arXiv:0902.4488v2 [gr-qc] 22 Oct 2009

Geometrothermodynamics of black holes in two dimensions

Hernando Quevedo^∗ Dipartimento di Fisica, Università di Roma La Sapienza, Piazzale Aldo Moro 5, I-00185 Roma, Italy ICRANet, Piazzale della Repubblica 10, I-65122 Pescara, Italy.^†

Alberto Sánchez^‡ Instituto de Ciencias Nucleares Universidad Nacional Autónoma de México AP 70543, México, DF 04510, Mexico

Abstract

We study the properties of two-dimensional dilatonic black holes from the viewpoint of geometrothermodynamics. We show that the thermodynamic curvature of the equilibrium space vanishes only in the case of a flat spacetime, and it reproduces correctly the behavior of the thermodynamic interaction and phase transition structure of the corresponding black hole configurations.

PACS numbers: 04.70.Dy, 02.40.Ky

∗Electronic address: quevedo@nucleares.unam.mx †On sabbatical leave from Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México ‡Electronic address: asanchez@nucleares.unam.mx

I. INTRODUCTION

For the study of the geometrothermodynamics (GTD) [1] of black holes, the thermodynamic phase space T is assumed to be coordinatized by the set of independent coordinates {Φ, E^a, I^a}, a = 1, ..., n, where Φ represents the thermodynamic potential, and E^a and I^a are the extensive and intensive thermodynamic variables, respectively. The positive integer n indicates the number of thermodynamic degrees of freedom of the black hole configuration. Moreover, the phase space is endowed with the Gibbs one-form Θ = dΦ − δ_{ab}I^adE^b, δ_{ab} = diag(1, ..., 1), and a particular metric

G = (dΦ − δ_{ab}I^adE^b)^2 + (δ_{ab}E^aI^b)(η_{cd}dE^cdI^d) , η_{ab} = diag(−1, 1, ..., 1) , (1)

which is invariant with respect to Legendre transformations {Φ, E^a, I^a} → {Φ̃, Ẽ^a, Ĩ^a}, with Φ = Φ̃ − δ_{ab}Ẽ^aĨ^b , E^a = −Ĩ^a, I^a = Ẽ^a, [2]. The equilibrium space E ⊂ T is defined by the map φ : E → T or, in local coordinates, φ : {E^a} → {Φ, E^a, I^a}, satisfying the condition φ^∗(Θ) = 0, i.e., on E it holds the first law of thermodynamics, dΦ = δ_{ab}I^adE^b, and the conditions of equilibrium I^a = δ^{ab}∂Φ/∂E^b which relate the extensive variables E^a with the intensive ones I^a. Then, the pullback φ^∗ induces on E, by means of g = φ^∗(G), the thermodynamic metric g = ( E^c ∂Φ ∂E^c ) ( η_{ab}δ^{bc} ∂^2Φ ∂E^c∂E^d dE^adE^d ) . (2)

For the construction of this thermodynamic metric it is only necessary to know explicitly the thermodynamic potential in terms of the extensive variables Φ = Φ(E^a). In black hole thermodynamics, the total mass M is usually considered as the thermodynamic potential (canonical ensemble) in the energy representation and the fundamental equation M = M(E^a) can be obtained from the area-entropy relationship S = A/4.

In previous works we have shown that the above thermodynamic metric reproduces the phase transition structure of all four-dimensional black holes [3], all known higher dimensional black holes with and without cosmological constant [4], and generalized three dimensional black holes [5]. The main purpose of the present work is to show that the above thermodynamic metric can be used to reproduce correctly the thermodynamics of two dimensional dilatonic black holes. This case has been analyzed previously in [6] by using a different approach in which Legendre invariance is not taken into account.

II. DILATONIC BLACK HOLES IN TWO DIMENSIONS

The two-dimensional Einstein-Hilbert action is just the Gauss-Bonnet topological term and, therefore, the corresponding gravitational models are locally trivial, unless additional matter fields are introduced. The most popular models are the generalized dilaton theories which are described by the action (for a recent review see [7]) I = 1 8π^2 ∫ d^2x √ −h [ XR + U(X)(∇X)^2 − λV (X) ] , (3)

where h = det(h_{μν} ), R is the Ricci scalar corresponding to the metric h_{μν} , X is the dimensionless dilatonic field, U and V are arbitrary functions which define the theory, and λ is a constant parameter. It can be shown that the general solution to the corresponding field equations leads in the Eddington-Finkelstein gauge to the line element

ds^2 = e^{Q(X)} [ (M + λω)du^2 + 2dudX ] , (4)

where Q^′(X) = −U(X), ω^′(X) = e^{Q(X)}V (X), the prime represents differentiation with respect to X, and M is a constant of motion that can be interpreted as the mass. Clearly, the line element (4) possesses a Killing vector ξ = ∂_u with norm |ξ| = e^{Q(X)}(M + λω). Consequently, the solutions of M + λω(X) = 0 represent Killing horizons which determine two-dimensional black hole configurations. In this case, it can be shown [8] that the Bekenstein-Hawking entropy is given by S = X_h, where X_h is the “radius” of the outermost Killing horizon, i.e. X_h satisfies the equation M + λω(X_h) = 0. Furthermore, the potential V (X) depends on an additional constant parameter q which is usually interpreted as the dilatonic charge. Then, on the outermost horizon we have that M = −λω(S, q) . (5) This equation relates the total mass of the black hole with its entropy and dilatonic charge. If we furthermore interpret M as representing the internal energy of the black hole configuration, then Eq.(5) represents a fundamental equation M = M(E^a) with E^1 = S and E^2 = q being the extensive variables. As mentioned above, in GTD the fundamental equation contains all the information that is required to construct the metric of the equilibrium space. Indeed, from Eq.(2) we obtain the thermodynamic metric g = ( S ∂M ∂S + q ∂M ∂q ) ( − ∂^2M ∂S^2 dS^2 +

∂^2M ∂q^2 dq^2 ) . (6)

On the other hand, the condition φ^∗(Θ) = 0 for Θ = dM − T dS − ψdq generates the first law of thermodynamics and the equilibrium conditions T = ∂M ∂S = | | | |λ ∂ω ∂S | | | | = |λω^′(X)|_{X=Xh} , ψ = ∂M ∂q = −λ ∂ω ∂q , (7)

where T is the temperature and ψ is the dilatonic potential. This expression for the temperature coincides with the result derived from the definition in terms of the surface gravity [9]. A useful thermodynamic variable is the heat capacity at constant dilatonic charge C = T ( ∂S ∂T ) q = ∂M ∂S ( ∂^2M ∂S^2 )_{−1} (8) the divergencies of which are interpreted in standard black hole thermodynamics [10] as indicating the existence of second–order phase transitions. Notice that the determinant of the thermodynamic metric

det(g) = −

∂^2M ∂S^2 ∂^2M ∂q^2 ( S ∂M ∂S + q ∂M ∂q )_2 (9) vanishes at the points ∂^2M/∂S^2 = 0 where the heat capacity diverges, indicating a possible relationship between points of phase transitions and zero-volume singularities. In fact, we will show below in concrete examples that phase transitions correspond to singularities at the level of the thermodynamic curvature.

Recently in [11], an interesting symmetry of the action (3) was found that interchanges the role of the integration constant M and the action parameter λ. Consider the dual variables and functions dX̃ = dX/ω(X), e^{Q̃(X̃)}dX̃ = e^{Q(X)}dX, ω̃(X̃) = 1/ω(X) and construct the dual action Ĩ = 1 8π^2 ∫ d^2x √ −h [ X̃R + Ũ(X̃)(∇X̃)^2 − MṼ (X̃) ] , (10) where Ũ(X̃) = ω(X)U(X) − e^{Q(X)}V (X) and Ṽ (X̃) = −V (X)/ω^2(X). Then, by analogy to (4), the general solution of the field equations following from the dual action (10) leads to the line element ds^2 = e^{Q̃(X̃)} [ (λ + Mω̃)du^2 + 2dudX̃ ] . (11) Since the constant λ appears now as an integration constant and M is inside the dual action, the roles of λ and M are interchanged. Although the dilaton field changes under a dual transformation, the line element remains invariant and represents the general solutions to the equations of two different actions. The dual line element (11) has a Killing horizon at λ + Mω̃(X̃) = 0. From here it follows the fundamental equation M = − λ ω̃(S̃, q) , (12)

where S̃ = X̃_h is the value of the dual dilaton field on the outermost horizon. According to the description of GTD presented in Sec. I, the fundamental equation (12) completely determines the geometry of the corresponding equilibrium space. Then, to determine if a dual transformation leaves invariant the structure of the equilibrium space, it is sufficient to demand equivalence between the dual fundamental equation (12) and the original one given in Eq.(5). This condition is satisfied if ω̃(S̃, q) = 1/ω(S, q), i.e., ω̃(X̃_h) = 1/ω(X_h) must hold on the outermost horizons. Since the zeros of λ + Mω̃(X̃) = 0 are also zeros of M + λω(X) = 0, a horizon of the original black hole corresponds to a horizon of the dual configuration. In particular, on the original outermost horizon we have that M + λω(X_h) = 0, i.e., ω(X_h) = −M/λ, whereas on the “dual” outermost horizon it holds that λ + Mω̃(X̃_h) = 0, i.e., ω̃(X̃_h) = −λ/M. It then follows that ω̃(X̃_h) = 1/ω(X_h); this result is in agreement with the definition of a dual transformation which demands that ω̃(X̃) = 1/ω(X) in general. Consequently, we have shown that the geometric description of dilatonic black hole thermodynamics, using the formalism of GTD, is duality invariant.

We now consider explicit examples of dilatonic black hole configurations which follow from the action (3). For simplicity we choose λ = 2 and and rescale the mass as M → 2M. An entire class of black hole configurations can be obtained by choosing different values for the potentials U(X) and V (X) (see [12] for a review of the most important cases). Each choice leads to a specific value for the auxiliary function ω(X). A family of such solutions [6] is characterized by the fundamental equation (b ≠ −1 ≠ c) M = A b + 1

S^{b+1} + B 2(c + 1)

S^{c+1}q^2 , (13) which includes the ab−family [13] and its Reissner-Nordström generalization for different values of the constants A, B, b, and c. The corresponding thermodynamic metric (6) becomes g = [ AS^b + B(c + 3) 2(c + 1)

S^cq^2 ] [ − ( AbS^b + Bc 2 S^cq^2 ) dS^2 + B c + 1

S^{c+2}dq^2 ] , (14) and the relevant thermodynamic variables are T = 1 2 (2AS^b + BS^cq^2) , C =

2AS^{b+1} + BS^{c+1}q^2 2AbS^b + BcS^cq^2 = 2ST 2bT − (b − c)BS^cq^2 . (15)

From the expression for the heat capacity it follows that phase transitions take place at those points where 2bT − (b − c)BS^cq^2 = 0. Clearly, this equation has nontrivial solutions. The thermodynamic curvature of the metric (14) can be written as R = 8A(c + 1)^2S^b[−2A^2b(c + 1)P_1S^{2b} + B(c + 3)S^cq^2(AbP_2S^b − BP_3S^cq^2)] [2A(c + 1)S^b + B(c + 3)S^cq^2]^3[2AbS^b + BcS^cq^2]^2S^2

(16)

where the P_1, P_2, and P_3 are constant polynomials

P_1 = (b + c)^2 + 8b , P_2 = b^2 − 4bc + 2b − 5c^2 − 6c , P_3 = 3b^2 + bc^2 − 3bc + 2c^2 + c^3 . (17)

The first term in squared brackets in the denominator of R is proportional to the conformal factor of (14) and can be shown [1] to be also proportional to the thermodynamic potential M, by virtue of Euler’s identity. Consequently, this term cannot vanish. The second term in squared brackets coincides with the denominator of the heat capacity (15). When this term vanishes, it can be shown that the numerator of R remains finite. This means that the divergencies of C correspond to singularities of R. Consequently, the thermodynamic curvature (16) describes the phase transition structure of this particular family of dilatonic black holes.

It is interesting to find out if the thermodynamic metric can be flat. From the above expression for R, one can see that the choice b = 0 and c = −3 leads to a vanishing R. This special case corresponds to the Rindler ground state solution [14] for which the curvature of spacetime vanishes. In a flat spacetime it is reasonable to expect that no thermodynamic interaction exists. The above result reproduces this behavior since thermodynamic curvature is considered in GTD as a measure of thermodynamic interaction; in the absence of thermodynamic interaction, the thermodynamic curvature should vanish. An additional solution with flat thermodynamic curvature is obtained for c = −3 and P_1 = 0. However, it is easy to verify that no real value of b satisfies this condition. The only remaining possibility is P_1 = P_2 = P_3 = 0. Introducing the solution for b^2 obtained from P_1 = 0 into the equation P_2 = 0, we obtain (b + c)(c + 1) = 0. Since c ≠ −1, we have that b = −c, a solution that, when substituted back in P_1 = 0, implies that b = 0. Hence this case corresponds also to the Rindler solution. This analysis shows that, except for the case b = 0, the above family of dilatonic black holes is characterized by a nonvanishing thermodynamic curvature, indicating the presence of thermodynamic interaction.

In two-dimensional gravity additional models are known which correspond to different choices of the potentials U(X) and V (X). In each case, the resulting function ω(X) characterizes the model. We investigated the particular models [12] arising from string theory [15], Kaluza-Klein reduced gravitational Chern-Simons term [16, 17], and Liouville gravity [18] which correspond to

ω_{ST} = −2b^2X + b^2q^2 8π ln X , ω_{CS} = − 1 8 (q − X^2)^2 , ω_{LG} = b q e^{qX} . (18)

GTD delivers a particular thermodynamic metric for each case and in all of them we could corroborate that the thermodynamic curvature is nonzero and its singularities reproduce the phase transition structure which follows from the divergencies of the heat capacity.

III. CONCLUSIONS

In this work we applied the formalism of GTD to study the thermodynamics of dilaton black holes in two dimensions. We considered a family of solutions which contains the most representative examples of two-dimensional black hole configurations, and found that the (flat) Rindler ground state solution is the only solution for which the thermodynamic curvature vanishes. In all the remaining cases, the singularities of the thermodynamic curvature correspond to points where the heat capacity diverges and phase transitions take place. We interpret this result as an additional indication that the thermodynamic curvature, as defined in GTD, can be used as measure of thermodynamic interaction. In fact, it has been shown [19] that in the case of more realistic thermodynamic systems [20], the ideal gas is also characterized by a vanishing thermodynamic curvature, whereas the van der Waals gas generates a nonvanishing curvature whose singularities reproduces the respective phase transition structure.

We analyzed the duality symmetry of dilaton gravity and found the condition for which the results of GTD remains invariant under a dual transformation. Furthermore, it was shown that this condition is always satisfied; we can therefore conclude that GTD is, in general, duality invariant.

Acknowledgements

This work was supported in part by Conacyt, Mexico, grant 48601. We thank an anonymous referee for valuable suggestions.

[1] H. Quevedo, Geometrothermodynamics, J. Math. Phys. 48, 013506 (2007). [2] V. I. Arnold, Mathematical methods of classical mechanics (Springer Verlag, New York, 1980). [3] J. L. Alvarez, H. Quevedo, and A. Sanchez, Unified geometric description of black hole thermodynamics, Phys. Rev. D 77, 084004 (2008).

[4] H. Quevedo and A. Sanchez, Geometrothermodynamics of asymptotically anti-de Sitter black holes, JHEP 09, 034 (2008).

[5] H. Quevedo and A. Sanchez, Geometric description of BTZ black holes thermodynamics, Phys.

Rev. D 79, 024012 (2009).

[6] J. Åman, J. Bedford, D. Grumiller, and N. Pidokrajt, Ruppeiner theory of black hole thermodynamics, J. Phys. Conf. Ser. 66, 012007 (2007); arXiv:gr-qc/0611119.

[7] D. Grumiller, W. Kummer, and D. V. Vassilevich, Dilaton gravity in two dimensions, Phys.

Rep. 369, 327 (2002); arXiv:hep-th/0204253.

[8] J. Gegenberg, G. Kunstatter, and D. Louis-Martinez, Observables for two-dimensional black holes, Phys. Rev. D 51, 1781 (1995); arXiv:gr-qc/9408015.

[9] W. Kummer and D. V. Vassilevich, Hawking radiation from dilaton gravity in (1+1) dimensions: A pedagogical review, Annalen Phys. 8, 801 (1999); arXiv:gr-qc/9907041.

[10] P. C. W. Davies, Thermodynamics of black holes, Rep. Prog. Phys. 41, 1313 (1978). [11] D. Grumiller and R. Jackiw, Duality in 2-dimensional dilaton gravity, Phys. Lett. B 642, 530 (2006); arXiv:hep-th/0609197.

[12] D. Grumiller and R. Meyer, Ramifications of lineland, Turk. J. Phys. 30, 349 (2006);

arXiv:hep-th/0604049.

[13] M. O. Katanaev, W. Kummer, and H. Liebl, On the completeness of the black hole singularity in 2d dilaton theories, Nucl. Phys. B 486, 353 (1997); arXiv:gr-qc/9602040.

[14] A. Fabbri and J. G. Russo, Soluble models in 2d dilaton gravity, Phys. Rev. D53, 6995 (1996);

arXiv:hep-th/9510109.

[15] S. Gukov, T. Takayanagi, and N. Toumbas, Flux backgrounds in 2D string theory, JHEP 03, 017 (2004); arXiv:hep-th/0312208.

[16] D. Grumiller and W. Kummer, The classical solutions of the dimensionally reduced gravitational Chern-Simons theory, Ann. Phys. 308, 211 (2003); arXiv:hep-th/0306036.

[17] G. Guralnik, A. Iorio, R. Jackiw, and S. Y. Pi, Dimensionally reduced gravitational Chern- Simons term and its kink, Ann. Phys. 308, 222 (2003); arXiv:hep-th/0305117.

[18] D. Grumiller, W. Kummer, and D. V. Vassilevich, Virtual black holes in generalized dilaton theories (and their special role in string gravity), Eur. Phys. J. C 30, 135 (2003); arXiv:hep-th/0208052.

[19] H. Quevedo, A. Sanchez and A. Vazquez, Invariant geometry of the ideal gas, (2008);

arXiv:math-phys/0811.0222.

[20] H. B. Callen, Thermodynamics and an introduction to thermostatics (John Wiley & Sons, Inc., New York, 1985).