arXiv:0902.4646v1 [hep-th] 26 Feb 2009

The non-planar contribution to the four-loop universal anomalous dimension in N = 4 Supersymmetric Yang-Mills theory

V. N. Velizhanin

Theoretical Physics Department Petersburg Nuclear Physics Institute Orlova Roscha, Gatchina 188300 St. Petersburg, Russia

Abstract

We present the result of a full direct component calculation for the non-planar contribution to the four-loop anomalous dimension of the Konishi operator in N = 4 Supersymmetric Yang-Mills theory. The result contains only ζ(5) term and proportional to ζ(5) contribution in the planar case, which comes purely from wrapping corrections. We have extended also our previous calculations for the leading transcendental contribution arXiv:0811.0607 on non-planar case and have found the same results up to a common factor. It allows us to suggest that the non-planar contribution to the four-loop universal anomalous dimension for the twist-2 operators with arbitrary Lorentz spin is proportional to S^2_1 (j) ζ(5). This result gives unusual double-logarithmic asymptotic ln^2j for large j.

In our previous papers [1, 2] we have calculated the planar four-loop anomalous dimension of the Konishi operator and the leading transcendental contribution to the four-loop universal anomalous dimension of twist-2 operators in the N = 4 supersymmetric Yang- Mills (SYM) theory. Calculations have been performed in component as a full direct computation of the anomalous dimension of the twist-2 operator. The advantages of our method are the full automation of process of calculations and the absence of any suggestion about specific properties of operators, so these results can serve as “experimental” test for the similar results obtained with the help of integrability [3] in the framework of AdS/CFT-correspondence [4]. The planar four-loop anomalous dimension of the Konishi operator were computed earlier by two different ways from the both sides of AdS/CFTcorrespondence. In the N = 4 SYM theory the calculations were performed in the superfield formalism and take into account only diagrams did not included in the asymptotic Bethe-ansatz [5], following Ref. [6]. From superstring side [7] the finite size effects were take into account using Lüscher formulas [8]. The results of both computations are in agreement after corrections from the perturbative side. Our result of the full direct calculation is the same and confirms correctness all suggestions of the computations from Refs. [5, 7], including the correctness of the asymptotic Bethe-ansatz up to the four loops. Our result for leading transcendental contribution to the four-loop universal anomalous dimension for the twist-2 operators with arbitrary Lorentz spin was used together with the predictions from the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [9] to check the corresponding part of the finite size corrections [10] to the four-loop anomalous dimension of BMN-operators [11] from the sl(2) sector obtained from the asymptotic Bethe ansatz [12].

One more advantage of our method of the full direct calculation is the possibility to obtain full color structure for the four-loop Konishi. In this paper we present from the first time the result for the non-planar (color subleading) contribution to the four-loop Konishi and for the first three even moments for the leading transcendental contribution to the four-loop universal anomalous dimension of the twist-2 operators with arbitrary Lorentz spin in N = 4 SYM theory.

The calculation of the non-planar contribution, which is proportional to the quartic Casimir operator d_{44} (see Ref. [13]), can be split in two part according to the basic parent topology for master-integrals. For the four-loop tadpoles with equal mass lines we have two parent topologies presented in Fig. 1: planar topology A and non-planar topology B. These two topologies correspond to the master-integrals PR12 and PR0 from Table 1 of Ref. [14] and all other topologies from this table can be obtained by cancelling one and more lines inside parent topologies. For the diagrams from the first, planar class we already have the well-tested program for the four-loop calculations which based on our own implementation of the Laporta’s algorithm [15] for the resolution of the integration by part (IBP) identities in the form of MATHEMATICA package BAMBA and using the method from Refs. [16]. With this program we produced database for all necessary integrals expressed through master-integrals from Ref. [14]. For the second, non-planar class of diagrams in principal we should generate and resolve all sets of new IBP identities. But we have a great simplification if noting that the cancellation any one line in the non-planar topology B gives topology C, which can be obtained with the cancellation of any horizontal

A B C

Figure 1: Basic parent four-loop planar (A) and non-planar (B) topologies and topology (C) obtained by cancelling one horizontal line in topology A or any one line in topology B.

line from the planar topology A and for topology C we already have the recurrence relations for all necessary integrals. So, for the non-planar topology B we should go only on one step in the resolution of the IBP identities, then change momentum according to topology C and reexpand denominators if it is necessary. In this way we extend our database only with integrals with different positive powers for all nine propagators of the non-planar topology B. Thus, we have repeated our previous calculations for the Konishi operator [17]

O_K = tr [ A_iA^i + B_iB^i ] , i = 1, 2, 3 , (1)

where A^i and B^i are the real adjoint scalar and pseudoscalar fields correspondingly, keep quartic Casimir operator d_{44} (did not substitute its leading color value d_{44} = N^2_c /24 as before) and using additional FORM procedure for the diagrams with the non-planar topology B from Fig. 1. To check, that our program work correctly we reproduce both planar (∼ C^4_A) and non-planar (∼ d_{44}) parts for the anomalous dimension of the gluon field [14] coming from the pure Yang-Mills gauge theory. All diagrams were produced with DIANA [18] , which call QGRAF [19] to generate all diagrams and obtained code were calculated with FORM [20], using FORM package COLOR [13] for evaluation of the color traces.

The final result after subtraction of the anomalous dimension for the scalar fields is:

γ^{4−loop}

K = 12 g^2 − 48 g^4 + 336 g^6 + ( −2496 + 576 ζ(3) − 1440 ( 1 + 12 N^2_c ) ζ(5) ) g^8 , (2)

with g^2 = g^2_{Y M} N_c (4π)^2

, d_{44} =

N^2_c (N^2_c + 36) 24 (3) and the following non-planar contribution to the four-loop anomalous dimension for the (pseudo)scalar fields (see Ref. [1] for the planar part):

γ^{4−loop, non−planar} ϕ = ( − 42 − 177 ζ(3) + 555 ζ(5) ) g8 N^2_c

. (4)

An important check of our result (2) is the absence of higher poles and some special numbers such as ζ(2), ζ(4), S_2 and other, which enter in the scalar master integrals from Ref. [14].

Also we have repeated our previous calculations for the first three moments of the leading transcendental contribution to the four-loop universal anomalous dimension of twist-2 operators [2]. As in planar case we have produced the database for the scalar integrals^1 containing ζ_5 for non-planar topology B from Fig. 1 with the MATHEMATICA package FIRE [21]. Surprisingly, but the non-planar leading transcendental contribution to the four-loop universal anomalous dimension is modified in the same way as the Konishi in Eq. (2)

γ̂^{(3)}_{uni}(j) = − 640 S^2_1 (j − 2) ( 1 + 12 N^2_c ) ζ_5 . (5)

Based on the fact, that the non-planar contribution to the four-loop anomalous dimension of the Konishi operator (2) contains only ζ(5) and take into account Eq. (5) it is reasonable to suggest that the full non-planar (color subleading) contribution to the four-loop universal anomalous dimension of twist-2 operators with arbitrary Lorentz spin has the following form:

γ^{(3)}_{uni, np} (j) = −640 S^2_1 (j − 2) 12 N^2_c ζ(5) , (6)

with^2 γ_{uni}(j) = γ^{(0)}_{uni}(j) g^2 + γ^{(1)}_{uni}(j) g^4 + γ^{(2)}_{uni}(j) g^6 + γ^{(3)}_{uni}(j) g^8 + ... (7)

from Refs. [23, 24, 25, 12, 10].

Note, that really, we have calculated only first three even moments j = 2, j = 4 and j = 6 for this equation and it can be modified with other harmonic sums (see Ref. [2]). Moreover, it is possible, that for higher values of moments j the non-planar contribution to the four-loop universal anomalous dimension will contain the terms which is proportional to ζ(3) and rational number to give such combination of the harmonic sums that for j = 4, i.e. for the Konishi, they will give zero.

However, let’s us suggest that Eq.(6) is correct. There are two important consequence of this result. First of all it will gives the unusual behavior for the large spin j limit, which will proportional to ln^2j instead of expected ln j [26]. Another consequence comes from the analytical continuation to j → 1 + ω, where the predictions from the BFKL equation exist. The analytical continuation of Eq.(6) gives 1/ω^2 pole which comes from the (jet unknown) next-to-next-to-leading logarithmic approximation (NNLLA or third order corrections) to the kernel of the BFKL equation and, then, it should contain corresponding non-planar contribution at this order. As the universal anomalous dimension of the twist-2 operators and the kernel of the BFKL equation in N = 4 SYM is the most complicated part of the corresponding QCD results these futures should be hold also in QCD.

1Results for integrals can be obtained under request.

2Similar result was obtained for the twist-3 operator up to the five loops [12, 22].

In spite of planar AdS/CFT system well studied from the both sides of gauge/string duality and seems to be solved [27], non-planar results in N = 8 SYM theory have been obtained only for gluon scattering amplitudes, which are related with N = 8 Supergravity [28]. Our results show that the non-planar contribution at least for the anomalous dimension of the twist-2 operators has a rather simple form and relation with the wrapping corrections and probably can be studied with other methods widely used for the planar case.

Acknowledgments

We would like to thank Lev Lipatov, Andrei Onishchenko and Matthias Staudacher for useful discussions. This work is supported by RFBR grants 07-02-00902-a, RSGSS-3628.2008.2. We thank the Max Planck Institute for Gravitational Physics at Potsdam for hospitality while working on parts of this project.

References

[1] V. N. Velizhanin, arXiv:0808.3832 [hep-th].

[2] V. N. Velizhanin, arXiv:0811.0607 [hep-th].

[3] J. A. Minahan and K. Zarembo, JHEP 0303 (2003) 013; N. Beisert, C. Kristjansen and M. Staudacher, Nucl. Phys. B 664 (2003) 131; N. Beisert and M. Staudacher, Nucl. Phys. B 670 (2003) 439; A. V. Belitsky, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, Phys. Lett. B 594 (2004) 385; N. Beisert, V. Dippel and M. Staudacher, JHEP 0407 (2004) 075; M. Staudacher, JHEP 0505 (2005) 054; N. Beisert and M. Staudacher, Nucl. Phys. B 727 (2005) 1; N. Beisert, arXiv:hep-th/0511082; Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, Phys. Rev. D 75 (2007) 085010; N. Beisert, T. McLoughlin and R. Roiban, Phys. Rev. D 76 (2007) 046002; N. Beisert, B. Eden and M. Staudacher, J. Stat. Mech. 0701 (2007) P021; I. Bena, J. Polchinski and R. Roiban, Phys. Rev. D 69 (2004) 046002; L. Dolan, C. R. Nappi and E. Witten, JHEP 0310 (2003) 017; V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, JHEP 0405 (2004) 024; N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, Commun. Math. Phys. 263 (2006) 659; N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, JHEP 0507 (2005) 030; G. Arutyunov, S. Frolov and M. Staudacher, JHEP 0410 (2004) 016; N. Beisert and A. A. Tseytlin, Phys. Lett. B 629 (2005) 102; R. A. Janik, Phys. Rev. D 73 (2006) 086006; R. Hernandez and E. Lopez, JHEP 0607 (2006) 004; N. Beisert, R. Hernandez and E. Lopez, JHEP 0611 (2006) 070.

[4] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998) 105; E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253.

[5] F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, Phys. Lett. B 666 (2008) 100;

F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, Nucl. Phys. B 805 (2008) 231. [6] C. Sieg and A. Torrielli, Nucl. Phys. B 723 (2005) 3. [7] Z. Bajnok and R. A. Janik, Nucl. Phys. B 807 (2009) 625.

[8] M. Luscher, Commun. Math. Phys. 105 (1986) 153; M. Luscher, Commun. Math.

Phys. 104 (1986) 177.

[9] L. N. Lipatov, Sov. J. Nucl. Phys. 23 (1976) 338; E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Sov. Phys. JETP 45 (1977) 199; I. I. Balitsky and L. N. Lipatov, Sov. J. Nucl. Phys. 28 (1978) 822; V. S. Fadin and L. N. Lipatov, Phys. Lett. B 429 (1998) 127; M. Ciafaloni and G. Camici, Phys. Lett. B 430 (1998) 349; A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B 582 (2000) 19; A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B 661 (2003) 19.

[10] Z. Bajnok, R. A. Janik and T. Lukowski, arXiv:0811.4448 [hep-th]. [11] D. E. Berenstein, J. M. Maldacena and H. S. Nastase, JHEP 0204 (2002) 013. [12] A. V. Kotikov, L. N. Lipatov, A. Rej, M. Staudacher and V. N. Velizhanin, “Dressing and Wrapping”, J. Stat. Mech. 0710, P10003 (2007), 0704.3586 [hep-th].

[13] T. van Ritbergen, A. N. Schellekens and J. A. M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 41.

[14] M. Czakon, Nucl. Phys. B 710 (2005) 485. [15] S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087.

[16] M. Misiak and M. Munz, Phys. Lett. B 344 (1995) 308; K. G. Chetyrkin, M. Misiak and M. Munz, Nucl. Phys. B 518 (1998) 473.

[17] K. Konishi, Phys. Lett. B 135 (1984) 439.

[18] M. Tentyukov and J. Fleischer, Comput. Phys. Commun. 132 (2000) 124. [19] P. Nogueira, J. Comput. Phys. 105 (1993) 279. [20] J. A. M. Vermaseren, arXiv:math-ph/0010025. [21] A. V. Smirnov, JHEP 0810 (2008) 107.

[22] M. Beccaria, JHEP 0706 (2007) 044; M. Beccaria, V. Forini, T. Lukowski and S. Zieme, arXiv:0901.4864 [hep-th].

[23] L. N. Lipatov, Perspectives in Hadronic Physics, in: Proc. of the ICTP conf. (World Scientific, Singapore, 1997); L. N. Lipatov, in: Proc. of the Int. Workshop on very high multiplicity physics, Dubna, 2000, pp.159-176; L. N. Lipatov, Nucl. Phys. Proc. Suppl. 99 A (2001) 175.

[24] A. V. Kotikov, L. N. Lipatov and V. N. Velizhanin, Phys. Lett. B 557 (2003) 114.

[25] S. Moch, J. A. M. Vermaseren and A. Vogt, Nucl. Phys. B 688 (2004) 101; A. Vogt, S. Moch and J. A. M. Vermaseren, Nucl. Phys. B 691 (2004) 129; A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, Phys. Lett. B 595 (2004) 521 [Erratum-ibid. B 632 (2006) 754].

[26] G. P. Korchemsky, Mod. Phys. Lett. A 4 (1989) 1257.

[27] N. Gromov, V. Kazakov and P. Vieira, arXiv:0901.3753 [hep-th]; N. Gromov, V. Kazakov, A. Kozak and P. Vieira, arXiv:0902.4458 [hep-th].

[28] M. B. Green, J. H. Schwarz and L. Brink, Nucl. Phys. B 198 (1982) 474; Z. Bern, L. J. Dixon, D. C. Dunbar, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 530 (1998) 401; S. G. Naculich, H. Nastase and H. J. Schnitzer, Nucl. Phys. B 805 (2008) 40; S. G. Naculich, H. Nastase and H. J. Schnitzer, JHEP 0811 (2008) 018; J. M. Drummond, M. Spradlin, A. Volovich and C. Wen, arXiv:0901.2363 [hep-th].