arXiv:0902.4102v2 [hep-th] 7 Apr 2009

February 2009

Covariant Formulation of M-Theory II

Matsuo Sato^1

Department of Natural Science, Faculty of Education, Hirosaki University Bunkyo-cho 1, Hirosaki, Aomori 036-8560, Japan

Abstract

We propose a supersymmetric model that defines M-theory. It possesses SO(1, 10) super Poincare symmetry and is constructed based on the Lorentzian 3-algebra associated with U(N) Lie algebra. This model is a supersymmetric generalization of the model in arXiv:0902.1333. From our model, we derive BFSS matrix theory and IIB matrix model in the naive large N limit by taking appropriate BPS vacua.

1 e-mail address : msato@cc.hirosaki-u.ac.jp

1 Introduction

M-theory is strongly believed to define string theory non-perturbatively. Although BFSS matrix theory [1] and IIB matrix model [2] describe some non-perturbative aspects of string theory, covariant dynamics have not been derived, such as the covariant membrane action or a longitudinal momentum transfer of D0 branes. This is because SO(1, 10) symmetry is not manifest in these models.

BFSS matrix theory and IIB matrix model can be obtained by the matrix regularization of the Poisson brackets of the light-cone membrane theory [3] and of Green-Schwarz string theory in Schild gauge [2], respectively. Because the regularization replaces a two-dimensional integral over a world volume by a trace over matrices, BFSS matrix theory and IIB matrix model are one-dimensional and zero-dimensional field theories, respectively. On the other hand, the bosonic part of the membrane action can be written covariantly in terms of Nambu bracket as T_{M2} ∫ d^3σ √ {X^L, X^M , X^N }^2, where L, M, N run 0, 1, · · · , 10 [4]^1. One way to obtain a SO(1, 10) manifest field theory is to regularize the Nambu bracket {X^L, X^M , X^N } [6] by 3-algebra [X^L, X^M , X^N ] [7–9]^2. In this case, we obtain a zero-dimensional field theory. In order to reproduce BFSS matrix theory and IIB matrix model, the 3-algebra needs to associate with ordinary Lie algebra. Recently, the authors of [13–17] found that such 3-algebra needs to possess a metric with an indefinite signature.

In this letter, we propose a supersymmetric model that defines M-theory: S = − 1 12 < [X^L, X^M , X^N ]^2 > + 1 4 < Ψ̄Γ_{MN} [X^M , X^N , Ψ] >, (1.1)

which is a supersymmetric generalization of the bosonic action in our previous paper [18]^3. The bosons X^L and the Majorana fermions Ψ are spanned by elements of Lorentzian 3- algebra associated with U(N) Lie algebra. This action defines a zero-dimensional field theory and possesses manifest SO(1, 10) symmetry. By expanding fields around appropriate BPS vacua, we derive BFSS matrix theory and IIB matrix model in the naive large N limit.

1 The authors of [5] proposed an action of the supermenbrane whose derivatives appear only through Nambu brackets. At this time, we do not know the way to regularize it because it contains higher than second order terms.

2 A formulation of M-theory by a cubic matrix action was proposed by Smolin [10–12] 3We discussed a relation between (1.1) and the matrix models briefly in the appendix of [18].

2 Action of M-theory

We propose a following model that defines M-theory, S = − 1 12 < [X^L, X^M , X^N ]^2 > + 1 4 < Ψ̄Γ_{MN} [X^M , X^N , Ψ] >, (2.1)

where X^L with L = 0, 1, · · · , 10 are vectors and Ψ are Majorana spinors of SO(1, 10). This action defines a zero-dimensional field theory and possesses manifest SO(1,10) symmetry. There is no coupling constant.

X^M and Ψ are spanned by elements of the Lorentzian 3-algebra associated with U(N) Lie algebra,

X^M = X^M_{−1}T^{−1} + X^M_0 T^0 + X^M_i T^i, Ψ = Ψ_{−1}T^{−1} + Ψ_0T^0 + Ψ_iT^i, (2.2)

where i = 1, 2, · · · , N^2. The algebra is defined by

[T^{−1}, T^a, T^b] = 0, [T^0, T^i, T^j] = [T^i, T^j] = f^{ij}_kT^k, [T^i, T^j, T^k] = f^{ijk}T^{−1}, (2.3)

where a, b = −1, 0, 1, 2, · · · , N^2 and f^{ijk} = f^{ij}_lh^{lk} is totally anti-symmetrized. [T^i, T^j] is a Lie bracket of the U(N) Lie algebra. The metric of the elements is defined by

< T^{−1}, T^{−1} >= 0, < T^{−1}, T^0 >= −1, < T^{−1}, T^i >= 0, < T^0, T^0 >= 0, < T^0, T^i >= 0, < T^i, T^j >= h^{ij} . (2.4)

By using these relations, the action is rewritten as

S = tr(− 1 4 (X^L_0 )^2[X_M , X_N ]^2 + 1 2 (X^M_0 [X_M , X_N ])^2 + 1 2 X^M_0 Ψ̄Γ_{MN} [X^N , Ψ] − 1 2 Ψ̄_0Γ_{MN} Ψ[X^M , X^N ]), (2.5)

where X^M = X^M_i T^i and Ψ = Ψ_iT^i. There should be no ghost in the theory, because X^M_{−1} or Ψ_{−1} do not appear in the action^4.

4 Ghost-free Lorentzian 3-algebra theories were studied in [19, 20].

Let us summarize symmetry of the action. First, gauge symmetry is N^2-dimensional translation × U(N) symmetry associated with the Lorentzian 3-algebra [14]. Second, there are two kinds of shift symmetry. First one is eleven-dimensional translation symmetry generated by δX^M = c^M , (2.6) where X^M ∈ U(N), c^M ∈ U(1) and the other fields are not transformed. Second one is a part of supersymmetry generated by

δ_1Ψ = ϵ_1, (2.7)

where Ψ ∈ U(N), ϵ_1 ∈ U(1) and the other fields are not transformed.

Third, the action is invariant under another part of supersymmetry transformation,

δ_2X^M = iϵ̄_2Γ^M Ψ (2.8) δ_2X^M_0 = iϵ̄_2Γ^M Ψ_0 (2.9) δ_2Ψ = − i 2 [X^L, X^M ]X^N_0 Γ_{LMN} ϵ_2 (2.10) (δ_2Ψ̄_0)Ψ̃ = −δ_0S, (2.11)

where Ψ̃ =^1_2 tr(Γ_{MN} Ψ[X^M , X^N ]) and δ_0S is the variation of the action (2.5) under (2.8), (2.9) and (2.10).

We should note that the above super transformation is slightly different with a straightforward analogue to that of the BLG theory for multiple M2-branes, which is given by

δX^M = iϵ̄Γ^M Ψ δΨ = − i 6 [X_L, X_M , X_N ]Γ^{LMN} ϵ. (2.12)

If we decompose this transformation, (2.8), (2.9) and (2.10) are the same, but (2.11) is different. In the analogue case, δΨ_0 = 0. There is no such symmetry because δ_0S ≠ 0. However, in our Lorentzian case the action does possess supersymmetry because δ_2Ψ_0 cancels δ_0S.

δ_1 and δ_2 form supersymmetry in eleven dimensions because the commutator of the super transformations of X^M results in the eleven-dimensional translation (2.6) as,

(δ_1δ_2 − δ_2δ_1)X^M = −iϵ̄_1Γ^M ϵ_2, (2.13) where X^M ∈ U(N). Therefore, eigen values of X^M ∈ U(N) should be interpreted as elevendimensional space-time^5. In the next section, we will derive BFSS matrix theory and IIB matrix model in the large N limit from our model. In this derivation, X^i(i = 1, · · · , 9) ∈ U(N) and X^i(i = 0, · · · 9) ∈ U(N) are identified with matrices in BFSS matrix theory and IIB matrix model respectively. Therefore, our interpretation is consistent with the space-time interpretation in these models.

3 BFSS Matrix Theory and IIB Matrix Model from M-Theory

Our theory possesses a large BPS moduli that includes simultaneously diagonalizable configurations. Such configurations should be independent vacua in the large N limit because of the supersymmetry. By treating appropriate BPS configurations as backgrounds, we derive BFSS matrix theory and IIB matrix model in the large N limit.

We consider backgrounds

X̄^μ = p^μ = diag(p^μ_1 , p^μ_2 , · · · , p^μ_N ), (3.1) X̄^I = 0 (3.2) X̄^M_0 = 1 g δ^M_{10} , (3.3) Ψ̄ = Ψ̄_0 = 0 (3.4)

where μ = 0, 1, · · · , d − 1(d ≤ 10) and I = d, · · · , 10. (p^i_0, p^i_1, · · · , p^i_{d−1}) (i = 1, · · · , N) represent N points randomly distributed in a d-dimensional space. There are infinitely many such configurations. X^M_0 represents an eleven-dimensional constant vector. By using SO(1,10) symmetry, we can choose (3.3) as a background without loss of generality. g will be identified with a coupling constant. g → ∞ corresponds to X̄^M_0 = 0, which leads to SO(1,10) symmetric vacua. These configurations are BPS states, namely (3.1), (3.2), (3.3) and (3.4) satisfy δ_2Ψ = δ_2Ψ_0 = 0.

Because of the supersymmetry, all the backgrounds (3.1), (3.2), (3.3) and (3.4) should be treated as independent vacua and fixed in the large N limit [21], as in the discussion of

5This kind of mechanism and interpretation was originally found in [2].

Higgs mechanism. Thus, we do not integrate X^M_0 , Ψ_0 or the diagonal elements of a_μ and we expand the fields around the backgrounds as, X_μ = p_μ + a_μ. X_I = x_I Ψ = ψ, (3.5) where we impose a chirality condition Γ^{10}ψ = ψ. (3.6) Under these conditions, the first term of the action (2.5) is rewritten as S_1 = tr(− 1 4 (X^L_0 )^2[X_M , X_N ]^2) = − 1 4g^2 tr([p_μ + a_μ, p_ν + a_ν ]^2 + 2[p_μ + a_μ, x^I ]^2 + [x^I , x^J ]^2). (3.7) The second term is S_2 = 1 2 tr((X^M_0 [X_M , X_N ])^2) = 1 2g^2 tr([p_μ + a_μ, x^{10}]^2 + [x^{10}, x^I ]^2). (3.8) As a result, the total action is independent of x^{10} as follows, S = − 1 g^2 tr( 1 4 [p_μ + a_μ, p_ν + a_ν ]^2 + 1 2 [p_μ + a_μ, x^i]^2 + 1 4 [x^i, x^j]^2 + g 2 ψ̄Γ^μ[p_μ + a_μ, ψ] + g 2 ψ̄Γ^i[x_i, ψ]), (3.9) where i, j = d, · · · , 9. In the large N limit, this action is equivalent to S = − 1 g^2 ∫ d^dσtr( 1 4 F^2_{μν} − 1 2 (D_μx^i)^2 + 1 4 [x^i, x^j]^2 + i 2 ψ̄Γ^μD_μψ + 1 2 ψ̄Γ^i[x_i, ψ]), (3.10) where ψ is redefined to^1√_g ψ. This fact is proved perturbatively and non-perturbatively in the large N limit as in the case of the large N reduced model [22–25].

Under the conditions (3.1) - (3.6), the super transformations (2.8) and (2.10) reduces to δa^μ = iϵ̄Γ^μψ δx^I = iϵ̄Γ^I ψ δψ = − i 2g ([p_μ + a_μ, p_ν + a_ν ]Γ^{μν} + [x^i, x^j]Γ^{ij} )ϵ, (3.11) by which (3.9) is invariant. Moreover, (2.9) and (2.11) reduces to

δX^M_0 = 0 δΨ_0 = 0, (3.12)

because the action (2.5) reduces to the action (3.9) and δ_0S = 0. This is consistent with the fact that X^M_0 and Ψ_0 are fixed.

Therefore, if we choose the BPS backgrounds with d = 1, we obtain BFSS matrix theory in the large N limit, S = 1 4g^2 ∫ dτtr(2(D_0x^i)^2 − [x^i, x^j ]^2 − i 2 ψ̄Γ^0D_0ψ − 1 2 ψ̄Γ^i[x_i, ψ]). (3.13)

If we choose those with d = 0, we obtain IIB matrix model in the large N limit, S = − 1 4g^2 tr([x^i, x^j ]^2 + 1 2 ψ̄Γ^i[x_i, ψ]). (3.14)

We also obtain matrix string theory [26–28] when d = 2 and AdS_5/CF T_4 [29] when d = 4.

4 Conclusion and Discussion

In this letter, we have proposed a covariant action that defines M-theory. It possesses SO(1, 10) super Poincare symmetry. In this model, the eleven-dimensional space-time is given by eigen values of the U(N) part of the bosonic fields X^M . From this action, by choosing appropriate BPS vacua we have derived BFSS matrix theory and IIB matrix model in the large N limit. By using these relations, we can directly discuss covariant dynamics that have not been derived, such as covariant membrane and M5-brane actions and a longitudinal momentum transfer of D0 particles.

We impose the chirality condition (3.6) by hand in the process to derive the matrix models. Therefore, we also need to check that the chirality condition (3.6) is automatically satisfied in the large N limit. A planer diagram that includes fermions with opposite chirality may be forbidden. Supersymmetry may play a crucial role.

As a first step, we have shown that our theory reproduces large N dynamics of the critical matrix models. In this limit, only planer diagrams contribute. As a second step, we should examine whether our theory includes all dynamics of the matrix models in order to check that it is a complete action of M-theory.

References

[1] T. Banks, W. Fischler, S.H. Shenker, L. Susskind, “M Theory As A Matrix Model: A Conjecture,”Phys.Rev.D55(1997) 5112, arXiv:hep-th/9610043.

[2] N. Ishibashi, H. Kawai, Y. Kitazawa, A. Tsuchiya, “A Large-N Reduced Model as Superstring,” Nucl.Phys.B498(1997) 467, hep-th/9612115.

[3] B. de Wit, J. Hoppe, H. Nicolai, “On the Quantum Mechanics of Supermembranes,” Nucl.Phys.B305:545,1988.

[4] Y. Nambu, “Generalized Hamiltonian dynamics,” Phys.Rev.D7:2405-2414,1973.

[5] K. Lee, J. Park, “ Three-algebra for supermembrane and two-algebra for superstring,” arXiv:0902.2417 [hep-th]

[6] H. Awata, M. Li, D. Minic, T. Yoneya, “On the Quantization of Nambu Brackets,” JHEP0102(2001) 013, arXiv:hep-th/9906248.

[7] J. Bagger, N. Lambert, “Modeling Multiple M2’s,” Phys.Rev.D75:045020,2007, arXiv:hep-th/0611108.

[8] A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl.Phys.B811:66,2009, arXiv:0709.1260 [hep-th].

[9] J. Bagger, N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes,” Phys.Rev.D77:065008,2008, arXiv:0711.0955 [hep-th].

[10] L. Smolin, “M theory as a matrix extension of Chern-Simons theory,” Nucl.Phys.B591(2000) 227, hep-th/0002009.

[11] L. Smolin, “The cubic matrix model and a duality between strings and loops,” hep-th/0006137.

[12] T. Azuma, S. Iso, H. Kawai, Y. Ohwashi, “Supermatrix Models,” Nucl.Phys.B610(2001) 251, hep-th/0102168.

[13] S. Mukhi, C. Papageorgakis, “M2 to D2,” JHEP0805:085,2008, arXiv:0803.3218 [hepth].

[14] J. Gomis, G. Milanesi, J. G. Russo, “Bagger-Lambert Theory for General Lie Algebras,” JHEP0806:075,2008, arXiv:0805.1012 [hep-th].

[15] S. Benvenuti, D. Rodriguez-Gomez, E. Tonni, H. Verlinde, “N=8 superconformal gauge theories and M2 branes,” JHEP0901:078,2009, arXiv:0805.1087 [hep-th].

[16] P.-M. Ho, Y. Imamura, Y. Matsuo, “M2 to D2 revisited,” JHEP0807:003,2008, arXiv:0805.1202 [hep-th].

[17] Y. Honma, S. Iso, Y. Sumitomo, S. Zhang, “Janus field theories from multiple M2 branes,” Phys.Rev.D78:025027,2008, arXiv:0805.1895 [hep-th].

[18] M. Sato, “ Covariant Formulation of M-Theory I ,” arXiv:0902.1333 [hep-th] [19] B. Ezhuthachan, S. Mukhi, C. Papageorgakis, “D2 to D2,” JHEP0807:041,2008, arXiv:0806.1639 [hep-th].

[20] H. Singh, “SU(N) membrane B ∧ F theory with dual-pairs,” arXiv:0811.1690 [hep-th]. [21] H. Kawai, M. Sato, “Perturbative Vacua from IIB Matrix Model,” Phys.Lett.B659:712,2008, arXiv:0708.1732 [hep-th].

[22] T. Eguchi and H. Kawai, “Reduction of Dynamical Degrees of Freedom in the Large N Gauge Theory,” Phys.Rev.Lett.48(1982) 1063.

[23] G. Parisi, “A Simple Expression for Planar Field Theories,” Phys.Lett.B112(1982) 463. [24] G. Bhanot, U. M. Heller and H. Neuberger, “The Quenched Eguchi-Kawai Model,” Phys.Lett.B113(1982) 47.

[25] D. J. Gross and Y. Kitazawa, “ A Quenched Momentum Prescription for Large N Theories,” Nucl.Phys.B206(1982) 440.

[26] L. Motl, “ Proposals on nonperturbative superstring interactions,” hep-th/9701025. [27] T. Banks and N. Seiberg, “Strings from Matrices,” Nucl.Phys.B497(1997) 41, hep-th/9702187.

[28] R. Dijkgraaf, E. Verlinde and H. Verlinde, “Matrix String Theory,” Nucl.Phys.B500(1997) 43, hep-th/9703030.

[29] J. M. Maldacena, “The Large N Limit of Superconformal Field Theories and Supergravity,” Adv.Theor.Math.Phys.2:231, hep-th/0102168.