arXiv:0902.4037v5 [astro-ph.CO] 25 Sep 2009

Slow-Roll Thawing Quintessence

Takeshi Chiba

Department of Physics, College of Humanities and Sciences, Nihon University, Tokyo 156-8550, Japan (Dated: September 28, 2009)

We derive slow-roll conditions for thawing quintessence. We solve the equation of motion of ϕ for a Taylor expanded potential (up to the quadratic order) in the limit where the equation of state w is close to −1 to derive the equation of state as a function of the scale factor. We find that the evolution of ϕ and hence w are described by only two parameters. The expression for w(a), which can be applied to general thawing models, coincides precisely with that derived recently by Dutta and Scherrer for hilltop quintessence. The consistency conditions of |w + 1| ≪ 1 are derived. The slow-roll conditions for freezing quintessence are also derived.

PACS numbers: 98.80.Cq ; 95.36.+x

I. INTRODUCTION

The current cosmological observations seems to be consistent with ΛCDM. The equations of state of dark energy, w, is close to −1 within 10% or less [1]. This implies that even if a scalar field (dubbed ”quintessence”) plays the role of dark energy, it should roll down its potential slowly because its kinetic energy density should be much smaller than its potential. In this situation, as in the case of inflation, it is useful to derive the slow-roll conditions for quintessence. Quintessence models which hardly move in the past and begin to roll down the potential recently are called ”thawing” models, while ”freezing” models move in the opposite ways: they gradually slow down the motion [2]. Our consideration here will be given mostly to thawing models.

However, as far as we are aware, no such conditions have been derived for general potential. The usual slow-roll conditions, (V^′/V )^2 ≪ 1 and |V^{′′}/V | ≪ 1, may not be necessary. In fact, in the scalar equation of motion, the ”acceleration term”, ϕ̈, is not necessarily small compared with the ”friction term”, 3Hϕ̇ [3, 4, 5]. The difference between inflation and quintessence is that for the former the scalar field always dominates the universe, while not for the latter. For slow-roll inflation, the time scale of the scalar field motion is longer than the time scale of the cosmic expansion which is determined by the potential. For quintessence, on the other hand, the time scale of the cosmic expansion is determined by the matter/radiation and the scalar field. Therefore the potential does not necessarily satisfy the usual slow-roll conditions. Note that the situation is not limited to quintessence but is applied to the case when the scalar fields which are subdominant components in the universe move slowly. Axion, curvaton, and moduli can be such fields.

If w is close to −1, a functional form of w as a function of the scale factor is necessary to parametrize possible deviations from a cosmological constant. The frequently used functional form is the linear approximation of w(a) at a = 1, the so-called Chevallier-Polarski-Linder parameterization [6]:

w_{linear}(a) = w_0 + w_a(1 − a). (1)

Naively, one may expect that this is a good parameterization because it is a Taylor expansion of w(a) at a = 1. However, even for a modest redshift z ≳ 2, 1−a is not so small (1−a ≳ 0.6) and higher order terms (a−1)^2, (a−1)^3 . . . may no longer be negligible. Recently, it is found that for a particular class of thawing models (hilltop models), the equation of motion of the scalar field can be solved explicitly if |1 + w| ≪ 1 and w can be written in the closed form which is in excellent agreement with numerical solutions [7]. It is found that even for dark energy with w ≃ −1, its equation of state cannot evolve like Eq. (1). Unfortunately, however, the analysis is limited to the thawing model whose potential has a maximum and appears not to be applied to more general thawing models. We show that this is not the case and that the analysis can be applied to more general thawing models with generic initial conditions. The functional form of w coincides with that derived in [7].

In this paper, in Sec. II, we first derive the slow-roll conditions for thawing quintessence models. Then, generalizing the analysis in [7], we solve the equation of motion of the scalar field for a Taylor expanded potential (up to the quadratic order) in the limit where the equation of state w is close to −1 to derive the equation of state w as a function of the scale factor. We also derive the consistency conditions of the approximation. In Sec. III, we compare the derived w with numerical solutions for several quintessence potentials which unlike [7] do not necessarily have the maximum and find fairly good agreement. Sec. IV is devoted to summary. In Appendix A, the slow-roll conditions for freezing quintessence are derived, and in Appendix B some calculations which are necessary to derive a equation used in the text are given.

II. SLOW-ROLL THAWING QUINTESSENCE

Working in units of 8πG = 1, the basic equations in a flat universe are ϕ̈ + 3Hϕ̇ + V^′ = 0, (2)

H^2 = ( ȧ a )_2 = 1 3 (ρ_B + ρ_ϕ), (3)

Ḣ = − 1 2 ((ρ_B + p_B ) + (ρ_ϕ + p_ϕ)) = − 1 2 ( (1 + w_B )ρ_B + ϕ̇^2 ) , (4)

where V^′ = dV/dϕ, H = ȧ/a is the Hubble parameter with a being the scale factor, ρ_B (p_B ) is the energy density (pressure) of matter/radiation, ρ_ϕ = ϕ̇^2/2 + V (ϕ)(p_ϕ = ϕ̇^2/2 − V (ϕ)) is the scalar field energy density (pressure), and w_B is the equation of state of matter/radiation.

A. Slow-Roll Conditions for Thawing Quintessence

By slow-roll quintessence we mean a model of quintessence whose kinetic energy density is much smaller than its potential, 1 2 ϕ̇^2 ≪ V. (5)

Unlike the case of inflation, we do not require that ϕ̈ is smaller than the friction term 3Hϕ̇ in Eq. (2) since H is not determined by the potential alone, but by the matter/radiation along with the scalar field energy density.

With fixed w_0, slowly rolling thawing models correspond to the equation of state w = p_ϕ/ρ_ϕ very close to −1, so that the Hubble friction is not effective and hence ϕ̈ is not necessarily small compared with 3Hϕ̇ in Eq. (2). Slowly rolling freezing models correspond to models whose w is not so close to −1 compared with thawing models so that the Hubble friction is effective and ϕ̈ is smaller than 3Hϕ̇ in Eq. (2).

We derive the slow-roll conditions for thawing quintessence during the matter/radiation dominated epoch. For slow-roll conditions for freezing quintessence, see Appendix A. We first introduce the following function [3] (see also [8]): β = ϕ̈ 3Hϕ̇ . (6)

As stated above, for thawing models, β is a quantity of O(1). We assume β is an approximately constant in the sense |β̇| ≪ H|β|, and the consistency of the assumption will be checked later. In terms of β, using Eq. (2), ϕ̇ is written as ϕ̇ = − V^′ 3(1 + β)H

, (7)

and the slow-roll condition Eq. (5) becomes

ϵ := V^{′2} 6H^2V

≪ 1, (8)

where we have omitted 1 + β since it is an O(1) quantity and introduced the factor of 1/6 so that ϵ coincides with the inflationary slow-roll parameter, ϵ =^1_2 (V^′/V )^2 [9], if the scalar field dominates the expansion: H^2 ≃ V/3. Eq. (8) is a quintessence counterpart of the inflationary slow-roll condition (V^′/V )^2 ≪ 1.

Similar to the case of inflation, the consistency of Eq. (6) and Eq. (2) should give the second slow-roll condition. In fact, from the time derivative of Eq. (7) ϕ̈ = V^{′′}V^′ 9(1 + β)^2H^2 − 1 + w_B 2(1 + β)

V^′ + β̇V ′ 3(1 + β)^2H

, (9) where we have used Ḣ/H^2 ≃ −3(1 + w_B )/2 from Eq. (3) and Eq. (4). On the other hand, from Eq. (6) and Eq. (7), ϕ̈ = 3βHϕ̇ = −βV ′/(1 + β), and so we obtain

β = − V^{′′} 9(1 + β)H^2 + (1 + w_B ) 2 − β̇ 3(1 + β)H ≃ − V^{′′} 9(1 + β)H^2 + (1 + w_B ) 2 , (10)

where we have used β̇ ≪ Hβ. While the left-hand-side of Eq. (10) is an almost time-independent quantity by assumption, the first term in the right-hand-side is a time-dependent quantity in general. Therefore the equality holds if the first term is negligible:

η := V^{′′} 3H^2 ; |η| ≪ 1, (11) so that β becomes β = 1 + w_B 2 , (12)

or the left-hand-side is negligible: |β| ≪ 1, (13) so that η = 3 2 (1 + w_B ). (14)

The former condition corresponds to the slow-roll thawing models, while the latter corresponds to the slow-roll freezing models (see Appendix A). β given by Eq. (12) is an approximately constant, which is consistent with our assumption.^1 Here the factor 1/3 is introduced in Eq. (11) so that η coincides with the inflationary slow-roll parameter [9], η = V^{′′}/V , if H^2 ≃ V/3. Eq. (11) is a quintessence counterpart of the inflationary slow-roll condition |V^{′′}|/V ≪ 1. Eq. (8) and Eq. (11) constitute the slow-roll conditions for thawing quintessence during the matter/radiation epoch.^2 Moreover once the universe becomes dominated by the scalar field, the two conditions reduce to the usual inflationary slow-roll conditions from H^2 ≃ V/3. Therefore, these conditions (Eq. (8) and Eq. (11)) are the slow-roll conditions for thawing quintessence at all times, both during the matter/radiation era and during the scalar field dominated era. Note that since H^2 ≳ V/3, the inflationary slow-roll conditions are sufficient conditions for slow-roll thawing quintessence during the matter/radiation era, not necessary conditions. In Fig. 1, the evolution of β is shown for a thawing quintessence model (V = M^4(1 − cos ϕ)). The evolution of β agrees nicely with Eq. (12).

B. Parametrizing the Equation of State

Next we derive general solutions of ϕ in the limit of |1 + w| ≪ 1 and derive w as a function of a. To do so, we first note that the Hubble friction term in Eq. (2) can be eliminated by the following change of variable [7]

u = (ϕ − ϕ_i)a^{3/2}, (15)

where ϕ_i is an arbitrary constant, which is introduced for later use, and then Eq. (2) becomes

ü + 3 4 (p_B + p_ϕ)u + a^{3/2}V^′ = 0. (16)

1 More precisely, β̇/Hβ = 3(c^2_s − w_B ), where c^2_s = ṗ_B /ρ̇_B is the adiabatic sound speed. Hence the assumption |β̇| ≪ H|β| is valid if only the adiabatic perturbation is considered.

2 It is easily found that even if multiple scalar fields each with the same potential are introduced, the assisted dynamics [10] does not occur: ϵ and η remain the same.

FIG. 1: β as a function of a for thawing quintessence model with the axion-like potential V = M^4(1 − cos ϕ). The dotted lines are β = 2/3, 1/2, respectively.

We assume a universe consisting of matter and quintessence with w ≃ −1. Then the pressure is well approximated by a constant: p_B + p_ϕ ≃ p_ϕ ≃ −ρ_{ϕ0}, where ρ_{ϕ0} is the nearly constant density contributed by the quintessence in the limit w ≃ −1. Eq. (16) then becomes ü − 3 4 ρ_{ϕ0}u + a^{3/2}V^′ = 0. (17)

Since we consider a slow-roll scalar field, the potential may be generally expanded around some value ϕ_i, which we identify with the initial value, in the form (up to the quadratic order)

V (ϕ) = V (ϕ_i) + V^′(ϕ_i)(ϕ − ϕ_i) + 1 2 V^{′′}(ϕ_i)(ϕ − ϕ_i)^2. (18)

We will check the consistency of the expansion later. Substituting the expansion Eq. (18) into Eq. (17) and taking ρ_{ϕ0} = V (ϕ_i) gives

ü + ( V^{′′}(ϕ_i) − 3 4 V (ϕ_i) ) u = −V^′(ϕ_i)a^{3/2}. (19)

Here the source term in the right hand side of Eq. (19) appears since we consider the general Taylor expansion of V around the initial value ϕ_i in contrast with [7] where the Taylor expansion of V around its maximum is considered and hence V^′ term in Eq. (18) is absent.

Being consistent with |w + 1| ≪ 1, we assume a(t) is well approximated by its value in the ΛCDM model which is given by a(t) = ( 1 − Ω_{ϕ0} Ω_{ϕ0} )_{1/3} sinh^{2/3}(t/t_Λ), (20)

where Ω_{ϕ0} is the present-day value of density parameter of quintessence, a = 1 at present, and t_Λ is defined as

t_Λ = 2 √ 3ρ_{ϕ0} = 2 √ 3V (ϕ_i)

. (21)

Introducing k = √ (3/4)V (ϕ_i) − V^{′′}(ϕ_i), (22)

the general solution of Eq. (19) is obtained by the use of Green function method in the form (if kt_Λ ≠ 1)

u(t) = A sinh(kt) + B cosh(kt) + √ 1 − Ω_{ϕ0} Ω_{ϕ0}

V^′(ϕ_i)t^2_Λ k^2t^2_Λ − 1 sinh(t/t_Λ), (23)

where A and B are constants. kt_Λ = 1 corresponds to V^{′′}(ϕ_i) = 0, which will be treated separately later. As an initial condition, we take that ϕ = ϕ_i and ϕ̇ = ϕ̇_i at t = t_i. Then, we obtain ϕ(t) − ϕ_i = sinh(t_i/t_Λ) kt_Λ sinh(t/t_Λ) [ sinh(kt) cosh(kt_i) { V^′(ϕ_i) V^{′′}(ϕ_i)

(coth(t_i/t_Λ) − kt_Λ tanh(kt_i)) + t_Λϕ̇_i }

− cosh(kt) sinh(kt_i) { V^′(ϕ_i) V^{′′}(ϕ_i)

(coth(t_i/t_Λ) − kt_Λ coth(kt_i)) + t_Λϕ̇_i }] − V^′(ϕ_i) V^{′′}(ϕ_i)

. (24)

However, as shown in Appendix B, as long as a_i ≪ 1 (or t_i ≪ t_0), the solution can be well approximated by that with t_i = 0

ϕ(t) = ϕ_i +

V^′(ϕ_i) V^{′′}(ϕ_i) ( sinh(kt) kt_Λ sinh(t/t_Λ) − 1 ) . (25)

Taking ρ_ϕ ≃ ρ_{ϕ0} ≃ V (ϕ_i), using Eq. (25) the equation of state is given by

1 + w(t) = ϕ̇2 V (ϕ_i) = 3 4 ( V^′(ϕ_i) kt_ΛV^{′′}(ϕ_i)

)_2 (

kt_Λ cosh(kt) sinh(t/t_Λ) − sinh(kt) cosh(t/t_Λ) sinh^2(t/t_Λ)

)_2

. (26)

As done in [7], we normalize the expression to the present-day value of w, w_0, and rewrite w as a function of the scale factor using Eq. (20). Normalize Eq. (26) to the present-day value,

1 + w(a) = (1 + w_0)a^{−3} ( K cosh(kt(a)) − F (a) sinh(kt(a)) K cosh(kt_0) − Ω^{−1/2}_{ϕ0} sinh(kt_0)

)_2 , (27)

where K = kt_Λ and F (a) is the inverse square root of the fractional energy density corresponding to a cosmological constant and they are given by

K = kt_Λ = √ 1 − 4 3 V^{′′}(ϕ_i) V (ϕ_i)

, (28)

F (a) = √ 1 + (Ω^{−1}_{ϕ0} − 1)a^{−3}. (29)

t(a) can be derived from Eq. (20) so that

kt(a) = K sinh^{−1} √ a^3Ω_{ϕ0} 1 − Ω_{ϕ0}

= K ln [√ a^3Ω_{ϕ0} 1 − Ω_{ϕ0}

(1 + F (a)) ] . (30)

FIG. 2: G(a = 1, K) as a function of K for Ω_{ϕ0} = 0.74.

Then Eq. (27) can be written as

1 + w(a) = (1 + w_0)a^{3(K−1)} ( (K − F (a))(F (a) + 1)^K + (K + F (a))(F (a) − 1)^K

(K − Ω^{−1/2}_{ϕ0} )(Ω^{−1/2}_{ϕ0} + 1)^K + (K + Ω^{−1/2}_{ϕ0} )(Ω^{−1/2}_{ϕ0} − 1)^K

)_2

. (31)

Remarkably, the expression Eq. (31) formally coincides with that of [7] (Eq. (31) in [7]) where the expression is derived for hilltop quintessence. However, the definition of K is different: K = √ 1 − (4/3)V^{′′}/V in [7] where V and V^{′′} are evaluated at the maximum of V , while our K (Eq. (28)) is evaluated at the initial value ϕ_i. Moreover, we derive this expression for a general Taylor expanded potential around ϕ_i. Hence Eq. (31) is not limited to hilltop quintessence but can be applied to a much wider class of slow-roll quintessence. It should be noted, however, that since w(a) is an increasing function of a, which is evident from the derivation, Eq.(31) can be applied only to thawing model: model with growing w.

We also note that we can consider the case of K^2 < 0 (or V^{′′} > (3/4)V ) by the replacement: K = iK^′ where K^′ = √ (4/3)(V^{′′}/V ) − 1. Using Eq. (30), w(a) corresponding to Eq. (27) is give by

1 + w(a) = (1 + w_0)a^{−3}

K^′ cos ( K^′ sinh^{−1} √_{a3Ωϕ0} 1−Ω_{ϕ0} ) − F (a) sin ( K^′ sinh^{−1} √_{a3Ωϕ0} 1−Ω_{ϕ0} )

K^′ cos ( K^′ sinh^{−1}

√_{Ωϕ0}

1−Ω_{ϕ0} ) − Ω^{−1/2}_{ϕ0} sin ( K^′ sinh^{−1}

√_{Ωϕ0}

1−Ω_{ϕ0} ) 2 . (32)

FIG. 3: w(a) for several K with Ω_{ϕ0} = 0.74. K = 0.01, 0.5, 1, 1.5, 2 from left to right.

C. Consistency Conditions

Now, we check the consistency of the expansion Eq. (18) and the assumption |1 + w| ≪ 1. The expansion Eq. (18) is consistent if V (ϕ_i) > |V^′(ϕ_i)(ϕ − ϕ_i)| > |(1/2)V^{′′}(ϕ_i)(ϕ − ϕ_i)^2|. Using Eq. (25), this is satisfied if

Γ := | |V (ϕi)V^{′′}(ϕi) V^′(ϕ_i)^2 | | = O(1), (33)

G(a, K) := | | | sinh(kt) K sinh(t/t_Λ) − 1 | | | < 1, (34)

where we have introduced Γ first introduced (without the absolute value) in [11]. Note that G(a, K) is an increasing function of a. Using Eq. (30), G(a = 1, K) is given by

G(a = 1, K) = | | | 1 2K ( Ω_{ϕ0} 1 − Ω_{ϕ0} )_{(K−1)/2} ( (Ω^{−1/2}_{ϕ0} + 1)^K − (Ω^{−1/2}_{ϕ0} − 1)^K ) − 1 | | | (35)

In Fig. 2, G(a = 1, K) is plotted for Ω_{ϕ0} = 0.74. It is smaller than unity and the inequality Eq. (34) is satisfied if |K − 1| < 1. In terms of the potential, this implies | | V^{′′}(ϕi) V (ϕ_i) | | < 1. (36)

Since the epoch of the initial conditions is arbitrary as long as a_i ≪ 1, ϕ_i in Eq. (33), Eq. (36) may be replaced with ϕ. Then we finally obtain the consistency conditions of slow-roll thawing quintessence: Γ = | | | V (ϕ)V^{′′}(ϕ) V^′(ϕ)^2 | | | = O(1), (37) | | V^{′′}(ϕ) V (ϕ) | | < 1. (38)

Note that from (V^′/V )^2 = Γ^{−1}|V^{′′}/V |, these two conditions imply (V^′/V )^2 < 1. Since 3H^2 ≫ V during matter/radiation epoch, |V^{′′}/V | < 1 and (V^′/V )^2 < 1 are consistent with the slow-roll conditions, Eq. (8) and Eq. (11), which ensures |1 + w| ≪ 1.

D. K = 1 Case

Lastly, for completeness, we consider the case of K = 1 (or V^{′′}(ϕ_i) = 0) [4]. In this case, the general solution of Eq. (19) with ϕ = ϕ_i at t = 0 is

ϕ(t) = ϕ_i +

2V^′(ϕ_i) 3V (ϕ_i) ( 1 − kt tanh(kt) ) . (39)

The equation of state is

1 + w = 1 3 ( V^′(ϕ_i) V (ϕ_i)

)_2 (

sinh(kt) cosh(kt) − kt sinh^2(kt)

)_2

= (1 + w_0)

F (a) −^{1−Ωϕ0}_{Ωϕ0 a3} ln [√_{Ωϕ0a3} 1−Ω_{ϕ0} (1 + F (a)) ]

Ω^{−1/2}_{ϕ0} −^{1−Ωϕ0}_{Ωϕ0} ln

[_{1+Ω1/2} ϕ0 √_{1−Ωϕ0} ] 2 . (40)

Therefore, the Taylor expansion is consistent if ( V^′(ϕ_i) V (ϕ_i)

)_2

< 1, (41)

which is again consistent with the slow-roll condition, Eq. (8), and hence ensures |1 + w| ≪ 1. Eq. (40) is identical to the expression derived for a linear potential in [4]. It is easily found that Eq. (31) reduces to Eq. (40) in the limit K → 1, confirming the result by [7].

In Fig. 3, w(a) given by Eq. (31) or by Eq. (40) is shown for several K.

III. COMPARISON

A. Comparison with Numerical Solutions

We compare the slow-roll prediction of w(a) (Eq. (31)) with numerical solutions for several models and evaluate the accuracy of Eq. (31). We consider the following three examples:

(a) the pseudo Nambu-Goldstone boson (axion-like) model [12]:

V (ϕ) = M^4 (1 − cos(ϕ/f)) , (42)

(b) logarithmic potential [13]:

V (ϕ) = M^4 log(ϕ), (43)

FIG. 4: w(a) for (a) the axion-like potential, V = M^4[1 − cos ϕ], for (b) the logarithmic potential, V = M^4 log ϕ, and for (c) the quadratic potential, V = m^2ϕ^2/2. The solid (black) curve is the numerical solution, the dotted (blue) curve gives our approximation, and the dashed (red) curve gives the approximation in [7].

(c) quadratic potential [14]:

V (ϕ) = 1 2 m^2ϕ^2, (44)

where M, f and m are constants. The first example is considered in [7], and the second example corresponds to the potential without maximum/minimum, and the third example corresponds to the concave potential V^{′′} > 0 so that K < 1. We fix Ω_{ϕ0} = 0.74 and take f = 1 in the reduced Planck units and choose ϕ_i so that w_0 ≃ −0.9. The results are shown in Fig. 4.

For all cases, we find fairly good agreement with the numerical solutions: For case (a), the relative error (the difference between our approximation and the numerical solution), |δw/w|, is less than 0.3% while it is less than 0.1% for the approximation by [7]. For case (b), |δw/w| ≲ 0.3% and for case (c) it is less than 0.7%. Note that the potential does not have a maximum for the latter two cases and the approximation of [7] is no longer available. To check the slow-roll conditions Eq. (37) and Eq. (38), we compute Γ, V^{′′}/V at ϕ_i: Γ = 1.33, 0.77, 0.50; |V^{′′}/V | = 0.31, 0.28, 0.22, respectively.^3

B. Comparison with Other Parametrizations

Finally we compare our parametrization with other parametrizations of w(a).

The most frequently used functional form is the linear approximation of w(a) at a = 1, the so-called Chevallier- Polarski-Linder parameterization, w_{linear}(a), Eq. (1) [6].

Another parametrization of w(a) closely related our approach is that by Crittenden et al.[3]. Instead of expanding the potential, they expanded the slow-roll parameter around ϕ_0 in linear order: κ(ϕ) = V^′ (1 + β)V

= κ_0 + κ_1(ϕ − ϕ_0). (45)

Resulting w, denoted as w_{cmp}(a), is written as [3]

1 + w_{cmp}(a) = 1 3 κ^2_0Ω^{−2κ1/3} ϕ0 a^{−2κ1} F (a)^{−(4κ1 +6)/3}

= (1 + w_0)Ω^{−(2κ1 +3)/3} ϕ0 a^{−2κ1} F (a)^{−(4κ1 +6)/3}, (46)

3 It is to be noted that the slow-roll conditions Eq. (37) and Eq. (38) are required for the consistency of the solution Eq. (31) and define the range of validity of the solution; otherwise the expansion of the potential Eq. (18) and |1 + w| ≪ 1 cannot be trusted. However, this does not imply that Eq. (31) cannot be used for |V^{′′}/V | ≫ 1 (or K ≫ 1), but rather simply that we cannot trust such an extrapolation. Interestingly, for axion case (and other hilltop quintessence model), it is shown that approximation Eq. (31) with K evaluated at the maximum of the potential agrees excellently with the numerical solution even for K = 4 [7].

FIG. 5: Top: Comparison between our parametrization w(a) (Eq. (31)) (solid curve) and a linear parametrization w_{linear}(a) (dotted curve) and wcmp(a) [3] (dashed curve) for K = 0.8, 1, 1.2 from left to right. Bottom: the relative error between w_{linear}(a) (dotted) or wcmp(a) (dashed) and our parametrization: δw/w = (w_{linear/cmp} − w(a))/w(a). K = 0.8, 1, 1.2 from bottom to top.

where in the last line we have normalized the equation of state to the present-day value.

In the upper panel of Fig. 5, three parametrizations of the equation of state normalized to the present-day value (and the first derivative) are shown. In the lower panel, the relative error is shown. It can be seen that the difference between the linear parametrization w_{linear}(a) and ours is less 2% for a ≳ 0.5 (or z ≲ 1), but it can be as large as 6% for smaller a. On the other hand, the difference between w_{cmp}(a) and ours is at most less than 1%. Hence, as far as the goodness of fit is concerned, there is no difference between them. However, while for w_{cmp}(a) κ_1 is related (roughly) to the first and the second derivative of the potential, for our parametrization Eq. (31) K is directly related to the curvature of the potential.

It should be stressed that our w(a) Eq. (31) is not a fitting function particularly designed to match the numerical solutions, but rather a function derived by solving the equation of motion of ϕ. Our results demonstrate that only a slight change of the definition of K in [7] as in Eq. (28) greatly extends the applicability of Eq. (31). Eq. (31) can be used not only for hilltop quintessence but also for other quintessence with a more general potential without maximum. Conversely, we propose that the parametrization of the equation of state of the form Eq. (31) with two free parameters (w_0, K) may be used to fit the cosmological data. It fits better than the commonly used linear equation of state, w_{linear}(a) = w_0 + w_a(1 − a), and more importantly the meaning of the parameter K is clear: the curvature of the potential.

IV. SUMMARY

We have derived slow-roll conditions for thawing quintessence models, Eq. (8) and Eq. (11). We have also solved the equation of motion of the slow-roll thawing quintessence and obtained the equation of state as a function of the scale factor w(a), Eq. (31), which involves only two parameters. We have derived the consistency conditions of the approximation, Eq. (37) and Eq. (38), which are consistent with the slow-roll conditions. We have found that only a slight change of the definition of K in [7] greatly extends the applicability of their w(a). We have shown that our w(a) agrees fairly well with the numerical solutions for several thawing models and found that our w(a) is in general not fit by a linear evolution in a as emphasized by [7].

It would be desirable to have useful approximation of w(a) for freezing quintessence models and to obtain the unified expression for w(a). However, to do so, the different approach is needed, since the equation of state can be significantly different from −1 during matter/radiation epoch. We have derived slow-roll conditions for freezing quintessence models, Eq. (8) and Eq. (A4).

It would also be interesting to extend the slow-roll conditions to quintessence with non-minimal coupling with gravity (extended quintessence) [15] by extending the results for non-minimally coupled inflaton(s) [16], which could provide conditions for ”tracking without tracking” to solve the coincidence problem dynamically [17].

Acknowledgments

The author would like to thank Robert Scherrer for useful correspondence. This work was supported in part by Grant-in-Aid for Scientific Research from JSPS (No. 17204018, No. 20540280) and from MEXT (No. 20040006) and in part by Nihon University. Numerical computations were performed at YITP in Kyoto University.

APPENDIX A: SLOW-ROLL CONDITIONS FOR FREEZING QUINTESSENCE

We derive the slow-roll conditions for freezing quintessence during the matter/radiation epoch. For slowly rolling freezing models, although the kinetic energy density is smaller than the potential Eq. (5), w is not so close to −1. Then, compared with slowly rolling thawing models, the Hubble friction is effective and so in Eq. (2) |β| = | | | | ϕ̈ 3Hϕ̇ | | | | ≪ 1, (A1) and the usual slow-roll equation of motion is obtained:

3Hϕ̇ + V^′ = 0. (A2)

Using Eq. (A2), the slow-roll condition Eq. (5) becomes again ϵ ≪ 1, (Eq. (8)). The time derivative of Eq. (A2) gives β = ϕ̈ 3Hϕ̇ = − V^{′′} 9H^2 + 1 + w_B 2 . (A3)

Therefore, the assumption Eq. (A1) is consistent if η = V^{′′} 3H^2 = 3 2 (1 + w_B ), (A4)

which coincides with Eq. (14). Eq. (8) and Eq. (A4) constitute the slow-roll conditions for freezing models. In Fig. 6, the evolution of w, β and η for a freezing model (V = M^4ϕ^{−1/4}) is shown. Although η deviates from Eq. (A4) to the extent that β deviates from zero (or w deviates from −1), we find reasonable agreement with Eq. (A4).

APPENDIX B: REDUCTION OF EQ. (24) TO EQ. (25)

The general solution of Eq. (19) with ϕ = ϕ_i and ϕ̇ = ϕ̇_i at t = t_i is given by Eq. (24). Using Eq. (20) and Eq. (30), we obtain e^{kti} = ( Ω_{ϕ0} 1 − Ω_{ϕ0} )_{K/2} a^{3K/2}_i (F (a_i) + 1)^K . (B1)

FIG. 6: w, β and η as a function of a for a freezing quintessence model with the potential V = M^4ϕ^{−1/4}. The dotted lines are η = 2, 3/2, respectively.

For a_i ≪ 1, since F (a_i) ≃ √ Ω^{−1}_{ϕ0} − 1a^{−3/2}_i from Eq. (29), we obtain

sinh(kt_i) ≃ K √ Ω_{ϕ0}a^3_i 1 − Ω_{ϕ0}

, cosh(kt_i) ≃ 1 + O(a^3_i ). (B2)

We also note that

sinh(t_i/t_Λ) = √ Ω_{ϕ0}a^3_i 1 − Ω_{ϕ0}

, cosh(t_i/t_Λ) = F (a_i) sinh(t_i/t_Λ) (B3)

Hence, in the limit of a_i ≪ 1, only the term proportional to sinh(kt) survives in Eq. (24) (up to O(a^{3/2}_i )). Thus, Eq. (24) is reduced to Eq. (25).

[1] E. Komatsu et al. [WMAP Collaboration], arXiv:0803.0547 [astro-ph].

[2] R. R. Caldwell and E. V. Linder, Phys. Rev. Lett. 95, 141301 (2005) [arXiv:astro-ph/0505494]. [3] R. Crittenden, E. Majerotto and F. Piazza, Phys. Rev. Lett. 98, 251301 (2007) [arXiv:astro-ph/0702003]. [4] R. J. Scherrer and A. A. Sen, Phys. Rev. D 77, 083515 (2008) [arXiv:0712.3450 [astro-ph]]. [5] R. N. Cahn, R. de Putter and E. V. Linder, JCAP 0811, 015 (2008) [arXiv:0807.1346 [astro-ph]].

[6] M. Chevallier and D. Polarski, Int. J. Mod. Phys. D 10, 213 (2001) [arXiv:gr-qc/0009008]; E. V. Linder, Phys. Rev. Lett.

90, 091301 (2003) [arXiv:astro-ph/0208512].

[7] S. Dutta and R. J. Scherrer, Phys. Rev. D 78, 123525 (2008) [arXiv:0809.4441 [astro-ph]]. [8] E. V. Linder, Phys. Rev. D 73, 063010 (2006) [arXiv:astro-ph/0601052].

[9] A.R. Liddle and D.H. Lyth, Cosmological Inflation and Large-Scale Structure, (Cambridge University Press, 2000). [10] A. R. Liddle, A. Mazumdar and F. E. Schunck, Phys. Rev. D 58, 061301 (1998) [arXiv:astro-ph/9804177]; P. Kanti and K. A. Olive, Phys. Rev. D 60, 043502 (1999) [arXiv:hep-ph/9903524].

[11] P. J. Steinhardt, L. M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999) [arXiv:astro-ph/9812313]. [12] J.A. Frieman, C.T. Hill, and R. Watkins, Phys. Rev. D 46, 1226 (1992); Y. Nomura, T. Watari, and T. Yanagida, Phys.

Lett. B 484, 103 (2000); J. E. Kim and H. P. Nilles, Phys. Lett. B 553, 1 (2003) [arXiv:hep-ph/0210402]. [13] T. Chiba, Phys. Rev. D 73, 063501 (2006) [arXiv:astro-ph/0510598]; N. Kaloper, Phys. Lett. B 653, 109 (2007) [arXiv:0706.1977 [astro-ph]].

[14] A. D. Linde, Phys. Lett. B 129, 177 (1983).

[15] J.-P. Uzan, Phys. Rev. D 59, 123510 (1999); L. Amendola, Phys. Rev. D 60, 043501 (1999); T. Chiba, Phys. Rev. D 60, 083508 (1999) [arXiv:gr-qc/9903094]; F. Perrotta, C. Baccigalupi, and S. Matarrese, Phys. Rev. D 61, 023507 (1999); C. Baccigalupi, S. Matarrese, and F. Perrotta, Phys. Rev. D 62, 123510 (2000); G. Esposito-Farése and D. Polarski, Phys. Rev. D 63, 063504 (2001).

[16] T. Chiba and M. Yamaguchi, JCAP 0810, 021 (2008) [arXiv:0807.4965 [astro-ph]]; T. Chiba and M. Yamaguchi, JCAP 0901, 019 (2009) [arXiv:0810.5387 [astro-ph]].

[17] T. Chiba, Phys. Rev. D 64, 103503 (2001) [arXiv:astro-ph/0106550].