independent loop momenta, the l_m’s are the momenta carried by the propagators of the diagrams, and the N^{(x)}(q_j , k_j) are numerator factors.

In the improved form given in ref. [28], no numerator factors of N = 8 supergravity have a worse power count than the corresponding factors of N = 4 super-Yang-Mills theory. That is, numerators in either theory satisfy,

∂_{qi} ∂_{qj} ∂_{qk} N^{(x)}(q_m, k_m) = 0 , (25)

for the independent loop momenta with i, j, k taking on the values 1, 2, 3. Thus, no more than two powers of loop momenta appear and the power counting of the three-loop four-point N = 8 supergravity amplitude is identical to that of the corresponding N = 4 super-Yang-Mills amplitude. Not only does this computation prove that the three-loop

4A related method is the leading singularity method, which has also been used in calculations of various maximally supersymmetric multiloop amplitudes [9].

divergence is not present in four dimensions, the amplitude exhibits “superfiniteness” or cancellations beyond those required for finiteness. Instead of the finiteness condition (20), at L = 3 the correct power count for the four-point amplitude is the one matching the corresponding super-Yang-Mills amplitude (19). Explicit calculations show that the finiteness bound (19) is saturated in both theories, so at three loops both theories do diverge in six dimensions.

5 Conclusions

Maximally supersymmetric N = 8 supergravity theory is the most promising candidate for a unitary perturbatively ultraviolet-finite point-like quantum field theory of gravity. The modern unitarity method offers a powerful means to probe its multiloop ultraviolet behavior, mitigating the rather rapid increase in complexity of Feynman diagrams at higher-loop orders. We summarized the results of refs. [27, 28], where a loop-integral representation of the three-loop four-point amplitude of N = 8 supergravity was presented, exhibiting cancellations beyond those needed for finiteness. The three-loop power counting matched the one for N = 4 super-Yang-Mills theory, which is known to be ultraviolet finite.

As we discussed, for a subset of contributions novel all-loop cancellations exist with no known supersymmetry explanation. This follows from an investigation of a class of generalized unitarity cuts [64], making use of the one-loop “no-triangle property” [29, 30, 31, 68, 33, 34, 10]. In ref. [32] one-loop cancellations in generic theories of gravity were linked to unexpectedly soft behavior of tree-level gravity amplitudes under large complex shifts of their momenta [51, 52]. This mechanism was also proposed as a source of all-loop cancellations, perhaps sufficiently strong, in conjunction with supersymmetric cancellations, to render N = 8 supergravity ultraviolet finite. This improved behavior is unaccounted for in superspace power counting.

An important question is whether any of the known symmetries of N = 8 supergravity can be used to constrain its multiloop ultraviolet behavior. For example, N = 8 supergravity contains a non-compact E_{7(7)} duality symmetry [2, 69]. Its explicit action on fields and amplitudes has been presented recently [70, 10]. Improved ultraviolet properties in N = 8 supergravity may also be linked to M-theory dualities [38] and to string theory non-renormalization theorems [23, 24], though issues with docoupling of massive states [39] remain to be clarified.

A next step in unraveling the UV properties of N = 8 supergravity will be the calculation of the four-loop four-point amplitude. We have every reason to believe the four-loop amplitude will be finite in four dimensions, but crucial guiding information will come from identifying the smallest dimension in which the divergence appears. This will allow us to test whether the observed cancellations at three loops might have an explanation solely in supersymmetry, along the lines of refs. [22, 26]. In particular, recent supersymmetry arguments predict a four-loop divergence in N = 8 supergravity analytically continued to five dimensions [26]. On the other hand, generalized unitarity arguments [64] point to N = 8 supergravity being no more divergent than N = 4 super-Yang-Mills, which does not have a four-loop five-dimensional divergence. A four-loop four-point calculation currently in progress should be able to resolve this decisively [71].

A key open problem is to develop a physical interpretation of the observed ultraviolet cancellations in gravity theories and whether this can be used to prove the ultraviolet finiteness of N = 8 supergravity. More generally, it would be important to explore the surprising and profound relations between gravity and gauge theories. In particular, the KLT relations [11, 12, 13] and their recent clarification [56] hint at a unification between field theories of gravity and gauge theory of the sort implied by string theory.

Acknowledgments

We thank Lance Dixon, Darren Forde, Harald Ita, David Kosower and Radu Roiban for many helpful discussions and collaborations on the results summarized here. This work was supported by the US Department of Energy under contract DE–FG03–91ER40662. J. J. M. C. and H. J. gratefully acknowledge the financial support of Guy Weyl Physics and Astronomy Alumni Fellowships.

References

[1] P. S. Howe and K. S. Stelle, Int. J. Mod. Phys. A 4, 1871 (1989); N. Marcus and A. Sagnotti, Nucl. Phys. B 256, 77 (1985).

[2] E. Cremmer, B. Julia and J. Scherk, Phys. Lett. B 76, 409 (1978); E. Cremmer and B. Julia, Phys. Lett. B 80, 48 (1978); Nucl. Phys. B 159, 141 (1979).

[3] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Nucl. Phys. B 425, 217 (1994) [hep-ph/9403226]; Nucl. Phys. B 435, 59 (1995) [hep-ph/9409265]; Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 513, 3 (1998) [hep-ph/9708239].

[4] Z. Bern and A. G. Morgan, Nucl. Phys. B 467, 479 (1996) [hep-ph/9511336]; Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Phys. Lett. B 394, 105 (1997) [hep-th/9611127]; Z. Bern, L. J. Dixon and D. A. Kosower, JHEP 0001, 027 (2000) [hep-ph/0001001]; JHEP 0408, 012 (2004) [hep-ph/0404293].

[5] Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 513, 3 (1998) [hep-ph/9708239];

Z. Bern, V. Del Duca, L. J. Dixon and D. A. Kosower, Phys. Rev. D 71, 045006 (2005) [hep-th/0410224].

[6] Z. Bern, L. J. Dixon, D. C. Dunbar, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 530, 401 (1998) [hep-th/9802162].

[7] R. Britto, F. Cachazo and B. Feng, Nucl. Phys. B 725, 275 (2005) [hep-th/0412103].

[8] Z. Bern, J. J. M. Carrasco, H. Johansson and D. A. Kosower, Phys. Rev. D 76, 125020 (2007) [0705.1864 [hep-th]].

[9] E. I. Buchbinder and F. Cachazo, JHEP 0511, 036 (2005) [hep-th/0506126]; F. Cachazo and D. Skinner, 0801.4574 [hep-th]; F. Cachazo, 0803.1988 [hep-th]; F. Cachazo, M. Spradlin and A. Volovich, Phys. Rev. D 78, 105022 (2008) [0805.4832 [hep-th]]; M. Spradlin, A. Volovich and C. Wen, Phys. Rev. D 78, 085025 (2008) [0808.1054 [hep-th]].

[10] N. Arkani-Hamed, F. Cachazo and J. Kaplan, 0808.1446 [hep-th].

[11] H. Kawai, D. C. Lewellen and S. H. H. Tye, Nucl. Phys. B 269, 1 (1986); N. E. J. Bjerrum- Bohr, Phys. Lett. B 560, 98 (2003) [hep-th/0302131]; Nucl. Phys. B 673, 41 (2003) [hep-th/0305062]; N. E. J. Bjerrum-Bohr and K. Risager, Phys. Rev. D 70, 086011 (2004) [hep-th/0407085]; S. Ananth and S. Theisen, Phys. Lett. B 652, 128 (2007) [0706.1778 [hep-th]]; H. Elvang and D. Z. Freedman, JHEP 0805, 096 (2008) [0710.1270 [hep-th]].

[12] Z. Bern and A. K. Grant, Phys. Lett. B 457, 23 (1999) [hep-th/9904026]. [13] Z. Bern, A. De Freitas and H. L. Wong, Phys. Rev. Lett. 84, 3531 (2000) [hep-th/9912033]. [14] G. ’t Hooft and M. J. G. Veltman, Annales Poincare Phys. Theor. A 20, 69 (1974). [15] S. Deser and P. van Nieuwenhuizen, Phys. Rev. D 10, 401 (1974); S. Deser, H. S. Tsao and P. van Nieuwenhuizen, Phys. Rev. D 10, 3337 (1974); P. van Nieuwenhuizen and J. A. M. Vermaseren, Phys. Rev. D 16, 298 (1977); D. C. Dunbar and P. S. Norridge, Class. Quant. Grav. 14, 351 (1997) [hep-th/9512084]; D. C. Dunbar and P. S. Norridge, Nucl. Phys. B 433, 181 (1995) [hep-th/9408014].

[16] R. E. Kallosh, Nucl. Phys. B 78, 293 (1974).

[17] P. van Nieuwenhuizen and C. C. Wu, J. Math. Phys. 18, 182 (1977). [18] M. H. Goroff and A. Sagnotti, Phys. Lett. B 160, 81 (1985); Nucl. Phys. B 266, 709 (1986). [19] A. E. M. van de Ven, Nucl. Phys. B 378, 309 (1992).

[20] M. T. Grisaru, Phys. Lett. B 66, 75 (1977); E. Tomboulis, Phys. Lett. B 67, 417 (1977). [21] S. Deser, J. H. Kay and K. S. Stelle, Phys. Rev. Lett. 38, 527 (1977). [22] P. S. Howe and K. S. Stelle, Phys. Lett. B 554, 190 (2003) [hep-th/0211279]. [23] N. Berkovits, Phys. Rev. Lett. 98, 211601 (2007) [hep-th/0609006]. [24] M. B. Green, J. G. Russo and P. Vanhove, Phys. Rev. Lett. 98, 131602 (2007) [hep-th/0611273].

[25] K. S. Stelle, talk presented at the 2006 UCLA workshop: Is N = 8 Supergravity Finite?, http://www.physics.ucla.edu/tep/workshops/supergravity/agenda/Talks/talk2.pdf [26] G. Bossard, P. S. Howe and K. S. Stelle, 0901.4661 [hep-th].

[27] Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson, D. A. Kosower and R. Roiban, Phys.

Rev. Lett. 98, 161303 (2007) [hep-th/0702112].

[28] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson and R. Roiban, 0808.4112 [hep-th]. [29] Z. Bern, L. J. Dixon, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 546, 423 (1999) [hep-th/9811140].

[30] Z. Bern, N. E. J. Bjerrum-Bohr and D. C. Dunbar, JHEP 0505, 056 (2005) [hep-th/0501137]; N. E. J. Bjerrum-Bohr, D. C. Dunbar and H. Ita, Phys. Lett. B 621, 183 (2005) [hep-th/0503102].

[31] N. E. J. Bjerrum-Bohr, D. C. Dunbar, H. Ita, W. B. Perkins and K. Risager, JHEP 0612, 072 (2006) [hep-th/0610043].

[32] Z. Bern, J. J. Carrasco, D. Forde, H. Ita and H. Johansson, Phys. Rev. D 77, 025010 (2008) [0707.1035 [hep-th]].

[33] N. E. J. Bjerrum-Bohr and P. Vanhove, JHEP 0804, 065 (2008) [0802.0868 [hep-th]].

[34] N. E. J. Bjerrum-Bohr and P. Vanhove, JHEP 0810, 006 (2008) [0805.3682 [hep-th]];

Fortsch. Phys. 56, 824 (2008) [0806.1726 [hep-th]].

[35] M. F. Sohnius and P. C. West, Phys. Lett. B 100, 245 (1981).

[36] S. Mandelstam, Nucl. Phys. B 213, 149 (1983); P. S. Howe, K. S. Stelle and P. K. Townsend, Nucl. Phys. B 214, 519 (1983); L. Brink, O. Lindgren and B. E. W. Nilsson, Phys. Lett. B 123, 323 (1983).

[37] P. S. Howe and K. S. Stelle, Phys. Lett. B 137, 175 (1984).

[38] G. Chalmers, hep-th/0008162; M. B. Green, J. G. Russo and P. Vanhove, JHEP 0702, 099 (2007) [hep-th/0610299].

[39] M. B. Green, H. Ooguri and J. H. Schwarz, Phys. Rev. Lett. 99, 041601 (2007) [0704.0777 [hep-th]].

[40] M. T. Grisaru and W. Siegel, Nucl. Phys. B 201, 292 (1982) [Erratum-ibid. B 206, 496 (1982)].

[41] P. S. Howe and U. Lindstrom, Nucl. Phys. B 181, 487 (1981); R. E. Kallosh, Phys. Lett.

B 99, 122 (1981).

[42] R. Britto, F. Cachazo and B. Feng, Nucl. Phys. B 715, 499 (2005) [hep-th/0412308].

[43] R. Britto, F. Cachazo, B. Feng and E. Witten, Phys. Rev. Lett. 94, 181602 (2005) [hep-th/0501052].

[44] Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Rev. D 73, 065013 (2006) [hep-ph/0507005];

C. F. Berger, Z. Bern, L. J. Dixon, D. Forde and D. A. Kosower, Phys. Rev. D 74, 036009 (2006) [hep-ph/0604195].

[45] C. F. Berger et al., Phys. Rev. D 78, 036003 (2008) [0803.4180 [hep-ph]]; 0808.0941 [hepph]; arXiv:0902.2760 [hep-ph]; R. Britto, B. Feng and G. Yang, JHEP 0809, 089 (2008) [0803.3147 [hep-ph]]. T. Binoth, G. Ossola, C. G. Papadopoulos and R. Pittau, JHEP 0806, 082 (2008) [0804.0350 [hep-ph]]; R. K. Ellis, W. T. Giele, Z. Kunszt, K. Melnikov and G. Zanderighi, JHEP 0901, 012 (2009) [arXiv:0810.2762 [hep-ph]].

[46] C. Anastasiou, Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Rev. Lett. 91, 251602 (2003) [hep-th/0309040]; Z. Bern, L. J. Dixon and V. A. Smirnov, Phys. Rev. D 72, 085001 (2005) [hep-th/0505205]; F. Cachazo, M. Spradlin and A. Volovich, Phys. Rev. D 74, 045020 (2006) [hep-th/0602228]; Z. Bern, M. Czakon, D. A. Kosower, R. Roiban and V. A. Smirnov, Phys. Rev. Lett. 97, 181601 (2006) [hep-th/0604074]; L. F. Alday and J. Maldacena, JHEP 0706, 064 (2007) [0705.0303 [hep-th]]; JHEP 0711, 068 (2007) [0710.1060 [hep-th]]; J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, 0712.1223 [hep-th].

[47] Z. Bern, L. J. Dixon, D. A. Kosower, R. Roiban, M. Spradlin, C. Vergu and A. Volovich, Phys. Rev. D 78, 045007 (2008) [0803.1465 [hep-th]].

[48] Z. Bern, L. J. Dixon and D. A. Kosower, Ann. Rev. Nucl. Part. Sci. 46, 109 (1996) [hep-ph/9602280]; Z. Bern, Living Rev. Rel. 5, 5 (2002) [gr-qc/0206071]; F. Cachazo and P. Svrček, PoS RTN2005, 004 (2005) [hep-th/0504194]; L. J. Dixon, PoS HEP2005, 405 (2006) [hep-ph/0512111]; Z. Bern, L. J. Dixon and D. A. Kosower, Annals Phys. 322, 1587 (2007) [0704.2798 [hep-ph]]; L. F. Alday and R. Roiban, Phys. Rept. 468, 153 (2008) [0807.1889 [hep-th]].

[49] E. Witten, Commun. Math. Phys. 252, 189 (2004) [hep-th/0312171].

[50] M. L. Mangano and S. J. Parke, Phys. Rept. 200, 301 (1991); L. J. Dixon, in QCD & Beyond: Proceedings of TASI ’95, ed. D. E. Soper (World Scientific, 1996) [hep-ph/9601359].

[51] J. Bedford, A. Brandhuber, B. J. Spence and G. Travaglini, Nucl. Phys. B 721, 98 (2005) [hep-th/0502146]; F. Cachazo and P. Svrček, hep-th/0502160; N. E. J. Bjerrum- Bohr, D. C. Dunbar, H. Ita, W. B. Perkins and K. Risager, JHEP 0601, 009 (2006) [hep-th/0509016]; A. Brandhuber, S. McNamara, B. Spence and G. Travaglini, JHEP 0703, 029 (2007) [hep-th/0701187]; P. Benincasa, C. Boucher-Veronneau and F. Cachazo, JHEP 0711, 057 (2007) [hep-th/0702032]; P. Benincasa and F. Cachazo, 0705.4305 [hepth]; A. Hall, Phys. Rev. D 77, 124004 (2008) [0803.0215 [hep-th]]; C. Cheung, 0808.0504 [hep-th]; H. Elvang, D. Z. Freedman and M. Kiermaier, 0808.1720 [hep-th].

[52] N. Arkani-Hamed and J. Kaplan, JHEP 0804, 076 (2008) [0801.2385 [hep-th]];

[53] S. D. Badger, E. W. N. Glover and V. V. Khoze, JHEP 0601, 066 (2006) [hep-th/0507161];

S. D. Badger, E. W. N. Glover, V. V. Khoze and P. Svrcek, JHEP 0507, 025 (2005) [hep-th/0504159]; C. Schwinn and S. Weinzierl, JHEP 0704, 072 (2007) [hep-ph/0703021]; A. Hall, Phys. Rev. D 77, 025011 (2008) [0710.1300 [hep-ph]].

[54] G. Chalmers and W. Siegel, Phys. Rev. D 59, 045013 (1999) [hep-ph/9801220].

[55] D. Vaman and Y. P. Yao, JHEP 0604, 030 (2006) [hep-th/0512031]; 0805.2645 [hep-th].

[56] Z. Bern, J. J. M. Carrasco and H. Johansson, Phys. Rev. D 78, 085011 (2008) [0805.3993 [hep-ph]].

[57] W. Siegel, Phys. Lett. B 84, 193 (1979); Z. Bern and D. A. Kosower, Nucl. Phys. B 379, 451 (1992); Z. Bern, A. De Freitas, L. J. Dixon and H. L. Wong, Phys. Rev. D 66, 085002 (2002) [hep-ph/0202271].

[58] C. Cheung and D. O’Connell, 0902.0981 [hep-th].

[59] J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, 0807.1095 [hep-th];

A. Brandhuber, P. Heslop and G. Travaglini, Phys. Rev. D 78, 125005 (2008) [0807.4097 [hep-th]]; J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, 0808.0491 [hepth]; J. M. Drummond and J. M. Henn, 0808.2475 [hep-th]; M. Bianchi, H. Elvang and D. Z. Freedman, JHEP 0809, 063 (2008) [0805.0757 [hep-th]]; H. Elvang, D. Z. Freedman and M. Kiermaier, 0808.1720 [hep-th]; M. Kiermaier, H. Elvang and D. Z. Freedman, 0811.3624 [hep-th].

[60] V. P. Nair, Phys. Lett. B 214, 215 (1988).

[61] Z. Bern, J. S. Rozowsky and B. Yan, Phys. Lett. B 401, 273 (1997) [hep-ph/9702424].

[62] Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, Phys. Rev. D 75, 085010 (2007) [hep-th/0610248].

[63] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky and E. Sokatchev, Class. Quant. Grav.

1, 469 (1984); Class. Quant. Grav. 2, 155 (1985).

[64] Z. Bern, L. J. Dixon and R. Roiban, Phys. Lett. B 644, 265 (2007) [hep-th/0611086]. [65] L. M. Brown and R. P. Feynman, Phys. Rev. 85 (1952) 231; L.M. Brown, Nuovo Cim. 21, 3878 (1961); G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160, 151 (1979).

[66] S. Badger, N. E. J. Bjerrum-Bohr and P. Vanhove, JHEP 0902, 038 (2009) [0811.3405 [hep-th]].

[67] D. Forde, Phys. Rev. D 75, 125019 (2007) [0704.1835 [hep-ph]]. [68] R. Kallosh, 0711.2108 [hep-th].

[69] M. K. Gaillard and B. Zumino, Nucl. Phys. B 193, 221 (1981); B. de Wit and H. Nicolai, Nucl. Phys. B 208, 323 (1982).

[70] L. Brink, S. S. Kim and P. Ramond, JHEP 0806, 034 (2008) [0801.2993 [hep-th]];

R. Kallosh and M. Soroush, Nucl. Phys. B 801, 25 (2008) [0802.4106 [hep-th]]; R. Kallosh, C. H. Lee and T. Rube, 0811.3417 [hep-th].

[71] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson and R. Roiban, to appear.