arXiv:0902.4678v2 [hep-th] 16 Mar 2009

KCL-MTH-09-02

Local E_{11}

Fabio Riccioni and Peter West

Department of Mathematics

King’s College London

Strand London WC2R 2LS UK

Abstract

We give a method of deriving the field-strengths of all massless and massive maximal supergravity theories in any dimension starting from the Kac-Moody algebra E_{11}. Considering the subalgebra of E_{11} that acts on the fields in the non-linear realisation as a global symmetry, we show how this is promoted to a gauge symmetry enlarging the algebra by the inclusion of additional generators. We show how this works in eleven dimensions, and we call the resulting enlarged algebra E^{local}_{11} . Torus reduction to D dimensions corresponds to taking a subalgebra of E^{local}_{11} , called E^{local}_{11,D}, that encodes the full gauge algebra of the corresponding D-dimensional massless supergravity. We show that each massive maximal supergravity in D dimensions is a non-linear realisation of an algebra Ẽ^{local}_{11,D}. We show how this works in detail for the case of Scherk-Schwarz reduction of IIB to nine dimensions, and in particular we show how Ẽ^{local}_{11,9} arises as a subalgebra of the algebra E^{local}_{11,10B} associated to the ten-dimensional IIB theory. This subalgebra corresponds to taking a combination of generators which is different to the massless case. We then show that Ẽ^{local}_{11,D} appears as a deformation of the massless algebra E^{local}_{11,D} in which the commutation relations between the E_{11} and the additional generators are modified. We explicitly illustrate how the deformed algebra is constructed in the case of massive IIA and of gauged five-dimensional supergravity. These results prove the naturalness and power of the method.

1 Introduction

It has been conjectured in [1] that eleven dimensional supergravity could be extended so as to have a non-linearly realised infinite-dimensional Kac-Moody symmetry called E_{11}, whose Dynkin diagram is shown in Fig. 1. In a non-linear realisation the algebra used to construct it is realised as a rigid symmetry. However, in the eleven dimensional supergravity theory all the symmetries are local. In this paper we will propose a non-linear realisation in which E_{11} symmetries become local. To put this work in context it will be useful to list some of the main developments of the E_{11} programme which are relevant for this paper.

Eleven dimensional supergravity itself can be formulated as a non-linear realisation based on an algebra that includes generators with non-trivial Lorentz character [2]. To find the precise dynamics one takes the simultaneous non-linear realisation of this algebra with the conformal group. This naturally gives rise to both a 3-form and a 6-form fields and the resulting field equations are first order duality relations, whose divergence reproduces the 3-form second-order field equations of 11-dimensional supergravity provided on chooses one constant. The eleven-dimensional gravity field describes non-linearly GL(11, R), which is a subalgebra of this algebra. Indeed, gravity in D dimensions can be described as a nonlinear realisation of the closure of the group GL(D, R) with the conformal group [2], as was originally shown in the four dimensional case in [3].

E_{11} first arose as the smallest Kac-Moody algebra which contains the algebra found in the non-linear realisation above. This E_{11} algebra is infinite-dimensional, and the E_{11} nonlinear realisation contains an infinite number of fields with increasing number of indices. The first few fields are the graviton, a three form, a six form and a field which has the right spacetime indices to be interpreted as a dual graviton. This is the field content of eleven dimensional supergravity, and keeping only the first three of these fields one finds that the non-linear realisation of E_{11} reduces to the construction discussed in the first point and so results in the dynamics of this theory [1]. Theories in D dimensions arise from the E_{11} non-linear realisation by choosing a suitable GL(D, R) subalgebra, which is associated with D-dimensional gravity. The A_{D−1} Dynkin diagram of this subalgebra, called the gravity line, must include the node labelled 1 in the Dynkin diagram of Fig. 1. In ten dimensions there are two possible ways of constructing this subalgebra, and the corresponding non-linear realisations give rise to two theories that contain the fields of the IIA and IIB supergravity theories and their electromagnetic duals [1, 4]. Below ten dimensions, there is a unique choice for this subalgebra, and this corresponds to the fact that massless maximal supergravity theories in dimensions below ten are unique. Again, the non-linear realisation in each case describes, among an infinite set of other fields, the fields of the corresponding supergravity and their electromagnetic duals. In each dimension, the part of the E_{11} Dynkin diagram which is not connected to the gravity line corresponds to the internal hidden symmetry of the D dimensional theory. This not only reproduces all the hidden symmetries found long ago in the dimensionally reduced theories, but it also gives an eleven-dimensional origin to these symmetries.

All the maximal supergravity theories mentioned so far are massless in the sense that no other dimensional parameter other than the Planck scale is present. In fact, even this parameter can be absorbed into the fields such that it is absent from the equations of motion. There are however other theories that are also maximal, i.e. invariant under 32 supersymmetries, but are massive in the sense that they possess additional dimensionful parameters. These can be viewed as deformations of the massless maximal theories. However, unlike the massless maximal supergravity theories they can not in general be obtained by a process of dimensional reduction and in each dimension they have been determined by analysing the deformations that the corresponding massless maximal supergravity admits. With the exception of the one deformation allowed for type IIA supergravity in ten dimensions, called Roman’s theory, all the massive maximal supergravities possess a local gauge symmetry carried by vector fields that is a subgroup of the symmetry group G of the corresponding maximal supergravity theory, and are therefore called gauged supergravities. In general these theories also have potentials for the scalars fields which contain the dimensionful parameters as well as a cosmological constant. In recent years there have been a number of systematic searches for gauged maximal supergravity theories and in particular in nine dimensions and in dimension from seven to three all such theories have been classified [5, 6, 7].

It will be useful to recall how E_{11} has from a very different perspective lead to the classification of gauged supergravities that agrees with these results and how the E_{11} formulation of the gauged supergravity theories has lead to new work in these theories. The cosmological constant of ten-dimensional Romans IIA theory [8] can be described as the dual of a 10-form field-strength [9], and the supersymmetry algebra closes on the corresponding 9-form potential [10]. The Romans theory was found to be a non-linear realisation [11] which includes all form fields up to and including a 9-form with a corresponding set of generators. This 9-form is automatically encoded in the non-linear realisation of E_{11} [12]. From the eleven dimensional E_{11} theory it arises as the dimensional reduction of the eleven-dimensional field A_{a1...a10 ,(bc)} in the irreducible representation of GL(11, R) with ten antisymmetric indices a_1 . . . a_{10} and two symmetric indices b and c. Therefore E_{11} not only contains Romans IIA, but it also provides it for the first time with an eleven-dimensional origin [13].

By studying the eleven-dimensional fields of the E_{11} non-linear realisation, one can determine all the forms, i.e. fields with completely antisymmetric indices, that arise from dimensional reduction to any dimension [14]. In particular, in addition to all the lower rank forms, this analysis gives all the D − 1-forms and the D-forms in D dimensions. The list of all form fields obtained in this way for all supergravity theories is given in table 1. The D − 1 and D-forms predicted by E_{11} can also be derived in each dimension separately [15]. The D − 1-forms have D-form field strengths, that are related by duality to the mass deformations of gauged maximal supergravities, and the E_{11} analysis shows perfect agreement with the complete classification of gauged supergravities performed in [6, 7]. Therefore E_{11} not only contains all the possible massive deformations of maximal supergravities in a unified framework, but it also provides an eleven-dimensional origin to all of them. Indeed, while some gauged supergravities were known to be obtainable using dimensional reduction of ten or eleven dimensional supergravities, this was not generically the case. As a result the gauged supergravities were outside the framework of M-theory as it is usually understood.

One striking feature of the E_{11} formulation of massless or massive supergravity theories is that it includes fields together with all their dual fields. The presence of the dual forms is essential to formulate the field equations as duality relations. Some dual forms have been introduced in the past in an ad-hoc way beginning with [16], but it is only with E_{11} that they have arisen from an underlying principle. Indeed, the forms of table 1 were proposed in [14, 15] to play a crucial role in gauged supergravities, the D − 1 forms classifying the gauged supergravities and the lower forms providing a chain of form fields that occur in the duality relations. This is compatible with the structure of the gauge algebra arising in gauged supergravities, in which one is forced to introduce a p + 1 form to close the gauge algebra of a p form, thus determining a hierarchy of forms [17]. For the cases in which this latter method has been subsequently used to compute the hierarchy of forms, the results are precisely in agreement with E_{11} [18], and indeed the presence of the forms given in

D G 1-forms 2-forms 3-forms 4-forms 5-forms 6-forms 7-forms 8-forms 9-forms 10-forms

10A R+ 1 1 1 1 1 1 1 1 1 1

10B SL(2, R) 2 1 2 3 4 2

9 SL(2, R) × R+ 2 2 1 1 2

2 3 3 4 2 1 1 1 2 2

8 SL(3, R) × SL(2, R) (3, 2) (3, 1) (1, 2) (3, 1) (3, 2)

(15, 1) (8, 1) (6, 2) (3, 3) (1, 3) (3, 2) (3, 1) (3, 1)

7 SL(5, R) 10 5 5 10 24

40 70 45 15 5

6 SO(5, 5) 16 10 16 45 144 320 126 10

5 E6(+6) 27 27 78 351 1728 27

4 E7(+7) 56 133 912 8645 133

3 E8(+8) 248 3875 147250 3875 1 248

Table 1: Table giving the representations of the symmetry group G of all the forms of maximal supergravities in any dimension [14]. The 3-forms in three dimensions were determined in [15].

table 1 has now been systematically adopted by those studying gauged supergravities.

All in all there is considerable evidence for an E_{11} symmetry in the low energy limit of what is often called M theory. The above evidence concerns the adjoint representation of E_{11}, or the part of the non-linear realisation that involves the fields associated with the E_{11} generators. However, there is also the question of how space-time is encoded in the theory. In the non-linear realisations mentioned above the generator of space-time translations P_a was introduced by hand in order to encode the coordinates of space-time. From the beginning it was understood that this was an ad-hoc step that did not respect the E_{11} symmetry. It was subsequently proposed [19] that one could include an E_{11} multiplet of generators which had as its lowest component the generator of space-time translations. This is just the fundamental representation of E_{11} associated with the node labelled 1 in the Dynkin diagram of Fig. 1 and it is denoted by l. A method of constructing the gauged supergravities was given in reference [20] using E_{11} and the l multiplet of generators. Indeed as an example all the gauged supergravity generators in five dimensions were derived from this viewpoint. This reference also contains a review of the evidence for the l multiplet as the multiplet of brane charges and a table of its low level content in dimensions three and above. In this context there has been a recent interesting paper [21] which keeps the scalar charges in the l multiplet for the seven-dimensional maximal supergravity and still finds diffeomorphism invariance in seven dimensions.

What was not clear from this method was how the global E_{11} symmetries would become local and this is the subject of this paper. In the context of purely gravity this was achieved long ago in reference [3] by taking the simultaneous non-linear realisation of IGL(4, R) with the conformal group in four dimensions. As mentioned above, if one took the non-linear realisation of E_{11} at low levels, that is to include the six form generator, took only the Lorentz group as the local subgroup and the simultaneous non-linear realisation with the conformal group, then the dynamics predicted by the non-linear realisation is just the maximal supergravity theory in eleven dimensions. This can be seen by realising that the low level E_{11} algebra [1] is just that used in reference [2] to construct the eleven dimensional supergravity theory as a non-linear realisation once one includes the conformal group. The effect of latter is that it makes not only the space-time translations a local symmetry but also turns the shifts associated with form fields into gauge transformations [2]. However, it is not clear how to combine the conformal group with the algebra formed from E_{11} and the l multiplet. In particular how to extend the action of the conformal group on the usual coordinates of space-time to include the other coordinates encoded in the l multiplet.

In this paper we will not use the conformal group, but rather add the generators that the closure of this algebra with E_{11} would generate. We will also not use the generators from the l multiplet, but only the space-time translations P_a. The prototype example of this mechanism was given long ago for the case of Yang-Mills theory [22]. Essentially one takes an algebra that contains the generators P_a and the Yang Mills generators Q^α, as well as the generators R^{a,α} for which the gauge fields are Goldstone bosons and an infinite number of generators K^{a1...an,α}, symmetric in their spacetime indices, which do not commute with P_a and whose role is to make the rigid symmetry generated by R^{a,α} local. We will review this construction later on in this introduction.

We will first show the analogous mechanism for pure gravity. In particular, we will show how to construct Einstein’s theory of gravity using a non-linear realisation which takes as its underlying algebra one that consists of IGL(D, R) and an infinite set of additional generators whose effect will to promote the rigid IGL(D, R) to be local. The generators

P_a lead in the non-linear realisation to the coordinates of space-time while the Goldstone boson for GL(D, R) is the vierbein which is subject to local Lorentz transformations. The infinite number of additional generators lead to local translations, that is general coordinate transformations, but to no new fields in the final theory as their Goldstone fields are solved in terms of the graviton field using a set of invariant constraints placed on the Cartan forms. This is an example of what has been called the inverse Higgs effect [23]. The unique theory resulting from this non-linear realisation with only two space-time derivatives is Einstein’s theory up to a possible cosmological term. In this case one can see that the additional generators we have added are just those found by taking the closure of IGL(D, R) with the conformal group.

We will then generalise this procedure to E_{11} at low levels. We take the algebra, called E^{local}_{11} consisting of non-negative level E_{11} generators, the generators P_a and an infinite number of additional generators. While the latter lead in the final result to no new Goldstone fields they do result in all the low level E_{11} symmetries becoming local, thus we find general coordinate transformations and gauge transformations for all the form fields. For the eleven dimensional theory, space-time arises in the group element due to the P_a generators, however, for lower dimensional theories we will take space-time to be not only the translation operator P_a for that dimension but also certain other Lorentz scalar charges that include the translation operators for the dimensionally reduced generators, in effect we take only the Lorentz scalar part of the l multiplet. As we add just the spacetime translations rather than the whole l multiplet we will take P_a to commute with the non-negative level generators of E_{11}. The price for proceeding in this way is that we are working with only the non-negative level generators of E_{11} and we have essentially thrown out the negative level generators. We show that the non-linear realisation of the algebra E^{local}_{11} describes at low levels in eleven dimensions the 3-form and the 6-form of the eleven dimensional supergravity theory with all their gauge symmetries. This can be thought of as equivalent to taking the non-linear realisation of E_{11} at low levels and taking the simultaneous non-linear realisation with the conformal group as was discussed earlier [2, 1], but here the procedure is more transparent.

We then consider the formulation of lower dimensional maximal gauged supergravity theories from the viewpoint of the enlarged algebra E^{local}_{11,D} . The D refers to the fact that although we take the same non-negative level E_{11} generators and generators P_a, the infinite number of additional generators we take vary from dimension to dimension. We first consider as a toy model the Scherk-Schwarz dimensional reduction of the IIB supergravity theory from this viewpoint. We begin with an algebra consisting of E^{local}_{11,10B} and take the ten dimensional space-time to arise from an operator Q̃ which is constructed from Q = P_9 and part of the SL(2, R) symmetry of the theory. This means that the 10th direction of space-time is twisted to contain a part in the SL(2, R) coset symmetry of the theory. This non-linear realisation gives a nine dimensional gauged supergravity. We observe that not all of the algebra E^{local}_{11,10B} is essential for the construction of the gauged supergravity in nine dimensions, but only an algebra which we call Ẽ^{local}_{11,9} which is the subalgebra of E^{local}_{11,10B} that commutes with Q̃. Its generators are non-trivial combinations of E_{11} generators and the additional generators and in general the generators of Ẽ^{local}_{11,9} have non-trivial commutation relations with nine dimensional space-time translations. Although the subalgebra Ẽ^{local}_{11,9} appears to be a deformation of the original E_{11} algebra and the space-time translations we have not changed the original commutators, but rather the new algebra arises due to the presence of the additional generators which are added to the E_{11} generators.

However, we then show that one can find the algebra Ẽ^{local}_{11,9} without carrying out all the above steps. Given the non-trivial relation between the lowest non-trivial positive level generator of Ẽ^{local}_{11,9} and the nine dimensional space-time translations one can derive the rest of the algebra Ẽ^{local}_{11,9} simply using Jacobi identities. This algebra determines uniquely all the field strengths of the theory, and thus one finds a very quick way of deriving the gauged supergravity theory.

This picture applies to all gauged supergravity theories, as one can easily find the algebra Ẽ^{local}_{11,D} without using its derivation from E^{local}_{11} and this provides a very efficient method of constructing all gauged supergravities. We illustrate how this works by constructing the massive IIA theory as well as all the gauged maximal supergravities in five dimensions.

Finally, we consider how this construction generalises to the fields with mixed symmetry, i.e. not completely antisymmetric, of E_{11} and in general of any non-linear realisation of a very-extended Kac-Moody algebra. We will consider as a prototype of such fields the dual graviton in four dimensions, which is a field A_{ab} symmetric in its two spacetime indices. We will show that if one tries to promote the global shift symmetry of the dual graviton field to a gauge symmetry, one finds that this is not compatible with the E_{11} algebra. The solution of this problem is that actually E_{11} forces to include additional generators, whose role is to enlarge the gauge symmetry of the dual graviton so that one can gauge away the field completely. We show this first for the simpler case of the non-linear realisation of the

Kac-Moody algebra A^{+++}_1 in four dimensions. We then consider the case of E_{11} in four dimensions. For simplicity in this case we neglect the gravity generators, and we still find that even considering consistency conditions involving only the generators associated to the form fields and those associated to the dual graviton, one is forced to include additional generators for the dual graviton that generate a local symmetry that gauges away the dual graviton completely. We claim that this picture generalises to all mixed symmetry fields in any dimension. It is important to stress that the dynamics is compatible with this result. Indeed, while the field strengths of the antisymmetric fields are first order in derivatives, and therefore one needs fields and dual fields to construct duality relations which are first order equations for these fields, the gravity Riemann tensor is at second order in derivatives and thus there is no need of a dual field to construct its equation of motion.

It will be helpful to recall some facts about non-linear realisations. A non-linear realisation of a group G with respect to a subgroup H is by definition a theory invariant under the two separate transformations g(x) → g_0g(x), g(x) → g(x)h(x) (1.1) where g ∈ G, g_0 ∈ G while h ∈ H. The dependence on the generic symbol x signifies which group elements dependence on the coordinates of the space-time. For the case of an internal symmetry the space-time dependence is incorporated by hand. However, in this paper space-time will arise naturally in that its associated generators are part of the Lie algebra of the group G. Indeed, a part of the group element is just space-time viewed as a coset. We note that the h transformations depend on the space-time coordinates so can be said to be local, unlike the rigid g_0 transformations. Working with the most general group element g we must then find a theory that is invariant under both g_0 and local h transformations.

It is often more transparent to use the h transformations to choose g(x) to be of a particular form, that is choose coset representatives. If one does this then when making a rigid g_0 transformation one finds a group element g_0g which is in general not one of the chosen coset representatives. To rectify this one must make a compensating h_c that depends on g_0 and the original coset representative g(x). That is g → g^′ = g_0gh^{−1}_c where both g and g^′ are chosen coset representatives.

The problem of finding the invariant dynamics is most often solved by using the Cartan forms V = g^{−1}dg. This is obviously invariant under rigid g_0 transformations and transforms as V → h^{−1}Vh + h^{−1}dh (1.2) under local h transformations. We note that g^{−1}dg = dx · g^{−1}∂g is invariant but g^{−1}∂g is not as the coordinates of space-time x transform under g_0 transformations. To be more explicit we consider a group that contains the generators L_N and we denote the remaining generators by the generic symbol T^∗. We will assume that the generators L_N from a representation of the T^∗’s. The general group element is of the form g = e^{x·L}e^{ϕ(x)·T} . (1.3) We recognise x as the coordinates and ϕ as the fields. The local subgroup can be used to set some of the fields ϕ to zero. The discussion below holds if one makes this choice or work with the general group element. The Cartan forms can be written as

V = g^{−1}dg = dx^ΠE_Π^N L_N + dx^ΠG_{Π,∗}T^∗ . (1.4)

Since V is invariant under g → g_0g it follows that each of the coefficients of the above generators is invariant, that is dx^ΠE_Π^N and dx^ΠG_{Π,∗} are invariant. However, dx^Π does transform under g_0 and so E_Π^N and G_{Π,∗} are not invariant. To find quantities that only transform under the local subalgebra we can rewrite V as

V = g^{−1}dg = dx^ΠE_Π^N (L_N + G_{N,∗}T^∗) , (1.5)

where we recognise that G_{N,∗} = (E^{−1})_N^ΠG_{Π,∗}. It follows that G_{N,∗} are inert under g_0 transformations and just transform under local transformations. As such they are useful quantities with which to construct the dynamics as one must now only solve the problem of finding objects which are invariant under the local symmetry. We may think of G_{N,∗} as covariant derivatives of the fields ϕ.

There is one subtle point that is sometimes worth remembering if one chooses coset representatives. Although G_{N,∗} is naively invariant under g_0 transformations it is not invariant under the required compensating h_c transformation under which G_{N,∗} transforms as in eq. (1.2) with h replaced by h^{−1}_c . However, having found a set of dynamics that is invariant under h transformations it is of course also invariant under the compensating transformations.

Realising Yang-Mills theory as a non-linear realisation was first given by Ivanov and Ogievetsky [22] and we now summarise this approach as it will serve as a prototype model for the later sections of this paper. We begin with the algebra P_a , J_{ab} , Q^α , R^{a,α} , K^{a1a2,α} , K^{a1a2a3,α} , ... K^{a1...an,α} . . . (1.6) which will generate the group G of the non-linear realisation. The generators P_a and J_{ab} are those of the Poincare group while the Q^α’s will become identified with those of the gauge group. The generator R^{a,α} is the generator associated to the gauge vector in the non-linear realisation, while the generators K^{a1...an,α} are symmetric in the spacetime indices and will be responsible for the symmetry of the vectors to be promoted to a gauge symmetry. The Q^α generators obey the commutators

[Q^α, Q^β] = gf^{αβ}_γ Q^γ , (1.7)

where g is the coupling constant. The remaining commutation relations are given by [K^{a1...an,α}, P_b] = nδ^{(a1}_b K^{a2...an),α} , [K^{a1 ...an,α}, K^{b1...bm,β}] = gf^{αβ}_γ K^{a1...anb1...bm,γ} . (1.8) Although the K^{a1...an,α} generators have at least two indices, the commutation relations of Q^α and R^{a,α} with all the generators are encoded in the equation above making the identification K^{a,α} = R^{a,α} and K^α = Q^α. The Lorentz generators J_{ab} have the usual commutators with the above generators. The local sub-group H is generated by the Q^α and the J_{ab}. As a result we may choose the group element to be of the form g = e^{xaPa} . . . e^{Φa1a2a3,α(x)Ka1a2a3,α} e^{Φa1a2,α(x)Ka1a2,α} e^{Aa,α(x)Ra,α} . (1.9) Computing the Cartan forms we find that g^{−1}dg = dx^a[P_a + G_{a,b,α}R^{b,α} + G_{a,bc,α}K^{bc,α} − A_{a,α}Q^α + ...] = dx^a[P_a + (∂_aA_{b,α} − 1 2 gA_{a,β}A_{b,γ} f^{βγ}_α − 2Φ_{ab,α})R^{b,α} + (∂_aΦ_{bc,α} − 1 6 g^2A_{a,ϵ}A_{b,β}A_{c,γ} f^{ϵβ}_δf^{δγ}_α − 2gΦ_{ab,β}A_{c,γ} f^{βγ}_α + 1 2 g∂_aA_{b,β} A_{c,γ}f^{βγ}_α − 3Φ_{abc,α})K^{bc,α} − A_{a,α}Q^α + ...] , (1.10) where the dots denote K generators with more than two spacetime indices. Only the last term in eq. (1.10) is in the local sub-algebra and as such we can identify A_{a,α} as the connection, i.e. the gauge field, for the gauge group generated by Q^α. Each of the other terms separately transform covariantly under the local subgroup and so we can place constraints on them and still preserve all the symmetries. In particular we can set

G_{(a,b),α} = 0 , (1.11)

which implies 2Φ_{ab,α} = ∂_{(a}A_{b),α} , (1.12) and also G_{(a,bc)α} = 0 , (1.13) which implies 3Φ_{abc,α} = ∂_{(a}Φ_{bc),α} − 2gΦ_{(ab,β}A_{c),γ} f^{βγ}_α + 1 2 g∂_{(a}A_{b,β}A_{c),γ} f^{βγ}_α . (1.14) Indeed one can solve in this way for all the Φ fields leaving only with the field A_{a,α}. The elimination of some fields using constraints on the Cartan forms that preserve the symmetries is sometimes called the inverse Higgs mechanism [23].

Substituting the above solutions for the Φ fields into the Cartan forms one finds expressions that contain A_{a,α} alone which are given by g^{−1}dg = dx^a[P_a + F_{ab,α}R^{b,α} + 2 3 D_bF_{ac,α}K^{bc,α} + ... − A_{a,α}Q^α] , (1.15) where F_{ab,α} = ∂_{[a}A_{b]α} −^1_2 gA_{a,β}A_{b,γ} f^{βγ}_α and D_a is the expected covariant derivative. We recognise this as the Yang-Mills field strength and the higher Cartan form as its covariant derivatives. The object invariant under the symmetries of the non-linear realisation, which is lowest order in derivatives, is just the usual Yang-Mills action.

In fact only the lowest order Cartan form G_{a,b,α} was evaluated in reference [22], but it is interesting to realise that the Cartan forms do contain all the gauge covariant derivatives of the field strength.

One way to arrive at the above set of generators of eq. (1.6) is to write the Yang-Mills gauge parameter as a Taylor expansion

λ_α(x) = a_α + a_{a,α}x^a + a_{ab,α}x^ax^b + . . . (1.16)

where the parameters a do not depend on space-time. The usual Yang-Mills transformation can then be interpreted as a an infinite set of rigid transformations whose generators are just those of eq. (1.6) with the commutation relations of eqs. (1.7) and (1.8). Indeed carrying rigid transformations e^{a·R} and e^{a·K} on the group element of eq. (1.9) one finds the same result that a Yang-Mills transformation would produce if the gauge parameter were expanded as in eq. (1.16).

In a tribute to Ogievetsky’s important contributions to the theory of non-linear realisations we will call the additional generators K^{a1...an,α} Ogievetsky generators (Og for short) and similarly for their associated fields. They will be used throughout this paper and they are the generators that make the original symmetry, in this case that of the R^{a,α}, local. We can systematically assign a grade to the generators, in particular Q^α and P_a have grade -1, R^{a,α} has grade 0 and K^{a1...an+1,α} have grade n. The coupling constant g has grade -1. We denote the Og generator of grade n as Og n. The algebra of eq. (1.8) can then schematically be written as

[G, Og n] = g Og n [Og n, P_a] = Og (n − 1) [Og n, Og m] = g Og (m + n + 1) . (1.17)

It will be instructive to consider the dimensional reduction of the above non-linear realisation in D dimensions on a circle with coordinate y. For simplicity we will just consider the abelian case here, and we will therefore drop the index α. After dimensional reduction, the vector field becomes A_a, A_⋆ = φ, while the Og 1 field becomes Φ_{ab}, Φ_{a⋆}, Φ_{⋆⋆} and similarly for the higher grade Og fields. Here ⋆ denotes the yth, i.e. circle, components and a, b = 0, . . . , D−2. Neglecting for simplicity the contribution along the Og 1 generator, the Cartan form of eq. (1.10) becomes g^{−1}dg = dx^aP_a + dyP_⋆ + dx^a(∂_aA_b − 2ϕ_{ab})R^b + dx^a(∂_aφ − 2Φ_{a⋆})R^⋆ + dy(∂_⋆A_a − 2Φ_{⋆a})R^a + dy(∂_⋆φ − 2Φ_{⋆⋆})R^⋆ − dx^aA_aQ − dyφQ . (1.18) We now take all the fields to be independent of y. Imposing that the Cartan form in the dy direction vanishes, apart from the term in the local subalgebra, we find that Φ_{⋆a} = Φ_{⋆⋆} = 0. This generalises to all the Og fields of any grade having at least one index in the internal direction. Solving for the remaining Cartan forms as above one finds that one is then left with the fields A_a and φ with the expected dynamics. The net effect of these steps is that from the original set of generators in the higher dimension we take only those that commute with Q, the generator of y transformations, and construct the non-linear realisation from the sub-algebra formed by these generators. Since the Φ fields are related to the derivatives of the usual fields it is to be expected that some of the Ogievetsky fields will vanish in dimensional reduction on a circle.

The non-linear realisation of the Yang-Mills theory will be the prototype example of all the analysis that we will perform throughout this paper. The paper is organised as follows. Section 2 discusses the non-linear realisation of gravity, while section 3 is devoted to the analysis of the 3-form and the 6-form of eleven-dimensional supergravity from E_{11}. In section 4 we show how to derive from E_{11} the Scherk-Schwarz reduction of the IIB theory to nine dimensions. Sections 5 and 6 are devoted to the E_{11} derivation of the massive IIA theory of Romans and of gauged five-dimensional maximal supergravities respectively. In section 7 we discuss the dual graviton in four dimensions, considering first the algebra of the dual graviton alone, and then the cases of gravity and dual gravity in A^{+++}_1 in four dimensions and of dual graviton coupled to vectors in E_{11} in four dimensions. Finally, section 8 contains the conclusions.

2 Gravity as a non-linear realisation

It was shown long ago by Borisov and Ogievetsky that four-dimensional gravity could be formulated as a non-linear realisation [3]. These authors showed that gravity in four dimensions could be formulated as the non-linear realisation of IGL(4, R) with local subgroup SO(4) if taken together with the simultaneous realisation of the four dimensional conformal group SO(2, 4) with local subgroup SO(4). The first non-linear realisation possesses coset representatives g = e^{x·P} e^{h·K} that contain the coordinates of spacetime x^μ as coefficients of the spacetime translation generator P_a and the field h_a^b, which was taken to depend on x^μ, and are associated with the generators K^a_b of GL(4, R). The non-linear realisation of the conformal group has coset representatives g = e^{x·P} e^{ϕD}e^{ϕaKa} that are labelled by the coordinates of space-time x^μ and the fields ϕ and ϕ_a associated with the dilation generator D and special conformal generator K^a. The field ϕ_a can be eliminated using the inverse Higgs mechanism, that is by setting constraints on the Cartan forms that preserve all the symmetries. The simultaneous non-linear realisation of the two groups is achieved by constructing the dynamics from only the Cartan forms of IGL(4, R) which also transform covariantly under the conformal group. The transformations of the two groups are linked in that the dilation generator D and the trace of the GL(4, R) generators K^a_a generate the same scaling of the coordinates x^μ and so their corresponding Goldstone fields ϕ and h^a_a must be identified with an appropriate proportionality constant. Although a little complicated the result of this procedure is Einstein’s theory if one restricts one’s attention to terms that are second order in spacetime derivatives. Taking only the non-linear realisation of IGL(4, R) one can also find Einstein’s theory from the Cartan forms provided one fixes a number of coefficients in a way not determined by the symmetries of IGL(4, R) alone. The results can be generalised to D dimensions [2]. However, this latter reference did not use the Lorentz group to make a particular choice of coset representative and introduces a vierbein rather than a metric.

The derivation of gravity as a non-linear realisation was anticipated by an earlier paper of Ogievetsky’s [24] that showed that the closure of IGL(4, R) and the conformal group as realised on the coordinates of space-time x^μ in the well known way is equivalent to just considering all infinitesimal general coordinates transformations x^μ → x^μ + f^μ(x) where f^μ(x) is an arbitrary function of x^μ. Thus the closure of the two groups is an infinite dimensional group that is just the group of general coordinate transformations. We note that the starting point i.e. the well known transformations on x^μ are just those found by taking space-time to be a coset or equivalently a non-linear realisation in which the fields are absent.

As such an equivalent more straightforward approach would be take the non-linear realisation of the infinite group which is the closure of the two groups, that is the algebra of general coordinate transformations. This calculation is the subject of this section. Such an approach was adopted by Pashnev [25], however, although we will begin from the same starting point our method will depart in some important ways, some of which are discussed in [26, 27], that are explained below.

Let us begin with the infinite dimensional algebra that contains the generators P_a, K^a_b, K^{ab}_c, . . . , K^{a1...an}_c, . . . (2.1) where K^{a1...an}_c = K^{(a1 ...an)}_c. These generators obey the relations [K^{a1...an}_c, P_b] = (n − 1)δ^{(a1}_b K^{a2...an)}_c (2.2) and [K^{a1 ...an}_c, K^{b1...bm}_d] = (n + m − 1)[ 1 n δ^{(b1|}_c K^{a1...an|b2...bm)}_d − 1 m δ^{(a1}_d K^{a2...an)b1...bm}_c] . (2.3) The generators P_a, K^a_b are those of IGL(D, R) while the special conformal transformations are contained in K^{ab}_c. Indeed the entire algebra can be generated by P_a, K^a_b and K^{ab}_c. We note that one can assign grade to the generators; K^{a1...an+1}_c has grade n, P_a has grade

−1 and K^a_b has grade zero. This notion of grade is preserved by the above commutation relations. In terms of our previous notation we call the additional generators Ogievetsky, or Og, generators. In particular, K^{a1...an+1}_c is an Og n generator. The commutators of eqs. (2.2) and (2.3) can thus schematically be written as

[Og n, Og m] = Og (n + m) , (2.4)

which includes all possible commutators provided that we denote with Og (-1) the momentum operator and with Og 0 the GL(D, R) generators.

We now carry out the non-linear realisation of the group based on the algebra of eqs. (2.2) and (2.3) taking as our local subgroup the Lorentz group which has the generators J_{ab} = η_{[a|c|}K^c_{b]}. As such we may choose our group element, or coset representative to be given by g = e^{xaPa} . . . e^{Φba}1^{...an (x)Ka1...an b} . . . e^{Φba}1^a2^{(x)Ka1a2 b} e^{hab(x)Kab} ≡ e^{xaPa} g_ϕg_h . (2.5) In fact this is the most general group element as we have not used the Lorentz group to make any choice. The Cartan forms are given by

g^{−1}dg = g^{−1}_h g^{−1}_ϕ dx^aP_ag_ϕg_h + g^{−1}_h (g^{−1}_ϕ dg_ϕ)g_h + g^{−1}_h dg_h = dx^μ(e_μ^aP_a + G_{μ,b}^cK^b_c + G_{μ,ab}^cK^{ab}_c + . . .) . (2.6) A straightforward calculation gives

e_μ^a = (e^h)_μ^a, G_{μ,b}^c = (e^{−1}∂_μe)_b^c − Φ_{μρ}^κ(e^{−1})_b^ρe_κ^c, (2.7)

G_{μ,ab}^c = (∂_μΦ^λ_{ρκ} − 2Φ^λ_{μρκ} − Φ^τ_{μ(ρ}Φ^λ_{κ)τ} + 1 2 Φ^τ_{ρκ}Φ^λ_{μτ} )(e^{−1})_a^ρ(e^{−1})_b^κe_λ^c, . . . (2.8) In deriving these expressions no conversion of indices on the objects has taken place but the indices have been relabelled with curved or flat indices suitable for their latter interpretation. The factors of e come from the final factor of g_h in the group element. Indeed, carrying out a local Lorentz transformation the Cartan forms transform as in eq. (1.2) and one sees that the e_μ^a are rotated on their a index by a local Lorentz rotation allowing us to interpreted e_μ^a as the vierbein.

The part of the Cartan form involving the local subalgebra is contained in the second term of eq. (2.7) which we may write as

G_{μ,a}^bK^a_b = G_{μ,(a}^{b)}K^{(a}_{b)} + ω_{μa}^bJ^a_b (2.9) where ω_{μa}^b = (e^{−1}∂_μe)_{[a}^{b]} − Φ_{μρ}^κ(e^{−1})_{[a}^ρe_κ^{b]} . (2.10) We note that although the algebra of eqs. (2.2) and (2.3) is formulated in terms of the generators of GL(D, R) and other generators that are representations of GL(D, R) the choice of the local sub-algebra to be SO(1, D − 1) allows us to introduce the tangent space metric η_{ab} with which we may raise and lower indices to achieve the above (anti- )symmetrisations.

Thus far we agree with the paper of Pashnev [25]. However, in this reference it was proposed that the Maurer Cartan equations dV + V ∧ V = 0, which are identities, would place constraints on the fields. Imposing inverse Higgs conditions to find the Christoffel symbol in terms of the metric was correctly carried out in [26, 27].

From now on we follow a different path. The dynamics are constructed in the way explained in the introduction with the Cartan forms transforming as in eq. (1.2). Recalling our discussion in the introduction we conclude that G_{a,⋆} ≡ (e^{−1})_a^μG_{μ⋆}, where ⋆ stands for any form except those lying in the Poincare algebra, transform under the Lorentz group as its indices suggest. As such we can place constraints on these Cartan forms and preserve all the symmetries, that is use the inverse Higgs mechanism. Indeed, we can set

G_{c,(a}^{b)} = (e^{−1})_c^μG_{μ(a}^{b)} = (e^{−1})_c^μ(e^{−1}∂_μe)_{(a}^{b)} − Φ_{μρ}^κ(e^{−1})_{(a}^ρe_κ^{b)} = 0 . (2.11)

The effect of this is to solve for Φ_{μρ}^κ = Φ_{(μρ)}^κ in terms of the e_μ^a. The result is [26]

Φ_{μν}^κ = Γ_{μν}^κ ≡ 1 2 g^{κτ} (∂_ν g_{τ μ} + ∂_μg_{τ ν} − ∂_τ g_{μν} ) . (2.12)

We define g_{μν} = e_μ^ae_ν^bη_{ab} and recognise Γ_{μν}^κ as the usual Christoffel connection of general relativity. A quick check of this result is to verify that eq. (2.11) implies that 2g_{λκ}Φ_{μν}^κ = ∂_μg_{λν} . Substituting into eq. (2.10) we find that

ω_{μa}^b = (e^{−1}∂_μe)_{[a}^{b]} − Γ_{μρ}^κ(e^{−1})_{[a}^ρe_κ^{b]} = 1 2 e_a^τ (∂_μe_τ^b − ∂_τ e_μ^b) − 1 2 η^{bc}e_c^τ (∂_μe_τ^a − ∂_τ e_μ^a) − 1 2 e_a^τ η^{bc}e_c^σ(∂_τ e_σ^d − ∂_σ e_τ^d)e_μ^d , (2.13)

which is the well known formula for the spin connection.

At the next level we can covariantly set

G_{(d,ab)}^c = 0 , (2.14) where G_{d,ab}^c ≡ e_d^μG^c_{μ,ab} ≡ e_d^μe_a^ρe_b^κG_{μ,ρκ}^λe_λ^c. This solves for the field Φ_{μνρ}^λ = Φ_{(μνρ)}^λ in terms of Φ_{μν}^λ by imposing symmetrisation in the obvious way. Substituting the solution into the part of this Cartan form that remains we find that

2G_{μ,ρκ}^λ = R_{μρ}^λ_κ ≡ ∂_μΓ_{ρκ}^λ − ∂_ρΓ_{μκ}^λ + Γ_{μτ}^λΓ_{ρκ}^τ − Γ_{ρτ}^λΓ_{μκ}^τ , (2.15)

which we recognise as the well known expression of the Riemann tensor.

At higher orders one imposes covariant constraints on the Cartan forms so as to solve for all the Og fields Φ to leave only the field h_a^b or equivalently e_μ^a = (e^h)_μ^a. Substituting the solutions back into the Cartan forms we find that

g^{−1}dg = dx^μ(e_μ^aP_a + ω_{μa}^bJ^a_b + 1 2 R_{μρ}^λ_κe_a^ρe_b^κe_c^λK^{ab}_c + . . . ) , (2.16)

where + . . . denotes terms which contain covariant derivatives of the Riemann tensor.

The Og generators play the role of turning GL(D, R) into a local symmetry and one can verify that carrying out a general rigid group transformation g → g_0g on the group element of eq. (2.5) we recover the usual general coordinate transformations of general relativity on the vierbein e_μ^a.

We will now summarise the above discussion. We started with the group GL(D, R), generators K^a_b and the translations P_a to which we assigned grades 0 and −1 respectively. To these we added an infinite number of Ogievetsky generators K^{a1...an+1}_c each with grade n. These obey the Lie algebra of eqs. (2.2) and (2.3). We then placed covariant constraints on the Cartan forms solving for all the Ogievetsky fields whereupon the remaining parts of the Cartan form contain the spin connection at lowest grade and then the Riemann tensor and its covariant derivatives. The introduction of the Ogievetsky generators leads in the non-linear realisation to general coordinate invariance. As such we find Einstein’s theory in a completely systematic way from the viewpoint of non-linear realisations.

We now consider the dimensional reduction of this non-linear realisation that is equivalent to the usual dimensional reduction on a circle. Let us denote by y the coordinate of the circle, ∗ the components in this direction and let Q = P_∗. Dimensionally reducing the Cartan forms of eq. (2.6) we find g^{−1}dg = dx^μ(e_μ^aP_a + e_μ^∗Q + G_{μ,b}^cK^b_c + G_{μ,∗}^cK^∗_c + G_{μ,b}^∗K^b_∗ + G_{μ,∗}^∗K^∗_∗ + G_{μ,ab}^cK^{ab}_c + 2G_{μ,∗b}^cK^{∗b}_c + . . .) + dy(e_∗^aP_a + e_∗^∗Q + G_{∗,b}^cK^b_c + G_{∗,∗}^cK^∗_c + G_{∗,b}^∗K^b_∗ + G_{∗,∗}^∗K^∗_∗ + G_{∗,ab}^cK^{ab}_c + 2G_{∗,∗b}^cK^{∗b}_c + G_{∗,ab}^∗K^{ab}_∗ + . . .) . (2.17)

The coefficients G can be read off from eqs. (2.7) and (2.8). We now take all the fields not to depend on y and imposing the inverse Higgs constraint on all G_{∗,•} where • is any index, that is set the part of the Cartan form in the dy direction to zero. We find that all the Ogievetsky fields that contain a lower ∗ index vanish. Thus all the Ogievetsky generators that do not commute with Q disappear from the group element and so the Cartan form. The only Ogievetsky fields left are Φ_{ab}^c and Φ^∗_{ab}. The later field occurs in the Cartan form in the term dx^μG_{μ,b}^∗K^b_∗ = ((e^{−1}∂_μe)_b^∗ − Φ_{μρ}^∗(e^{−1})_b^ρe_∗^∗)K^b_∗ . (2.18) In the dimensionally reduced theory we set the coefficient of dx^μ lying in K^{(a}_{b)} of the Cartan form to zero and solve for Φ_{ab}^c which just plays the role of the Ogievetsky field of gravity in the lower dimension. Setting the part of the Cartan form of eq. (2.18) (e^{−1})_{(a}^μG_{μ,b)}^∗ = 0 we solve for Φ^∗_{ab} in terms of e_μ^∗. The latter field is just the vector field that arises in this dimensional reduction and so this step is as we found for the case of the vector studied earlier. In the dimensionally reduced theory we have as our local symmetry only the Local Lorentz group in the lower dimension. Substituting for Φ_{ab}^c in the part of the Cartan form in this part of the algebra we find the spin connection for the lower dimensional theory. There remains, however, the term containing (e^{−1})_{[a}^μG_{μ,b]}^∗, but this we recognise as just the field strength for the vector.

3 E_{11} and eleven-dimensional supergravity

In this section we want to repeat the analysis of the previous section for the non-linear realisation based on the very-extended Kac-Moody algebra E_{11}, whose Dynkin diagram is shown in fig. 1.

1 2 3 4 5 6 7 8 9 10

11

Figure 1: The E^{+++}_8 , or E_{11}, Dynkin diagram.

The decomposition of the adjoint representation of E_{11} with respect to the subalgebra GL(11, R) corresponding to nodes from 1 to 10 in the diagram leads to the generators

K^a_b of GL(11, R) and R^{abc} and R_{abc} in the completely antisymmetric representations of GL(11, R), together with an infinite set of generators which can be obtained by multiple commutators of the generators R^{abc} and R_{abc} subject to the Serre relations. Defining the level l as the number of times the generator R^{abc} occurs in such multiple commutators, one obtains for instance at level 2 the generator R^{a1...a6} with completely antisymmetric indices and at level 3 the generator R^{a,b1...b8} antisymmetric in the indices b_1 . . . b_8 and with R^{[a,b1...b8]} = 0. The generator R^{abc} itself has level 1, while the generator R_{abc} has level -1 and correspondingly multiple commutators of this generator have negative level [1].

In the last section we have shown how spacetime arises in the nonlinear realisation based on the algebra GL(D, R) in D dimensions. This corresponds to introducing the momentum operator P_a, together with an infinite set of Og n operators K^{a1 ...an+1}_b. In E_{11} the momentum operator arises as the lowest component of the E_{11} representation corresponding to λ_1 = 1, where λ_1 is the Dynkin index associated to node 1 in fig. 1, and called the l multiplet [19]. In this paper we will consider a different approach, that is we will consider the momentum operator as commuting with all the positive level generators. This approach has the advantage that one can naturally introduce the Og operators for each positive level generator of E_{11}, although it has the disadvantage of breaking E_{11} to Borel E_{11}, or more precisely to the subgroup of E_{11} generated by GL(11, R) and all the positive level generators. The corresponding local subalgebra is SO(11), or SO(10, 1) in Minkowski signature. We denote with E^{local}_{11} the algebra generated by the momentum operator, the non-negative level E_{11} operators and the Og operators.

In the non-linear realisation, the fields associated to R^{abc} and R^{a1...a6} correspond to the 3-form and its dual 6-form of eleven dimensional supergravity. The field associated to the generator R^{a,b1...b8} has the right indices to be associated to the dual graviton, and we will call it the dual graviton for short. In this section we will concentrate on the 3-form and 6-form, while section 7 will be devoted to the dual graviton, although not in eleven dimensions but in the simpler four dimensional case.

Following the analysis of the previous section, we take Og operators for the 3-form and the 6-form in the representations obtained adding symmetrised indices to the set of 3 or 6 antisymmetric indices respectively. The Young Tableaux corresponding to the first three Og operators is shown in fig. 2. In particular, the Og 1 operators K^{a,b1b2b3}_1 and K^{a,b1...b6}_1 belong to the GL(11, R) representations defined by K^{a,b1b2b3} 1 = K^{a,[b1b2b3]} 1 K^{[a,b1b2b3]} 1 = 0 K^{a,b1...b6} 1 = K^{a,[b1...b6]} 1 K^{[a,b1...b6]} 1 = 0 (3.1) and we take their commutation relation with P_a to be [K^{a,b1b2b3} 1 , P_c] = δ^a_c R^{b1b2b3} − δ^{[a}_c R^{b1b2b3]} [K^{a,b1...b6} 1 , P_c] = δ^a_c R^{b1...b6} − δ^{[a}_c R^{b1...b6]} . (3.2) The Og 2 operator for the 3-form K^{a,b,c1c2c3}_2 belongs to the representation defined by K^{a,b,c1c2c3} 2 = K^{(a,b),c1c2c3} 2 = K^{a,b,[c1c2c3]} 2 K^{a,[b,c1c2c3]} 2 = 0 (3.3) and we take its commutation relation with P_a to be [K^{a,b,c1c2c3} 2 , P_d] = δ^a_d K^{b,c1c2c3}_1 + δ^b_dK^{a,c1c2c3}_1 + 3 4 δ^{[c1}_d K^{|a,b|c2c3]} 1 + 3 4 δ^{[c1}_d K^{|b,a|c2c3]} 1 , (3.4) and similarly for the Og 2 operator for the 6-form K^{a,b,c1...c6}_2 . Proceeding this way one can write down the representation and the commutation relation with P_a of the next Og operators. Denoting with n the grade of the Og operators, i.e. the Og 1 operators have grade 1, then the commutator of an Og n operator with P_a gives an Og (n − 1) operator.

E_{11} Og 1 Og 2 Og 3 R^{a1a2a3} : R^{a1...a6} :

K^{a,b1...b3} 1 :

K^{a,b1...b6} 1 :

K^{a,b,c1...c3} 2 :

K^{a,b,c1...c6} 2 :

K^{a,b,c,d1...d3} 3 :

K^{a,b,c,d1...d6} 3 :

Figure 2: The Young Tableaux of the Og generators associated to the eleven-dimensional E_{11} generators R^{abc} and R^{a1...a6} .

The 6-form generator occurs in the commutator [R^{a1a2a3} , R^{a4a5a6} ] = 2R^{a1...a6} . (3.5)

Using this relation and eq. (3.2) one can then determine the commutation relations between the Og 1 generators and R^{abc} requiring that the Jacobi identities are satisfied. This gives [K^{a,b1b2b3} 1 , R^{c1c2c3} ] = 2K^{a,b1b2b3c1c2c3} 1 − 2K^{[a,b1b2b3]c1c2c3} 1 . (3.6) Neglecting higher level generators and the gravity contribution, as well as higher Og generators, we can thus write down the group element as g = e^{x·P} e^{ΦOgKOg1} e^{Aa1...a6 Ra1...a6} e^{Aa1...a3 Ra1...a3} , (3.7) where we have denoted with Φ_{Og} the Og 1 fields for both the 3-form and the 6-form, and similarly K^{Og}_1 denotes collectively the Og 1 operators for the 3-form and the 6-form. One can then compute the Maurer Cartan form, which is

g^{−1}∂_μg = P_μ + (∂_μA_{a1a2a3} − Φ_{μ,a1 a2a3} )R^{a1a2a3} + (∂_μA_{a1...a6} + ∂_μA_{a1a2a3} A_{a4a5a6} − Φ_{μ,a1 ...a6} − 2Φ_{μ,a1a2a3} A_{a4 a5a6} )R^{a1...a6} + ... (3.8) The inverse Higgs mechanism allows one to express the Og 1 fields in terms of the 3-form and the 6-form in such a way that only the completely antisymmetric expressions are left in (3.8). This corresponds to Φ_{μ,a1 a2a3} = ∂_μA_{a1a2a3} − ∂_{[μ}A_{a1a2a3]} Φ_{μ,a1 ...a6} = ∂_μA_{a1...a6} − ∂_{[μ}A_{a1 ...a6]} − ∂_μA_{a1a2a3} A_{a4a5a6} − ∂_{[μ}A_{a1 a2a3} A_{a4a5a6]} + 2∂_{[μ}A_{a1a2a3]}A_{a4a5a6} , (3.9) where antisymmetry in the a indices is understood. These relations are all invariant with respect to the local subalgebra. Plugging this into the Maurer-Cartan form one gets g^{−1}∂_μg = P_μ + F_{μa1 a2a3} R^{a1a2a3} + F_{μa1...a6} R^{a1 ...a6} + ... , (3.10) where F_{a1a2a3a4} = ∂_{[a1} A_{a2a3a4]} F_{a1...a7} = ∂_{[a1} A_{a2 ...a7 ]} + F_{[a1...a4} A_{a5a6 a7]} (3.11) are the field strengths of the 3-form and its dual 6-form of 11-dimensional supergravity.

The Maurer-Cartan form is invariant under transformations in the Borel subalgebra, and we use this to derive transformations for the fields. In the particular case discussed in this section, where we have restricted the group element to be as in eq. (3.7), we consider the action of g_0 = e^{aa1a2a3 Ra1a2a3} e^{aa1...a6 Ra1...a6} e^{ba,b1b2b3 Ka,b1b2b31} e^{ba,b1...b6 Ka,b1...b61} (3.12) from the left. Taking the parameters a and b to be infinitesimal, we derive the transformations of the fields to be δA_{a1a2a3} = a_{a1a2a3} + x^bb_{b,a1a2a3} δA_{a1...a6} = a_{a1 ...a6} + a_{a1a2a3} A_{a4 a5a6} + x^bb_{b,a1...a6} + x^bb_{b,a1a2a3} A_{a4a5a6} δΦ_{b,a1a2a3} = b_{b,a1a2a3} δΦ_{b,a1...a6} = b_{b,a1 ...a6} − 2Φ_{b,a1a2a3} a_{a4a5a6} − 2Φ_{b,a1a2a3} x^cb_{c,a4a5a6} . (3.13) The eqs. (3.9) and the field strengths of eqs. (3.11) are separately invariant under these transformations, and in particular the transformations of the 3-form and the 6-form can be written as

δA_{a1a2a3} = ∂_{[a1} Λ_{a2a3]} δA_{a1...a6} = ∂_{[a1} Λ_{a2...a6 ]} + ∂_{[a1} Λ_{a2a3} A_{a4a5a6]} (3.14)

with gauge parameters

Λ_{a1a2} = x^ba_{ba1 a2} + 3 4 x^bx^cb_{b,ca1a2} Λ_{a1...a5} = x^ba_{ba1...a5} + 6 7 x^bx^cb_{b,ca1...a5} . (3.15) Including higher order Og generators corresponds to higher powers of x in the equations above. The full gauge invariance is obtained including all the Og generators.

It is worth mentioning that the normalisation used here is different from the one used in the original E_{11} paper [1]. This is for consistency with the normalisation used in the rest of this paper. Going from this normalisation to the original one in [1] corresponds to making the field redefinitions A_{a1a2a3} → 1 3! A_{a1a2a3} A_{a1...a6} → 1 6! A_{a1...a6} , (3.16) as can be deduced from eq. (2.6) in [1].

It is also instructive to consider the Maurer-Cartan form at the next order in the Og generators. For simplicity we will now perform this analysis only for the 3-form, so that we can neglect the contributions coming from commutators of Og generators among themselves. The generalisation to include the 6-form generators is straightforward, although technically more complicated. We thus consider the group element as only containing the 3-form generators in the E_{11} sector and including the Og 1 operator of eq. (3.1) and the Og 2 operator of eq. (3.3), that is g = e^{x·P} e^{Φa,b,c1c2c3 Ka,b,c1c2c32} e^{Φa,b1b2b3 Ka,b1b2b31} e^{Aa1a2a3 Ra1a2a3} . (3.17) Using eq. (3.4), as well as eq. (3.2), one gets g^{−1}∂_μg = P_μ + (∂_μA_{a1a2a3} − Φ_{μ,a1a2a3} )R^{a1a2a3} + (∂_μΦ_{a,b1b2b3} − 5 2 Φ_{μ,a,b1 b2b3} )K^{a,b1b2b3}_1 + . . . . (3.18) Using the inverse Higgs mechanism one solves for the Og 1 field in terms of the derivative of the 3-form, and the Og 2 field in terms of the derivative of the Og 1 field. Plugging this into the group element leads to g^{−1}∂_μg = P_μ + F_{μa1 a2a3} R^{a1a2a3} + ∂_aF_{μb1b2b3} K^{a,b1b2b3}_1 + ... . (3.19) This is an example of the general picture, in which after applying the inverse Higgs mechanism one is left with the field strengths of the 3-form and the 6-form together with infinitely many derivatives of those, without breaking any of the original symmetries. These fields are the only forms that arise in the decomposition of E_{11} with respect to GL(11, R). Indeed, in [28] it was shown that all the positive level 11-dimensional generators of E_{11} can be cast in generators of the form R^{9,9,...,9,3}, R^{9,9,...,9,6} and R^{9,9,...,9,8,1}, together with generators with at least one set of 10 or 11 completely antisymmetric indices (here we are using a shortcut notation, in which each number corresponds to the number of antisymmetric indices; for example the Og 2 generator for the 6-form is written as K^{6,1,1}_2 in this notation). The fields associated to the former generators (the ones with sets of 9 antisymmetric indices) were interpreted in [28] as being all the possible dual formulations of the 3-form and the graviton, while the latter were interpreted as giving rise to non-propagating fields. In section 7 we will consider the case of E_{11} fields with mixed symmetries, focusing in particular on the case of the dual graviton in four dimensions, while in the next section we will show that the introduction of the Og generators is crucial to understand and derive the algebra that describes gauged supergravity theories.

4 Scherk-Schwarz reduction of IIB supergravity from E_{11}

In this section we will show how to dimensionally reduce maximal supergravities in the context of their E_{11} formulation including the Og extension. We will in particular focus on the case of ten-dimensional IIB reduced to nine dimensions and study both the dimensional reduction on a circle and the Scherk-Schwarz reduction.

We will first introduce the Og generators required to encode the gauge symmetries of the ten-dimensional theory. This gives rise to the algebra E^{local}_{11,10B} . We will then express the E_{11} and Og generators of the IIB theory in a nine-dimensional set-up. The consistency of the truncation from ten-dimensional IIB supergravity to maximal supergravity in nine dimensions corresponds to the fact that within the algebra E^{local}_{11,10B} of the ten-dimensional E_{11} and Og generators one can find a sub-algebra E^{local}_{11,9} appropriate to the nine-dimensional theory. This indeed corresponds to a maximal supergravity theory in nine dimensions, which is a compactification of the ten-dimensional IIB theory on a coordinate y. If one takes the ten-dimensional group element not to depend on y apart from the momentum contribution e^{yQ}, where Q is the internal momentum, then this corresponds to standard, i.e. massless, dimensional reduction on a circle parametrised by y, and the form of the group element is preserved by the sub-algebra E^{local}_{11,9} of the ten-dimensional algebra E^{local}_{11,10B} of E_{11} plus Og generators appropriate to massless dimensional reduction. One can also consider a ten-dimensional group element with a suitable y dependence, which we show to give rise in nine dimensions to the massive theory corresponding to the Scherk-Schwarz reduction of the IIB theory [29]. This different form of the group element is preserved by a different sub-algebra of the ten-dimensional algebra E^{local}_{11,10B} of E_{11} and Og generators that we call Ẽ^{local}_{11,9} . We show how to construct this subalgebra corresponding to Scherk- Schwarz reduction. The mass parameter mixes E_{11} and Og generators, and from the ninedimensional perspective this corresponds to a deformation of the massless E_{11} algebra. The occurrence of a deformed E_{11} algebra associated to massive theories was shown for the first time in [11] for the case of the ten-dimensional massive IIA theory. In that case the occurrence of a mass parameter for the 2-form was shown to arise from requiring that the commutator of the 2-form generator with momentum does not vanish, but is instead equal to the vector generator times the Romans mass parameter.

We now consider the decomposition of the E_{11} generators appropriate to the IIB theory, that arises from deleting node 9 in the Dynkin diagram of fig. 1. The GL(10, R) subalgebra associated to the non-linear realisation of gravity corresponds to nodes from 1 to 8 and node 11, while node 10 corresponds to the internal SL(2, R) symmetry of the IIB theory. We denote tangent spacetime indices in ten dimensions with â, b̂, ... and curved spacetime indices with μ̂, ν̂, ..., where the indices go from 1 to 10. One constructs the positive level generators as multiple commutators of the 2-form generator R^{âb̂,α}, α = 1, 2, which is a doublet of SL(2, R). Together with the GL(10, R) generators K^â_{b̂} and the SL(2, R) generators R^i, i = 1, 2, 3 at level zero, one has the doublet of 2-form generators at level 1, a 4-form generator R^{âb̂ĉd̂} at level 2, and then a doublet of 6-forms at level 3, a triplet of 8-forms at level 4 and a doublet and a quadruplet of 10-forms at level 5, together with an infinite set of generators with mixed, i.e. not completely antisymmetric, indices. We consider the positive level generators as commuting with the momentum operator P_â.

We now want to write down the relevant algebra in ten dimensions. For simplicity, we consider a level truncation and we therefore only consider in ten dimensions the 2-form generators R^{âb̂,α}, together with the GL(10, R) generators K^â_{b̂} and the SL(2, R) generators R^i. We have the commutation relations

[R^i, R^j] = f^{ij}_kR^k [R^i, R^{âb̂,α}] = D^i_β^αR^{âb̂,β} (4.1)

where D^i_β^α are the generators of SL(2, R) satisfying

[D^i, D^j]_β^α = f^{ij}_kD^k_β^α (4.2)

and f^{ij}_k are the structure constants of SL(2, R). In terms of Pauli matrices, a choice of D^i_β^α is D_1 = σ_1 2 D_2 = iσ_2 2 D_3 = σ_3 2 . (4.3) We now add the Og generators to the E_{11} formulation of ten-dimensional IIB. In this way we encode all the local gauge symmetries of the ten-dimensional IIB theory. The procedure is much like the one discussed in the previous sections for other cases. The Og 1 operator for the 2-form is a doublet of generators K^{â,b̂ĉ,α}, satisfying K^{â,b̂ĉ,α} = K^{â,[b̂ĉ],α} K^{[â,b̂ĉ],α} = 0 , (4.4) and whose commutation relation with the momentum operator P_â is

[K^{â,b̂ĉ,α}, P_{d̂}] = δ^â_{d̂} R^{b̂ĉ,α} − δ^{[â}_{d̂} R^{b̂ĉ],α} . (4.5)

Ignoring for simplicity the gravity contribution, the non-linear realisation can be constructed from the group element g = e^{x·P} e^{Φâ,b̂ĉ,αKâ,b̂ĉ,α} e^{Aâb̂,αRâb̂,α} e^{ϕiRi} , (4.6) and the corresponding Maurer-Cartan form gives g^{−1}dg = dx^{μ̂}[P_{μ̂} + (∂_{μ̂}A_{âb̂,α} − Φ_{μ̂,â}^_{b,α})e^{−ϕiRi} R^{âb̂,α}e^{ϕiRi} + e^{−ϕiRi} ∂_{μ̂}e^{ϕiRi} + ...] . (4.7) The inverse Higgs mechanism then fixes Φ_{μ̂,â}^_{b,α} in terms of ∂_{μ̂}A_{âb̂,α} so that the R^{âb̂,α} term becomes proportional to F_{âb̂ĉ,α} = ∂_{[â}A_{b̂ĉ],α} , (4.8) which is the field strength for the 2-form. This procedure is completely consistent because the inverse Higgs mechanism preserves entirely the local subalgebra, which is SO(9, 1) × SO(2). We now consider a generic compactification of the IIB theory in the above E_{11} formulation to nine dimensions. This will include the derivation of both the massless theory and the Scherk-Schwarz reduction, which both have maximal supersymmetry. We thus split the ten-dimensional coordinates in x^μ, μ = 1, ..., 9, and the 10th coordinate y. Correspondingly, the momentum operator splits in P_a and Q, where Q = P_y. As we did in ten-dimensions, we consider a level truncation and thus we are only interested in 1-forms and 2-forms in nine dimensions. The doublet of 2-form generators in ten dimensions gives a doublet of 2-forms R^{ab,α} and a doublet of 1-forms R^{a,α} = R^{ay,α}. One also obtains a 1-form from the GL(10, R) generators, namely R^a = K^a_y, whose commutator with P_a is

[R^a, P_b] = −δ^a_b Q . (4.9)

One also has the SL(2, R) triplet of scalar generators R^i, as well as the singlet scalar generator R = K^y_y, satisfying [R, Q] = −Q . (4.10) The commutator between R^a and R^{a,α} is [R^a, R^{b,α}] = −R^{ab,α} , (4.11) while the non-vanishing commutators with the scalars are [R, R^a] = −R^a [R, R^{a,α}] = R^{a,α} [R^i, R^{a,α}] = D^i_β^αR^{a,β} [R^i, R^{ab,α}] = D^i_β^αR^{ab,β} . (4.12)

The commutator of R^a with itself and the commutator of R^{a,α} with itself vanish,

[R^a, R^b] = 0 [R^{a,α}, R^{b,β}] = 0 . (4.13)

These are all the E_{11} commutators we need consider at the level we are analysing. At the end of this section we will also consider the 3-form generator R^{abc} and 4-form generator R^{abcd}. The first arises from the 4-form generator of IIB with one index in the internal direction, R^{abcy}, while the latter is just the 4-form of IIB with all indices along the ninedimensional spacetime.

Just as for the E_{11} generators, we also rewrite the ten-dimensional Og generators as decomposed in GL(9, R) representations. The generator K^{â,b̂ĉ,α} thus gives rise to K^{a,bc,α}, K^{[ab],α}, K^{(ab),α} and K^{a,α}, where K^{[ab],α} = K^{y,ab,α} − K^{[a,b]y,α} K^{(ab),α} = K^{(a,b)y,α} K^{a,α} = K^{y,ay,α} . (4.14) The commutation relations of these operators with P_a and Q are [K^{a,bc,α}, P_d] = δ^a_d R^{bc,α} − δ^{[a}_d R^{bc],α} [K^{a,bc,α}, Q] = 0 [K^{[ab],α}, P_c] = −δ^{[a}c R^{b],α} [K^{[ab],α}, Q] = R^{ab,α} [K^{(ab),α}, P_c] = δ^{(a}c R^{b),α} [K^{(ab),α}, Q] = 0 [K^{a,α}, P_b] = 0 [K^{a,α}, Q] = R^{a,α} . (4.15)

Similarly, the dimensional reduction of the gravity Og 1 operator gives the Og operators K^{(ab)}, K^a and K, that satisfy

[K^{(ab)}, P_c] = δ^{(a}_c R^{b)} [K^{(ab)}, Q] = 0 [K^a, P_b] = δ^a_b R [K^a, Q] = R^a [K, P_a] = 0 [K, Q] = R . (4.16)

We now write down the group element. For simplicity we will neglect Og 2 contributions, and therefore we will consider the Og 1 generators as commuting among themselves. We will denote with Φ_{Og} and K^{Og} the whole set of Og 1 fields and generators. Thus the group element is g = e^{x·P} e^{yQ}e^{ΦOgKOg} e^{Aab,αRab,α} e^{Aa,αRa,α} e^{AaRa} e^{ϕR}e^{ϕiRi} , (4.17) where all the fields are taken to depend on x and y. We now compute the Maurer-Cartan form. The result is g^{−1}dg = dx^μ[P_μ + A_μe^ϕQ + (∂_μA_{ab,α} − ∂_μA_{a,α}A_b − Φ_{μ,ab,α} + Φ_{(μa),α}A_b − Φ_{[μa],α}A_b + Φ_{(μa)}A_{b,α} + Φ_μA_{a,α}A_b)e^{−ϕiRi} R^{ab,α}e^{ϕiRi} + (∂_μA_{a,α} − Φ_{(μa),α} + Φ_{[μa],α} − Φ_μA_{a,α})e^{−ϕ}e^{−ϕiRi} R^{a,α}e^{ϕiRi} + (∂_μA_a − Φ_{(μa)} + Φ_μA_a)e^ϕR^a + (∂_μϕ − Φ_μ)R + e^{−ϕiRi} ∂_μe^{ϕiRi} + ...] + dy[e^ϕQ + (∂_yA_{ab,α} − ∂_yA_{a,α}A_b − Φ_{[ab],α} + Φ_{a,α}A_b + ΦA_{a,α}A_b)e^{−ϕiRi} R^{ab,α}e^{ϕiRi} + (∂_yA_{a,α} − Φ_{a,α} − ΦA_{a,α})e^{−ϕ}e^{−ϕiRi} R^{a,α}e^{ϕiRi} + (∂_yA_a − Φ_a + ΦA_a)e^ϕR^a + (∂_yϕ − Φ)R + e^{−ϕiRi} ∂_ye^{ϕiRi} + . . . ] , (4.18) where the dots denote contributions from higher level E_{11} generators and Og generators.

Before discussing the Scherk-Schwarz reduction of the IIB theory, we first consider the derivation of the massless nine-dimensional supergravity. We take all the fields in the group element of eq. (4.17) not to depend on y, and using the inverse Higgs mechanism we set the part of the Maurer-Cartan form of eq. (4.18) in the dy direction and proportional to the E_{11} and Og generators to zero. This imposes Φ_{[ab],α} = Φ_{a,α} = Φ_a = Φ = 0 . (4.19) Considering the dx^μ part and imposing the inverse Higgs mechanism on the remaining Og fields one finds that the Maurer-Cartan form gives the field strengths F_{abc,α} = ∂_{[a}A_{bc],α} − ∂_{[a}A_{b,α}A_{c]} F_{ab,α} = ∂_{[a}A_{b],α} F_{ab} = ∂_{[a}A_{b]} , (4.20) which are invariant under the gauge transformations δA_{ab,α} = ∂_{[a}Λ_{b],α} − ∂_{[a}ΛA_{b],α} δA_{a,α} = ∂_aΛ_α δA_a = ∂_aΛ . (4.21) This construction is consistent because the relations that the inverse Higgs mechanism imposes are invariant under the local subalgebra, which is SO(1, 8) ⊗ SO(2). The fieldstrengths and gauge transformations we have derived are those of the 1-forms and 2-forms of massless maximal nine-dimensional supergravity.

In the above, we have set to zero the Og fields corresponding to the generators K^{[ab],α}, K^{a,α}, K^a and K. Implementing this in the group element, and so the Cartan form, we find that these generators in fact play no role. These generators are indeed the only ones in eqs. (4.15) and (4.16) that do not commute with Q. As such, one is left with the original E_{11} generators and a subset of the Og generators, all of which commute with Q apart from the scalar generator R, and all fields which do not depend on y. We note that the operator Q appears in the commutation relations of eq. (4.9) and (4.10). However, Q commutes with every operator in the theory other that R, and the commutator of R with Q is proportional to Q, and so one can consistently set the commutator of R^a with P_a to zero and ignore Q in the algebra. Correspondingly, one can ignore the presence of Q in the group element of eq. (4.17), which corresponds to no y dependence at all. Thus one finds a non-linear realisation that is the one that arises if one constructs the massless nine-dimensional theory using the formulation of E_{11} appropriate to nine dimensions, which corresponds to deleting nodes 9 and 11 in the Dynkin diagram in fig. 1 and decomposing E_{11} in terms of the GL(9, R) subalgebra. The Og generators that are left are the Og generators that encode the gauge symmetries of the nine-dimensional theory, and they form with the non-negative level E_{11} generators the algebra E^{local}_{11,9} . To summarise, the massless nine-dimensional theory arises from taking the subset of Og generators that commute with Q. This implies that one can consistently remove Q from the algebra, which can be used to construct the non-linear realisation. This in the nine-dimensional E_{11} formulation of massless maximal supergravity.

We now describe the Scherk-Schwarz dimensional reduction of the ten-dimensional IIB supergravity theory to nine dimensions in an analogous way. We take the same starting point, namely the E_{11} formulation of the IIB theory in ten dimensions together with the Og generators and corresponding fields. We consider the group element g = e^{x·P} e^{y(Q+miRi)}e^{ΦOg(x)KOg} e^{Aab,α(x)Rab,α} e^{Aa,α(x)Ra,α} e^{Aa(x)Ra} e^{ϕ(x)R}e^{ϕi(x)Ri} . (4.22) We thus take the dependence on the coordinate y in the group element to be in the form e^{y(Q+miRi)}. This is equivalent to taking the theory to be defined on the conventional ninedimensional spacetime tensored with a manifold that is a circle constructed form the usual ten-dimensional circle of spacetime and a circle, or one parameter subgroup of SL(2, R), which is specified by the mass parameter m_i. The factor e^{y(Q+miRi)} occurs at the beginning of the group element in the usual place for the introduction of spacetime, and the fields are taken to not depend on y, however we can rearrange the group element by taking the e^{ymiRi} factor to the right whereupon the fields acquire a y dependence, that is g = e^{x·P} e^{yQ}e^{ΦOg (x,y)KOg} e^{Aab,α(x,y)Rab,α} e^{Aa,α(x,y)Ra,α} e^{Aa(x)Ra} e^{ϕ(x)R}e^{ymiRi} e^{ϕi(x)Ri} . (4.23)

The y dependence of the fields in this last expression can be derived using the relation e^Ae^B e^{−A} = e^{eABe−A} . (4.24) This implies in particular that any SL(2, R) doublet acquires the same y dependence. For instance for the 2-form this is A_{ab,α}(x, y) = (e^{ymiDi} )_α^βA_{ab,β} (x) , (4.25) and similarly for any doublet, including the Og fields, while the SL(2, R) singlets acquire no y dependence. This is the y dependence that results in the Scherk-Schwarz dimensional reduction, which consists in compactifying the ten-dimensional theory to nine dimensions on a circle of coordinate y, while performing a y-dependent SL(2, R) transformation [29].

From the group element in (4.23) one obtains the Maurer-Cartan form of eq. (4.18). It is instructive to write this down to show explicitly the y dependence. The result is g^{−1}dg = dx^μ[P_μ + A_μe^ϕQ + (∂_μA_{ab,α} − ∂_μA_{a,α}A_b − Φ_{μ,ab,α} + Φ_{(μa),α}A_b − Φ_{[μa],α}A_b + Φ_{(μa)}A_{b,α} + Φ_μA_{a,α}A_b)e^{−ϕiRi} e^{−ymiRi} R^{ab,α}e^{−ymiRi} e^{ϕiRi} + (∂_μA_{a,α} − Φ_{(μa),α} + Φ_{[μa],α} − Φ_μA_{a,α})e^{−ϕ}e^{−ϕiRi} e^{−ymiRi} R^{a,α}e^{ymiRi} e^{ϕiRi} + (∂_μA_a − Φ_{(μa)} + Φ_μA_a)e^ϕR^a + (∂_μϕ − Φ_μ)R + e^{−ϕiRi} ∂_μe^{ϕiRi} + ...] + dy[e^ϕQ + (∂_yA_{ab,α} − ∂_yA_{a,α}A_b − Φ_{[ab],α} + Φ_{a,α}A_b + ΦA_{a,α}A_b)e^{−ϕiRi} e^{−ymiRi} R^{ab,α}e^{ymiRi} e^{ϕiRi} + (∂_yA_{a,α} − Φ_{a,α} − ΦA_{a,α})e^{−ϕ}e^{−ϕiRi} e^{−ymiRi} R^{a,α}e^{ymiRi} e^{ϕiRi} + (∂_yA_a − Φ_a + ΦA_a)e^ϕR^a + (∂_yϕ − Φ)R + e^{−ϕiRi} m_iR^ie^{ϕiRi} + . . . ] . (4.26) Alternatively, one can compute the Maurer-Cartan form with the group element written as in eq. (4.22). In this way of writing down the group element, the fields have no y dependence and the dy part of eq. (4.26) results from passing m_iR^i through the group element. Indeed it can be shown that the two ways of computing the Maurer-Cartan form are identical using the y dependence given as in eq. (4.25).

As for the massless case, we now use the inverse Higgs mechanism to impose that all the terms in dy proportional to positive level generators vanish, and we get

Φ_{a,α}(x) = (m_iD^i)_α^βA_{a,β} (x) Φ_{[ab],α}(x) = (m_iD^i)_α^βA_{ab,β} (x) Φ = Φ_a = 0 . (4.27)

This does not apply to the scalars ϕ_i, and indeed the m_iR^i term in the dy part of eq. (4.26) is not affected by the inverse Higgs mechanism. This will be discussed later. We put the relations of eq. (4.27) back in the group element and so the Cartan form, and we use the inverse Higgs mechanism on the remaining Og fields such that the dx^μ part of the Cartan form gives the field-strengths F_{abc,α} = ∂_{[a}A_{bc],α} − ∂_{[a}A_{b,α}A_{c]} − (m_iD^i)_α^βA_{[ab,β}A_{c]} F_{ab,α} = ∂_{[a}A_{b],α} + (m_iD^i)_α^β A_{ab,β} , F_{ab} = ∂_{[a}A_{b]} , (4.28)

which transform covariantly under the gauge transformations δA_{ab,α} = ∂_{[a}Λ_{b],α} − ∂_{[a}ΛA_{b],α} + Λ(m_iD^i)_α^βA_{ab,β} δA_{a,α} = ∂_aΛ_α + Λ(m_iD^i)_α^βA_{a,β} − (m_iD^i)_α^βΛ_{a,β} , δA_a = ∂_aΛ . (4.29)

These are the field strengths and gauge transformations of the 1-forms and 2-forms of the nine-dimensional gauged maximal supergravity that arises from Scherk-Schwarz reduction of the IIB theory [29].

We now discuss the scalar sector. One obtains the correct covariant derivative for the scalars observing that the metric that results from the Maurer-Cartan form in eq. (4.26) is ( e_μ^a A_μe^ϕ 0 e^ϕ ) (4.30)

as the coefficients of the generators P_a and Q (for simplicity we are actually not considering the gravity contribution in nine dimensions and therefore the coefficient of P_a in eq. (4.26) is the diagonal metric). The corresponding inverse metric is ( e^μ_a −A_a 0 e^{−ϕ} ) . (4.31)

Taking account of having applied the inverse Higgs mechanism, the only other part of the Maurer-Cartan form along dy is G_{yi}R^i = m_ie^{−ϕiRi} R^ie^{ϕiRi} , (4.32) while the R^i term along dx^μ is G_{μi}R^i = e^{−ϕiRi} ∂_μe^{ϕiRi} . (4.33)

Therefore the covariant derivative for the scalar is given by e^μ_aG_{μ,i} − A_aG_{y,i} , (4.34) which reads e^{−ϕiRi} ∂_ae^{ϕiRi} − A_am_ie^{−ϕiRi} R^ie^{ϕiRi} . (4.35) This analysis therefore gives all the covariant quantities of the nine-dimensional theory corresponding to the Scherk-Schwarz reduction of IIB.

As we observed, eq. (4.27) expresses some Og fields in terms of E_{11} fields. Similarly, requiring that the Og 1 operators K^{[ab],α} and K^{a,α} have vanishing coefficients in the dy direction relates Φ_{[ab],α} and Φ_{a,α} to Og 2 fields carrying the same spacetime and SL(2, R) representations. Iterating this one obtains for any n an Og n generator identified with A_{ab,α} times the nth power of the mass parameter, and similarly for A_{a,α}. This generalises to all the fields in the theory. Putting these solutions into the original group element of eq. (4.22) we find that it takes the form g = e^{x·P} e^{y(Q+miRi)}e^{ΦOg(x)K̃Og} e^{Aab,α(x)R̃ab,α} e^{Aa,α(x)R̃a,α} e^{Aa(x)Ra} e^{ϕ(x)R}e^{ϕi(x)Ri} , (4.36) where R̃^{a,α} = R^{a,α} + m_iD^i_β^αK^{a,β} + ... R̃^{ab,α} = R^{ab,α} + m_iD^i_β^αK^{[ab],β} + ... , (4.37) where the dots correspond to higher powers in m_i multiplying higher grade Og generators, and K̃ denotes deformed Og generators associated with nine-dimensional gauge transformations. The group element of eq. (4.36) resembles the group element corresponding to the massless nine-dimensional theory, in the sense that each generator in eq. (4.36) corresponds to a generator with identical index structure of the massless nine-dimensional theory. As such we can interpret the R̃ generators as deformed E_{11} generators. In particular, we claim that although the expansions in eq. (4.37) are non-polynomial in m_i, all the commutation relations involving these operators, or the commutation relations between these operators and momentum, only contain terms at most linear in m_i. In particular, the commutator of R̃^{ab,α} with P_a is

[R̃^{ab,α}, P_c] = −(m_iD^i)_β^αδ^{[a}_c R̃^{b],β} , (4.38) while the commutator of R̃^{a,α} with P_a vanishes, as can be seen from eq. (4.15).

The deformed E_{11} and indeed the deformed Og generators have a simple algebraic classification. They are the operators that commute with the operator Q̃ defined as Q̃ = Q + m_iR^i . (4.39)

Indeed, the commutation relation of R^a, R^{a,α} and R^{ab,α} with Q̃ is [Q̃, R^a] = 0 [Q̃, R^{a,α}] = m_iD^i_β^αR^{a,β} [Q̃, R^{ab,α}] = m_iD^i_β^αR^{ab,β} . (4.40) We thus have to deform the operators R^{a,α} and R^{ab,α}, and from eq. (4.15) one gets that the deformed operators given in eq. (4.37) satisfy [Q̃, R̃^{a,α}] = [Q̃, R̃^{ab,α}] = 0 . (4.41) The Og generators of the nine-dimensional theory are also redefined in order to commute with Q̃. One thus constructs the generators K̃^{a,bc,α} and K̃^{(ab),α}, which are Og 1 generators followed by an expansion in m_i of higher grade Og generators. The Og 1 generator K^{(ab)} of the singlet vector R^a is not modified as it commutes with Q̃.

Having introduced the operator Q̃, we can write down the group element of eq. (4.36) as g = e^{x·P} e^{yQ̃}e^{ΦOg (x)K̃Og} e^{Aab,α(x)R̃ab,α} e^{Aa,α(x)R̃a,α} e^{Aa(x)Ra} e^{ϕ(x)R}e^{ϕi(x)Ri} . (4.42) Indeed, we now show that using the operator Q̃ rather than Q one obtains the field strengths, including the covariant derivative of the scalars, in a straightforward way. Calculating the Cartan forms from the group element of eq. (4.42) and using eq. (4.38) and the fact that all the positive level operators commute with Q̃ we find g^{−1}dg = dx^a[P_a + (∂_aA_{bc,α} − ∂_aA_{b,α}A_c − (m_iD^i)_α^β A_{ab,β}A_c + ...)e^{−ϕiRi}R̃^{bc,α}e^{ϕiRi} + (∂_aA_{b,α} + (m_iD^i)_α^βA_{ab,β} + ...)e^{−ϕ}e^{−ϕiRi}R̃^{b,α}e^{ϕiRi} + (∂_aA_b + ...)e^ϕR^b + ∂_aϕR + A_ae^{−ϕiRi} e^{−ϕR}Q̃e^{ϕR}e^{ϕiRi} + e^{−ϕiRi} (∂_a − A_am_iR^i)e^{ϕiRi} ] + dye^{−ϕiRi} e^{−ϕR}Q̃e^{ϕR}e^{ϕiRi} , (4.43) where the dots in each term denote the Og field contributions, whose role is to cancel the non-antisymmetric terms in the Cartan form using the inverse Higgs mechanism. As explained above g^{−1}dg is invariant under g → g_0g and so all the coefficients of the generators in the above equation are invariant. Hence, in particular the two terms dx^aP_a , dx^ae^{−ϕiRi} (∂_a − A_am_iR^i)e^{ϕiRi} (4.44) are separately invariant under g_0 transformations. Hence we can identify the covariant derivative of the scalars as e^{−ϕiRi} (∂_a − A_am_iR^i)e^{ϕiRi} (4.45) which now only transforms under the local transformations. The infinite number of rigid g_0 transformations constitute the gauge transformations and so this covariant derivative is also covariant in the conventional sense.

We note that the operator Q̃ and the variable y although important for the logic of the result did not appear explicitly in the calculation of the terms that lead to this covariant derivative. Indeed one could have written down the group element without any Q̃ or y dependence and the Cartan forms would give the correct covariant derivatives and so gauge invariant quantities. Dropping the operator Q̃, one obtains in particular the commutation relation [R^a, P_b] = δ^a_b m_iR^i . (4.46) We now consider eq. (4.46) as our starting point to define the nine-dimensional algebra Ẽlocal_{11,9} . This is the algebra that describes the deformed nine-dimensional theory considered in this section, and contains the generators m_iR^i, P_a and all the positive level deformed generators, including the deformed Og generators. In the remaining of this section we will show that all the results obtained so far can be derived simply requiring the closure of the Jacobi identities in Ẽ^{local}_{11,9} starting from eq. (4.46). This approach is entirely ninedimensional, and one never makes use of the fact that the theory has a ten-dimensional origin. As we will see, this provides an extremely fast method of deriving the field strengths of all gauged maximal supergravities.

We start considering the Jacobi identity involving R^a, R̃^{a,α} and P_a. The commutator between R^a and R̃^{b,α} is a deformation of the commutator in eq. (4.11), and the most general expression we can write with the generators at our disposal is [R^a, R̃^{b,α}] = −R̃^{ab,α} + am_iD^i_β^αK̃^{(ab),α} , (4.47) with a to be determined, and where K̃^{(ab),α} is the modified Og 1 generator satisfying

[K̃^{(ab),α}, P_c] = δ^{(a}_c R̃^{b),α} . (4.48)

We also demand that the commutator between R̃^{ab,α} and P_c be of the form

[R̃^{ab,α}, P_c] = b(m_iD^i)_β^αδ^{[a}_c R̃^{b],β} , (4.49)

with the parameter b to be determined. The Jacobi identity involving R^a, R̃^{a,α} and P_a is satisfied provided that the values of a and b are

a = 1 b = −1 . (4.50)

To summarise, we have obtained the relations [R^a, R̃^{b,α}] = −R̃^{ab,α} + m_iD^i_β^αK̃^{(ab),α} [R̃^{ab,α}, P_c] = −(m_iD^i)_β^αδ^{[a}_c R̃^{b],β} , (4.51)

and in particular the second relation coincides with eq. (4.38).

Proceeding this way, one can determine all the commutation relations of the modified E_{11} generators among themselves and with the momentum operator P_a. For instance, the Jacobi identity involving the operators R^a, R̃^{ab,α} and P_a requires the cancellation of terms linear in m_i as well as terms quadratic in m_i. The latter are cancelled by requiring that also the commutator of K̃^{a,bc,α} with P_d receives a correction at order m_i. The result is [R^a, R̃^{bc,α}] = 3 2 (m_iD^i)_β^αK̃^{a,bc,β} (4.52) and [K̃^{a,bc,α}, P_d] = δ^a_dR̃^{bc,α} − δ^{[a}_d R̃^{bc],α} − 1 3 (m_iD^i)_β^α(δ^b_dK̃^{ac,β} − δ^c_dK̃^{ab,β} ) . (4.53)

Using the definition of the operator R̃^{ab,α} in eq. (4.37), and eq. (4.14), one can for instance recover eq. (4.52), that we have obtained requiring the closure of the Jacobi identities, directly using the ten-dimensional commutation relations. Indeed, at lowest order in the mass parameter, one gets [R^a, R̃^{bc,α}] = (m_iD^i)_β^α[K^a_y, K^{y,bc,β} − K^{[b,c]y,β}] = 3 2 (m_iD^i)_β^αK^{a,bc,β} . (4.54) In order to show the power of this method, we now determine the field-strengths for the 3-form and the 4-form of the nine-dimensional massive theory without using its tendimensional origin. We first write down the relevant commutators of the massless theory. We thus add to the commutators of eqs. (4.11) and (4.12) all the commutators that involve generators up to the 4-form included. We only write down the non-vanishing commutators, that are [R, R^{abc}] = R^{abc} [R^a, R^{bcd}] = −R^{abcd} [R^{a,α}, R^{bc,β}] = ϵ^{αβ} R^{abc} [R^{ab,α}, R^{cd,β}] = ϵ^{αβ} R^{abcd} , (4.55) where ϵ^{αβ} is the invariant antisymmetric tensor of SL(2, R). Starting from these relations and using eq. (4.46) we can determine all the commutation relations involving such deformed generators by imposing the closure of the Jacobi identities. Denoting with R̃^{abc} and R̃^{abcd} the deformed generators, one can show that the only commutation relation that needs to be modified with respect to eq. (4.55) is the commutator between two deformed 2-form generators, which becomes [R̃^{ab,α}, R̃^{cd,β}] = ϵ^{αβ}R̃^{abcd} + 2(m_iD^i)^{αβ}K̃^{[a,b]cd} , (4.56) where K̃^{a,bcd} is the deformed Og 1 generator associated to the deformed 3-form generator R̃abc, satisfying [K̃^{a,b1b2b3} , P_c] = δ^a_c R̃^{b1b2b3} − δ^{[a}_c R̃^{b1b2b3]} (4.57) and we have used ϵ^{αβ} to raise the SL(2, R) index, that is

D^{i αβ} = ϵ^{αγ} D^i_γ^β , (4.58)

and D^{i αβ} is symmetric. The deformed Og 1 generator for the 4-form is K̃^{a,b1b2b3} , satisfying [K̃^{a,b1...b4} , P_c] = δ^a_c R̃^{b1...b4} − δ^{[a}_c R̃^{b1...b4]} . (4.59) Both the deformed 3-form and the deformed 4-form commute with the momentum operator (actually neither the 3-form nor the 4-form generator are really deformed, but this is not relevant for this analysis).

We now consider the group element g = e^{x·P} e^{ΦOgK̃Og} e^{AabcdR̃abcd} e^{AabcR̃abc} e^{Aab,αR̃ab,α} e^{Aa,αR̃a,α} e^{AaRa} e^{ϕR}e^{ϕiRi} , (4.60) which only depends on the nine-dimensional coordinates x^a. Computing the Maurer- Cartan form and applying the inverse Higgs mechanism, one can show that all the terms which are not antisymmetric are set to zero by fixing the Og 1 fields in terms of the E_{11} fields, and one is left with completely antisymmetric terms. These are the field-strengths of the 1-forms and 2-forms given in eq. (4.28), as well as the field-strengths F_{a1...a4} = ∂_{[a1} A_{a2a3a4]} + ϵ^{αβ} ∂_{[a1} A_{a2a3 ,α}A_{a4],β} − 1 2 (m_iD^i)^{αβ}A_{[a1a2,α}A_{a3 a4],β} F_{a1...a5} = ∂_{[a1} A_{a2...a5]} − ∂_{[a1} A_{a2a3a4} A_{a5]} + 1 2 ϵ^{αβ} ∂_{[a1} A_{a2a3 ,α}A_{a4a5],β} −ϵ^{αβ} ∂_{[a1} A_{a2 a3,α}A_{a4,β}A_{a5]} + 1 2 (m_iD^i)^{αβ}A_{[a1a2,α}A_{a3a4,β}A_{a5]} (4.61)

for the 3-form and the 4-form. These are indeed the field-strengths of the 3-form and its dual 4-form of the massive nine-dimensional supergravity. The gauge transformations of the fields arise in the non-linear realisation as rigid transformations of the group element with the Og generators included. One obtains the transformations of the 2-forms and 1-forms given in eq. (4.29) as well as the transformations

δA_{abc} = ∂_{[a}Λ_{bd]} + ϵ^{αβ} ∂_{[a}Λ_αA_{bc],β} + 1 2 ϵ^{αβ} ∂_{[a}ΛA_{b,α}A_{c],β} + (m_iD^i)^{αβ}Λ_{[a,α}A_{bc],β} δA_{a1 ...a4} = ∂_{[a1} Λ_{a2a3a4]} + 1 2 ϵ^{αβ} ∂_{[a1} Λ_{a2,α}A_{a3a4],β} − ∂_{[a1} ΛA_{a2a3a4 ]} + 1 2 ϵ^{αβ} ∂_{[a1} ΛA_{a2,α}A_{a3 a4],β} (4.62)

of the 3-form and the 4-form.

Observe that although the operators R^i other than m_iR^i do not belong to the algebra Ẽlocal_{11,9} , one can nonetheless use the group element of eq. (4.60). Indeed, the covariant derivative for the scalars is also obtained from the nine-dimensional group element of eq. (4.60). Indeed, the Maurer-Cartan form contains the terms e^{−ϕiRi} ∂_μe^{ϕiRi} − A_μe^{−ϕiRi} m_iR^ie^{ϕiRi} , (4.63) which we recognise as the covariant derivative of the scalars.

To summarise, we have found a general pattern for carrying out dimensional reduction to obtain gauged supergravities. The higher dimensional coordinates have a generator (Q in the massless case and Q̃ in the Scherk-Schwarz case) which is associated with the space being reduced on. From the set on E_{11} and Og generators, we can find a set of deformed E_{11} generators which are just those that commute with the preferred generator associated with the reduction (Q or Q̃). The field strengths can then just be deduced from this deformed E_{11} algebra. We will see that this method transcends dimensional reduction and in fact applies to all gauged maximal supergravities. This will be the focus on the next two sections.

5 E_{11} and massive IIA

In the last section we have analysed the massless and Scherk-Schwarz reductions to nine dimensions of ten-dimensional IIB supergravity from an E_{11} perspective. Starting from the algebra E^{local}_{11,10B} of E_{11} plus the Og generators that encodes all the gauge symmetries of the ten-dimensional theory, the massless dimensional reduction corresponds to taking the E_{11} generators together with the subset of Og generators that commute with the momentum operator in the internal direction. On the other hand, the Scherk-Schwarz dimensional reduction corresponds to choosing operators that commute with a twisted internal momentum operator, and the twist is such that these operators are combinations of the ten-dimensional E_{11} and Og generators. It is important to stress that the content of the sets of generators in the massless and the Scherk-Schwarz theory are exactly the same, and the two theories differ because the commutation relations are different. In particular, the set of non-negative level E_{11} generators in the massless theory is the same as the set of operators in the Scherk-Schwarz reduction case that are obtained by adding to the E_{11} generators suitable Og generators of the ten-dimensional theory multiplied by powers of the mass deformation parameter m_i, where i is an SL(2, R) triplet index. From the ninedimensional perspective, these operators look like E_{11} generators, but their commutation relation receives a correction at order m_i. Therefore, the algebra appears from the ninedimensional perspective as a deformation of the original E_{11} algebra. This deformation is such that the commutator of two positive level generators gives the standard E_{11} result at zero order in m_i together with an order m_i deformation proportional to the Og generators of the nine-dimensional theory. Correspondingly, the commutator of the deformed positive level E_{11} generators with the nine-dimensional momentum is proportional to the deformed E_{11} generators times the mass parameter. Starting from the commutation relation (4.46), the entire algebra of the nine-dimensional deformed theory can be determined by requiring that the Jacobi identities close.

In this section we consider the case of the massive deformation of the IIA theory, discovered by Romans in [8]. In this case the theory does not arise as a dimensional reduction of eleven-dimensional supergravity, and therefore one cannot deform the E_{11} generators adding eleven-dimensional Og generators. Nonetheless, we will show that from the ten-dimensional perspective one can still consider deformed E_{11} and Og generators, and the corresponding algebra Ẽ^{local}_{11,10A}, which appears as a deformation of the massless ten-dimensional algebra, determines all the field-strengths of the theory. In [11] it was shown that the massive IIA theory can be recovered from an E_{11} perspective by adopting a non-trivial commutation relation between the momentum operator and the positive level generators. In particular the commutator of the 2-form generator with momentum gives the 1-form generator multiplied by the mass deformation parameter. The resulting algebra [11] though has a problem of consistency because the corresponding Jacobi identities do not close. In [30] it was shown that if one insists on requiring the consistency of the algebra for the lower-rank forms, the commutator of two 2-forms cannot vanish in the massive theory, but instead is proportional to an operator in the (3,1) representation of GL(10, R). This operator is indeed the Og 1 operator for the 3-form. We show that the whole algebra corresponding to the massive IIA theory is determined starting from the deformed commutation relation of the 2-form with momentum and requiring the closure of all the Jacobi identities. A different approach, based on the Kac-Moody algebra E_{10} [31], has recently been given in [32].

We start by writing down the algebra associated to the massless IIA theory. The massless IIA theory arises from the dimensional reduction of eleven-dimensional supergravity. The corresponding algebra arises from a decomposition of the E_{11} algebra in terms of GL(10, R) as relevant for the IIA theory, which corresponds to deleting nodes 10 and 11 in the Dynkin diagram in fig. 1. In this section we denote with a, b, ... the tangent spacetime indices in ten dimensions. In deriving the E_{11} generators in terms of their GL(10, R) IIA representations it is useful to consider the eleven-dimensional generators and denote with y the internal 11th coordinate. One then obtains that the theory contains a scalar R, which is the GL(11, R) generator K^y_y, a vector R^a corresponding to the eleven-dimensional K^a_y, a 2-form R^{ab} which arises from the eleven-dimensional 3-form with one index in the internal direction R^{aby}, and then a 3-form R^{abc}, a 5-form R^{a1...a5} , a 6-form R^{a1...a6} , a 7-form R^{a1...a7} , an 8-form R^{a1...a8} , a 9-form R^{a1...a9} and two 10-forms R^{a1...a10} and R^{′a1...a10} , together with an infinite set of generators with mixed, i.e. not completely antisymmetric, indices [12].

We now write down the part of the E_{11} algebra that involves these completely antisymmetric generators. This was first derived in [11], but we use different normalisations for the generators, that make the eleven-dimensional origin of the algebra more transparent. For simplicity, we will neglect the contribution from the 10-form generators, that is we will consider a level truncation only involving generators up to the 9-form included. The algebra is [R, R^a] = −R^a [R, R^{ab}] = R^{ab} [R, R^{a1...a5} ] = R^{a1...a5} [R, R^{a1...a7} ] = 2R^{a1...a7} [R, R^{a1...a8} ] = R^{a1...a8} [R, R^{a1...a9} ] = 3R^{a1...a9} [R^a, R^{bc}] = R^{abc} [R^{a1} , R^{a2...a6} ] = −R^{a1 ...a6} [R^{a1} , R^{a2...a8} ] = 3R^{a1...a8} [R^{a1a2} , R^{a3...a5} ] = −2R^{a1 ...a5} [R^{a1 a2} , R^{a3...a7} ] = R^{a1...a7} [R^{a1 a2} , R^{a3...a8} ] = −2R^{a1...a8} [R^{a1 a2} , R^{a3...a9} ] = R^{a1...a9} [R^{a1 ...a3} , R^{a4...a6} ] = 2R^{a1...a6} [R^{a1 ...a3} , R^{a4...a8} ] = R^{a1...a8} , (5.1) with all the other commutators vanishing or giving generators with mixed symmetries. One can show that all the Jacobi identities involving these operators are satisfied. Following the results of section 4, one can then obtain the Og generators of the ten-dimensional theory by decomposing the Og generators of the eleven-dimensional theory in terms of representations of GL(10, R). The subset of such generators that commute with the momentum operator along the 11th direction are the Og generators of the massless IIA theory. These are exactly the operators that are needed to encode all the gauge symmetries of the fields of the massless IIA theory. This corresponds to the fact that the massless IIA theory arises as a circle dimensional reduction of eleven-dimensional supergravity. In particular, for each n-form E_{11} generator the corresponding Og 1 operator is K^{a,b1...bn} satisfying K^{[a,b1...bn]} = 0.

We now consider the deformation of the massless IIA algebra giving rise to massive IIA. This theory was constructed by Romans in [8], and it corresponds to a Higgs mechanism in which the 2-form acquires a mass by absorbing the vector. In [11] this mechanism was recovered from an E_{11} perspective by adopting a non-trivial commutation relation between the 2-form generator and momentum. Following the results of section 4, we interpret this as a redefinition of the E_{11} generators. We thus denote all the generators of the massive theory with a tilde. These generators, although forming a set identical to the one corresponding to the E_{11} generators of the massless theory, have different commutation relations. These commutation relations make the corresponding algebra look like a deformation of the massless algebra involving the mass parameter. We thus write down the commutation relation between the 2-form and momentum as

[R̃^{ab}, P_c] = −mδ^{[a}_c R̃^{b]} , (5.2) where m is the Romans mass parameter. Our strategy is to use eq. (5.2) as our starting point, and to derive all the commutation relations of the deformed theory from it imposing the closure of the Jacobi identities. We will show that this will fix all the field-strengths and gauge transformations of the forms in the theory. In [33] it was shown that the supersymmetry algebra of IIA closes on all the forms predicted by E_{11}, and the field-strengths and gauge transformations of the form fields were derived imposing the closure of the supersymmetry algebra. We will show that the field-strengths and gauge transformations as obtained using supersymmetry exactly coincide, up to field redefinitions, with the ones obtained here from E_{11}.

The Jacobi identity involving the operators R̃, R̃^{ab} and P_a imposes that

[R̃, P_a] = −2P_a . (5.3)

Introducing the Og 1 operator for the deformed 3-form, defined as

[K̃^{a,b1b2b3} , P_c] = δ^a_c R̃^{b1b2b3} − δ^{[a}_c R̃^{b1b2b3]} (5.4)

one can then show that the Jacobi identity between two 2-forms and momentum imposes [30] [R̃^{ab}, R̃^{cd}] = −2mK̃^{[a,b]cd} . (5.5) One can then show that the Jacobi identities involving the scalar operator R̃ require a nontrivial commutation relation between the deformed 7-form generator and the momentum operator, while the commutator between the 2-form and the 5-form generator has to be modified by a term proportional to the Og 1 K̃^{a,b1...b6} the 6-form, which satisfies [K̃^{a,b1...b6} , P_c] = δ^a_c R̃^{b1...b6} − δ^{[a}_c R̃^{b1...b6]} . (5.6) The result is [R̃^{a1 ...a7} , P_b] = mδ^{[a1}_b R̃^{a2...a7]} (5.7) and [R̃^{a1a2} , R̃^{b1...b5} ] = R̃^{a1a2b1...b5} + mK̃^{[a1,a2]b1...b5} . (5.8) Finally, the Jacobi identities also impose that the commutator between the 9-form and momentum, as well as the commutator between the 2-form and the 7-form, must be modified. The result is [R̃^{a1...a9} , P_b] = −5mδ^{[a1}_b R̃^{a2...a9]} (5.9) and [R̃^{a1a2} , R̃^{b1...b7} ] = R̃^{a1a2b1...b7} − 17 7 mK̃^{[a1,a2]b1...b7} , (5.10) where K̃^{a,b1...b8} is the Og 1 operator for the 8-form, satisfying [K̃^{a,b1...b8} , P_c] = δ^a_c R̃^{b1...b8} − δ^{[a}_c R̃^{b1...b8]} . (5.11) All the other commutators are not modified, and they are as in eq. (5.1) with all operators replaced by deformed operators.

To summarise, we have shown that starting from the E_{11} algebra of eq. (5.1) and introducing the deformed 2-form generator which satisfies the commutation relation of eq. (5.2), the Jacobi identities determine completely the rest of the algebra. In particular, once the algebra is expressed in terms of the tilde generators, the only commutators that are modified with respect to eq. (5.1) are those of eqs. (5.5), (5.8) and (5.10), while the additional non-trivial commutation relations with P_a are given is eqs. (5.3), (5.7) and (5.9).

We now consider the group element g = e^{x·P} e^{ΦOgK̃Og} e^{Aa1...a9 R̃a1...a9} . . . e^{Aa1...a5 R̃a1...a5} e^{Aa1...a3 R̃a1...a3} e^{Aa1a2 R̃a1a2} e^{AaR̃a} e^{ϕR̃} (5.12) where we denote with Φ_{Og} the whole set of Og 1 field of the ten-dimensional massive IIA theory. Similarly we denote with K̃^{Og} the whole set of deformed ten-dimensional Og 1 operators, which we treat as commuting because we are ignoring the contribution of Og 2 generators for simplicity. One can compute the Maurer-Cartan form that results from the group element in eq. (5.12). The result is

g^{−1}∂_μg = e^{2ϕ}P_μ + ∂_μϕR̃ + (∂_μA_a + mA_{μa} + ...)e^ϕR̃^a + (∂_μA_{a1 a2} + ...)e^{−ϕ}R̃^{a1 a2} + (∂_μA_{a1a2a3} − ∂_μA_{a1 a2} A_{a3} + m 2 A_{μa1} A_{a2 a3} + ...)R̃^{a1...a3} + (∂_μA_{a1...a5} + 2∂_μA_{a1 a2a3} A_{a4a5} + m 3 A_{μa1} A_{a2a3} A_{a4a5} + ...)e^{−ϕ}R̃^{a1...a5} + (∂_μA_{a1...a6} − ∂_μA_{a1...a5} A_{a6} − 2∂_μA_{a1 a2a3} A_{a4a5} A_{a6} + ∂_μA_{a1a2a3} A_{a4 a5a6} − m 3 A_{μa1} A_{a2a3} A_{a4a5} A_{a6} − mA_{μa1 ...a6} + ...)R̃^{a1 ...a6} + (∂_μA_{a1...a7} − ∂_μA_{a1...a5} A_{a6 a7} − ∂_μA_{a1a2a3} A_{a4a5} A_{a6a7} − m 12 A_{μa1} A_{a2a3} A_{a4a5} A_{a6a7} + ...)e^{−2ϕ}R̃^{a1...a7} + (∂_μA_{a1...a8} + 3∂_μA_{a1 ...a7} A_{a8} + 2∂_μA_{a1...a6} A_{a7a8} + ∂_μA_{a1...a5} A_{a6 ...a8} − 3∂_μA_{a1...a5} A_{a6a7} A_{a8} − 3∂_μA_{a1a2a3} A_{a4 a5} A_{a6a7} A_{a8} + 2∂_μA_{a1..a3} A_{a4...a6} A_{a7a8} − m 4 A_{μa1} A_{a2a3} A_{a4a5} A_{a6a7} A_{a8} − 2mA_{μa1 ...a6} A_{a7a8} + 5mA_{μa1 ...a8} + ...)e^{−ϕ}R̃^{a1 ...a8} + (∂_μA_{a1...a9} − ∂_μA_{a1...a7} A_{a8a9} + 1 2 ∂_μA_{a1...a5} A_{a6a7} A_{a8a9} + 1 3 ∂_μA_{a1a2a3} A_{a4 a5} A_{a6a7} A_{a8a9} + m 60 A_{μa1} A_{a2 a3} A_{a4a5} A_{a6a7} A_{a8a9} + ...)e^{−3ϕ}R̃^{a1...a9} + ... . (5.13) The dots at the end denote terms proportional to the higher level deformed E_{11} generators as well as all the Og generators, while the dots in each bracket denote the contributions from the Og 1 fields, which we did not write down explicitly because their contribution vanishes after antisymmetrisation of the μ index with the other indices. Indeed, the Og 1 fields in the group element of eq. (5.12) are Φ_{a,b1 ...bn} , for n = 1, 2, 3, 5, ..., satisfying Φ_{[a,b1...bn]} = 0. The inverse Higgs mechanism relates these Og fields to the deformed E_{11} fields in such a way that only the completely antisymmetric terms in (5.13) survive. These terms are

F_{a1 a2} = ∂_{[a1} A_{a2 ]} + mA_{a1a2} F_{a1 a2a3} = ∂_{[a1} A_{a2 a3]} F_{a1 ...a4} = ∂_{[a1} A_{a2a3 a4]} − ∂_{[a1} A_{a2 a3} A_{a4]} + m 2 A_{[a1a2} A_{a3a4 ]}

F_{a1 ...a6} = ∂_{[a1} A_{a2...a6]} + 2∂_{[a1} A_{a2 a3a4} A_{a5a6]} + m 3 A_{[a1a2} A_{a3a4} A_{a5a6]} F_{a1 ...a7} = ∂_{[a1} A_{a2...a7]} − ∂_{[a1} A_{a2...a6} A_{a7 ]} − 2∂_{[a1} A_{a2a3a4} A_{a5a6} A_{a7]} + ∂_{[a1} A_{a2a3a4} A_{a5a6a7]} − m 3 A_{[a1a2} A_{a3a4} A_{a5a6} A_{a7]} − mA_{a1 ...a7} F_{a1 ...a8} = ∂_{[a1} A_{a2...a8]} − ∂_{[a1} A_{a2...a6} A_{a7 a8]} − ∂_{[a1} A_{a2a3a4} A_{a5a6} A_{a7 a8]} − m 12 A_{[a1a2} A_{a3a4} A_{a5 a6} A_{a7a8]} F_{a1 ...a9} = ∂_{[a1} A_{a2...a9]} + 3∂_{[a1} A_{a2 ...a8} A_{a9]} + 2∂_{[a1} A_{a2...a7} A_{a8a9]} + ∂_{[a1} A_{a2...a6} A_{a7...a9]} −3∂_{[a1} A_{a2...a6} A_{a7a8} A_{a9 ]} − 3∂_{[a1} A_{a2a3a4} A_{a5a6} A_{a7a8} A_{a9]} + 2∂_{[a1} A_{a2..a4} A_{a5 ...a7} A_{a8a9]} − m 4 A_{[a1a2} A_{a3a4} A_{a5a6} A_{a7a8} A_{a9]} − 2mA_{[a1...a7} A_{a8a9]} + 5mA_{a1...a9} F_{a1 ...a10} = ∂_{[a1} A_{a2...a10]} − ∂_{[a1} A_{a2...a8} A_{a9a10 ]} + 1 2 ∂_{[a1} A_{a2...a6} A_{a7a8} A_{a9a10]} + 1 3 ∂_{[a1} A_{a2a3a4} A_{a5 a6} A_{a7a8} A_{a9 a10]} + m 60 A_{[a1a2} A_{a3 a4} A_{a5a6} A_{a7 a8} A_{a9a10]} . (5.14)

These are the field-strengths of the fields of the massive IIA theory. Out of these fieldstrengths one can construct the field equations, which are duality relations between the various field-strengths. In particular, the 2-form F_{a1 a2} is dual to the 8-form F_{a1...a8} , the 3-form F_{a1a2a3} is dual to the 7-form F_{a1...a7} and the 4-form F_{a1...a4} is dual to the 6-form F_{a1...a6} , while the 9-form F_{a1...a9} is dual to the derivative of the scalar and the 10-form F_{a1...a10} is dual to the mass parameter m. All these relations are covariant under the local subalgebra of the non-linear realisation, which is SO(9, 1).

The gauge transformations of the fields arise in the non-linear realisation as rigid transformations of the group element, g → g_0g, as long as one includes the Og generators. One obtains

δA_a = ∂_aΛ − mΛ_a δA_{a1a2} = ∂_{[a1} Λ_{a2]} δA_{a1a2 a3} = ∂_{[a1} Λ_{a2a3]} + ∂_{[a1} ΛA_{a2a3]} − mΛ_{[a1} A_{a2a3]} δA_{a1...a5} = ∂_{[a1} Λ_{a2...a5]} − ∂_{[a1} ΛA_{a2a3} A_{a4a5]} − 2∂_{[a1} Λ_{a2} A_{a3a4a5]} + mΛ_{[a1} A_{a2a3} A_{a4a5]} δA_{a1...a6} = ∂_{[a1} Λ_{a2...a6]} + ∂_{[a1} Λ_{a2a3} A_{a4a5a6]} − ∂_{[a1} ΛA_{a2...a6]} − ∂_{[a1} ΛA_{a2a3} A_{a4a5a6]} +mΛ_{a1...a6} + mΛ_{[a1} A_{a2...a6]} + mΛ_{[a1} A_{a2a3} A_{a4a5 a6]} δA_{a1...a7} = ∂_{[a1} Λ_{a2...a7]} − 1 3 ∂_{[a1} ΛA_{a2a3} A_{a4 a5} A_{a6a7]} + ∂_{[a1} Λ_{a2} A_{a3...a7]} + 1 3 mΛ_{[a1} A_{a2 a3} A_{a4a5} A_{a6a7 ]} δA_{a1...a8} = ∂_{[a1} Λ_{a2...a8]} + ∂_{[a1} Λ_{a2a3} A_{a4...a8]} + 3∂_{[a1} ΛA_{a2...a8]} + ∂_{[a1} ΛA_{a2a3a4} A_{a5a6} A_{a7a8]} −2∂_{[a1} Λ_{a2} A_{a3 ...a8]} − 5mΛ_{a1...a8} − 3mΛ_{[a1} A_{a2 ...a8]} − mΛ_{[a1} A_{a2a3a4} A_{a5 a6} A_{a7a8]} δA_{a1...a9} = ∂_{[a1} Λ_{a2...a9]} − 1 12 ∂_{[a1} ΛA_{a2a3} A_{a4a5} A_{a6a7} A_{a8a9]} + ∂_{[a1} Λ_{a2} A_{a3 ...a9]} + 1 12 mΛ_{[a1} A_{a2a3} A_{a4a5} A_{a6a7} A_{a8 a9]} . (5.15)

In [33] the supersymmetry transformations of all the forms and dual forms of the massive IIA theory where determined. The supersymmetry algebra closes on all the local symmetries of the theory, and this was used to determine all the gauge transformations and the field-strengths of the various forms, as well as their duality relations. These forms are exactly those predicted by E_{11}. One can show that the field strengths and gauge transformations of [33] coincide with those given in eqs. (5.14) and (5.15) up to field redefinitions. The fact that using simple algebraic techniques one can easily determine these quantities proves the power of the E_{11} formulation of maximal supergravities and of the methods explained in this paper. In the next section we will apply these methods to the case of maximal gauged supergravity in five dimensions, deriving again the results of [20].

6 E_{11} and gauged five-dimensional supergravity

In section 4 we derived the algebra Ẽ^{local}_{11,9} associated to the Scherk-Schwarz dimensional reduction of the IIB theory to nine dimensions. After deriving the field-strengths of the theory from a ten-dimensional group element with a given dependence on the 10th coordinate y, we have shown that the same results can be obtained directly in nine dimensions. Indeed from the nine-dimensional perspective the fact that the ten-dimensional group element has a non-trivial y dependence translates in having generators of the nine-dimensional theory that are deformed with respect to the massless case. We have shown that the algebra of these deformed generators is uniquely fixed by the Jacobi identities, and in deriving the deformed algebra in this way one never makes use of the fact that the theory has a ten-dimensional origin. This approach was indeed taken in the previous section, where we derived the algebra Ẽ^{local}_{11,10A} corresponding to the massive IIA theory by requiring the closure of the Jacobi identities. From this algebra we have then derived the field-strengths of all the forms in the theory.

In this section we will perform precisely the same analysis for the case of maximal gauged supergravity in five dimensions. We will derive the algebra Ẽ^{local}_{11,5} and from it we will determine the field-strengths of the forms in the theory. The analysis follows exactly the same steps as we have shown in the previous section for the case of the massive IIA theory in ten dimensions. We will first review the E_{11} algebra as decomposed with respect to its GL(5, R) ⊗ E_6 subalgebra [14] which is relevant for the five-dimensional analysis. This corresponds to deleting node 5 in the Dynkin diagram of fig. 1. We will then consider the algebra of the deformed generators which occur in the description of the gauged theory from the E_{11} perspective. The commutation relations of these generators are completely fixed by imposing Jacobi identities. The resulting algebra is such that the non-linear realisation determines completely all the field-strengths of gauged maximal supergravity in five dimensions. A different approach to gauge supergravities, based on E_{10}, was presented in [34] for the three-dimensional case.

We now review the E_{11} commutation relations of the form generators up to the 4-form included that occur in the decomposition of E_{11} with respect to GL(5, R) ⊗ E_6 [14]. These generators are R^α R^{a,M} R^{ab}_M R^{abc,α} R^{abcd}_{[MN]} , (6.1) where R^α, α = 1, . . . , 78 are the E_6 generators, and an upstairs M index, M = 1, . . . , 27, corresponds to the 27 representation of E_6, a downstairs M index to the 27 of E_6 and a pair of antisymmetric downstairs indices [MN] correspond to the 351. The commutation relations for the E_6 generators is

[R^α, R^β] = f^{αβ}_γ R^γ , (6.2) where f^{αβ}_γ are the structure constants of E_6. The commutation relations of R^α with all the other generators is determined by the E_6 representations that they carry. This gives

[R^α, R^{a,M} ] = (D^α)_N^M R^{a,N} [R^α, R^{ab}_M ] = −(D^α)_M^N R^{ab}_N [R^α, R^{abc,β}] = f^{αβ}_γ R^{abc,γ} [R^α, R^{abcd}_{[MN]}] = −(D^α)_M^P R^{abcd}_{[P N]} − (D^α)_N^P R^{abcd}_{[MP ]} , (6.3)

where (D^α)_N^M obey [D^α, D^β]_M^N = f^{αβ}_γ (D^γ )_M^N . (6.4) The commutation relations of all the other generators are [R^{a,M} , R^{b,N} ] = d^{MNP} R^{ab}_P [R^{a,N} , R^{bc}_M ] = g_{αβ}(D^α)_M^N R^{abc,β} [R^{ab}_M , R^{cd}_N ] = R^{abcd}_{[MN]} [R^{a,P} , R^{bcd,α}] = S^{αP [MN]}R^{abcd}_{[MN]} , (6.5) where d^{MNP} is the symmetric invariant tensor of E_6 and g_{αβ} is the Cartan-Killing metric of E_6. S^{αP [MN]} is also an invariant tensor, which the Jacobi identities fix to be S^{αP [MN]} = − 1 2 D^α_Q^{[M} d^{N]QP} , (6.6)

and which satisfies the further identity g_{αβ} D^α_Q^{(P} S^{βR)[MN]} = − 1 2 δ^{[M}_Q d^{N]P R} . (6.7)

One can show that all the Jacobi identities involving the generators in eq. (6.1) are satisfied using the commutators listed above.

To obtain the field-strengths of the massless theory, one introduces the Og generators, that encode the gauge transformations of all the fields. We focus in particular on the Og 1 generators for the E_{11} generators listed in eq. (6.1), that are K^{a,b,M} K^{a,b1b2}_M K^{a,b1b2b3,α} K^{a,b1...b4}_{[MN]} , (6.8) and whose commutators with the momentum operator are [K^{a,b,M} , P_c] = δ^{(a}_c R^{b),M} [K^{a,b1b2}_M , P_c] = δ^a_c R^{b1b2}_M − δ^{[a}_c R^{b1b2]}_M [K^{a,b1b2b3,α}, P_c] = δ^a_c R^{b1b2b3,α} − δ^{[a}_c R^{b1b2b3],α} [K^{a,b1...b4}_{[MN]}, P_c] = δ^a_c R^{b1...b4}_{[MN]} − δ^{[a}_c R^{b1...b4]}_{[MN]} . (6.9) We then write down the group element g = e^{x·P} e^{ΦOgKOg} e^{A[MN]a1...a4 Ra1...a4[MN]} e^{Aa1a2a3,αRa1a2a3,α} e^{AMa}1^a2^{Ra1a2M} e^{Aa,M Ra,M} e^{ϕαRα} , (6.10) where we denote with K^{Og} all the Og 1 generators listed in eq. (6.8) and with Φ_{Og} their corresponding fields. One can then compute the Maurer-Cartan form, and use the inverse Higgs mechanism to fix all the Og 1 fields in terms of derivatives of the E_{11} fields, in such a way that only the completely antisymmetric terms in the Maurer-Cartan form survive. These quantities are the gauge-invariant field-strengths of the massless theory obtained in [20], which we list here F_{a1a2,M} = ∂_{[a1} A_{a2 ],M} F^M_{a1a2a3} = ∂_{[a1} A^M_{a2a3]} + 1 2 ∂_{[a1} A_{a2,N} A_{a3 ],P} d^{MNP} F^α_{a1a2a3a4} = ∂_{[a1} A^α_{a2a3a4 ]} − 1 6 ∂_{[a1} A_{a2,M} A_{a3,N} A_{a4],P} d^{MNQ}D^α_Q^P − ∂_{[a1} A^M_{a2a3} A_{a4],N} D^α_M^N F^{MN}_{a1...a5} = ∂_{[a1} A^{MN}_{a2...a5]} − 1 24 ∂_{[a1} A_{a2,P} A_{a3,Q}A_{a4,R}A_{a5],S}d^{P QT} D^α_T^RS^{αS[MN]} − 1 2 ∂_{[a1} A^P_{a2a3} A_{a4,Q}A_{a5],R}D^α_P^QS^{αR[MN]} + 1 2 ∂_{[a1} A^{[M}_{a2a3} A^{N]}_{a4a5]} +∂_{[a1} A^α_{a2 a3a4} A_{a5],P} S^{αP [MN]} (6.11)

for completeness.

We now consider the deformed case. We take as our set of generators that of eqs. (6.1) and (6.8), but to indicate that these generators themselves have been deformed, we denote them with a tilde. The commutation relations receive order g corrections with respect to the massless ones, where g is the deformation parameter. We start from the commutation relation between the deformed vector generator and the momentum operator. We impose this to be [R̃^{a,M} , P_b] = −gδ^a_b Θ^M_α R^α . (6.12)

The quantity Θ^M_α turns out to be the embedding tensor [7], and the generators Θ^M_α R^α are the generators of the subgroup G of E_6 that is gauged. These generators belong to the algebra Ẽ^{local}_{11,5} . We now show that all the commutation relations of the deformed operators among themselves and with the momentum operators are uniquely fixed by Jacobi identities. From the resulting algebra we construct the non-linear realisation whose Maurer-Cartan form gives the field-strengths of the gauged theory.

We first consider the Jacobi identity between Θ^M_α R^α, R̃^{a,N} and P_b. Defining X^{MN}_P = Θ^M_α D^α_P^N (6.13) one gets Θ^M_α Θ^N_β f^{αβ}_γ − Θ^P_γ X^{MN}_P = 0 , (6.14) which turns out to be the condition that the embedding tensor is invariant under the gauge group. We then write the commutator of the 2-form R̃^{ab}_M with P_c as [R̃^{ab}_M , P_c] = −2gW_{MN} δ^{[a}_c R̃^{b],N} , (6.15) which defines the antisymmetric tensor W_{MN} . The Jacobi identity involving R̃^{ab}_M , P_c and P_d gives W_{MN} Θ^N_α = 0 . (6.16) The Jacobi identity involving the operators R̃^{a,M} , R̃^{b,N} and P_c gives [R̃^{a,M} , R̃^{b,N} ] = d^{MNP} R̃^{ab}_P − 2gX^{[MN]}_P K̃^{a,b,P} , (6.17) using the fact that the Og 1 for the vector K̃^{a,b,M} is symmetric in ab and satisfies [K̃^{a,b,M} , P_c] = δ^{(a}_c R̃^{b),M} . (6.18) To get eq. (6.17) one has also to impose X^{(MN)}_P = −W_{P Q}d^{QMN} . (6.19) The Jacobi identity between R̃^{ab}_M , Θ^N_α R^α and P_c gives X^{MN}_{[P} W_{Q]N} = 0 , (6.20) which is the condition that the tensor W_{MN} is invariant under the gauge subgroup G. The Jacobi identity involving R̃^{a,M} , R̃^{bc}_N and P_d gives [R̃^{a,M} , R̃^{bc}_N ] = (D^α)_N^MR̃^{abc}_α + 3 2 g(X^{MP}_N + 1 3 X^{P M}_N )K̃^{a,bc}_P (6.21) and [R̃^{abc}_α, P_d] = −gΘ^M_α δ^{[a}_d R̃^{bc]}_M , (6.22) where the Og 1 operator K̃^{a,bc}_M satisfies [K̃^{a,bc}_M , P_d] = δ^a_dR̃^{bc}_M − δ^{[a}_d R̃^{bc]}_M − 2 3 gW_{MN} (δ^b_dK̃^{a,c,N} − δ^c_dK̃^{a,b,N} ) . (6.23) Proceeding this way, one can determine all the commutators requiring the closure of the Jacobi identities. This gives [R̃^{ab}_M , R̃^{cd}_N ] = R̃^{abcd}_{MN} − 4gW_{(M|P |}D^α_{N)}^P K̃^{[a,b]cd}_α , (6.24) [R̃^{a,M} , R̃^{bcd}_α] = S^{M[NP ]}_α R̃^{abcd}_{MN} − g(f^{βγ}_αΘ^M_γ + 1 3 D^β_P^M Θ^P_α )K̃^{a,bcd}_β (6.25) and [R̃^{a1 ...a4}_{MN} , P_b] = −4gW_{[M|P |}D^α_{N]}^P δ^{[a1}_b R̃^{a2 a3a4]}_α , (6.26) where we introduce the Og 1 generator for the 3-form K̃^{a,b1b2b3}_α, satisfying

[K̃^{a,b1b2b3}_α, P_c] = δ^a_c R̃^{b1b2b3}_α − δ^{[a}_c R̃^{b1b2b3]}_α − 3 4 gΘ^M_α δ^{[b1}_c K̃^{|a|,b2b3]} . (6.27)

In order to get these results one has to impose an additional constraint

f^{αβ}_γ Θ^Q_β − D^α_P^QΘ^P_γ = 4D^α_M^P W_{P N} g_{βγ} S^{βQ[MN]} , (6.28)

which shows that the embedding tensor and W_{MN} are related by the invariant tensor S^{αP [MN]}, and thus belong to the same representation of E_6, which is the 351.

To summarise, we have determined the commutation relations satisfied by the deformed E_{11} p-form generators, the corresponding deformed Og 1 generators and the momentum operator of the five-dimensional massive theory starting from eq. (6.12) and imposing the closure of the Jacobi identities. We will now determine the field-strengths of the 1-forms, 2-forms and 3-forms of the theory using these results. We consider the group element g = e^{x·P} e^{ΦOgK̃Og} e^{A[MN]a1...a4 R̃a1...a4[MN]} e^{Aa1a2a3,αR̃a1a2a3,α} e^{AMa}1^a2^{R̃a1a2M} e^{Aa,M R̃a,M} e^{ϕαRα} , (6.29) where as in the massless case we denote with K̃^{Og} all the deformed Og 1 generators and with Φ_{Og} the corresponding fields. One can then compute the Maurer-Cartan form, and use the inverse Higgs mechanism to fix all the Og 1 fields in such a way that only the completely antisymmetric terms in the Maurer-Cartan form survive. To compute the fieldstrengths, it is thus sufficient to consider only the R̃ operators and P_a in the group element above. The final result is

F_{a1 a2,M} = ∂_{[a1} A_{a2],M} + 1 2 gX^{[NP ]}_M A_{[a1,N} A_{a2],P} − 2gW_{MN} A^N_{a1a2} F^M_{a1 a2a3} = ∂_{[a1} A^M_{a2 a3]} + 1 2 ∂_{[a1} A_{a2,N} A_{a3],P} d^{MNP} − 2gX^{(MN)}_P A^P_{[a1a2} A_{a3],N} + 1 6 gX^{[NP ]}_R d^{RQM} A_{[a1,N} A_{a2,P} A_{[a3],Q} + gΘ^M_α A^α_{a1a2a3} F^α_{a1 ...a4} = ∂_{[a1} A^α_{a2...a4]} − 1 6 ∂_{[a1} A_{a2,M} A_{a3,N} A_{a4],P} d^{MNQ}D^α_Q^P − ∂_{[a1} A^M_{a2 a3} A_{a4],N} D^α_M^N +gD^α_M^P Θ^M_β A_{[a1,P} A^β_{a2 ...a4]} + 4gD^α_M^P W_{P N} A^{MN}_{a1...a4} − gD^α_M^P W_{P N} A^M_{[a1a2} A^N_{a3a4]} −gD^α_M^P X^{(MR)}_Q A_{[a1,P} A_{a2 ,R}A^Q_{a3a4]} − 1 24 gX^{[MN]}_R d^{RP S}D^α_S^QA_{[a1,M} A_{a2 ,N} A_{a3 ,P} A_{a4],Q}(6.30) These are the field-strengths of the five-dimensional gauged maximal supergravity [20]. One can also derive the gauge transformations of the fields from the non-linear realisation as they arise as rigid transformations of the group element, g → g_0g, as long as one includes the Og generators. The result is

δA_{a,N} = ∂_aΛ_N − gΛ_SX^{SM}_N A_{aM} + 2gW_{MP} Λ^P_a δA^N_{a1a2} = ∂_{[a1} Λ^N_{a2]} + 1 2 ∂_{[a1} Λ_S A_{a2]T} d^{ST N} + gΛ_SX^{SN}_M A^M_{a1a2} + 2W_{SP} Λ^P_{[a1} A_{a2]T} d^{ST N} −gΛ^α_{a1a2} Θ^N_α δA^α_{a1a2a3} = ∂_{[a1} Λ^α_{a2a3]} + ∂_{[a1} Λ_M A^N_{a2 a3]}D^α_N^M + 1 6 ∂_{[a1} Λ_M A_{a2 ,N} A_{a3 ],P} d^{MNQ}D^α_Q^P −gΛ_P Θ^P_β f^{αβ}_γ A^γ_{a1 a2a3} + 2gW_{MP} Λ^P_{[a1} D^α_N^M A^N_{a2a3]} + 1 3 gW_{MR}Λ^R_{[a1} d^{MNQ}D^α_Q^P A_{a2,N} A_{a3]} −4gD^α_M^P W_{P N} Λ^{MN}_{a1a2a3} . (6.31)

In [20] these transformations were derived both from E_{11} and from requiring the closure of the supersymmetry algebra. Indeed, the commutator of two supersymmetry transformations on these fields gives the gauge transformations above provided that the fields are related by dualities. In particular the 1-forms are dual to 2-forms while the 3-forms are dual to scalars in five dimensions. The field-strength of the 4-form is dual to the mass parameter. The field strengths and gauge transformations obtained here precisely agree with those obtained by supersymmetry.

In the above we have taken Jacobi identities with all the deformed generators of eqs. (6.1) and (6.8) with the exception of R^α, but we have instead restricted our use to Θ^M_α R^α.

Using the Jacobi identities for R^α would lead to results that are too strong. A solution to this problem, at least at low levels, requires adding to spacetime the scalar charges in the l multiplet, as was done in [20]. In this case the Jacobi identities are automatically satisfied. Adding the higher charges in the l multiplet may also resolve this problem at higher level.

To summarise, we have thus shown that the methods explained in this paper give an extremely fast way of computing the field strengths of all the forms and dual forms of five-dimensional gauged maximal supergravity. These methods can be easily generalised to any dimension, providing a remarkably efficient way of determining the gauge algebra of any massless or massive theory with maximal supersymmetry.

7 The dual graviton

Any very-extended Kac-Moody algebra, when decomposed in terms of a GL(D, R) subalgebra which one associates to the non-linear realisation of gravity, contains a generator with D − 2 indices in the hook Young Tableaux irreducible representation with D − 3 completely antisymmetric indices, that is R^{a,b1...bD−3} with R^{[a,b1...bD−3]} = 0 (in the case of E_{11} decomposed in terms of GL(11, R), this generator is R^{a,b1...b8} ). The field associated to this generator in the non-linear realisation has the degrees of freedom of the dual graviton. The Kac-Moody algebra therefore describes together the graviton and the dual graviton. In this section we will consider the Og operators for the dual graviton. We will focus on the four-dimensional case, in which the dual graviton generator R^{ab} is symmetric in its two indices.

In subsection 7.1 we will first consider the case of the dual graviton in flat space. This corresponds to considering the dual graviton generator by itself, together with its corresponding Og generators. This does not arise from any very-extended Kac-Moody algebra. A field theory description of a linearised dual graviton is known to exist, and its field equations in four dimensions were first obtained by Curtright [35]. For subsequent developments see [1, 36].

We then consider the dual graviton coupled to gravity. The simplest very-extended Kac- Moody algebra whose non-linear realisation gives rise to a four-dimensional theory is the algebra A^{+++}_1 , whose Dynkin diagram is shown in fig. 5. The corresponding spectrum does not contain any form. We will show that there is no consistent solution of the inverse Higgs mechanism that leaves a propagating dual graviton. We will also consider the case of E_{11} in four dimensions, which corresponds to deleting node 4 in the diagram of fig. 1, leading to the internal symmetry algebra E_7. In this case we will show that even considering linearised gravity, that is neglecting the GL(4, R) generators and the corresponding Og generators, and only considering interactions of the dual graviton with matter, one is left with no consistent field strength for the dual graviton. This result is consistent with [37], where it was shown that it is impossible to write down a dual Riemann tensor in the presence of matter even when gravity is treated at the linearised level.

In the first subsection we will only consider the algebra of R^{ab} and all the corresponding Og generators. The Maurer-Cartan form, that can be thought as the Maurer-Cartan form of A^{+++}_1 or E_{11} truncated to this sector, leads to invariant quantities that can be constrained by means of the inverse Higgs mechanism to generate the Riemann tensor for the linearised dual graviton. In the second subsection we will then consider the case of dual graviton coupled to gravity, which corresponds to the algebra A^{+++}_1 , and in the third subsection we will consider the E_{11} case of the dual graviton coupled to vectors with linearised gravity.

7.1 The dual graviton in four dimensions

In this subsection we want to consider the dual graviton alone, that is without introducing the generator associated to the graviton or any other matter generator. We want to show that one can introduce suitable Og generators for the dual graviton in such a way that gives rise to a consistent field strength and consistent gauge transformations. The dual graviton generator in four dimensions is a generator with 2 symmetric indices R^{ab}. Following the notation of the previous section, we define two Og 1 generators K^{a,bc}_1 and K̃^{abc}_1 in the irreducible GL(4, R) representations defined as

K^{a,bc}_1 = K^{a,(bc)}_1 K^{(a,bc)}_1 = 0 K̃^{abc}_1 = K̃^{(abc)}_1 , (7.1)

and whose corresponding Young Tableaux are shown in fig. 3. Note that the sum of these two representations corresponds to an object with three indices, symmetric under the exchange of two of them and with no further constraint. These operators satisfy the commutation relations [K^{a,bc}_1 , P_d] = δ^a_d R^{bc} − δ^{(a}_d R^{bc)} [K̃^{abc}_1 , P_d] = δ^{(a}_d R^{bc)} , (7.2) while we take R^{ab} as commuting with P_a. We also take R^{ab} as commuting with itself because we are considering the dual graviton alone (for instance in A^{+++}_1 the dual graviton is a generator at level 1, and therefore the commutator of two dual graviton generators leads to an operator at level 2). Also all the dual graviton Og generators are taken to commute with each other, and to commute with R^{ab} as well.

dual graviton Og 1 Og 2 Og 2

R^{ab}: K^{a,bc}_1 :

K̃abc_1 :

K^{a,bcd}_2 :

K̃abcd_2 : K̄^{ab,cd}_2 :

Figure 3: The Young Tableaux of the first Og and Og generators for the dual graviton in four dimensions.

We now consider the Og 2 operators. These are K^{a,bcd}_2 and K̃^{abcd}_2 in the GL(4, R) representations K^{a,bcd}_2 = K^{a,(bcd)}_2 K^{(a,bcd)}_2 = 0 K̃^{abcd}_2 = K̃^{(abcd)}_2 , (7.3)

whose Young Tableaux are shown in fig. 3, and their commutation relation with P_a is [K^{a,bcd}_2 , P_e] = δ^{(b}_e K^{|a|,cd)}_1 + 2 3 (δ^a_e K̃^{bcd}_1 − δ^{(a}_e K̃^{bcd)}_1 ) [K̃^{abcd}_2 , P_e] = δ^{(a}_e K̃^{bcd)}_1 . (7.4)

The coefficient^2_3 in the first commutator can be obtained from the Jacobi identity involving K^{a,bcd}_2 and two P ’s.

We will now compute the Maurer-Cartan form, and we will first consider only the contribution from dual graviton and the Og 1 fields, while the Og 2 fields will be included later. We thus consider the group element g = e^{x·P} e^{Φ1a,bcKa,bc1} e^{Φ̃1abcK̃abc1} e^{AabRab} , (7.5) from which one computes the Maurer-Cartan form

g^{−1}∂_μg = P_μ + (∂_μA_{ab} − Φ^1_{μ,ab} − Φ̃^1_{μab})R^{ab} + ... , (7.6)

which is invariant under δA_{ab} = a_{ab} + x^cb_{c,ab} + x^cb̃_{abc} δΦ^1_{a,bc} = b_{a,bc} δΦ̃^1_{a,bc} = b̃_{a,bc} . (7.7)

The first of eqs. (7.7) is reproducing the gauge transformation for the dual graviton in flat space, δA_{ab} = ∂_{(a}Λ_{b)} (7.8) at linear order in x, that is quadratic order in x for the gauge parameter Λ_a, Λ_a = a_{ab}x^b − b_{a,bc}x^bx^c + 1 2 b̃_{abc}x^bx^c . (7.9)

One can solve for inverse Higgs in such a way that the whole Maurer-Cartan form proportional to R^{ab} vanishes compatibly with the symmetries. This corresponds to fixing

Φ^1_{μ,ab} = ∂_μA_{ab} − ∂_{(μ}A_{ab)} (7.10) and Φ̃^1_{μ,ab} = ∂_{(μ}A_{ab)} . (7.11)

The fact that reproducing the gauge transformations for A_{ab} at linear order in x allows one to eliminate completely the Maurer-Cartan form proportional to R^{ab} by means of the inverse Higgs mechanism corresponds to the fact that one cannot write a gauge invariant quantity at linear order in the derivatives. Note that there is a crucial difference here with respect to the non-linear realisation of gravity discussed in section 2. In that case the part of the Maurer-Cartan form proportional to the generators of the local subalgebra SO(D) gives the SO(D) connection, which becomes the spin connection once the inverse Higgs mechanism is applied. In this case the dual graviton field is already symmetric, and thus there is no corresponding local Lorentz symmetry. It is for this reason that at this level the Maurer-Cartan form vanishes once the inverse Higgs mechanism is applied.

We now consider the contribution from the Og 2 fields. We write the group element as g = e^{x·P} e^{Φ2a,bcdKa,bcd2} e^{Φ̃2abcdK̃abcd2} e^{Φ1a,bcKa,bc1} e^{Φ̃1abcK̃abc1} e^{AabRab} , (7.12) and obtain the corresponding Maurer-Cartan form

g^{−1}∂_μg = P_μ + (∂_μA_{ab} − Φ^1_{μ,ab} − Φ̃^1_{μab})R^{ab} + (∂_μΦ^1_{a,bc} − Φ^2_{a,μbc})K^{a,bc}_1 + (∂_μΦ̃^1_{abc} − 2 3 Φ^2_{μ,abc} − Φ̃^2_{μabc})K̃^{abc}_1 + ... . (7.13)

Having introduced the Og 2 operators, the transformations of the field that leave the Maurer-Cartan form invariant acquire additional contributions, and in particular there is a term in the variation of A_{ab} which is quadratic in x. The result is δA_{ab} = a_{ab} + x^cb_{c,ab} + x^cb̃_{abc} + 5 6 x^cx^dc_{c,abd} − 1 2 x^cx^dc_{(c,ab)d} + 1 2 x^cx^dc̃_{abcd} δΦ^1_{a,bc} = b_{a,bc} + x^dc_{a,bcd} − x^dc_{(a,bc)d} δΦ̃^1_{a,bc} = b̃_{a,bc} + 2 3 x^dc_{d,abc} + x^dc̃_{abcd} δΦ^2_{a,bcd} = c_{a,bcd} δΦ̃^2_{a,bcd} = c̃_{a,bcd} . (7.14) In particular the first of these variations is the most general gauge transformation for the field A_{ab} of the form (7.8) up to terms cubic in x.

We now apply the inverse Higgs mechanism, solving for the fields Φ^2_{a,bcd} and Φ̃^2_{abcd} in terms of A_{ab}. The result is Φ^2_{a,bcd} = 1 4 [∂_a∂_bA_{cd} + ∂_a∂_cA_{db} + ∂_a∂_dA_{bc} − ∂_b∂_cA_{ab} − ∂_b∂_dA_{ac} − ∂_c∂_dA_{ab}] Φ̃^2_{abcd} = ∂_{(a}∂_bA_{cd)} . (7.15)

Plugging this into the Maurer-Cartan form, one notices that there is a non-vanishing term proportional to K^{a,bc}_1 , that is

g^{−1}∂_μg = P_μ + ( 1 3 ∂_μ∂_aA_{bc} − 1 3 ∂_μ∂_bA_{ac} − 1 3 ∂_a∂_bA_{μc} + 1 3 ∂_b∂_cA_{μa})K^{a,bc}_1 + ... . (7.16) This is indeed the Riemann tensor of linearised gravity D_{ab,cd}, which is a tensor in the window-like Young Tableaux representation.

One can introduce in the same way the higher Og generators, constructing in this way gauge invariant quantities which are derivatives of the Riemann tensor. The end result is thus g^{−1}∂_μg = P_μ + D_{μa,bc}K^{a,bc}_1 + ... , (7.17) where the dots correspond to derivatives of the dual graviton Riemann tensor D_{ab,cd} = 1 3 ∂_a∂_bA_{cd} − 1 6 ∂_a∂_cA_{bd} − 1 6 ∂_a∂_dA_{bc} − 1 6 ∂_b∂_cA_{ad} − 1 6 ∂_b∂_dA_{ac} + 1 3 ∂_c∂_dA_{ab} (7.18)

contracted with higher order Og generators. This shows that the linearised dual graviton admits a description in terms of R^{ab} and Og generators, and the corresponding Maurer- Cartan form contains the correct Riemann tensor, which can be used to construct the dynamics.

We now want to perform a dimensional reduction on a circle of coordinate y. We thus take the dual graviton and all the Og fields to be y independent. The representations of GL(3, R) that arise in the three-dimensional compactified theory are shown in fig. 4 for the dual graviton field and the first two Og fields. The circle dimensional reduction corresponds to the assumption that neither the dual graviton field nor the Og fields depend on y.

The dual graviton A_{ab} in four dimensions has two symmetric indices, and after dimensional reduction it leads to an object with two symmetric indices A_{ab}, a vector A_a = A_{ay} and a scalar A = A_{yy}. As the figure shows, the Og 1 fields can be divided in three sets. The first one contains the Og fields for the field with two symmetric indices A_{ab} and the vector A_a. This is precisely what we want in order to obtain the correct gauge transformations for the three-dimensional fields. The second set contains the same representations as the dimensionally reduced fields. The dy part of the Maurer-Cartan form contains these fields summed to the y derivative of the dimensionally reduced fields. Thus, from the requirement that the fields do not depend on y it follows that these Og fields can be put to zero using the inverse Higgs mechanism. Finally, the third set contains a field with two antisymmetric indices and a vector, and we call these fields the Og 1 fields for the vector and the scalars. These fields are the ones of interest to us in the following. The dimensional reduction of the Og 2 fields gives the Og 2 fields for the field with two symmetric indices and the vector, together with a set of fields in the same representations as the dimensionally reduced Og 1 fields, and again the dy part of the Maurer-Cartan form contains these Og 2 fields summed to the y derivative of all the Og 1 fields. Using y independence and the inverse Higgs mechanism one thus sets to zero these Og 2 fields.

We now explain the occurrence of the Og 1 fields and generators in the dimensional reduction. In the four-dimensional theory, once the inverse Higgs mechanism is applied the Maurer-Cartan form is given in eq. (7.17), and the first non-vanishing term is the dual field Og 1 Og 2 ⊕ ⊕

1

⊕ ⊕

∂_y(field)

⊕ ⊕ 1 Og ⊕

∂_y(Og 1)

⊕ ⊕ ⊕ ⊕ ⊕ 1⊕ ⊕

Figure 4: The dimensional reduction of the dual graviton and its Og fields. Each field is aligned horizontally with its corresponding Og fields. The rest of the Og n fields are associated to the y derivative of the Og (n − 1) fields. The dimensional reduction also produces Og 1 fields for the vector and the scalar.

graviton Riemann tensor, which is at second order in derivatives. Using the y-independence of the fields, the dimensional reduction of the Riemann tensor leads to the Riemann tensor for A_{ab} in three dimensions together with D_{ab,cy} = 1 2 ∂_aF_{bc} + 1 3 ∂_{(b}F_{|a|c)} D_{ab,yy} = 1 3 ∂_a∂_bA , (7.19)

while D_{ay,yy} vanishes. Here we have denoted with F_{ab} = ∂_{[a}A_{b]} the field-strength of the vector. As eq. (7.19) shows, the Maurer-Cartan form in three dimensions thus contains the Riemann tensor of A_{ab} together with the derivative of the field-strength of the vector and the double derivative of the scalar. This implies that among the rest, the Maurer-Cartan form is invariant under the transformations

δA_a = x^bb_{[ba]} δA = b_ax^a , (7.20) which indeed lead to δF_{ab} = b_{[ab]} δ(∂_aA) = b_a . (7.21) Such transformations cannot be written as standard gauge transformations for the corresponding fields, and indeed they do not leave the field strength invariant, although they are symmetries of the dimensionally reduced Riemann tensor. They are generated by the operators associated to the Og 1 fields in fig. 4, and in general we define the Og generators as those producing transformations that cannot be written as gauge transformations. The Og 1 fields in fig. 4, together with the standard Og 1 fields for A_{ab} and A_a, are such that all the terms with one derivative of the fields in the Maurer-Cartan form vanish once the inverse Higgs mechanism is applied. The standard gauge transformations of the fields are obtained by performing a truncation that projects out the Og 1 generators, and once this truncation is performed one can no longer use the inverse Higgs mechanism to cancel the one derivative terms completely, which indeed give F_{ab} and the derivative of the scalar.

7.2 The dual graviton in A^{+++}_1 in four dimensions

The non-linear realisation based on the algebra A^{+++}_1 , whose Dynkin diagram is shown in fig. 5, has the particular feature of only containing in four dimensions the graviton and its duals, which are fields with two symmetric indices together with an arbitrary number of blocks of two antisymmetric indices, as well as generators with sets of 3 or 4 antisymmetric indices. This in particular means that the spectrum does not contain any forms, that is fields with completely antisymmetric indices.

1 2 3 4

Figure 5: The A^{+++}_1 Dynkin diagram.

Decomposing the adjoint representation of A^{+++}_1 in representations of GL(4, R) one gets K^a_b at level zero, which are the generators of GL(4, R), and R^{ab} at level one. The generators at higher level can be obtained as multiple commutators of R^{ab} subject to the Serre relations, and the number of indices of a generator at level l is 2l. We will ignore all the generators of level higher than 1 in this subsection. The commutation relation between K^a_b and R^{ab} is [K^a_b, R^{cd}] = δ^c_b R^{ad} + δ^d_b R^{ca} . (7.22)

We now want to introduce the Og generators for both the graviton and the dual graviton, in order to reproduce the correct general coordinate transformation for the fields, as well as the expected gauge transformation for the dual graviton. As in the previous subsection, we have [R^{ab}, P_c] = 0 . (7.23) We thus obtain the commutator between the gravity Og 1 operator K^{ab}_c and R^{ab} by the Jacobi identity with P_a. The result is

[K^{ab}_c, R^{de}] = δ^d_c K^{e,ab}_1 + δ^e_c K^{d,ab}_1 − 2(δ^d_c K̃^{abe}_1 + δ^e_cK̃^{abd}_1 ) . (7.24)

Similarly, imposing the Jacobi identity between P_a, K^a_b and the Og 1 dual graviton operators gives [K^a_b, K^{c,de}_1 ] = δ^c_b K^{a,de}_1 + δ^d_b K^{c,ae}_1 + δ^e_b K^{c,da}_1 [K^a_b, K̃^{cde}_1 ] = 3δ^{(c}_b K̃^{de)a}_1 (7.25)

as expected from the index structure of the operators.

We would expect that the commutator between the Og 1 gravity operator K^{ab}_c and the dual graviton Og 1 operators gave the Og 2 dual graviton operators in fig. 3 if a description of both gravity and dual gravity were possible. This turns out to be impossible, i.e. one can show that the Jacobi identity between K^{ab}_c, P_a and either K^{a,bc}_1 or K̃^{abc}_1 is not satisfied if the commutator between K^{ab}_c and the dual graviton Og 1 operators gives dual graviton Og 2 operators. This is indeed the problem that one typically encounters when trying to construct a dual Riemann tensor.

One can define an operator K̄^{ab,cd}_2 satisfying

K̄^{ab,cd}_2 = K̄^{(ab),cd}_2 = K̄^{ab,(cd)}_2 = K̄^{cd,ab}_2 K̄^{a(b,cd)}_2 = 0 , (7.26)

whose corresponding Young Tableaux is shown in the last column in fig. 3. We define the commutation relation of this operator with P_a to be [K̄^{ab,cd}_2 , P_e] = 1 2 δ^{(a}_e K^{b),cd}_1 + 1 2 δ^{(c}_e K^{d),ab}_1 . (7.27)

This is indeed the most general result compatible with the symmetries, and one can show that the Jacobi identity with a further P_a operator is satisfied.

If one adds the term exp(Φ̄^2_{ab,cd}K̄^{ab,cd}_2 ) to the group element of eq. (7.12), one obtains that a transformation δΦ̄^2_{ab,cd} = c̄_{ab,cd} (7.28) implies an x^2 transformation for A_{ab} of the form δA_{ab} = 1 2 c̄_{ab,cd}x^cx^d . (7.29) This transformation cannot be written as a gauge transformation of eq. (7.8) for the linearised graviton. Following the arguments of the previous subsection, we refer to K̄^{ab,cd}_2 as an Og operator. The inverse Higgs mechanism allows to gauge away completely all the terms at most quadratic in x in the field, with this still being compatible with all the symmetries.

Having introduced the operator K̄^{ab,cd}_2 , one obtains that the commutator between K^{ab}_c and the dual graviton Og 1 operators can now be made compatible with the Jacobi identity with P_a. The result is [K^{ab}_c, K^{d,ef}_1 ] = −6δ^{(e}_c K^{|d|,f)ab}_2 + 6δ^{(d}_c K^{e,f)ab}_2 + 2δ^d_c K̃^{efab}_2 − 2δ^{(d}_c K̃^{ef)ab}_2 −4δ^d_c K̄^{ef,ab}_2 + 4δ^{(d}_c K̄^{ef),ab}_2 [K^{ab}_c, K̃^{def}_1 ] = 3δ^{(d}_c K^{e,f)ab}_2 − 10δ^{(d}_c K̃^{ef)ab}_2 + 2δ^{(d}_c K̄^{ef),ab}_2 . (7.30)

The fact that K̄^{ab,cd}_2 must appear on the right hand side of this commutation relation is the main result of this section. This shows that the only inverse Higgs mechanism compatible with the symmetries is the one that gauges away the dual graviton completely. We expect that once all the Og operators for the dual graviton are introduced together with the Og operators for both the graviton and the dual graviton, the resulting algebra is well defined. We conjecture that the same applies to all the generators of A^{+++}_1 with positive level. As a consequence of this, after having applied the inverse Higgs mechanism, the Maurer-Cartan form will contain only the graviton Riemann tensor and its derivatives.

It is interesting to discuss the dimensional reduction to three dimensions in this case as we have done in the previous subsection. Following arguments similar to that case, one can show that the dimensional reduction of all the generators in fig. 3 contains the Og 1 and Og 2 generators for the scalar and the vector, and more generally the dimensional reduction of all the Og and Og dual graviton generators leads to all the Og and Og generators for the dimensionally reduced fields. The algebra of the dimensionally reduced theory can be truncated in such a way that the Og generators for the scalar and the vector that arise from the reduction of the dual graviton can be consistently projected out, so that the corresponding Maurer-Cartan form results in the field-strengths for this fields, as well as their derivatives, once the inverse Higgs mechanism is applied.

7.3 The dual graviton in E^{+++}_8 in four dimensions

In this subsection we want to discuss the case in which the dual graviton couples to matter. We will discuss the case of the non-linear realisation of E^{+++}_8 , i.e. E_{11}, in four dimensions, which corresponds to the bosonic sector of four-dimensional maximal supergravity. The Dynkin diagram of E_{11} is shown in fig. 1, and the four dimensional theory is obtained deleting node 4 in the diagram. The internal symmetry is E_7, and the spectrum contains among the rest vectors in the 56 of E_7. We will show that even neglecting couplings to gravity, it is impossible to make the gauge transformation of the dual graviton compatible with that of the vector. The situation is exactly as in the previous subsection: the commutator of two Og 1 operators for the vector generate the operator K̄^{ab,cd}_2 , which is an Og 2 operator for the dual graviton.

Decomposing the adjoint representation of E_{11} in representations of GL(4, R) one gets at level zero the gravity generators K^a_b and the E_7 generators R^α, while at level 1 one gets R^{a,M} , where M denotes the 56 of E_7. The higher level generators can be obtained as multiple commutators of R^{a,M} . In particular at level 2 one gets

[R^{a,M} , R^{b,N} ] = D^{MN}_α R^{[ab],α} + Ω^{MN} R^{ab} , (7.31)

where R^{ab,α} is the 2-form generator in the adjoint of E_7 and R^{ab} is the dual graviton generator. We have also introduced

D^{αMN} = Ω^{MP} D^α_P^N (7.32)

which is symmetric in MN, and D^α_M^N are the generators in the 56. Finally Ω^{MN} is the antisymmetric invariant tensor of E_7. The field associated to the generator R^{[ab],α} is related to the scalars by duality. In the rest of this section we will ignore the 2-form contribution to the commutator of eq. (7.31), and we will only consider the dual graviton contribution,

[R^{a,M} , R^{b,N} ] = Ω^{MN} R^{ab} . (7.33)

This truncation of the algebra is consistent because the Jacobi identities close independently on the 2-form generators and on the dual graviton generators.

The Og 1 generator for the vector R^{a,M} is a generator K^{ab,M} symmetric in ab, whose commutation relation with P_a is

[K^{ab,M} , P_c] = δ^{(a}_c R^{b),M} . (7.34)

The commutation relation of K^{ab,M} with R^{a,M} can be obtained by imposing the Jacobi identity of these operators with P_a and using eqs. (7.2), eq. (7.33) and eq. (7.34), as well as the fact that R^{a,M} commutes with P_a. The result is [R^{a,M} , K^{bc,N} ] = − 1 2 Ω^{MN} K^{a,bc}_1 + Ω^{MN} K̃^{abc}_1 . (7.35)

We can now write the group element up to Og 2 generators, g = e^{x·P} e^{Φ1a,bcKa,bc1} e^{Φ̃1abcK̃abc1} e^{Φab,M Kab,M} e^{AabRab} e^{Aa,M Ra,M} , (7.36) which leads to the Maurer-Cartan form

g^{−1}∂_μg = P_μ + (∂_μA_{a,M} − Φ_{μa,M} )R^{a,M} + (∂_μA_{ab} + 1 2 Ω^{MN} ∂_μA_{a,M} A_{b,N} − Φ^1_{μ,ab} − Φ̃^1_{μab} − Φ_{μa,M} A_{b,N} Ω^{MN} )R^{ab} + ... . (7.37) The inverse Higgs mechanism then leaves the field strength for the vector, while the term contracting R^{ab} is put to zero by solving for Φ^1_{μ,ab} and Φ̃^1_{μab} in terms of A_{ab} and A_{a,M} .

We now compute the commutator of two Og 1 operators K^{ab,M} for the vector, and we determine which Og 2 generators are needed to satisfy the Jacobi identities. It turns out that because of the symmetry of the commutator, it is not possible to generate the Og 2 dual graviton operator K^{a,bcd}_2 , and the Jacobi identity with P_a imposes that this actually closes on K̃^{abcd}_2 and K̄^{ab,cd}_2 . The result is [K^{ab,M} , K^{cd,N} ] = 2Ω^{MN} K̃^{abcd}_2 − Ω^{MN} K̄^{ab,cd}_2 . (7.38) Thus exactly as in the case of the dual graviton coupled to gravity of the previous subsection we have found here that the commutator of two Og operators generates an Og operator for the dual graviton, which means that a gauge invariant field strength for the dual graviton is not compatible with vector gauge invariance.

We claim that this is a generic feature of E_{11} positive level generators with spacetime indices with mixed symmetry. The algebra of their Og generators does not close, and one is forced to introduce Og generators for all these mixed symmetry generators. Only for the gravity generator, which has level zero, and for the generators with completely antisymmetric indices the Og algebra closes. As a consequence only for these fields can one use the inverse Higgs mechanism and be left with a non-vanishing field-strength. The fact that the positive level mixed symmetry generators require the introduction of the Og and Og generators implies instead that the corresponding fields do not allow a gauge invariant field strength and the inverse Higgs mechanism gauges away these fields completely. To show this one computes Jacobi identities involving positive level E_{11} generators, Og generators and the momentum operator P_a. Thus this result deeply relies on the structure of the E_{11} algebra. The dimensional reduction allows a further truncation of the algebra in the case in which a mixed symmetry generator gives rise to a generator with completely antisymmetric indices. Indeed in this case, as was shown in the previous subsections, the Og generators can be consistently projected out.

It is important to stress that the dynamics is compatible with this construction. The field strengths of the antisymmetric fields are first order in derivatives, and therefore one needs fields and dual fields to construct duality relations which are first order equations for these fields. The gravity Riemann tensor instead is at second order in derivatives and thus there is no need of a dual field to construct its equation of motion.

8 Conclusions

In this paper we have given a method of obtaining field strengths and gauge transformations of all the massless and massive maximal supergravity theories starting from E_{11}. The global E_{11} transformations of the fields are promoted to gauge transformations by the inclusion in the algebra of additional generators.

We have first shown how this mechanism works for pure gravity. We have constructed Einstein’s theory of gravity using a non-linear realisation which takes as its underlying algebra one that consists of IGL(D, R) and an infinite set of additional generators whose effect is to promote the rigid IGL(D, R) to be local. This infinite number of additional generators lead to local translations, that is general coordinate transformations, but to no new fields in the final theory as their Goldstone fields are solved in terms of the graviton field using a set of invariant constraints placed on the Cartan forms. This is an example of what has been called the inverse Higgs effect [23].

We have then generalised this procedure to E_{11} at low levels. We have taken the algebra, called E^{local}_{11} consisting of non-negative level E_{11} generators, the generators P_a and an infinite number of additional generators, whose role is to promote all the low level E_{11} symmetries to gauge symmetries. Again, as in the gravity case these generators do not lead to new Goldstone fields. We have shown that the non-linear realisation of the algebra E^{local}_{11} describes at low levels in eleven dimensions the 3-form and the 6-form of the eleven dimensional supergravity theory with all their gauge symmetries.

We have then considered in general the formulation of D-dimensional maximal gauged supergravity theories from the viewpoint of the enlarged algebra Ẽ^{local}_{11,D} . We have first considered as a toy model the Scherk-Schwarz dimensional reduction of the IIB supergravity theory from this viewpoint. One starts from the algebra E^{local}_{11,10B} corresponding to the IIB theory and take the ten dimensional space-time to arise from an operator Q̃ which is constructed from Q = P_9 and part of the SL(2, R) symmetry of the theory. This means that the 10th direction of space-time is twisted to contain a part in the SL(2, R) coset symmetry of the theory. This non-linear realisation gives a nine dimensional gauged supergravity. We have observed that not all of the algebra E^{local}_{11,10B} is essential for the construction of the gauged supergravity in nine dimensions, but only an algebra which we call Ẽ^{local}_{11,9} which is the subalgebra of E^{local}_{11,10B} that commutes with Q̃. Its generators are non-trivial combinations of E_{11} generators and the additional generators and in general the generators of Ẽ^{local}_{11,9} have non-trivial commutation relations with nine dimensional spacetime translations. Although the subalgebra Ẽ^{local}_{11,9} appears to be a deformation of the original E_{11} algebra and the space-time translations we have not changed the original commutators, but rather the new algebra arises due to the presence of the additional generators which are added to the E_{11} generators.

However, we have then shown that one can find the algebra Ẽ^{local}_{11,9} without carrying out all the above steps. Given the non-trivial relation between the lowest non-trivial positive level generator of Ẽ^{local}_{11,9} and the nine dimensional space-time translations one can derive the rest of the algebra Ẽ^{local}_{11,9} simply using Jacobi identities. This algebra determines uniquely all the field strengths of the theory, and thus one finds a very quick way of deriving the gauged supergravity theory.

This picture applies to all gauged supergravity theories, as one can easily find the algebra Ẽ^{local}_{11,D} without using its derivation from E^{local}_{11} and this provides a very efficient method of constructing all gauged supergravities. We have illustrated how this works by constructing the massive IIA theory as well as all the gauged maximal supergravities in five dimensions.

Finally, we have considered how this construction generalises to the fields with mixed symmetry, i.e. not completely antisymmetric, of E_{11} and in general of any non-linear realisation of a very-extended Kac-Moody algebra. We have considered as a prototype of such fields the dual graviton in four dimensions. If one tries to promote the global shift symmetry of the dual graviton field to a gauge symmetry, one finds that this is not compatible with the E_{11} algebra. The solution of this problem is that actually E_{11} forces to include additional generators, whose role is to enlarge the gauge symmetry of the dual graviton so that one can gauge away the field completely. This also applies if one only restricts his attention to the compatibility of the dual graviton with matter fields, that is if one neglects the gravity generators. This result agrees with the field theory analysis of [37]. More generally, this agrees with the no-go theorems of [38] on the consistency of selfinteractions for the dual graviton. Recently, an alternative approach to the construction of an action for the dual graviton has been taken [39], in which the metric only appears via topological couplings, and an additional shift gauge field is included.

As we have mentioned in the introduction it is not obvious how to to implement the conformal group, or equivalently, add the Og fields in the presence of the generators of the l multiplet. The rational for introducing the l multiplet was that it would allow an E_{11} way of encoding space-time. However, in this paper we have chosen to take only the first component of the l multiplet, namely the space-time translations and we have taken this to commute with the positive level E_{11} generators. As a result we have had to discard the negative level E_{11} generators. This is unsatisfactory as E_{11} is defined from its Chevalley generators and relations and there is no definition that uses only the positive levels. For this reason the content of the adjoint representation and the l multiplet also rely on the negative root generators. However, we know that many of the generators, and so fields in the non-linear realisation, in the former and brane charges in the latter are in very convincing agreement with what one might expect in M theory. One example being the classification of all gauged supergravities using the D − 1 forms found in the adjoint representation of E_{11}. How to reconcile local symmetries, space-time and the full E_{11} algebra is for future work.

Acknowledgments

This work is supported by the PPARC rolling grant PP/C5071745/1, the EU Marie Curie research training network grant MRTN-CT-2004-512194 and the STFC rolling grant ST/G000/395/1.

References

[1] P. C. West, “E(11) and M theory,” Class. Quant. Grav. 18 (2001) 4443 [arXiv:hep-th/0104081].

[2] P. C. West, “Hidden superconformal symmetry in M theory,” JHEP 0008 (2000) 007 [arXiv:hep-th/0005270].

[3] A. B. Borisov and V. I. Ogievetsky, “Theory of dynamical affine and conformal symmetries as gravity theory of the gravitational field,” Theor. Math. Phys. 21 (1975) 1179 [Teor. Mat. Fiz. 21 (1974) 329].

[4] I. Schnakenburg and P. C. West, “Kac-Moody symmetries of IIB supergravity,” Phys.

Lett. B 517 (2001) 421 [arXiv:hep-th/0107181].

[5] E. Bergshoeff, T. de Wit, U. Gran, R. Linares and D. Roest, “(Non-)Abelian gauged supergravities in nine dimensions,” JHEP 0210 (2002) 061 [arXiv:hep-th/0209205].

[6] H. Samtleben and M. Weidner, “The maximal D = 7 supergravities,” Nucl. Phys.

B 725 (2005) 383 [arXiv:hep-th/0506237]; B. de Wit, H. Samtleben and M. Trigiante, “On Lagrangians and gaugings of maximal supergravities,” Nucl. Phys. B 655 (2003) 93 [arXiv:hep-th/0212239]; B. de Wit, H. Samtleben and M. Trigiante, “Magnetic charges in local field theory,” JHEP 0509 (2005) 016 [arXiv:hep-th/0507289]; H. Nicolai and H. Samtleben, “Maximal gauged supergravity in three dimensions,” Phys. Rev. Lett. 86 (2001) 1686 [arXiv:hep-th/0010076].

[7] B. de Wit, H. Samtleben and M. Trigiante, “The maximal D = 5 supergravities,” Nucl. Phys. B 716 (2005) 215 [arXiv:hep-th/0412173].

[8] L. J. Romans, “Massive N=2a Supergravity In Ten-Dimensions,” Phys. Lett. B 169 (1986) 374.

[9] E. Bergshoeff, M. de Roo, M. B. Green, G. Papadopoulos and P. K. Townsend, “Duality of Type II 7-branes and 8-branes,” Nucl. Phys. B 470 (1996) 113 [arXiv:hep-th/9601150].

[10] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest and A. Van Proeyen, “New formulations of D = 10 supersymmetry and D8 - O8 domain walls,” Class. Quant. Grav. 18 (2001) 3359 [arXiv:hep-th/0103233].

[11] I. Schnakenburg and P. C. West, “Massive IIA supergravity as a non-linear realisation,” Phys. Lett. B 540 (2002) 137 [arXiv:hep-th/0204207].

[12] A. Kleinschmidt, I. Schnakenburg and P. C. West, “Very-extended Kac-Moody algebras and their interpretation at low levels,” Class. Quant. Grav. 21 (2004) 2493 [arXiv:hep-th/0309198].

[13] P. West, “The IIA, IIB and eleven dimensional theories and their common E(11) origin,” Nucl. Phys. B 693 (2004) 76 [arXiv:hep-th/0402140].

[14] F. Riccioni and P. C. West, “The E(11) origin of all maximal supergravities,” JHEP 0707 (2007) 063 [arXiv:0705.0752 [hep-th]].

[15] E. A. Bergshoeff, I. De Baetselier and T. A. Nutma, “E(11) and the embedding tensor,” JHEP 0709 (2007) 047 [arXiv:0705.1304 [hep-th]].

[16] E. Cremmer, B. Julia, H. Lu and C. N. Pope, “Dualisation of dualities. II: Twisted self-duality of doubled fields and superdualities,” Nucl. Phys. B 535 (1998) 242 [arXiv:hep-th/9806106].

[17] B. de Wit and H. Samtleben, “Gauged maximal supergravities and hierarchies of nonabelian vector-tensor systems,” Fortsch. Phys. 53 (2005) 442 [arXiv:hep-th/0501243].

[18] B. de Wit, H. Nicolai and H. Samtleben, “Gauged Supergravities, Tensor Hierarchies, and M-Theory,” JHEP 0802 (2008) 044 [arXiv:0801.1294 [hep-th]].

[19] P. C. West, “E(11), SL(32) and central charges,” Phys. Lett. B 575 (2003) 333 [arXiv:hep-th/0307098].

[20] F. Riccioni and P. C. West, “E(11)-extended spacetime and gauged supergravities,” JHEP 0802 (2008) 039 [arXiv:0712.1795 [hep-th]].

[21] C. Hillmann, “Generalized E(7(7)) coset dynamics and D=11 supergravity,” arXiv:0901.1581 [hep-th].

[22] E. A. Ivanov and V. I. Ogievetsky, “Gauge Theories As Theories Of Spontaneous Breakdown,” JETP Lett. 23 (1976) 606 [Pisma Zh. Eksp. Teor. Fiz. 23 (1976) 661].

[23] E. A. Ivanov and V. I. Ogievetsky, “The Inverse Higgs Phenomenon In Nonlinear Realizations,” Teor. Mat. Fiz. 25 (1975) 164.

[24] V. I. Ogievetsky, “Infinite-dimensional algebra of general covariance group as the closure of finite-dimensional algebras of conformal and linear groups,” Lett. Nuovo Cim. 8 (1973) 988.

[25] A. Pashnev, “Nonlinear realizations of the (super)diffeomorphism groups, geometrical objects and integral invariants in the superspace,” arXiv:hep-th/9704203.

[26] I. Kirsch, “A Higgs mechanism for gravity,” Phys. Rev. D 72 (2005) 024001 [arXiv:hep-th/0503024].

[27] N. Boulanger and I. Kirsch, “A Higgs mechanism for gravity. II: Higher spin connections,” Phys. Rev. D 73 (2006) 124023 [arXiv:hep-th/0602225].

[28] F. Riccioni and P. C. West, “Dual fields and E(11),” Phys. Lett. B 645 (2007) 286 [arXiv:hep-th/0612001].

[29] E. Bergshoeff, M. de Roo, M. B. Green, G. Papadopoulos and P. K. Townsend, “Duality of Type II 7-branes and 8-branes,” Nucl. Phys. B 470 (1996) 113 [arXiv:hep-th/9601150]; I. V. Lavrinenko, H. Lu and C. N. Pope, “Fibre bundles and generalised dimensional reductions,” Class. Quant. Grav. 15 (1998) 2239 [arXiv:hep-th/9710243]; P. Meessen and T. Ortin, “An Sl(2,Z) multiplet of nine-dimensional type II supergravity theories,” Nucl. Phys. B 541 (1999) 195 [arXiv:hep-th/9806120].

[30] E. A. Bergshoeff, J. Gomis, T. A. Nutma and D. Roest, “Kac-Moody Spectrum of (Half-)Maximal Supergravities,” JHEP 0802 (2008) 069 [arXiv:0711.2035 [hep-th]].

[31] T. Damour, M. Henneaux and H. Nicolai, “E10 and a ’small tension expansion’ of M Theory,” Phys. Rev. Lett. 89 (2002) 221601 [arXiv:hep-th/0207267].

[32] M. Henneaux, E. Jamsin, A. Kleinschmidt and D. Persson, “On the E10/Massive IIA Correspondence,” arXiv:0811.4358 [hep-th]; M. Henneaux, E. Jamsin, A. Kleinschmidt and D. Persson, “Massive Type IIA Supergravity and E10,” arXiv:0901.4848 [hep-th].

[33] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortin and F. Riccioni, “IIA ten-forms and the gauge algebras of maximal supergravity theories,” JHEP 0607 (2006) 018 [arXiv:hep-th/0602280].

[34] E. A. Bergshoeff, O. Hohm, A. Kleinschmidt, H. Nicolai, T. A. Nutma and J. Palmkvist, “E10 and Gauged Maximal Supergravity,” JHEP 0901 (2009) 020 [arXiv:0810.5767 [hep-th]].

[35] T. Curtright, “Generalized Gauge Fields,” Phys. Lett. B 165 (1985) 304. [36] J. A. Nieto, “S-duality for linearized gravity,” Phys. Lett. A 262 (1999) 274 [arXiv:hep-th/9910049]; C. M. Hull, “Duality in gravity and higher spin gauge fields,” JHEP 0109 (2001) 027 [arXiv:hep-th/0107149]; P. C. West, “Very extended E(8) and A(8) at low levels, gravity and supergravity,” Class. Quant. Grav. 20 (2003) 2393 [arXiv:hep-th/0212291]; X. Bekaert and N. Boulanger, “Tensor gauge fields in arbitrary representations of GL(D, R): Duality and Poincare lemma,” Commun. Math. Phys. 245 (2004) 27 [arXiv:hep-th/0208058]; M. Henneaux and C. Teitelboim, “Duality in linearized gravity,” Phys. Rev. D 71 (2005) 024018 [arXiv:gr-qc/0408101]; A. J. Nurmagambetov, “Duality-symmetric approach to general relativity and supergravity,” SIGMA 2 (2006) 020 [arXiv:hep-th/0602145]; U. Ellwanger, “S-dual gravity in the axial gauge,” Class. Quant. Grav. 24 (2007) 785 [arXiv:hep-th/0610206].

[37] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, A. Kleinschmidt and F. Riccioni, “Dual Gravity and Matter,” Gen. Rel. Grav. 41 (2009) 39 [arXiv:0803.1963 [hep-th]].

[38] X. Bekaert, N. Boulanger and M. Henneaux, “Consistent deformations of dual formulations of linearized gravity: A no-go result,” Phys. Rev. D 67 (2003) 044010 [arXiv:hep-th/0210278].

[39] N. Boulanger and O. Hohm, “Non-linear parent action and dual gravity,” Phys. Rev.

D 78 (2008) 064027 [arXiv:0806.2775 [hep-th]].