arXiv:0902.3766v1 [gr-qc] 22 Feb 2009

Transverse Wave Propagation in Relativistic Two-fluid Plasmas around Reissner-Nordström-de Sitter Black Hole

M. Atiqur Rahman^1and M. Hossain Ali^2 Department of Applied Mathematics, Rajshahi University, Rajshahi - 6205, Bangladesh

Abstract The transverse electromagnetic waves propagating in a relativistic two-fluid plasma influenced by the gravitational field of the Reissner-Nordström-de Sitter black hole has been investigated exploiting 3+1 split of spacetime. Reformulating the two-fluid equations, the set of simultaneous linear equations for the perturbations have been derived. Using a local approximation, the one-dimensional radial propagation of Alfvén and high frequency electromagnetic waves are investigated. The dispersion relation for these waves is obtained and solved numerically for the wave number.

Keywords: Two-fluid plasma, Alfvén and high frequency electromagnetic waves, Charged black hole in de Sitter space.

PACS number(s): 95.30.Sf, 95.30.Qd, 97.60.Lf

1E-mail: atirubd@yahoo.com 2E-mail: m_−hossain_−ali_−bd@yahoo.com (Corresponding author)

1 Introduction

Black holes belong to the most fascinating objects predicted by Einstein’s theory of gravitation and are still mysterious [1]. Physicists are grappling the theory of black holes, while astronomers are searching for real-life examples of black holes in the universe [2]. However, the theory of general relativity and its application to the plasma close to the black hole horizon have remained esoteric, and little concrete astrophysical impact has been felt. Within 3R_S (3 Schwarzschild radii) it is possible to have plasma [3, 4, 5, 6]. The plasma in the black hole environment may act as a fluid and black holes greatly affect the surrounding plasma medium (which is highly magnetized) with their enormous gravitational fields. Hence plasma physics in the vicinity of a black hole has become a subject of great interest in astrophysics. In the immediate neighborhood of a black hole general relativity applies. It is therefore of interest to investigate plasma physics problems in the context of general relativity.

In recent years, considerable attention has been concentrated on the study of black holes in de Sitter (dS) spaces. The motivation behind it is based on two aspects: first, several different types of astrophysical observations indicate that our universe is in a phase of accelerating expansion [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29], associated with which is a positive cosmological constant. Our universe therefore might approach a dS phase in the far future [30, 31, 32, 33, 34, 35, 36]. Secondly, like the AdS/CFT correspondence, an interesting proposal, the socalled dS/CFT correspondence, has been suggested that there is a dual relation between quantum gravity on a dS space and Euclidean conformal field theory (CFT) on a boundary of dS space [37, 38, 39, 40, 41, 42]. In view of these reasons, the study of transverse wave propagation in relativistic two-fluid plasma in the vicinity of a black hole in dS space is interesting.

A covariant formulation of the theory based on the fluid equations of general relativity and Maxwell’s equations in curved spacetime have so far proved unproductive because of the curvature of four-dimensional spacetime in the region surrounding a black hole. Thorne, Price, and Macdonald (TPM) [43, 44, 45, 46] developed a method of 3+1 formulation of general relativity in which the event horizon of black holes was replaced with a membrane endowed with electric charge, electrical conductivity, and finite temperature and entropy so that the physics outside the event horizon turns out to be very much simpler than it would be using the standard covariant approach of general relativity. Buzzi et al. [47, 48] employed the TPM formulation to develope a general relativistic version of two-fluid plasma and investigated the nature of plasma in the vicinity of Schwarzschild black hole. Exploiting the formalism of Buzzi et al., we investigate the transverse wave propagation in the two-fluid plasma around the Reissner-Nordström-de Sitter (RNdS) black hole which is the Schwarzschild black hole generalized with a charge parameter and a positive cosmological constant, described by the metric

ds^2 = −f(r)dt^2 + dr^2 f(r) + r^2(dθ^2 + sin^2θdφ^2), (1)

where the metric function f(r) is given by

f(r) = 1 − 2M r + q^2 r^2 − r^2 ℓ^2

, (2)

M being the mass, and q the total charge (electric plus magnetic) in the background of the static de Sitter space. The positive cosmological constant Λ is usually written as Λ = 3/ℓ^2 with ℓ the cosmological radius. The spacetime causal structure depends strongly on the singularities of the metric given by the zeros of f(r). Depending on the parameters M, q, and Λ, the function f(r) may have three, two, or even no real positive zeros. For the RNdS black hole case we are interested in which f(r) has three real, positive roots (r_− < r_+ < r_c), and a real negative root r_n = −(r_c +r_+ +r_−). The horizons at r_−, r_+, and r_c, are called the inner (Cauchy), outer (event), and cosmological horizons, respectively. The black hole parameters M, q, and ℓ are related to the roots by

r^2_+ + r^2_c + r_+r_c − r_−r_n = ℓ^2, (r_+ + r_c)(r_+r_c − r_−r_n) = 2ℓ^2M, r_+r_cr_−r_n = −ℓ^2q^2. (3)

For the zeros of f(r), we have

r^4 − ℓ^2r^2 + 2Mℓ^2r − ℓ^2q^2 = 0. (4)

Positions of the black hole horizons are given by

r_± = ℓ √ 3 sin 1 3 sin^{−1} 3 √ 3M ℓ √ 1 +^{4q2}_{ℓ2} 1 ± 1 − √ 3q^2 ℓM 2 1 + ζ csc 1 3 sin^{−1} 3 √ 3M ℓ √ 1 +^{4q2}_{ℓ2} , (5)

where ζ = 1 − 4q^2 3M^2 sin^2 1 3 sin^{−1} 3 √ 3M ℓ √ 1 +^{4q2}_{ℓ2} . (6) The cosmological horizon is located at

r_c = ℓ √ 3 sin 1 3 sin^{−1} 3 √ 3M ℓ √ 1 +^{4q2}_{ℓ2} 1 + 1 + ζ 2 3 √ 3M ℓ csc^3 1 3 sin^{−1} 3 √ 3M ℓ √ 1 +^{4q2}_{ℓ2} − 1 . (7) Since 27^{M 2}_{ℓ2} < 1, therefore 3 √ 3^M_ℓ / √ 1 +^{4q2}_{ℓ2} < 1, and we obtain

r_± = M ξ ( 1 ± √ 1 − q^2 M^2 2ξ 1 + ζ ) , (8)

where ξ = 1 η √ 1 + 4q^2 ℓ^2

, η = 1 +

4M^2 ℓ^2(1 +^{4q2}_{ℓ2} )

+ · · · . (9)

It gives the the RN black hole horizons for ℓ → ∞ and the Schwarzschild-de Sitter black hole horizon for q = 0. The metric (1) represents an interesting asymptotically de Sitter extreme RN black hole (or, “cold”black hole) for q^2 =^{2ξ}_{1+ζ} M^2, while for q^2 >^{2ξ}_{1+ζ} M^2 it does not represent any black hole but an unphysical naked singularity.

The black hole horizon r_+ and cosmological horizon r_c are not in thermal equilibrium because the time periods in the Euclidean section required to avoid a conical singularity at both do not match in general. However, there are two families of RNdS solutions with the same black hole and cosmological horizon temperatures, representing the “lukewarm”black hole and charged Nariai black hole [49, 50]. The lukewarm black holes are characterized by q^2 = M^2, which is the condition of stable endpoints of the evaporation process. Its three horizons do not coincide and cosmological horizon and black hole horizon satisfy [51, 52]

M^2 = q^2 = r^2_+r^2_c (r_+ + r_c)^2

, ℓ = r_+ + r_c. (10)

The black hole is colder than the lukewarm solution for q^2 > M^2 and it will then absorb radiation from the cosmological horizon. As q^2 increases relative to M^2 the inner and outer horizons eventually coincide. The resulting hole then becomes extremal (or “cold”) RNdS black hole with the mass, charge, horizon radius and cosmological constant satisfying the following relations [52]: M r_+(r_c + r_+)^2 = q^2 r_cr^2_+(r_c + 2r_+) = 1 ℓ^2 = 1 r^2_c + 2r_+r_c + 3r^2_+

. (11)

As M increases relative to |q| with M > 0, the outer black hole and cosmological horizons come closer together. When these horizons coincide at r_h, where f(r_h) = f^′(r_h) = 0: r_h = 3 2 M 1 ± √ 1 − 8q^2 9M^2 , (12) it then becomes the charged Nariai solution, which is the largest charged asymptotically dS black hole. For a given q, it has the maximal mass M_N . The charged Nariai solution and lukewarm solution join together for the critical value q^2 = M^2_c = ℓ^2/16. If M_{min} is the mass of extremal RNdS black hole, the range for mass parameter of a black hole in dS space is M_{min} ≤ M ≤ M_N , referred to as the “undermassive”case. The metric (1) describes a naked singularity, if this limit is exceeded.

If the three horizons coincide, i.e. r_c = r_+ = r_−, the RNdS black hole becomes an “ultracold”black hole with horizon at r_{ucd}, where f(r_{ucd}) = f^′(r_{ucd}) = f^{′′}(r_{ucd}) = 0. The mass, charge and cosmological constant are related according to M = 2 3 r_{ucd}, q^2 = 1 2 r^2_{ucd}, ℓ^2 = 6r^2_{ucd}. (13)

This configuration simultaneously maximizes the values of M and q^2 for any given positive value of the cosmological constant Λ.

The organization of this paper is as follows: In section 2, we summarize the 3+1 formulation of general relativity and Maxwell’s equations in curved spacetime. In section 3, we describe the horizon governing equations of two-fluid plasma in the RNdS black hole spacetime. In section 4, we consider the wave propagation in the radial z direction, and linearize the equations for wave propagation in section 5 by giving a small perturbation to fields and fluid parameters. In section 6, we derive the dispersion relation for the transverse waves and discuss the local approximation used to obtain numerical solution of it. In section 7, we discuss our numerical solution modes and present the results in section 8. Finally, we give our concluding remarks in section 9. Throughout the paper we use natural units: G = c = k_B = 1.

2 3+1 Formulation in Spacetime

An absolute three-dimensional space defined by the hypersurfaces of constant universal time t is described by the metric

ds^2 = g_{ij} dx^idx^j = 1 f(r) dr^2 + r^2(dθ^2 + sin^2θdφ^2). (14)

The indices i, j range over 1, 2, 3 and refer to coordinates in absolute space. The fiducial observers (FIDOs), that is, the observers at rest with respect to this absolute space, measure their proper time τ using clocks that they carry with them and make local measurements of physical quantities. Then all their measured quantities are defined as FIDO locally measured quantities and all rates measured by them are measured using FIDO proper time. The FIDOs use a local Cartesian coordinate system with unit basis vectors tangent to the coordinate lines:

e_{r̂} = √ f(r) ∂ ∂r , e_{θ̂} = 1 r ∂ ∂θ , e_{φ̂} = 1 rsinθ ∂ ∂φ . (15)

For a spacetime viewpoint rather than a 3+1 split of spacetime, the set of orthonormal vectors also includes the basis vector for the time coordinate given by

e_{^0} = d dτ = 1 α ∂ ∂t , (16)

where α is the lapse function (or redshift factor) defined by α(r) ≡ dτ dt = ( 1 − 2M r + q^2 r^2 − r^2 ℓ^2

) 1_2

. (17)

The gravitational acceleration felt by a FIDO is given by [43, 44, 45, 46]

a = −∇lnα = − 1 α ( M r^2 − q^2 r^3 − r ℓ^2 ) e_{r̂}, (18)

while the rate of change of any scalar physical quantity or any three-dimensional vector or tensor, as measured by a FIDO, is defined by the derivative D Dτ ≡ ( 1 α ∂ ∂t + v · ∇ ) , (19)

v being the velocity of a fluid as measured locally by a FIDO.

3 Two-fluid Plasma Governing Equations

We consider two-component plasma such as an electron-positron or electron-ion. In the TPM notation, the continuity equation for each of the fluid species is given by ∂ ∂t (γ_sn_s) + ∇ · (αγ_sn_sv_s) = 0, (20) where s is 1 for electrons and 2 for positrons (or ions). For a perfect relativistic fluid of species s in three-dimensions, the energy density ϵ_s, the momentum density S_s, and stress-energy tensor W^{jk}_s are, respectively, given by

ϵ_s = γ^2_s (ε_s + P_sv^2_s ), S_s = γ^2_s (ε_s + P_s)v_s, W^{ij}_s = γ^2_s (ε_s + P_s)v^j_sv^k_s + P_sg^{jk}, (21)

where v_s is the fluid velocity, n_s is the number density, P_s is the pressure, and ε_s is the total energy density defined by

ε_s = m_sn_s + P_s/(γg − 1). (22)

The gas constant γg is 4/3 for T → ∞ and 5/3 for T → 0.

When the two-fluid plasma couples to the electromagnetic fields, Maxwell’s equations take the following form:

∇ · B = 0, (23) ∇ · E = 4πσ, (24) ∂B ∂t = −∇ × (αE), (25) ∂E ∂t = ∇ × (αB) − 4παJ, (26)

where the charge and current densities are respectively defined by σ = ∑ s γ_sq_sn_s, J = ∑ s γ_sq_sn_sv_s. (27)

The fluid quantities in (21) take the following form in the electromagnetic field:

ϵ_s = 1 8π (E^2 + B^2), S_s = 1 4π E × B, W^{jk}_s = 1 8π (E^2 + B^2)g^{jk} − 1 4π (E^jE^k + B^j B^k). (28)

Energy and momentum conservation equations are respectively expressed by [43, 44, 45, 46] 1 α ∂ ∂t ϵ_s = −∇ · S_s + 2a · S_s, (29) 1 α ∂ ∂t S_s = ϵ_sa − 1 α ∇ · (α^↔W_s), (30)

which, using (22)-(26), can be written for each species s in the form 1 α ∂ ∂t P_s − 1 α ∂ ∂t [γ^2_s (ε_s + P_s)] − ∇ · [γ^2_s (ε_s + P_s)v_s]

+γ_sq_sn_sE · v_s + 2γ^2_s (ε_s + P_s)a · v_s = 0, (31)

γ^2_s (ε_s + P_s) ( 1 α ∂ ∂t + v_s · ∇ ) v_s + ∇P_s − γ_sq_sn_s(E + v_s × B)

+v_s ( γ_sq_sn_sE · v_s + 1 α ∂ ∂t P_s ) + γ^2_s (ε_s + P_s)[v_s(v_s · a) − a] = 0. (32)

Although these equations are valid in a FIDO frame, they reduce to the corresponding special relativistic case for α = 1 [53], which are valid in a frame in which both fluids are at rest. The transformation from the FIDO frame to the comoving (fluid) frame involves a boost velocity, which is simply the freefall velocity onto the black hole, given by

v_ff = (1 − α^2)^{12} . (33)

Then the relativistic Lorentz factor γ_{boost} ≡ (1 − v^2_ff )^{− 1}2 = 1/α.

The ion temperature profile is closely adiabatic and it approaches 10^{12} K near the horizon [54]. Far from the (event) horizon electron (positron) temperatures are essentially equal to the ion temperatures, but closer to the horizon the electrons are progressively cooled to about 10^8 − 10^9 K by mechanisms like multiple Compton scattering and synchrotron radiation (i.e. radiation which occurs when charged particles are accelerated in a curved path or orbit). Using the conservation of entropy the equation of state can be expressed by D Dτ (P_s/n^γgs ) = 0. (34)

where D/Dτ = (1/α)∂/∂t + v_s · ∇. The full equation of state for a relativistic fluid, as measured in the fluid’s rest frame, is given by [55, 56]

ε = m_sn_s + m_sn_s P_s m_sn_s − iH^{(1)′}_2 (im_sn_s/P_s) iH^{(1)}_2 (im_sn_s/P_s) , (35)

where the H^{(1)}_2 (x) are Hankel functions.

The Rindler coordinate system, in which space is locally Cartesian, provides a good approximation to the Reissner-Nordström-de Sitter geometry near the event horizon. The essential features of the horizon and the 3+1 split of spacetime are preserved without the complication of explicitly curved spatial three-geometries. In Rindler coordinates the Reissner-Nordström-de Sitter metric is approximated by

ds^2 = −α^2dt^2 + dx^2 + dy^2 + dz^2, (36)

where x = r_+ ( θ − π 2 ) , y = r_+φ, z = 2r_+α. (37)

The standard lapse function simplifies in Rindler coordinates to α = z/2r_+, where r_+ is the event horizon of the black hole.

4 Wave Propagation in Radial Direction

We consider one-dimensional wave propagation in the radial z direction. Introducing the complex variables v_{sz}(z, t) = u_s(z, t), v_s(z, t) = v_{sx}(z, t) + iv_{sy}(z, t), B(z, t) = B_x(z, t) + iB_y(z, t), E(z, t) = E_x(z, t) + iE_y(z, t), (38) and defining v_{sx} = 1 2 (v_s + v^∗_s ), v_{sy} = 1 2i (v_s − v^∗_s ),

B_x = 1 2 (B + B^∗), B_y = 1 2i (B − B^∗), (39)

we obtain v_{sx}B_y − v_{sy}B_x = i 2 (v_sB^∗ − v^∗_s B), (40)

and similarly for the transverse components of E, where the ∗ denotes the complex conjugate. The gravitational acceleration becomes a = − ∂ ∂z (ln α) = − 1 α ∂α ∂z . (41)

The equation of continuity (20) and Poisson’s equation (24) are respectively written as ∂ ∂t (γ_sn_s) + ∂ ∂z (αγ_sn_su_s) = 0, (42) and ∂E_z ∂z = 4π(q_1n_1γ_1 + q_2n_2γ_2). (43)

From the e_{x̂} and e_ŷ components of (25) and (26), one could derive 1 α ∂B ∂t = −i ( ∂ ∂z − a ) E, (44) i ∂E ∂t = −α ( ∂ ∂z − a ) B − i4πeα(γ_2n_2v_2 − γ_1n_1v_1). (45)

Differentiating (45) with respect to t and using (44), we obtain α^2 ∂^2 ∂z^2 + 3α ∂α ∂z ∂ ∂z − ∂^2 ∂t^2 + ( ∂α ∂z )_2 E = 4πeα ∂ ∂t (n_2γ_2v_2 − n_1γ_1v_1). (46)

From the e_{x̂} and e_ŷ components of (32), the transverse component of the momentum conservation equation is obtained in the form ρ_s Dv_s Dτ = q_sn_sγ_s(E − iv_sB_z + iu_sB) − u_sv_sρ_sa − v_s ( q_sn_sγ_sE · v_s + 1 α ∂P_s ∂t ) , (47)

where E · v_s = 1 2 (Ev^∗_s + E^∗v_s) + E_zu_s,

and ρ_s is the total energy density defined by

ρ_s = γ^2_s (ε_s + P_s) = γ^2_s (m_sn_s + ΓgP_s), (48)

with Γg = γg/(γg − 1).

5 Linearization

We use perturbation method to linearize the equations derived in the preceding section. We choose an applied magnetic field to lie along the radial e_ẑ direction and introduce the quantities u_s(z, t) = u_{0s}(z) + δu_s(z, t), v_s(z, t) = δv_s(z, t), n_s(z, t) = n_{0s}(z) + δn_s(z, t), P_s(z, t) = P_{0s}(z) + δP_s(z, t), ρ_s(z, t) = ρ_{0s}(z) + δρ_s(z, t), E(z, t) = δE(z, t), B_z(z, t) = B_0(z) + δB_z(z, t), B(z, t) = δB(z, t). (49)

The relativistic Lorentz factor is also linearized such that

γ_s = γ_{0s} + δγ_s, where γ_{0s} = ( 1 − u^2_{0s}

)_− 1_2

, δγ_s = γ^3_{0s}u_{0s} · δu_s. (50)

The unperturbed radial velocity near the event horizon for each species as measured by a FIDO along e_ẑ is assumed to be the freefall velocity so that

u_{0s}(z) = v_ff (z) = [1 − α^2(z)]^{12} , (51)

which, with (3) and (17), gives

v_ff (z) = ( r_+ r ) 1_2

χ, (52)

where χ = [ 1 + r 2M ( r^2 ℓ^2 − q^2 r^2

)] 1_2 [ 1 + r_+ 2M ( r^2_+ ℓ^2 − q^2 r^2_+

)]_− 1_2

. (53)

For the plasma falling at the black hole event horizon, vff = 1 and at cosmological horizon, vff = (r_+/r_c) < 1, while for the plasma inside the cosmological horizon and falling at the black hole horizon, we have 1 < χ < (r_+/r_c)^{1/2}. It follows, from the continuity equation (42), that r^2αγ_{0s}n_{0s}u_{0s} = const. = r^2_+α_+γ_+n_+u_+, where the values with a subscript “+”are the limiting values at the event horizon. The freefall velocity at the horizon becomes unity so that u_+ = 1. Since u_{0s} = v_ff , γ_{0s} = 1/α; and hence αγ_{0s} = α_+γ_+ = 1. Also, because v_ff = χ(r_+/r)^{1/2}, the number density for each species can be written as follows: n_{0s}(z) = 1 χ^4 n_{+s}v^3_ff (z). (54)

The equation of state (34) and (54) lead to write the unperturbed pressure, in terms of the freefall velocity, as follows:

P_{0s}(z) = 1 χ^{4γg} P_{+s}v^{3γ}g_ff (z). (55)

Since P_{0s} = k_B n_{0s}T_{0s}, then with k_B = 1, the temperature profile is

T_{0s}(z) = 1 χ^{4(γ}g^{−1)}

T_{+s}v^{3(γ}g^{−1)} ff (z). (56)

The unperturbed magnetic field is purely in the radial direction. It does not experience effects of spatial curvature. From the flux conservation ∇·B_0 = 0, it follows that r^2B_0(r) = const., from which one obtains the unperturbed magnetic field, in terms of the freefall velocity as B_0(z) = 1 χ^4

B_+v^4_ff (z), (57)

where v_ff (z) = [1 − α^2(z)]^{1/2}. Since dv_ff dz = − α 2r_+ 1 v_ff

, (58)

we have du_{0s} dz = − α 2r_+ 1 v_ff , dB_0 dz = − 4α 2r_+

B_0 v^2_ff , dn_{0s} dz = − 3α 2r_+ n_{0s} v^2_ff , dP_{0s} dz = − 3α 2r_+ γgP_{0s} v^2_ff

. (59)

When the linearized variables from (49) and (50) are substituted into the continuity equation and products of perturbation terms are neglected, it results γ_{0s} ( ∂ ∂t + u_{0s}α ∂ ∂z + u_{0s} ∂α ∂z + γ^2_{0s}α du_{0s} dz ) δn_s + ( α ∂ ∂z + ∂α ∂z ) (n_{0s}γ_{0s}u_{0s})

+n_{0s}γ^3_{0s} [ u_{0s} ∂ ∂t + α ∂ ∂z + ∂α ∂z + α ( 1 n_{0s} dn_{0s} dz + 3γ^2_{0s}u_{0s} du_{0s} dz )] δu_s = 0. (60)

The conservation of entropy, (34), when linearized, gives δP_s = γgP_{0s} n_{0s} δn_s, (61)

and hence from the total energy density, (48), it is possible to write δρ_s = ρ_{0s} n_{0s} ( 1 + γ^2_{0s}γgP_{0s} ρ_{0s} ) δn_s + 2u_{0s}γ^2_{0s}ρ_{0s}δu_s, (62)

where ρ_{0s} = γ^2_{0s}(m_sn_{0s} +ΓgP_{0s}). When the transverse part of the momentum conservation equation is linearized, differentiated with respect to t, and substituted from (44), it gives ( αu_{0s} ∂ ∂z + ∂ ∂t − u_{0s} ∂α ∂z + iαq_sγ_{0s}n_{0s}B_0 ρ_{0s} ) ∂δv_s ∂t − αq_sγ_{0s}n_{0s} ρ_{0s} ( αu_{0s} ∂ ∂z + ∂ ∂t + u_{0s} ∂α ∂z ) δE = 0. (63)

Poisson’s equation (43) and (46) are linearized to obtain, respectively, ∂δE_z ∂z = 4πe(n_{02}γ_{02} − n_{01}γ_{01}) + 4πe(γ_{02}δn_2 − γ_{01}δn_1) +4πe(n_{02}u_{02}γ^3_{02}δu_2 − n_{01}u_{01}γ^3_{01}δu_1), (64)

α^2 ∂^2 ∂z^2 + 3α ∂α ∂z ∂ ∂z − ∂^2 ∂t^2 + ( ∂α ∂z )_2 δE = 4πeα ( n_{02}γ_{02} ∂δv_2 ∂t − n_{01}γ_{01} ∂δv_1 ∂t ) . (65)

6 Dispersion Relation

We investigate the information which may be obtained from the linearized equations derived above by restricting our consideration to effects on a local scale for which the distance from the horizon does not vary significantly. We use a local (or mean-field) approximation for the lapse function α(z) and hence for the equilibrium fields and fluid quantities. Since the plasma is situated relatively close to the horizon, a relatively small change in distance z will make a significant difference to the magnitude of α. It is thus important to choose a sufficiently small range in z for which α(z) does not vary much. We consider thin layers in the e_ẑ direction, each layer with its own α_0, where α_0 is some mean value of α within a particular layer. Then a more complete picture can be built up by considering a large number of layers within a chosen range of α_0 values.

The local approximation imposes a restriction on the wavelength and hence on the wave number k. It is assumed that the wavelength is small compared with the range over which the equilibrium quantities change significantly. Hence, the wavelength must be smaller in magnitude than the scale of the gradient of the lapse function α, i.e., λ < ( ∂α ∂z )_{−1} = 2r_+ ≃ 1 2ξ [ 1 + √ 1 − 2ξ 1 + ζ q^2 M^2 ] 5.896 × 10^5cm,

or, equivalently, k > 2π 2r_+ ≃ 2ξ [ 1 + √ 1 − 2ξ 1 + ζ q^2 M^2 ]_{−1} 1.067 × 10^{−5}cm^{−1}, with 1 ≤ 2ξ 1 + ζ ≤ M^2 q^2 , for a black hole of mass ∼ 1M_⊙. The value for 2ξ/(1 + ζ) = 1 corresponds to the RN black hole, while the value for 2ξ/(1 + ζ) = M^2/q^2 corresponds to the extreme RNdS black hole.

Since the hydrodynamical approach used in the work is essentially a bulk, fluid approach, the microscopic behavior of the two-fluid plasma is treated in a somewhat approximate manner via the equation of state. Then the results are really only strictly valid in the long wavelength limit. However, the restriction, imposed by the local approximation, on the wavelength is not too severe and permits the consideration of intermediate to long wavelengths so that the small k limit is still valid.

The unperturbed fields and fluid quantities are not assumed to be constant with respect to α(z). Then, the derivatives of these quantities can be evaluated at each layer for a given α_0. In the local approximation, α ≃ α_0 is valid within a particular layer. Hence, the unperturbed fields, fluid quantities and their derivatives take on their corresponding “mean-field”values for a given α_0. The coefficients in (60), (63), and (64) become constants within each layer, evaluated at each fixed mean-field value, α = α_0. So, it is possible to Fourier transform the equations with respect to z, using plane-wave-type solutions for the perturbations of the form ∼ e^{i(kz−ωt)} for each α_0 layer.

When Fourier transformed, (44), (45), (63), and (65) turn out to be ( k − i 2r_+α_0 ) δE + iω α_0 δB = 0, (66) iω α_0 δE = ( k − i 2r_+α_0 ) δB + 4πe(γ_{02}n_{02}δv_2 − γ_{01}n_{01}δv_1), (67) ω ( α_0ku_{0s} − ω + iu_{0s} 2r_+ + α_0q_sγ_{0s}n_{0s}B_0 ρ_{0s} ) δv_s −iα_0 q_sγ_{0s}n_{0s} ρ_{0s} ( α_0ku_{0s} − ω − iu_{0s} 2r_+ ) δE = 0, (68) and δE = i4πeα_0ω(n_{02}γ_{02}δv_2 − n_{01}γ_{01}δv_1) α_0k(α_0k − i3/(2r_+)) − ω^2 − 1/(2r_+)^2

. (69)

The dispersion relation for the transverse electromagnetic wave modes may be put in the form [ K_± ( K_± ± i 2r_+ ) − ω^2 + 1 (2r_+)^2 ]

= α^2_0 { ω^2_{p1}(ω − u_{01}K_±) (u_{01}K_∓ − ω − α_0ω_{c1}) + ω^2_{p2}(ω − u_{02}K_±) (u_{02}K_∓ − ω + α_0ω_{c2}) } (70)

for either electron-positron or electron-ion plasma, where K_± = α_0k ± i/2r_+, ω_{cs} = e^2γ_{0s}n_{0s}B_0/ρ_{0s} and ω_{ps} = √ 4πe^2γ^2_{0s}n^2_{0s}/ρ_{0s}. Like the plasma frequency ω_{ps}, the cyclotron frequency ω_{cs} is frame independent. The fluid quantities are measured in the fluid frame, but the field B_0 is measured in the FIDO frame. Hence, the factors of γ_{0s} do not cancel out explicitly. The transformation B_0 → γ_{0s}B_0 boosts the fluid frame for either fluid and thereby cancels the γ_{0s} factors. The “+”and “−”denote the left (L) and right (R) modes, respectively. The dispersion relation for the L mode is obtained by taking the complex conjugate of the dispersion relation for the R mode. The two modes have the same dispersion relation in the special relativistic case.

Figure 1: Left: Real part of Alfvén damped mode for the electron-positron plasma. Right: Imaginary part of the damped mode.

7 Numerical Solution of Modes

The dispersion relations (70) are complicated enough to make any attempt at an analytical solution even in the simplest cases for the electron-positron plasma where both species are assumed to have the same equilibrium parameters. As the analytical solution is

Figure 2: Top: Real part of the complex conjugate pair of Alfvén damping and growth modes for the electron-positron plasma. Bottom: Left: Imaginary part of the damped mode. Right: Imaginary part of the growth mode.

cumbersome and unprofitable, we solve the dispersion relation numerically and for this purpose we put it in the form of a matrix equation as follows:

(A − kI)X = 0, (71)

where the eigenvalue is chosen to be the wave number k, the eigenvector X is given by the relevant set of perturbations, and I is the identity matrix.

We need to write the perturbation equations in an appropriate form. The equations are then written in terms of the following set of dimensionless variables:

ω̃ = ω α_0ω_∗ , k̃ = kc ω_∗ , k_+ = 1 2r_+ω_∗ , δũ_s = δu_s u_{0s} , ṽ_s = δv_s u_{0s} , δñ_s = δn_s n_{0s} , δB̃ = δB B_0 , Ẽ = δE B_0 , δẼ_z = δE_z B_0

. (72)

For an electron-positron plasma, ω_{p1} = ω_{p2} and ω_{c1} = ω_{c2}; hence, ω_∗ is defined as

ω_∗ = { ω_c Alfvén modes, (2ω^2_p + ω^2_c )^12 high frequency modes,

(73)

Figure 3: Top: Real part of the complex conjugate pair of Alfvén damping and growth modes for the electron-ion plasma. Bottom: Left: Imaginary part of the damped mode. Right: Imaginary part of the growth mode.

where ω_p = √ω_{p1}ω_{p2} and ω_c = √ ω_{c1}ω_{c2}. However, for the case of an electron-ion plasma, the plasma frequency and the cyclotron frequency are different for each fluid. The choice of ω_∗ is then a more complicated matter. For simplicity, we assume that

ω_∗ = 1√ 2 (ω^2_{c1} + ω^2_{c2})^12 Alfvén modes, (ω^2_{∗1} + ω^2_{∗2})^12 high frequency modes,

(74)

where ω^2_{∗s} = (2ω^2_{ps} + ω^2_{cs}). In the zero gravity limit, these values for ω_∗ reduce to the special relativistic cutoffs for electron-positron plasma. The special relativistic cutoffs are determined by the dispersion relation in view of the fact that the solutions to the dispersion relation are physical (i.e., Re(k) > 0) only for certain frequency regimes. As the dispersion relation can not be handled analytically, it is difficult to determine the cutoffs in the case including gravity. Other similar combinations for ω_∗ make only a difference of a scale factor to the form of the results as ω_∗ is really only a scale factor.

We write the dimensionless eigenvector for the transverse set of equations in the form

X̃_{transverse} = δṽ_1 δṽ_2 δB̃ δẼ . (75)

Figure 4: Left: Real part of Alfvén growth mode for the electron-ion plasma. Right: Imaginary part of the growth mode.

Using (72), we write (66)–(68) in the dimensionless form as follows: k̃δẼ = −iω̃δB̃ + ik^+ α_0 δẼ, (76) k̃δB̃ = u_{01} ω^{2p1} ω_{c1}ω_∗ δṽ_1 − u_{02} ω^2_{p2} ω_{c2}ω_∗ δṽ_2 + ik_+ α_0 δB̃ + iω̃δẼ, (77) and k̃δṽ_s = ( ω̃ u_{0s} − ( q_s e ) ω_{cs} u_{0s}ω_∗ − ik_+ α_0 ) δṽ_s + ( q_s e ) ω_{cs} u_{0s}ω_∗ δB̃ − i (q_s e ) ω_{cs} u_{0s}ω_∗ δẼ. (78) These are the equations in the required form to be used as input to (71).

8 Results

We have carried out the numerical analysis by using the well known MATLAB. We have taken the values q^2 = 0.5M^2, χ = 0.9, and ζ = 1.8. We have considered both the electron-positron plasma and the electron-ion plasma. The limiting horizon values for the electron-positron plasma are taken to be n_{+s} = 10^{18} cm^{−3}, T_{+s} = 10^{10} K, B_+ = 3 × 10^6 G. (79) For the electron-ion plasma, the ions are essentially nonrelativistic, and the limiting horizon values are chosen to be

n_{+1} = 10^{18} cm^{−3}, T_{+1} = 10^{10} K, n_{+2} = 10^{15} cm^{−3}, T_{+2} = 10^{12} K. (80) The equilibrium magnetic field has the same value as it has for the electron-positron case. The limiting horizon temperature for each species has been taken as derived by Colpi et al. [54] from studies of two temperature models of spherical accretion onto black holes. For the limiting horizon densities and the limiting horizon field, simply arbitrarily those values have been chosen which are not inconsistent with the current ideas. The gas constant and the mass of the black hole have been chosen as follows:

γg = 4 3 and M = 5M_⊙. (81)

Figure 5: Top: Real part of the growth mode and of the damping and growth mode for the high frequency transverse wave in the case of the electron-positron plasma. Bottom: Left: Imaginary part of the growth mode. Right: Imaginary part of the damping and growth mode.

8.1 Alfvén Modes

8.1.1 Electron-positron Plasma

For electron-positron plasma four modes exist, two of which are growth and other two are damped. The first mode, shown in Fig. 1, is damped. The second mode, not shown here, is equal to the first mode but opposite in sign and is growth. The third and fourth modes, shown in Fig. 2, are complex conjugate pairs and show damping and growth, respectively. These two modes are similar to the corresponding Alfvén modes of Buzzi et al. [47] but the damping and growth rates are larger by several orders of magnitude compared with those modes. These four modes coalesce with two modes of Buzzi et al. [47] for the Schwarzschild case and with a single mode for the ultra relativistic electronpositron plasma [53]. Since we are using the convention e^{ikz} = e^{i[Re(k)+iIm(k)]z}, the damping corresponds to Im(k̃) > 0 and growth to Im(k) < 0.

8.1.2 Electron-ion Plasma

In the case of the electron-ion plasma there exist four modes, two of which, shown in Fig. 3, are complex conjugate pair and are significantly damped and growing respectively. The other two modes are also damping and growth. The third mode, shown in Fig. 4,

Figure 6: Top: Real part of the damped mode and of the damping and growth mode for the high frequency transverse wave in the case of the electron-positron plasma. Bottom: Left: Imaginary part of the damped mode. Right: Imaginary part of the damping and growth mode.

is a growth mode. The fourth mode is similar to this mode but opposite in sign and is damped. The last two modes display only marginal damping and growth, respectively, and are equivalent to the two modes discussed in Fig. 2 for electron-positron plasma. For the first two modes, shown in Fig. 3, the differences in the magnitudes of the ω_{c1} and ω_{c2} apparently lead to take the frequencies from their negative (and therefore unphysical) values for the electron-positron case to positive physical values for the electron-ion case. These changes are because of the difference in mass and density factors as between the positrons and ions. These four modes coalesce with the modes of Buzzi et al. [47] for the Schwarzschild case. It is evident that the growth and damping rates are independent of the frequency, but depended only on the radial distance from the black hole horizon through α_0.

8.2 High Frequency Transverse Modes

8.2.1 Electron-positron Plasma

There exist four high frequency electromagnetic modes for the electron-positron plasma. These are illustrated in Figs. 5 and 6. Fig. 5 shows two modes which are similar and both show a large amount of growth. The bottom left mode is clearly a growth mode

Figure 7: Top: Real part of the growth mode and of the growth and damping mode for the high frequency transverse wave in the case of the electron-ion plasma. Bottom: Left: Imaginary part of the growth mode. Right: Imaginary part of the growth and damping mode.

for all the frequencies, but the bottom right mode is growth for higher frequency and is damped very close to the black hole horizon for lower frequency. Thus near the horizon, it appears that energy is no longer fed into wave mode by the gravitational field but begins to be drained from the waves. The bottom left mode, shown in Fig. 6, is damped mode but the bottom right mode is growth for lower frequency as ω̃ → 1 and α_0 → 0. These four modes are similar to the three modes of Buzzi et al. [47] with larger damping and growth rates.

8.2.2 Electron-ion Plasma

Four high frequency modes are found to exist as shown in Figs. 7 and 8. The bottom left mode in Fig. 7 is a growth mode but the bottom right mode shows both growth and damping. For each of these modes, the solution become unstable for α_0 → 0 and ω̃ → 1. This may simply because the solution is too close to a resonant frequency. The damping and growth rates are larger than the corresponding modes for Schwarzschild case. Fig. 8 shows two modes, one of which shown in bottom left is a purely damped, while the bottom right one is both damping and growth. These modes are stable for all frequencies and at all distances from the horizon. Unlike the corresponding Alfvén modes, the growth and decay rates obviously depend on frequency. The four modes coalesce with the three

Figure 8: Top: Real part of the damping mode and of the damping and growth mode for the high frequency transverse wave in the case of the electron-ion plasma. Bottom: Left: Imaginary part of the one damped mode. Right: Imaginary part of the other mode showing both damping and growth.

modes of Buzzi et al. [47] for the Schwarzschild case.

9 Concluding Remarks

The prime concern of this study has been exclusively the investigation, within the local approximation, of Alfvén and high frequency transverse electromagnetic waves in a twofluid plasma in the vicinity of the Reissner-Nordström-de Sitter black hole.

We derive the dispersion relation for the Alfvén and high frequency electromagnetic waves and solve it numerically for the wave number k. In the zero gravity limit, our study gives the results of the special relativistic case [53] where only one purely real mode was found to exist for both the Alfvén and high frequency electromagnetic waves. In contrast to the special relativistic case, new modes (damped or growth) arise in the present work due to the black hole’s gravitational field. We have found four Alfvén and four high frequency modes either for electron-positron or electron-ion plasma. There is a variation of damping and growth rates of all the modes by some orders of magnitude with respect to the Schwarzschild case [47].

For the Alfvén waves, the damping and growth rates are clearly independent of frequency for both the fluid components, but are solely dependent only on the radial distance from the horizon as denoted by the mean-value of the lapse function α_0. On the other hand, for the high frequency electromagnetic waves the damping and growth rates are dependent on both frequency and radial distance from the black hole horizon. So, we may conclude that the damping modes demonstrate the energy drain from the waves by the gravitational field and the growth rates indicate that the gravitational field is, in fact, feeding energy into the waves.

The study of this paper gives the result for the lukewarm black hole when q^2 = M^2. Moreover, the result can be specialized for the interesting cold, charged Nariai, and ultracold black holes by suitably choosing the black hole parameters as described in the introduction. In the limit ℓ^2 → ∞ the study provides the result for the RN [57] black hole, while for ℓ^2 → ∞, q^2 = 0, the result reduces to that for the Schwarzschild black hole [47]. The result for the Schwarzschild-de Sitter black hole [58] is obtained if one sets q^2 = 0. Charged black holes in de Sitter space have interesting wormhole aspects [51, 59]. In gravitational theory wormholes are bridges between different parts of the universe. There exists a class of extreme cases which appears to be classically and quantum mechanically stable [52, 60]. The RNdS black hole is therefore interesting in a broader context. Our study of this paper is thus well motivated.

Acknowledgement

One of the authors (MHA) thanks the SIDA as well as the Abdus Salam International Centre for Theoretical Physics (ICTP), Trieste, Italy, for supporting with an Associate position of the Centre.

References

[1] T. Vachaspati, D. Stojkovic, and L.M. Krauss: Phys. Rev. D 76, (2007)024005 [arXiv:

gr-qc/0609024].

[2] R. Narayan: New J. Phys. 7, (2005)199.

[3] H. Ohaninan, R. Ruffin: Gravitation and Spacetime (New York:Norton), (1994) 484.

[4] D.B. Cline, D.A. Sanders and H. Hong: ApJ, 486, (1997)169.

[5] A.F. Heckler: Phys. Rev. Lett. 55, (1997)480.

[6] A.F. Heckler: Phys. Rev. Lett. 78, (1997)3430.

[7] P.M. Garnavich, et al.: Astrophys. J. 509, (1998)74.

[8] A.V. Filippenko, and A.G. Riess: Phys. Rep. 307, (1998)31.

[9] A.G. Riess, et al.: Astrophys. J. 536, (2000)62.

[10] A.G. Riess, et al.: Astrophys. J. 560, (2001)49.

[11] J.L. Tonry, et al.: Astrophys. J. 594, (2003)1.

[12] R.A. Knop, et al.: Astrophys. J. 598, (2003)102.

[13] B.J. Barris, et al.: Astrophys. J. 602, (2004)571. [14] A.G. Riess, et al.: Astrophys. J. 607, (2004)665. [15] C.L. Bennett, et al.: Astrophys. J. Suppl. 148, (2003)1. [16] B. Netterfield, et al.: Astrophys. J. 571, (2002)604. [17] P. de Bernardis, et al.: Nature 404, (2000)955. [18] D.N. Spergel, et al.: Astrophys. J. Suppl. 148, (2003)175. [19] L. Page, et al.: Astrophys. J. Suppl. 148, (2003)233. [20] M. Tegmark, et al.: Astrophys. J. 606, (2004)702.

[21] N. Afshordi, Y.-S. Loh, and M.A. Strauss: Phys. Rev. D 69, (2004)083524. [22] R. Carlberg, et al.: Astrophys. J. 478, (1997)462. [23] N. Bahcall, et al.: Astrophys. J. 541, (2000)1. [24] W.L. Freedman, et al.: Astrophys. J. 553, (2001)47.

[25] P. Fosalba, E. Gaztanaga, and F. Castander: Astrophys. J. 597, (2003)L89. [26] P. Fosalba, and E. Gaztanaga: Mon. Not. R. Astron. Soc. 350, (2004)L37. [27] R. Scranton, et al.: Preprint astro-ph/0307335 (2003). [28] S. Boughn, and R. Crittenden: Nature 427, (2004)6969. [29] N. Padmanabhan, et al.: Phys. Rev. D 70, (2004)103501. [30] A.G. Riess, et al.: Astron. J. 116, (1998)1009. [31] S. Perlmutter, et al.: Astrophys. J. 517, (1999)565. [32] S. Perlmutter, et al.: Bull. Am. Astron. Soc. 29, (1997)1351.

[33] N. Bahcall, J.P. Ostriker, S. Perlmutter, and P.J. Steinhardt: Science 284, (1999)1481.

[34] R.R. Caldwell, R. Dave, and P.J. Steinhardt: Phys. Rev. Lett. 80, (1998)1582. [35] B. Schmidt et al.: Astrophys. J. 507, (1998)46. [36] J.P. Ostriker, and P.J. Steinhardt: Nature 377, (1995)600. [37] E. Witten: “Quantum Gravity in de Sitter Space”, arXiv: hep-th/0106109. [38] A. Strominger: JHEP 10, (2001)034. [39] A. Strominger: JHEP 11, (2001)049. [40] C.M. Hull: JHEP 07, (1998)021.

[41] C.M. Hull, and R.R. Khuri: Nucl. Phys. B 575, (2000)231. [42] P.O. Mazur, and E. Mottola: Phys. Rev. D 64, (2001)104022. [43] K.S. Thorne, and D.A. Macdonald: Mon. Not. R. Astron. Soc.198, (1982)339. [44] D.A. Macdonald, and K.S. Thorne: Mon. Not. R. Astron. Soc.198, (1982)345. [45] R.H. Price, and K.S. Thorne: Phys. Rev. D 33, (1986)915.

[46] K.S. Thorne, R.H. Price, and D.A. Macdonald: Black Holes: The Membrane Paradigm. Yale University Press, New Haven (1986).

[47] V. Buzzi, K.C. Hines, and R.A. Treumann: Phys. Rev. D 51, (1995)6663. [48] V. Buzzi, K.C. Hines, and R.A. Treumann: Phys. Rev. D 51, (1995)6677. [49] S.F. Ross and R.B. Mann: Phys. Rev. D. 52, (1995)2254 [arXiv: gr-qc/9504015]. [50] R. Bousso: Phys. Rev. D. 60, (1999)063530 [arXiv: hep-th/9902183]. [51] F. Mellor and I. Moss: Phys. Lett B 222, (1989)361. [52] L.J. Romans: Nucl. Phys. B 383, (1992)395. [53] J. Sakai, and T. Kawata: J. Phys. Soc. Jpn. 49, (1980)747. [54] M. Colpi, L. Maraschi, and A. Treves: Astrophys. J. 280, (1984)319. [55] E. Harris: Phys. Rev. 108, (1957)1357. [56] F. Jüttner: Ann. Phys. (Leipzig) 34, (1911)856. [57] M.H. Ali and M.A. Rahman: Int. J. Theor. Phys. 47, (2008)772. [58] M.H. Ali and M.A. Rahman: to appear in Int. J. Theor. Phys. DOI: 10.1007/s10773- 009-9946-8.

[59] F. Mellor and I. Moss: Class. Quant. Grav. 6, (1989)1379. [60] R.G. Cai, J. Young, and K.S. Soh: Class. Quant. Grav. 15, (1998)2783.