arXiv:0902.3864v2 [hep-ph] 1 Mar 2009

Towards a consistent AdS/QCD dictionary

Frédéric Jugeau^{1,2} 1 Institute of High Energy Physics, Chinese Academy of Sciences, P. O. Box 918(4), Beijing 100049, China 2 Theoretical Physics Center for Science Facilities, Chinese Academy of Sciences, Beijing 100049, China

jugeau@ihep.ac.cn (Dated: February 12, 2009)

Abstract

This note focuses on the large−N behaviour of the Hard Wall model of QCD and clarifies the AdS/QCD dictionary formulated on the basis of the AdS/CFT correspondence. It is shown how short-distance studies performed in the framework of the AdS/QCD Soft Wall model allow one to determine unambiguously the chiral symmetry breaking function in the Hard Wall model. Especially, the different forms of the field/operator prescription are emphasized. The large−N behaviour of the Hard Wall model is then checked considering form factors of the pion in the chiral limit.

PACS numbers: 11.15.Pg, 11.25.Tq, 11.30.Rd,14.40.Aq.

Keywords: holographic models of QCD, large−N ’t Hooft limit, chiral limit, pion form factors.

Contents

1 Introduction 2

2 The Hard Wall model for a 5d gravity dual of QCD 6

3 The AdS/QCD dictionary revised 12 3.1 The pion in the chiral limit . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.2 The chiral symmetry breaking function and the AdS/QCD dictionary . . . 14 3.3 The large−N behaviour of the Hard Wall model of QCD . . . . . . . . . . 17

4 Conclusion 21

1 Introduction

Although considerable simplification is obtained in the large−N limit of QCD, corresponding to the planar diagram approximation of the theory [1], its resolution in the infrared (IR) regime remains one of the most intricate long-standing problem for particle physicists. For instance, it has not been possible, up to now, to derive an analytical expression for the interaction force between the two constituents of a quarkonium qq^′ from QCD itself. Nevertheless, a new hope arose when J.M. Maldacena conjectured in 1998 that a four-dimensional strongly-coupled gauge theory could be described equivalently by a weakly-coupled string theory living in a higher-dimensional space-time [2]. Strictly speaking, this so-called AdS/CFT correspondence deals, on the one hand, with a fourdimensional supersymmetric and conformal strongly-coupled SU(N) Yang-Mills theory in the large−N ’t Hooft limit and, on the other hand, with a weakly-coupled type-IIB (oriented closed) superstring theory in the low-energy or supergravity limit (where the stringy effects O(ℓ_s^2) ∼ O(^{1√}_N ) with ℓ_s the typical string length are neglected at first approximation). The bulk in which propagate the non-interacting strings is the product of a five-dimensional anti-de Sitter space-time AdS_5 with a 5-sphere S^5. As for the dual gauge field theory, it is defined on the four-dimensional AdS_5 boundary (for a detailed explanation of the correspondence, the reader is referred to, e.g., [3]).

It is useless to say that its applicability to a confining gauge theory is far to be obvious. Indeed, as a theory of the Standard Model, QCD contains no supersymmetric partner of the quarks and of the gluons. Moreover, the asymptotic freedom of QCD introduces a mass scale Λ_{QCD} at which arises the confinement mechanism responsible of the cohesion of the quarks within the hadrons. Nonetheless, it could be possible to modify Maldacena’s conjecture in order to treat such theories as well. Some indications are indeed stimulating which conduce to pursue in this direction: for asymptotically high energies, QCD presents a nearly conformal behavior since the running strong coupling constant vanishes logarithmically and the quark masses are negligible in comparison with the energies brought into play in the ultraviolet (UV) regime. On the other hand, at lower energies, the QCD β function could have an IR fixed point related to the ’freezing behaviour’ of the coupling [4] and thus to a conformal window for QCD [5]. Two complementary approaches exist on the market which aim at identifying the dual theory of QCD. In the historically first approach, the so-called top-down approach [6], the conformal invariance and the supersymmetry are broken, respectively, by compactification (the compactification radius giving rise to a dimensionful parameter, namely, the mass gap of QCD) and appropriate boundary conditions on the compactified dimensions. The AdS geometry is then deformed into a Schwarzschild black hole−AdS geometry where the event horizon plays the role of an IR brane whose the location is related to the Beckenstein-Hawking temperature (i.e. the thermal temperature of the gauge theory). On the other hand, according to the bottom-up or AdS/QCD approach, one focuses on the phenomenological properties of QCD and uses them as guidelines in order to construct its five-dimensional dual theory.

The explicit carrying out of the holographic principle [7] consists in associating, in a one-to-one correspondence, a dual p-form bulk field, generically denoted ϕ(x, z) where x^μ (μ = 0, . . . , 3) are the usual 4d Minkowski coordinates and z is the 5^{th} holographic coordinate (dual to the energy scale at which is observed the conformal field theory (CFT) defined on the AdS boundary at z → 0), with a p-form CFT operator O(x) with conformal dimension Δ. The square mass m^2_{AdS} of the bulk field is given in terms of Δ and of the rank p of the form according to the AdS/CFT relation:

m^2_{AdS} R^2 = (Δ − p)(Δ + p − d) (1.1)

where d = 4 is the dimension of the boundary space-time and R is the so-called AdS radius (having the dimension of a length). The relevance of the AdS/CFT correspondence comes from the fact that it allows one to derive any n-point correlation functions of the boundary conformal field theory by means of its dual AdS theory [8]. The method is based on the equivalence between the generating functional of the connected correlators of the 4d CFT and the AdS_5 partition function. The conjecture is precisely that [7] ⟨ e^i ∫ ∂AdS5 d 4x O(x) ϕ_0(x) ⟩ CF T = e^{iS5d[ϕ(x,z)]} | | |_{ϕ →} z→0 ϕ_0

(1.2)

where S_{5d}[ϕ(x, z)] is the supergravity action (obtained by inserting the field solutions of the classical equations of motion, hence the absence of path integral on the ϕ field configurations on the r.h.s. of (1.2)). On the other hand, the bulk field ϕ(x, z) is required to approach asymptotically the source field ϕ_0(x) associated with the operator O(x) defined on the boundary. As for a massive scalar bulk field (i.e. p = 0), its near-boundary behaviour when z → 0 turns out to be ϕ(x, z) →_{z→0} z^{d−Δ} [ ϕ_0(x) + O(z^2) ] + z^Δ [ A(x) + O(z^2) ] (1.3)

where A(x) =^{⟨O(x)⟩}_{2d−Δ} is argued to be related to the vacuum expectation value of the CFT operator [9]. In general, the relation between ϕ(x, z) and ϕ_0(x) involves the so-called bulk-to-boundary propagator ϕ(x − x^′; z, 0): ϕ(x, z) = ∫ d^dx^′ ϕ(x − x^′; z, 0) ϕ_0(x^′) (1.4)

and the derivation of the correlation functions from supergravity side gives expressions involving such propagators. In the 4d Fourier space with respect to the boundary coordinates x^μ, the convolution (1.4) reads

ϕ̃(q, z) = ϕ̃(q^2, z)ϕ̃_0(q) , (1.5)

written in terms of Fourier transformed fields defined by ϕ(x, z) = ∫ d^dx (2π)^d e^{iq·x}ϕ̃(q, z) . (1.6) Any attempt to establish the AdS/QCD correspondence involving a non-conformal and non-supersymmetric Yang-Mills theory, if there is such a duality, should use a process of successive modifications, keeping in touch as much as possible with the checked AdS/CFT prescription briefly described above. Several scenarios have been proposed which break the conformal invariance by warping the AdS_5 geometry in the IR region at large z. In the framework of the bottom-up approach, the Hard Wall model [10, 11, 12] consists in truncating AdS_5 by compactifying the holographic coordinate 0 ≤ z ≤ z_m where the IR cutoff is related to the QCD mass gap z_m ≃ 1/Λ_{QCD}. Thus, QCD is crudely seen as a conformal field theory up to a specific energy scale at which the conformal symmetry is sharply broken. The light hadron spectroscopy [13], the meson and nucleon form factors [14, 15, 16], the two-point correlation functions [17], the deep inelastic scattering structure functions [18], the chiral symmetry breaking mechanism and the U(1) problem [19] have been investigated. In particular, it has been shown that the spectrum satisfies a Kaluza- Klein behavior m^2_n ∼ n^2 instead of the expected Regge behavior m^2_n ∼ n (n is the radial excitation number). To remedy this shortcoming, the Soft Wall model has been proposed which introduces a smooth IR cutoff through a background dilaton field [20, 21, 22]. The hadrons have also been studied in the framework of Dp/Dq-brane systems [23], as in the Sakai-Sugimoto D4/D8-D8 model [24]. The (p+1)-dimensional SU(N) QCD-like theory is described by a stack of N coincident Dp-branes whereas the flavour degrees of freedom are introduced by n_f Dq-branes in the probe limit where their back-reaction can be neglected [25].

The five-dimensional holographic model proposed in [11] focuses on the low-energy phenomenology of the lightest mesons. Being interested in the chiral dynamics of QCD, only a small number of operators are relevant. In particular, in order to account for the chiral symmetry breaking, a scalar bulk field v(z), dual to the vacuum expectation value of the operator qq, is introduced in the 5d effective action. According to (1.3) with d = 4 and Δ = 3, it behaves near the UV brane as 1 z v(z) →_{z→0} m_q R (1.7)

where the source m_q is the light quark mass. It is not surprising to find the AdS radius R on the r.h.s. of (1.7) as it is the only dimensionful parameter associated with the UV region of the holographic space (the hard cutoff z_m being related to the IR region). As a matter of fact, the exact solution of the linearized equation of motion (see (2.21) and (3.65) below) is: v(z) = m_q R z + σ R z^3 (1.8)

where σ is rather systematically identified in the literature with the chiral condensate σ = −⟨qq⟩. As pointed out in [26], such a naive identification leads to inconsistencies regarding the large−N behaviour since m_q ∼ O(N^0) and ⟨qq⟩ ∼ O(N) [27]. The aim of this note is to reexamine the large−N behaviour of the Hard Wall AdS/QCD model by considering the static and dynamic properties of the pion in the chiral limit. Especially, it is emphasized that no systematic modification of the standard field/operator correspondence is required in order to have a consistent large-N behaviour in the Hard Wall model (in other words, we shall still follow the UV boundary condition (1.7)). The letter is organized as follows: after reviewing in section 2 the Hard Wall model in details, we revise the derivation of the Gell-Mann-Oakes-Renner relation (GMOR) in section 3, that will allow us to identify unambiguously the quark mass and the chiral condensate entering the expression of the so-called chiral symmetry breaking function v(z). These studies shed light on the precise formulation of the AdS/QCD dictionary. Finally, we check the large−N behaviour of the Hard Wall model by considering the pion electromagnetic and gravitational form factors from which can be derived mean square radii and coupling constants.

2 The Hard Wall model for a 5d gravity dual of QCD

Following [11], we consider a 5d conformally flat space-time (the bulk) described by the metric (M, N = 0, . . . , 4 and μ, ν = 0, . . . , 3):

ds^2 = g_{MN} (z)dx^M dx^N =

R^2 z^2 ( η_{μν} dx^μdx^ν − dz^2 ) (2.9)

with g_{MN} (z) =

R^2 z^2 η_{MN} (2.10) and η_{MN} = ( η_{μν} 0 0 −1 ) (2.11)

where η_{μν} = diag(+1, −1, −1, −1) is the flat metric tensor of the 4d Minkowski boundary space. The holographic coordinate z runs from zero to the hard wall located at z_m. The 5d effective action able to reproduce the chiral properties of QCD is:

S_{5d} = S^{(grav.)}_{5d} + S^{(matter)}_{5d} (2.12)

S_{5d} = − 1 2κ^2 ∫ d^5x √ g ( R + Λ ) (2.13) + 1 k ∫ d^5x √ g T r { |DX|^2 − m^2_5 X^2 − 1 4g^2_5

(G^2_L + G^2_R) } (2.14)

where the matter contribution S^{(matter)}_{5d} governing the dynamics of the bulk fields is supplemented with the five-dimensional gravity action S^{(grav.)}_{5d} [16, 28]. g = det(g_{MN} ) is the determinant of the tensor metric, κ^2 is the 5d Newton constant and R is the scalar curvature of the AdS_5 space-time, inversely related to the AdS radius R. With our mostly minus signature (2.11), the cosmological constant of the AdS_5 space-time is negative Λ = −^3_5 R = −^{12}_{R2} . The trace operator T r acts on the chiral flavour internal space since, according to the AdS/CFT dictionary, the chiral symmetry SU(n_F )_L × SU(n_F )_R at the boundary must be gauged in the bulk. In the sequel, we will consider the case of two light flavours n_F = 2. The overall parameter k has the dimension of a length while the gauge coupling g^2_5 is dimensionless (which is also the convention used by [22] in the framework of the Soft Wall model).

In the chiral limit that we will consider here, the relevant QCD operators are the left-handed and the right-handed currents, j^a_{L μ} = q_Lγ_μt^aq_L and j^a_{R μ} = q_Rγ_μt^aq_R, corresponding to the SU(2)_L × SU(2)_R chiral symmetry group and the chiral order parameter q^i_Rq^j_L (when n_F = 2, t^a =^{σa}_2 are the Pauli matrices with a = 1, 2, 3 and i, j = 1, 2 the flavour adjoint and fundamental indices, respectively). All the other operators are supposed to not have significant role at low energy and can be neglected when writing the effective action. The bulk field content of the 5d dual theory consists then of the left-handed and right-handed gauge fields A^a_{LM} (x, z) and A^a_{RM} (x, z). As for the operator q^i_Rq^j_L, it is dual to the bi-fundamental scalar field: X^{ij}(x, z) = (v(z) 2 + S(x, z) )_{ik}( e^{2iπb(x,z)tb} )_{kj} (2.15)

which is massive m^2_5R^2 = −3 according to (1.1) with p = 0 and Δ = 3 and involves the bulk fields S^{ik}(x, z) dual to the scalar mesons, the dimensionless pseudo-scalar fields π^b(x, z) and the background field v^{ik}(z), written as v^{ik}(z) = v(z)δ^{ik} in the isospin limit, which describes the explicit (m_q ≠ 0) and implicit (⟨qq⟩ ≠ 0) chiral symmetry breaking.

The non-Abelian field strength tensors G_{L,RMN} = ∂_M A_{L,RN} − ∂_N A_{L,RM} − i[A_{L,RM} , A_{L,RN} ] (2.16) and the covariant derivative

D_M X = ∂_M X − iA_{L M} X + iXA_{R M} (2.17)

can be expressed in (2.14) in terms of the vector V^a_M = (A^a_L +A^a_R)/2 and axial-vector A^a_M = (A^a_L −A^a_R)/2 bulk fields dual to the currents j^a_{V μ} = qγ_μt^aq and j^a_{A μ} = qγ_μγ_5t^aq respectively. One obtains G^2_L +G^2_R = 2(G^2_V +G^2_A) and D_M X = ∂_M X −i[V_M , X]−i{A_M , X}. Moreover, under the parity, the transformation rules of G_{VMN} and G_{AMN} are opposite which enables us to identify:

G_{VMN} = F_{VMN} − i[V_M , V_N ] − i[A_M , A_N ] , (2.18) G_{AMN} = F_{AMN} − i[V_M , A_N ] − i[A_M , V_N ] (2.19)

with F_{VMN} ≡ ∂_M V_N − ∂_N V_M and F_{AMN} = ∂_M A_N − ∂_N A_M the Abelian vector and axialvector field strength tensors. The quadratic part of the 5d effective action in (2.14) takes then the form (we shall not consider the scalar bulk field S(x, z) in the following):

S^{(2)}_{5d} = 1 k ∫ d^5x √ g T r {1 4 ( g^{MN} ∂_M v∂_N v−m^2_5v^2 ) +v^2g^{MN} (∂_M π−A_M )(∂_N π−A_N )− 1 2g^2_5

(F^2_A+F^2_V ) } (2.20) from which can be derived the linearized equations of motion for the different bulk fields. It is straightforward to write the equations satisfied by the chiral symmetry breaking function v(z) and the Fourier transform (1.6) of the vector field Ṽ^a_μ (transverse since the vector current is conserved). We have: ∂_z ( 1 z^3 ∂_zv(z) ) + 3 z^5 v(z) = 0 (2.21) and (in the axial-like gauge Ṽ^a_z = 0) ∂_z (1 z ∂_zṼ^a_μ (q, z) ) + q^2 z Ṽ^a_μ (q, z) = 0 . (2.22)

On the other hand, provided that v(z) is non-zero, the longitudinal components of the axial-vector bulk field A^a_M , defined as ∂_M ϕ^a = A^a_M −A^a_{⊥ M} , are physical degrees of freedom and are related to the pion while the (normalizable modes of the) transverse components A^a_{⊥ M} describe the axial-vector mesons. Since the pion field π^a in (2.15) and the longitudinal part ∂ϕ^a of the axial-vector field describe both the pseudo-scalar mode (particle and external current), they must be taken into account if we want to treat the pion in a consistent way. The pion mode is thus described by two coupled differential equations. Indeed, the variation of (2.20) with respect to the axial-vector field Ã^a_M (in the axial-like gauge Ã^a_z = 0 and considering the transverse property q_μÃ^{μ a}_⊥ = 0 in the 4d boundary space-time) gives: ∂_z (1 z ∂_zÃ^a_{⊥ μ}(q, z) ) + 1 z ( q^2 −

R^2g^2_5 v(z)^2 z^2 ) Ã^a_{⊥ μ}(q, z) = 0 , (2.23)

∂_z (1 z ∂_zϕ̃^a(q, z) ) − R^2g^2_5 v(z)^2

z^3 ( ϕ̃^a(q, z) − π̃^a(q, z) ) = 0 , (2.24) q^2∂_zϕ̃^a(q, z) − R^2g^2_5v(z)^2 z^2

∂_zπ̃^a(q, z) = 0 . (2.25)

In terms of the vector and axial-vector bulk-to-boundary propagators (1.5), the linearized equations of motion (2.22) and (2.23) write out: [ ∂_z (1 z ∂_z ) + q^2 z ] Ṽ (q^2, z) = 0 (2.26)

and [ ∂_z (1 z ∂_z ) + 1 z ( q^2 −

R^2g^2_5 v(z)^2 z^2 )] Ã(q^2, z) = 0 . (2.27)

It is worth pointing out that these propagators satisfy, when v(z) = 0 in (2.27), the same equation of motion. It results a nonphysical degenerate mass spectrum between the ρ and the a_1 mesons, removed once the chiral symmetry is broken. Hence, the importance of having a consistent expression for v(z). The propagators satisfy the UV Dirichlet boundary conditions:

Ṽ (q^2, 0) = Ã(q^2, 0) = 1 (2.28)

in order to interpret Ṽ^a_{0 μ}(q) and Ã^a_{0⊥ μ}(q) as source fields and Neumann boundary conditions at the IR brane (z = z_m):

∂_zṼ (q^2, z) | |_{z=zm} = ∂zÃ(q^2, z) | |_{z=zm} = 0 . (2.29)

For space-like momentum Q^2 = −q^2 > 0, the solution of (2.26) is (Q ≡ √ Q^2):

Ṽ (Q^2, z) = Qz ( K_1(Qz) +

K_0(Qz_m) I_0(Qz_m)

I_1(Qz) ) , (2.30)

written in terms of modified Bessel functions of the first and second kind. Its low-z and low-Q^2 expansions are respectively:

Ṽ (Q^2, z) =_{z→0} 1 + Q^2z^2 4 ( ln(Q^2z^2) − ln 4 + 2γ_E − 1 + 2

K_0(Qz_m) I_0(Qz_m) ) + O(z^4) (2.31) and Ṽ (Q^2, z) =_{Q2→0} 1 − Q^2z^2 4 ( 1 − 2 ln( z z_m ) ) + O(Q^4) (2.32)

which shows that Ṽ (0, z) = 1.

The study of the two-point vector current correlation function in the framework of the Hard Wall model proceeds from the equivalence (1.2) applied to QCD. We start from the vector quadratic part of the action (2.20) which, evaluated on the solution to the classical 5d equation of motion (2.22), gives only the surface term:

S^{(2)}_{5d} = − 1 2 R kg^2_5 ∫ d^4q (2π)^4

Ṽ^a_{0 μ}(q)Π^{μν}_⊥ (q)Ṽ^a_{0 ν} (−q) [ Ṽ (q^2, z)1 z ∂_zṼ (q^2, z) ]| |_{z=ϵ→0} (2.33)

with Π^{μν}_⊥ (q) ≡ η^{μν} −^{qμqν}_{q2} the orthogonal projector. Deriving twice with respect to the vector source fields, one obtains [11]:

Π^{(AdS)}_V^{ab}_{μν} (q) = δ^{ab}(q_μq_ν − q^2η_{μν} ) ( 1 q^2 R kg^2_5

Ṽ (q^2, z)1 z ∂_zṼ (q^2, z) )| |_{z=ϵ→0} (2.34)

which has to be compared with the expression in QCD: Π^{(QCD)} V ab μν (q) ≡ i ∫ d^4x e^{iq·x}⟨0|T [j^a_{V μ}(x)j^b_{V ν} (0)]|0⟩ = δ^{ab}(q_μq_ν − q^2η_{μν} )Π^{(QCD)}_V (q^2) . (2.35)

In general, the correlation functions derived in AdS side are singular when z → 0 and must be regularized by an UV cutoff z_{min} ≡ ϵ identified with the renormalization scale 1/ν. The matching [11, 29] between the perturbative parts of (2.34) and (2.35) allows one to extract the factor^{kg25}_R : Π^{(AdS, pert.)} V (Q^2) = −^R_{2kg25} ln(Q^2z^2) | |_{z= 1ν} Π^{(QCD, pert.)} V (Q^2) = −^N_{24π2} ln (_{Q2} ν^2 ) ⇒ kg^2_5 R = 12π^2 N (2.36)

with N the number of colors. Not surprisingly, this is also the prediction of the Soft Wall model [20], since it describes the same UV physics as the Hard Wall model (the background dilaton field, which smoothly warps the IR bulk region from AdS_5, vanishes when z → 0).

The two-point correlator (2.35) can also be written as an infinite sum over the intermediate vector states |ρ^a_n(p, )⟩: Π^{(QCD)} V (q^2) = − ∑ n F^2_{Vn} (q^2 − m^2_{Vn} + iϵ)m^2_{Vn}

. (2.37)

The decay constants F_{Vn} of the vector mesons are defined by ⟨0|j^a_{V μ}(x)|ρ^b_n(p, λ)⟩ = e^{−ip·x}δ^{ab}F_{Vn} ε^{(λ)}_μ (p) (2.38) where the polarization vectors ε^{(λ)}μ (p) generate (together with the momentum p^μ) a complete set in the sense that ∑ λ ε^{(λ)}_μ (p)ε^{(λ)}_ν (p) = −η_{μν} + p_μp_ν p^2

(2.39)

with ε^{(λ)}(p) · p = 0 and ε^{(λ)}(p) · ε^{(λ′)}(p) = −δ^{λλ′} . On the other hand, Green’s theorem applied to (2.26) allows us to express the vector bulk-to-boundary propagator in terms of a sum over the vector resonances [11]:

Ṽ (q^2, z) = − ∑ n v_n(z) q^2 − m^2_{Vn} + iϵ ( 1 z^′ ∂_z′ v_n(z^′) )| |_{z′=ϵ→0} (2.40)

where the normalizable modes v_n(z), solution of (2.22) with q^2 = m^2_{Vn} :

v_n(z) = √ 2 z z_m J_1(m_{Vn} z) J_1(m_{Vn} z_m)

, (2.41)

describes, according to the AdS/CFT dictionary, the vector mesons and are subject to the following constraints:

v_n(0) = 0 , (2.42) ∂_z v_n(z) | |_{z=zm} = 0 , (2.43) ∫_{zm} 0 dz z v_n(z)^2 = 1 . (2.44)

Thanks to the IR Neumann boundary condition (2.43), the Hard Wall model predicts a ρ meson mass spectrum: m_{Vn} =^{γ0,n}_{zm} given in terms of the real zeros γ_{0,n}’s of the Bessel function of the first kind J_0(m_{Vn} z_m) = 0. One sets the value of z_m from the mass of the ground state m_ρ ≃ 775 MeV [30]: z_m = γ_{0,1}/m_ρ ≃ 1/323 MeV^{−1} ≃ 0.61 fm. From the bulk-to-boundary propagator (2.40), we have also the (square of the) vector meson decay constants. Identifying (2.34) with (2.37), one finds [11]:

F^2_{Vn} = R kg^2_5 (1 z ∂_zv_n(z) )_2| |_{z=ϵ→0} = ( γ_{0, n} √ 2π z^2_m J_1(γ_{0, n})

)_2

. (2.45)

The case of the axial-vector current j^a_{Aμ}(x) = qγ_μγ_5t^aq(x) is similar. The two-point correlation function derived from large−N QCD reads as [27] Π^{(QCD)} A ab μν (q) ≡ i ∫ d^4x e^{iq·x}⟨0|T [j^a_{Aμ}(x)j^b_{Aν} (0)]|0⟩

= δ^{ab}(q_μq_ν − q^2η_{μν} ) ( − f^2_π q^2 − ∑ n F^2_{An} (q^2 − m^2_{An} + iϵ)m^2_{An}

) (2.46)

and has to be compared with

Π^{(AdS)}_A^{ab}_{μν} (q) = δ^{ab}(q_μq_ν − q^2η_{μν} ) ( 1 q^2 R kg^2_5

Ã(q^2, z)1 z ∂_zÃ(q^2, z) )| |_{z=ϵ→0} . (2.47)

The first term in (2.46) is the massless pion contribution. The decay constants of the axial-vector mesons and of the pion, defined by: ⟨0|j^a_{Aμ}(x)|a^b_{1 n}(p, λ)⟩ = e^{−ip·x}δ^{ab}F_{a1 n} ε^{(λ)}μ (p) , ⟨0|j^a_{Aμ}(x)|π^b(p)⟩ = e^{−ip·x}δ^{ab}if_πp_μ , (2.48)

take then the following AdS forms [11]:

F^2_{An} = R kg^2_5 (1 z ∂_za_n(z) )_2| |_{z=ϵ→0} , (2.49)

f^2_π = − R kg^2_5 1 z ∂_zÃ(0, z) | |_{z=ϵ→0} . (2.50)

The axial-vector normalizable mode a_n(z) is solution of (2.23) with q^2 = m^2_{An} and satisfies constraints similar to (2.42)-(2.44) while the decay constant of the massless pion is given in terms of the axial-vector bulk-to-boundary propagator Ã(0, z), solution of (2.27) at q^2 = 0.

In section 3.3, we will be interested in the gravitational form factor of the pion which enters the expression of the matrix element of the traceless-transverse part T̂^{μν} of the energy-momentum tensor between two one-pion states [16]. Following the AdS/CFT dictionary, to this operator corresponds, in the dual theory, a 5d bulk field, namely the fluctuations h_{MN} (x, z) around the flat tensor metric in the so-called Randall-Sundrum gauge: g_{MN} (x, z) = R^2 z^2 ( η_{MN} + h_{MN} (x, z) ) (2.51) with h_{μz} = h_{zz} = 0, ∂^μh_{μν} = 0 and h^μ_μ = 0. In this gauge, the equations of motion derived from (2.13) take the simple form: ∂_z ( 1 z^3 ∂_zh̃_{μν} (q, z) ) + q^2 z^3 h̃_{μν} (q, z) = 0 (2.52)

or [ ∂_z ( 1 z^3 ∂_z ) + q^2 z^3 ] h̃(q^2, z) = 0 (2.53)

in terms of the tensor bulk-to-boundary propagator, defined as usual through the relation (1.5):

h̃_{μν} (q, z) = h̃(q^2, z)h̃_{0 μν} (q) (2.54)

and which satisfies the following UV and IR boundary conditions:

h̃(q^2, 0) = 1 and ∂_zh̃(q^2, z) | | |_{z=zm} = 0 . (2.55)

For space-like momentum Q^2 = −q^2 > 0, the solution of (2.53) strongly resembles the expression (2.30) for the vector propagator (Q ≡ √ Q^2):

h̃(Q^2, z) = 1 2 Q^2z^2 ( K_2(Qz) +

K_1(Qz_m) I_1(Qz_m)

I_2(Qz) ) (2.56)

with the asymptotic behaviours:

h̃(Q^2, z) =_{z→0} 1 − Q^2z^2 4 + O(z^4) , (2.57)

h̃(Q^2, z) =_{Q2→0} 1 − Q^2z^2 8 (2 − z^2 z^2_m

) + O(Q^4) (2.58)

such that h̃(0, z) = 1.

3 The AdS/QCD dictionary revised

3.1 The pion in the chiral limit

In the chiral limit where the mass of the light quarks m_q is put to zero, the pion corresponds to a would-be Goldstone boson associated with the spontaneous breaking of the chiral symmetry and, as such, is massless. The Gell-Mann-Oakes-Renner (GMOR) relation accounts for this behaviour: m^2_π ∝ m_q. We begin to introduce briefly the Hard Wall description of the pion in the chiral limit [15].

When q^2 = m^2_π = 0, the equations of motion (2.24) and (2.25) becomes (the subscript χ on the pion wave functions refers to the chiral limit case): ∂_z (1 z ∂_zϕ_χ(z) ) − R^2g^2_5 v(z)^2 z^3 ( ϕ_χ(z) − π_χ(z) ) = 0 (3.59) and ∂_zπ_χ(z) = 0 . (3.60) The normalizable mode of the pion ϕ_χ(z) satisfies the UV and IR boundary conditions:

ϕ_χ(0) = 0 and ∂_z ϕ(z) | | |_{z=zm} = 0 (3.61)

while π_χ(z) is a constant of z. Then, it is convenient to define a new bulk field, the so-called chiral field, as Ψ(z) ≡ ϕ_χ(z) − π_χ(z) which is solution to (3.59): ∂_z (1 z ∂_z Ψ(z) ) − R^2g^2_5 v(z)^2

z^3

Ψ(z) = 0 . (3.62)

Moreover, if π_χ(z) = −1 then Ψ(z) verifies the constraints:

Ψ(0) = 1 and ∂_z Ψ(z) | | |_{z=zm} = 0 . (3.63)

It turns out that the equation of motion (3.62) as well as the boundary conditions (3.63) are also those of the the axial-vector bulk-to-boundary propagator Ã(0, z) evaluated at q^2 = 0 (see Eqs.(2.27)-(2.29)). As a result, we have the identify:

Ψ(z) = Ã(0, z) . (3.64)

On the other hand, the background field v(z) in (3.62) is solution of (2.21) and reads v(z) = m R z + σ R z^3 (3.65)

where two parameters m and σ, which do not have to be identified a priori with the quark mass m_q and the chiral condensate σ ≡ −⟨qq⟩, have been introduced [17, 26, 31, 32]. Nevertheless, since the two contributions of v(z) on the r.h.s. of (3.65) accounts for the explicit and implicit chiral symmetry breaking respectively, it is natural to assume a proportionality relation between, on the one hand, m and m_q and, on the other hand, σ and σ. Thus, in the chiral limit we are interested in, only remains the second term: v(z) = σ R z^3 (3.66)

and (3.62) becomes (one defines α ≡^{g5σ}_3 ): ∂_z (1 z ∂_z Ψ(z) ) − 9α^2z^3Ψ(z) = 0 (3.67)

with the solution [15]:

Ψ(z) = Γ (2 3 )(α 2 )_{1/3} z [ I_{−1/3}(αz^3) −

I_{2/3}(αz^3_m) I_{−2/3}(αz^3_m)

I_{1/3}(αz^3) ] . (3.68)

The decay constant of the massless pion (2.50) takes then the form:

f^2_π = − R kg^2_5 1 z ∂_zΨ(z) | | |_{z=ϵ→0} = R kg^2_5

3 · 2^{1/3}

Γ(2/3) Γ(1/3)

I_{2/3}(αz^3_m) I_{−2/3}(αz^3_m) α^{2/3} . (3.69)

3.2 The chiral symmetry breaking function and the AdS/QCD dictionary

The background field v(z) (3.65) involves two parameters m and σ which remains to identify. As they account for the chiral symmetry breaking, they must be related, in some way, to the light quark mass m_q and the chiral condensate σ. The latter enter the GMOR relation which relates the magnitude of the pion and quark masses to the size of the quark condensate:

m^2_πf^2_π = 2m_qσ + O(m^2_q) . (3.70) In the chiral limit, m_q = 0 and the pion is massless. It becomes massive provided the chiral symmetry is explicitly broken. Although the result is well-known and consists of one of the first insights in support of the Hard Wall model, it is worth summing up shortly the main steps leading to (3.70) as performed initially by [11]. When q^2 = m^2_π, the pseudo-scalar normalizable modes ϕ(z) and π(z) are not independent but satisfy two coupled differential equations (2.24) and (2.25). In particular, we have:

m^2_π∂_zϕ(z) =

R^2g^2_5 v(z)^2 z^2

∂_zπ(z) . (3.71)

Moreover, they behave asymptotically as

ϕ(0) = 0 and ∂_zϕ(z) | | |_{zm} = 0 , (3.72)

π(0) = 0 . (3.73) The IR boundary condition of π(z) is, on the other hand, dictated by the chiral symmetry: since π_χ(z) = −1 in the chiral limit, the value of the pion wave function π(z) must approach −1 at low energies, i.e. near the IR cutoff z_m. Let us rewrite (3.71) as follows:

π(z) = m^2_π ∫_z 0 du u^3 R^2v(u)^2 1 g^2_5 u

∂_uϕ(u) (3.74)

where the lower bound of the integral is given by the UV boundary condition (3.73). Since there is a mass gap separating the light pion from the rest of the hadronic spectrum, it is consistent to expand the pion wave functions in powers of m^2_π in such a way that

π(z) = m^2_π ∫_z 0 duf(u) 1 g^2_5u

∂_uΨ(u) (3.75)

at leading order. The function f(u) =^{u3}_{R2v(u)2} exhibits a peak located at u_c = √_m 3σ . The main contribution to the integral comes from the neighbourhood of u_c. Provided that m is small in comparison with σ, which is consistent with the fact that m and σ are related to m_q and σ respectively, only small values of u give sizeable contributions to the integral.

Consequently, the remaining function^1_{g25 u} ∂_uΨ(u) can be evaluated at u ≃ 0 which is then related to the pion decay constant (3.69): π(z) = − k R m^2_πf^2_π ∫_z 0 duf(u) . (3.76) It remains to perform the integration. When z is large, π(z) approaches -1 so that

− 1 = − k R m^2_πf^2_π 2m σ . (3.77)

In order to recover the GMOR relation at leading order (3.70), we have thus to impose the simple condition: m σ = k R m_qσ . (3.78)

It is then consistent to take:

m = m_q , (3.79) σ = k R σ . (3.80)

The AdS/QCD matching at short distances of the two-point correlation function of the vector current (2.36) allowed us to extract the factor^{kg25}_R =^{12π2}_N [11]. This value is not peculiar to the Hard Wall model. Any holographic model must indeed be conformal near the UV brane and, as such, must predict the same UV physics. In particular, it is not surprising to recover this value in the Soft Wall model [20]: the background dilaton field Φ(z) vanishes when z → 0 while the bulk reduces asymptotically to AdS_5. On the other hand, light scalar mesons have also been studied in the framework of the Soft Wall model [22] where the 5d effective action consists in coupling precisely the Lagrangian (2.14) (with the mostly plus signature) to the background dilation field through the overall factor e^{−Φ(z)}. In this framework, the scalar bulk field S^A(x, z), dual to the QCD operator O^A_S (x) = q(x)T^Aq(x), includes in (2.15) singlet S_1(x, z) and non-singlet S^a(x, z) components, gathered into the multiplet S = S^AT^A = S_1T^0 + S^aT^a with T^0 = I_{nF} / √ 2n_F and T^a the generators of SU(n_F ), with normalization T r ( T^AT^B ) = δ^{AB} /2 (A = 0, a and a = 1, . . . , n^2_F − 1). The mass spectrum and the decay constants of the scalar mesons have been determined as the poles and the residues of the two-point scalar current correlation function, defined in QCD as Π^{(QCD)AB} S (q^2) ≡ i ∫ d^4xe^{iq·x}⟨0|T [O^A(x)O^B (0)]|0⟩ (3.81)

and which involves in AdS side the scalar bulk-to-boundary propagator [22]. We have: Π^{(AdS)AB} S (q^2) = δ^{AB}

R^3 k S̃(q^2

c^2

, c^2z^2) e^{−Φ(z)} z^3 ∂_zS̃( q^2 c^2

, c^2z^2) | | |_{z=ϵ→0} (3.82) where S̃(q^2

c^2

, c^2z^2) = 1 Rc Γ( q^2 4c^2 + 3 2 )(cz)U( q^2 4c^2 + 1 2 ; 0; c^2z^2) =_{z→0} z R . (3.83)

The dilaton parameter c breaks the conformal invariance of the boundary field theory (i.e. breaks the isometry group of AdS_5) and gives the dimension for all the observables as the masses, the decay constants, the condensates and so on and so forth.

Especially, the AdS expression of the correlator can be compared, at high energies, with its computation in QCD (for N = 3), which enables us to extract the factor^k_R : Π^{(AdS,pert.)AB} S (Q^2) = δ^{AB R}_k Q^2 ln(Q^2z^2) | | |_{z= 1ν} Π^{(QCD,pert.)AB} S (Q^2) =^{δAB}_2^3_{8π2} Q^2 ln(^{Q2}_{ν2} ) ⇒ k R = 16π^2 N (3.84)

and, subsequently, g^2_5 = 3/4 according to (2.36). Being associated with the UV physics at small z, the value (3.84) can also be used in the framework of the Hard Wall model since we are considering two equivalent actions, regardless of the dilaton overall factor (Compare the action (2.14) with Eq.(3) of [22]) and, consequently, the same UV boundary condition (1.7). As a result, the chiral symmetry breaking function (3.65) takes the following form: v(z) = z R (m_q +

16π^2 N σz^2) =_{z→0} m_q R z . (3.85)

Its large−N scaling is consistent since m_q ∼ O(N^0) and σ ∼ O(N) yield v(z) ∼ O(N^0).

Let us now clarify the AdS/QCD dictionary. As in [26], we start by considering the singlet case A = B = 0 of (3.82) and (3.84) with the relation:^{2R}_k =^3_{8π2} =^{a2}_2 , where the parameter a =^{√N}_{2π} has been introduced in [26]. We then perform a mere rescaling of the scalar bulk field X(x, z) and of the 5d coupling constant: X̂(x, z) = a 2 X(x, z) and 1 ĝ^2_5 = a^2 4 1 g^2_5

. (3.86)

That implies the following renormalization of the 5d holographic action (2.14): 1 k ∫ d^5x √ g T r L(X, g^2_5 , π, A_L, A_R) ⇒ 1 R ∫ d^5x √ g T r L̂(X̂, ĝ^2_5, π, A_L, A_R) . (3.87)

The action S^{(matter)}_{5d} , written in the first form, involves an overall factor 1/k related to the number of colors N [12, 17]. Because of the scalar bulk field and gauge coupling redefinition (3.86), this N-dependent factor is absorbed on the r.h.s. of (3.87). That implies modifications in the field/operator prescription. The chiral symmetry breaking function (3.85) becomes indeed:

v̂(z) = a 2 m_q R z + 2 a σ R z^3 =_{z→0} a 2 m_q R z . (3.88)

According to (3.65), we have m =^a_2 m_q and σ =^2_a σ which fulfils the condition m σ = m_qσ, analogous to (3.78). Moreover, the large−N behaviour has changed, being now v̂(z) ∼ O( √ N). Besides, one usually chooses to renormalize the 5d gauge coupling such that ĝ^2_5 =^{12π2}_N instead of the gauge bulk fields A^a_{LM} and A^a_{RM} (or, equivalently, V^a_M and A^a_M ), which has the advantage of letting unchanged the UV boundary conditions (2.28). Also, the pseudo-scalar modes π and ϕ are not affected by the rescaling (3.86). As a result, the equations of motion (2.21)-(2.25) and (3.62) and the boundary conditions (3.63) remain the same with g^2_5 and v(z) replaced by ĝ^2_5 and v̂(z) (let us point out that the products g^2_5 v(z)^2 and ĝ^2_5 v̂(z)^2 are both N-independent). As for the decay constants (2.45), (2.49) and (2.50), they retain their AdS expressions except for the overall factor R kg^2_5 which becomes 1 ĝ^2_5 . Finally, the scalar bulk-to-boundary propagator (3.83) gains an

additional factor of^a_2 so as to recover a =^{√N}_{2π} from the matching (3.84).

The key point in the discussion above referred to the different operators at work: while the source of the complex scalar bulk field X(x, z) is associated with the operator q_Rq_L, to the background field v(z) and, for the sake of clearness, to the singlet component S_1(x, z) of the real scalar bulk field S(x, z) = S^A(x, z)T^A correspond, in the isospin limit, the vacuum expectation value of qq = 2 Re(q_Rq_L) and the operator √ 2n_F Re(q_Rq_L) respectively. Hence, we can see the relevance of the factors of 1/2 and of 1/ √ 2n_F in front of v(z) and of S_1 in (2.15) in order to have the UV asymptotic behaviours (1.7) and (3.83).

3.3 The large−N behaviour of the Hard Wall model of QCD

In the preceding section, we have determined unambiguously the light quark mass and the chiral condensate entering the expression of the chiral symmetry breaking function (3.85) which enabled us to clarify the AdS/QCD dictionary as used in the bottom-up approach of the holographic models of QCD. We return to our main goal focusing on the large−N behaviour of the Hard Wall model. Our starting point was the 5d effective action (2.12). A glance at the bulk fields leads us to conclude that they do not scale with N (see, for instance, the normalizable modes (2.41) and (3.68), the bulk-to-boundary propagators (2.30) and (2.56), as well as the chiral symmetry breaking function (3.85)). As a consequence, the square of the decay constants F^2_{Vn} , F^2_{An} and f^2_π of the vector, axialvector and pseudo-scalar mesons, respectively (2.45), (2.49) and (2.50), scale as O(N). This is reminiscent of what happens in Chiral Perturbation Theory with the large−N behaviour implemented [27]. Although already conclusive, let us go one step further in our check by considering the electromagnetic [15] and gravitational [16] form factors of the pion in the chiral limit.

The vector form factor F_π(q^2) of the pion can be obtained from the three-point correlation function: Π^{(QCD)abc}_{αμβ} (p_1, p_2) ≡ − ∫ d^4xd^4y e^{ip1·x−ip2·x}⟨0|T [j^a_{Aα}(x)j^b_{V μ}(0)j^c_{Aβ}(y)]|0⟩ (3.89) where the vector current j^b_{V μ} is sandwiched between the two axial-vector currents j^a_{Aα} and j^c_{Aβ} which project on a one-pion state. So, according to the duality relation (1.2), we need to consider in AdS side the following interaction terms [15, 33]: S^{(V P P )} 5d = ϵ^{abc} k ∫ d^5x R z [ 1 g^2_5 ( ∂_z ∂^μϕ^a ) V^b_μ ( ∂_z ϕ^c ) + R^2v(z)^2 z^2 ( ∂^μϕ^a − ∂^μπ^a ) V^b_μ ( ϕ^c − π^c )] , (3.90) the derivation of it being somewhat tedious as involving the use of the equations of motion (2.22) and (2.24) as well as several partial integrations. In the 4d Fourier space, one gets: S^{(V P P )} 5d = ∫ d^4q_1d^4q_2d^4q_3 (2π)^{12} i(2π)^4δ^4(q_1 + q_2 + q_3)q^μ_1 × ϵ^{abc} k ∫_{zm} 0 R z Ṽ^b_μ (q_2, z) [ 1 g^2_5 ( ∂_zψ̃^a(q_1, z) )( ∂_zψ̃^c(q_3, z) ) + R^2v(z)^2 z^2 ψ̃^a(q_1, z)ψ̃^c(q_3, z) ] (3.91)

where ψ̃^a(q_1, z) = 1

q^2_1

Ψ(z) ( − iq^α_1 Ã^a_{‖0α}(q_1) ) (3.92)

is the Goldstone boson bulk field expressed in terms of the chiral field Ψ(z) and the longitudinal component Ã^a_{‖0α}(q_1) of the axial-vector source field. Since it describes a massless mode, only the pole q^2_1 = 0 appears in (3.92). Then, three functional derivatives with respect to the vector Ṽ^b_{0 μ}(q) and the axial-vector Ã^a_{‖0α}(p_1) and Ã^c_{‖0β}(−p_2) sources gives the AdS expression of the three-point correlation function (q = p_2 − p_1):

Π^{(AdS)abc}_{αμβ} (p_1, p_2) = p_{1α}p_{2α} p^2_1p^2

(p_1 + p_2)_μf^2_π F_π(q^2) . (3.93)

Hence, the electromagnetic form factor of the pion which, for space-like momentum Q^2 = −q^2 < 0, reads as

F_π(Q^2) = R kg^2_5 1 f^2_π ∫_{zm} 0 dz z Ṽ (Q^2, z) [(∂_zΨ(z) z )_2 + R^2g^2_5 v(z)^2

z^4

Ψ(z)^2 ] (3.94)

where Ṽ (Q^2, z) is the vector bulk-to-boundary propagator (2.30) and which satisfies the charge normalization F_π(0) = 1 at Q^2 = 0. The property Ṽ (0, z) = 1 and the equation of motion for Ψ(z) (3.62) allow indeed to write out successively:

F_π(0) = R kg^2_5 1 f^2_π ∫_{zm} 0 dz z [(∂_zΨ(z) z )_2 + R^2g^2_5 v(z)^2 z^4

Ψ(z)^2 ] (3.95) = R kg^2_5 1 f^2_π ∫_{zm} 0 dz z [(∂_zΨ(z) z )_2

+ Ψ(z) 1 z ∂_z (∂_z Ψ(z) z )] (3.96)

F_π(0) = R kg^2_5 1 f^2_π ∫_{zm} 0 dz ∂_z ( Ψ(z) 1 z ∂_z Ψ(z) ) . (3.97)

The integration at z_m gives zero because of the IR Neumann boundary condition (3.63). Thus, one obtains:

F_π(0) = 1 f^2_π

Ψ(z) ( − R kg^2_5 1 z ∂_zΨ(z) )| |_{z=ϵ→0} = 1 (3.98)

thanks to the UV Dirichlet boundary condition (3.63) and to the AdS expression of the massless pion decay constant (3.69). As it must be, the vector form factor does not scale with N which stems from the compensation mechanism between^R_{kg25} ∼ O(N) and 1/f^2_π ∼ O(1/N) [27]. As for the strong V P P coupling constants, they follow writing the vector bulk-to-boundary propagator in terms of the vector mass poles m_{Vn} , of the residues F_{Vn} (2.45) and of the normalizable eigenfunction v_n(z) (2.41). Eq. (2.40) gives:

Ṽ (q^2, z) = − √ kg^2_5 R ∞∑ n=1 F_{Vn} v_n(z) q^2 − m^2_{Vn} + iϵ

. (3.99)

(On the way, one verifies that the propagator does not scale with N: Ṽ (q^2, z) ∼ O(N^0).) The AdS expression of the vector form factor and of the the g_{Vnππ} couplings follow:

F_π(q^2) = − ∞∑ n=1 F_{Vn} g_{Vnππ} q^2 − m^2_n + iϵ

(3.100)

with g_{Vnππ} = √ R kg^2_5 1 f^2_π ∫_{zm} 0 dz z v_n(z) [(∂_zΨ(z) z )_2 + R^2g^2_5 v(z)^2

z^4

Ψ(z)^2 ] . (3.101)

As a result, the large−N counting rules are consistent in the AdS/QCD Hard Wall model as g_{Vnππ} ∼ O(1/ √ N) such that we recover free, stable, non-interacting mesons at N → ∞.

As a matter of fact, the study of the gravitational from factor of the pion in the chiral limit gives very similar formulae [16]. Since the longitudinal part of the axial-vector bulk field becomes physical and describes pions provided that the chiral symmetry is broken, the interaction terms must involve all the couplings of the type hππ, hAπ and hAA where h_{μν} stands for perturbations of the flat tensor metric (2.51). One has:

S^{(T P P )} = 1 k ∫ d^5x R z h^{μν} (x, z) [ − R^2v(z)^2 2z^2 ( ∂_μπ^a−A^a_μ )( ∂_ν π^a−A^a_ν ) + 1 2g^2_5 ( −F^a_{Aμz} F^a_{Aνz} +η^{αβ}F^a_{Aνα} F^a_{Aμβ} )] . (3.102) As usual, the functional derivatives with respect to the source fields h̃_{0 μν} (q), Ã^a_{‖0 α}(p_1) and Ã^c_{‖0 β}(−p_2) gives the three-point correlation function including the transverse-traceless part T̂^{μν} of the energy-momentum tensor and from which can be derived the gravitational form factor of the pion^∗:

A_π(Q^2) = R kg^2_5 1 f^2_π ∫_{zm} 0 dz z h̃(Q^2, z) [(∂_zΨ(z) z )_2 + R^2g^2_5 v(z)^2

z^4

Ψ(z)^2 ] . (3.103)

∗The transverse-traceless part of the stress tensor is selected by substituting in (the 4d Fourier transform of) (3.102) h̃^{μν}_0 (q) with [( η^{μρ} −^{qμ qρ}_{q2} )( η^{νσ} −^{qν qσ}_{q2} ) −^1_3 ( η^{μν} −^{qμ qν}_{q2} )( η^{ρσ} −^{qρ qσ}_{q2} )] h̃_{0 ρσ} (q).

This expression is quite similar to the electromagnetic form factor (3.94) where the vector bulk-to-boundary propagator (2.30) is replaced by the tensor one (2.56). Since h̃(0, z) = 1, the normalization A_π(0) = 1 follows and one checks the large−N behaviour for the form factor: A_π(Q^2) ∼ O(N^0).

For the sake of completeness, let us conclude this note by performing some numerical estimates. For this, it is convenient to introduce the so-called radial distribution density [15]: ρ(ẑ, c) = R kg^2_5 1 f^2_π z^2_m [(∂_ẑΨ(ẑ) ẑ )_2 + 9 c^2ẑ^2Ψ(ẑ)^2 ] (3.104)

with Ψ(ẑ) = Γ (2 3 )(β 2 )_{1/3} ẑ [ I_{−1/3}(βẑ^3) −

I_{2/3}(β) I_{−2/3}(β) I_{1/3}(βẑ^3) ] . (3.105)

ẑ = z/z_m is the dimensionless holographic coordinate while β = αz^3_m and α =^{g5}_3^k_R σ. Imposing that the pion decay constant (3.69) coincides with the value f_π ≃ 92.4 MeV in the chiral limit, one gets α ≃ (424 MeV)^3 and β ≃ 2.27 with 1/z_m ≃ 323 MeV determined from the mass of the vector ground state. Because of the factor of^k_R in the definition of α, the quark condensate σ ≃ (171 MeV)^3 turns out to be noticeably smaller than Hard Wall model estimates where this factor is usually omitted. On the other hand, the pion form factors (3.94) and (3.103) become:

F_π(Q^2) =

∫_1 0 dẑ ẑ Ṽ (Q^2, ẑ)ρ(ẑ, c) , (3.106)

A_π(Q^2) =

∫_1 0 dẑ ẑ h̃(Q^2, ẑ)ρ(ẑ, c) (3.107)

from which can be obtained the pion radii defined as the slope at Q^2 = 0 of the corresponding form factors [15, 16]: ⟨r^2_π⟩_C ≡ −6 dF_π(Q^2) dQ^2 | | |_{Q2=0} = 3 2 z^2_m

∫_1 0 dẑ ẑ^3 ( 1 − 2 ln(ẑ) ) ρ(ẑ) ≃ (0.57 fm)^2 ,

(3.108) ⟨r^2_π⟩_{grav.} ≡ −6 dA_π(Q^2) dQ^2 | | |_{Q2=0} = 3 2 z^2_m

∫_1 0 dẑ ẑ^3(1 − ẑ^2 2 )ρ(ẑ) ≃ (0.36 fm)^2 , (3.109)

to be compared with the experimental values ⟨r^2_π⟩_C ≃ (0.67 fm)^2 [30]. On the other hand, the charge radius turns out to be larger than the gravitational size which means that the Hard Wall model predicts a more compactified pion momentum density distribution than for its charge density [16].

4 Conclusion

This note aimed at clarifying some confusion regarding the large−N ’t Hooft limit of holographic models of QCD. It is in line with an approach consisting in reducing as much as possible the ambiguities stemming from the modifications of the AdS/CFT correspondence towards any non-AdS/non-CFT duality. In particular, the devising concerned the large−N behaviour of the Hard-Wall model which, used as a guideline, led us to study the field/operator prescription. Such subtleties are not systematically taken into account when dealing with different AdS/QCD models.

References

[1] G. ’t Hooft, A Planar Diagram Theory for Strong Interactions, Nucl. Phys. B72 (1974) 461.

[2] J. M. Maldacena, The Large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[3] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri & Y. Oz, Large N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [arXiv:hep-th/9905111]; D. Mateos, String Theory and Quantum Chromodynamics, Class. Quant. Grav. 24 (2007) S713 [arXiv:hep-th/0709.1523]; F. Jugeau, Hadron potentials within the gauge/string correspondence [arXiv:hep-ph/0812.4903].

[4] S.J. Brodsky, S. Menke, C. Merino & J. Rathsman, On the behavior of the effective QCD coupling α_τ (s) at low scales, Phys. Rev. D67 (2003) 055008 [arXiv:hep-ph/0212078]; D.M. Howe & C.J. Maxwell, All orders infrared freezing of observables in perturbative QCD, Phys. Rev. D70 (2004) 014002 [arXiv:hep-ph/0303163]; D. Zwanziger, Nonperturbative Faddeev-Popov formula and infrared limit of QCD, Phys. Rev. D69 (2004) 016002 [arXiv:hep-ph/0303028].

[5] S.J. Brodsky & G.F. de Teramond, Applications of AdS/CFT duality to QCD, Int.

J. Mod. Phys. A21 (2006) 762 [arXiv:hep-ph/0509269].

[6] E. Witten, Anti-de Sitter space, thermal phase transition, and confinement in gauge theories, Adv. Theor. Math. Phys. 2 (1998) 505 [arXiv:hep-th/9803131].

[7] E. Witten, Anti-de Sitter space and holography, Adv. Ther. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150]; S. S. Gubser, I. R. Klenanov & A. M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B428 (1998) 105 [arXiv:hep-th/9802109].

[8] W. Mueck & K. S. Viswanathan, Conformal field theory correlators from classical scalar field theory on AdS_{d+1}, Phys. Rev. D58 (1998) 041901 [arXiv:hep-th/9804035]; D. Z. Freedman, S. D. Mathur, A. Matusis & L. Rastelli, Correlation functions in the CFT_d/AdS_{d+1} correspondence Nucl. Phys. B546 (1999) 96 [arXiv:hep-th/9804058]; S. Lee, S. Minwalla, M. Rangamani & N. Seiberg, Three point functions of chiral operators in D=4, N = 4 SYM at large N, Adv. Theor. Math. Phys. 2 (1998) 697 [arXiv:hep-th/9806074]; H. Liu & A.A. Tseytlin, On four point functions in the CFT/AdS correspondence, Phys. Rev. D59 (1999) 086002 [arXiv:hep-th/9807097]; E. D’Hoker & D. Z. Freedman, Field theory tests for correlators in the AdS/CFT correspondence, Phys. Rev. D59 (1999) 045008 [arXiv:hep-th/9807098].

[9] I.R. Klebanov & E. Witten, AdS/CFT correspondence and symmetry breaking, Nucl.

Phys. B556 (1999) 89 [arXiv:hep-th/9905104].

[10] J. Polchinski & M.J. Strassler, Hard scattering and gauge/string duality, Phys. Rev.

Lett. 88 (2002) 031601 [arXiv:hep-th/0109174].

[11] J. Erlich, E. Katz, D.T. Son & M.A. Stephanov, QCD and a holographic model of hadrons, Phys. Rev. Lett. 95 (2005) 261602 [arXiv:hep-ph/0501128].

[12] L. Da Rold & A. Pomarol, Chiral symmetry breaking from five dimensional spaces, Nucl. Phys. B721 (2005) 79 [arXiv:hep-ph/0501218].

[13] L. Da Rold & A. Pomarol, The scalar and pseudoscalar sector in a fivedimensional approach to chiral symmetry breaking, JHEP 0601 (2006) 157 [arXiv:hep-ph/0510268]; H. Boschi-Filho, N. R.F. Braga & H. L. Carrion, Glueball Regge trajectories from gauge/string duality and the Pomeron, Phys. Rev. D73 (2006) 047901 [arXiv:hep-th/0507063]; S. J. Brodsky & G. F. de Teramond, Hadronic spectra and light-front wavefunctions in holographic QCD, Phys. Rev. Lett. 96 (2006) 201601 [arXiv:hep-ph/0602252]; H. Forkel, Holographic glueball structure, Phys. Rev. D78 (2008) 025001 [arXiv:hep-ph/0711.1179]; D. K. Hong, T. Inami & H.-U. Yee, Baryons in AdS/QCD, Phys. Lett. B646 (2007) 165 [arXiv:hep-ph/0609270]; A. Pomarol & A. Wulzer, Baryon Physics in Holographic QCD, Nucl. Phys. B809 (2009) 347 [arXiv:hep-ph/0807.0316].

[14] S. J. Brodsky & G. F. de Teramond, Light-Front Dynamics and AdS/QCD Correspondence: The Pion Form Factor in the Space- and Time-Like Regions, Phys. Rev. D77 (2008) 056007 [arXiv:hep-ph/0707.3859]; H. R. Grigoryan & A. V. Radyushkin,

Form Factors and Wave Functions of Vector Mesons in Holographic QCD, Phys. Lett. B650 (2007) 421 [arXiv:hep-ph/0703069]; Anomalous Form Factor of the Neutral Pion in Extended AdS/QCD Model with Chern-Simons Term, Phys. Rev. D77 (2008) 115024 [arXiv:hep-ph/0803.1143]; Z. Abidin & C. E. Carlson, Gravitational form factors of vector mesons in an AdS/QCD model, Phys. Rev. D77 (2008) 095007 [arXiv:hep-ph/0801.3839]; G. Panico & A. Wulzer, Nucleon Form Factors from 5D Skyrmions [arXiv:hep-ph/0811.2211].

[15] H. R. Grigoryan & A. V. Radyushkin, Pion form-factor in chiral limit of hard-wall AdS/QCD model, Phys. Rev. D76 (2007) 115007 [arXiv:hep-ph/0709.0500].

[16] Z. Abidin & C.E. Carlson, Gravitational Form Factors in the Axial Sector from an AdS/QCD Model, Phys. Rev. D77 (2008) 115021 [arXiv:hep-ph/0804.0214].

[17] A. Krikun, On two-point correlation functions in AdS/QCD, Phys. Rev. D77 (2008) 126014 [arXiv:hep-th/0801.4215].

[18] C. A. Ballon Bayona, H. Boschi-Filho & N. R. F. Braga, Deep inelastic structure functions from supergravity at small x, JHEP 0810 (2008) 088 [arXivhep-th/:0712.3530]; B. Pire, C. Roiesnel, L. Szymanowski, S. Wallon, On AdS/QCD correspondence and the partonic picture of deep inelastic scattering, Phys. Lett. B670 (2008) 84 [arXiv:hep-ph/0805.4346].

[19] E. Katz & M. D. Schwartz, An Eta primer: Solving the U(1) problem with AdS/QCD, JHEP 0708 (2007) 077 [arXiv:hep-ph/0705.0534]; Y. Kim & H. K. Lee, Consequences of the partial restoration of chiral symmetry in AdS/QCD, Phys. Rev. D77 (2008) 096011 [arXiv:hep-ph/0802.2409].

[20] A. Karch, E. Katz, D.T. Son & M.A. Stephanov, Linear confinement and AdS/QCD, Phys. Rev. D74 (2006) 015005 [arXiv:hep-ph/0602229].

[21] N. Evans & A. Tedder, Perfecting the Ultra-violet of Holographic Descriptions of QCD, Phys. Lett. B642 (2006) 546 [arXiv:hep-ph/0609112]; P. Colangelo, F. De Fazio, F. Jugeau & S. Nicotri, On the light glueball spectrum in a holographic description of QCD, Phys. Lett. B652 (2007) 73 [arxiv:hep-ph/0703316]; Investigating AdS/QCD duality through scalar glueball correlators [arXiv:hep-ph/0711.4747]; F. Jugeau, Holographic description of glueballs in a deformed AdS-dilaton background, AIP Conf. Proc. 964 (2007) 151 [arXiv:hep-ph/0709.1093]; Y. Kim, J.-P. Lee & S. H. Lee, Heavy quarkonium in a holographic QCD model, Phys. Rev. D75 (2007) 114008 [arXiv:hep-ph/0703172]; H.R. Grigoryan & A.V. Radyushkin, Structure of vector mesons in holographic model with linear confinement, Phys. Rev. D76 (2007)

095007 [arXiv:hep-ph/0706.1543]; T. Huang & F. Zuo, Couplings of the Rho Meson in a Holographic dual of QCD with Regge Trajectories, Eur. Phys. J. C56 (2008) 75 [arXiv:hep-ph/0708.0936]; C.A. Ballon Bayona, H. Boschi-Filho & N.R.F. Braga, Deep inelastic scattering from gauge string duality in the soft wall model, JHEP 0803 (2008) 064 [arXiv:hep-th/0711.0221]; J. Erdmenger, N. Evans, I. Kirsch & E. Threlfall, Mesons in Gauge/Gravity Duals - A Review, Eur. Phys. J. A35 (2008) 81 [arXiv:hep-th/0711.4467]; H.J. Kwee & R.F. Lebed, Pion Form Factor in Improved Holographic QCD Backgrounds, Phys. Rev. D77 (2008) 115007 [arXiv:hepph/0712.1811]; B. Batell & T. Gherghetta, Dynamical Soft Wall AdS/QCD, Phys. Rev. D78 (2008) 026002 [arXiv:hep-ph/0801.4383]; B. Batell, T. Gherghetta & D. Sword, The Soft-Wall Standard Model, Phys. Rev. D78 (2008) 116011 [arXiv:hepph/0808.3977]; A. Vega & I. Schmidt, Scalar hadrons in AdS_5 × S^5, Phys. Rev. D78 (2008) 017703 [arXiv:hep-ph/0806.2267].

[22] P. Colangelo, F. De Fazio, F. Giannuzzi, F. Jugeau & S. Nicotri, Light scalar mesons in the soft-wall model of AdS/QCD, Phys. Rev. D78 (2008) 055009 [arXiv:hepph/0807.1054].

[23] M. Huang, Q.-S. Yan & Y. Yang, Toward a more realistic holographic QCD model, Prog. Theor. Phys. Suppl. 174 (2008) 334 [arXiv:hep-ph/0804.2731].

[24] T. Sakai & S. Sugimoto, Low energy hadron physics in holographic QCD, Prog.

Theor. Phys. 113 (2005) 843 [arXiv:hep-th/0412141]; More on a holographic dual of QCD, Prog. Theor. Phys. 114 (2005) 1083 [arXiv:hep-th/0507073]; K. Hashimoto, T. Sakai & S. Sugimoto, Holographic Baryons: Static Properties and Form Factors from Gauge/String Duality, Prog. Theor. Phys. 120 (2008) 1093 [arXiv:hep-th/0806.3122].

[25] A. Karch & E. Katz, Adding flavor to AdS/CFT, JHEP 0206 (2002) 043 [arXiv:hep-th/0205236].

[26] A. Cherman, T.D. Cohen, E.S. Werbos, The Chiral condensate in holographic models of QCD [arXiv:hep-ph/0804.1096].

[27] A. Pich, Colorless mesons in a polychromatic world, published in "Tempe 2002, Phenomenology of large N_c QCD", 239-258, Ed. R. Lebed, World Scientific, Singapore, 2002 [arXiv:hep-ph/0205030].

[28] C. Csaki & M. Reece, Toward a systematic holographic QCD: A Braneless approach, JHEP 0705 (2007) 062 [arXiv:hep-ph/0608266].

[29] L. J. Reinders, H. Rubinstein & S. Yazaki, Hadron properties from QCD Sum Rules, Phys. Rep. 127 (1985) 1.

[30] C. Amsler et al., Review of Particle Physics, Phys. Lett. B667 (2008) 1. [31] T. Gherghetta, J.I. Kapusta, T.M. Kelley, Chiral Symmetry Breaking in Soft-Wall AdS/QCD [arXiv:hep-ph/0902.1998].

[32] A. Gorsky & A. Krikun, Magnetic susceptibility of the quark condensate via holography [hep-ph/arXiv:0902.1832].

[33] H. J. Kwee & R. F. Lebed, Pion form-factors in holographic QCD, JHEP 0801 (2008) 027 [arXiv:hep-ph/0708.4054].