arXiv:0903.0494v1 [gr-qc] 3 Mar 2009

Bianchi IX in the GUP approach

Marco Valerio Battisti^† and Giovanni Montani^§

† ICRA and Centre de Physique Théorique de Luminy, Université de la Méditerranée F-13288, Marseille EU, battisti@icra.it § ICRA, ICRANet, ENEA and Dipartimento di Fisica, Università di Roma “Sapienza” P.le A. Moro 5, 00185 Rome EU, montani@icra.it

Summary. The Bianchi IX cosmological model (through Bianchi I and II) is analyzed in the framework of a generalized uncertainty principle. In particular, the anisotropies of the Universe are described by a deformed Heisenberg algebra. Three main results are in order. (i) The Universe can not isotropize because of the deformed Kasner dynamics. (ii) The triangular allowed domain is asymptotically stationary with respect to the particle (Universe) and its bounces against the walls are not interrupted by the deformed effects. (iii) No reflection law can be in obtained since the Bianchi II model is no longer analytically integrable.

The existence of a fundamental scale, by which the continuum space-time picture that we have used from our experience at large scales probably breaks down, may be taken as a general feature of any quantum theory of gravity (for a review see [1]). This claim can be formalized modifying the canonical uncertainty principle as (we adopt units such that ℏ = c = 16πG = 1) ΔqΔp ≥ 1 2 ( 1 + β(Δp)^2 + δ ) , (1)

where β and δ are positive deformation parameters. This is the so-called generalized uncertainty principle (GUP) which appeared in string theory [2], considerations on the proprieties of black holes [3] and de Sitter space [4]. From the string theory point of view, the relation above is a consequence of the fact that strings can not probe distances below the string scale. The GUP (1) implies a finite minimal uncertainty in the position Δq0 = √ β and can be recovered by deforming the canonical commutation relations as [q, p] = i(1 + βp^2) as soon as δ = β⟨p⟩^2. Recently, the GUP framework has received notable interest and a wide work has been made on this field in a large variety of directions (see [5] and references therein).

In this paper we describe the dynamics of the Bianchi cosmological models in the GUP framework reviewing the results of [6]. In particular, we analyze the most general homogeneous model (Bianchi IX or Mixmaster) passing through the necessary steps of Bianchi I and II. The GUP approach has been previously implemented to the FRW model filled with a massless scalar field [7] as well as to the Taub Universe [8]. In the first case [7], the big-bang singularity appears to be probabilistically removed but no evidences for a big-bounce, as predicted by the loop approach [9], arise (a cosmological bounce à la loop quantum cosmology has been obtained from a deformed Heisenberg algebra in [10]). The GUP Taub Universe [8] is also singularity-free and this feature is relevant since allows a phenomenological comparison with the polymer (loop) Taub Universe [11]. In fact, in the latter model, the cosmological singularity appears to be not removed. The analysis of the Bianchi models then improve such a research line since the two anisotropies of the Universe are now described by a deformed Heisenberg algebra.

The Bianchi Universes are spatially homogeneous cosmological models (for reviews see [12]) and their dynamics is summarized in the scalar constraint which, in the Misner scheme, reads H = −p^2_α + p^2_+ + p^2_− + e^{4α}V (γ±) = 0, (2)

where the lapse function N = N(t) has been fixed by the time gauge α̇ = 1 as N = −e^{3α}/2pα. The variable α = α(t) describes the isotropic expansion of the Universe while its shape changes (the anisotropies) are determinated via γ± = γ±(t). Homogeneity reduces the phase space of general relativity to six dimensions. In the Hamiltonian framework the cosmological singularity appears for α → −∞ and the differences between the Bianchi models are summarized in the potential term V (γ±) which is related to the three-dimensional scalar of curvature. As well-known, to describe the dynamical evolution of a system in general relativity a choice of time has to be performed. This can be basically accomplished in a relational way (with respect to an other field) or with respect to an internal time which is constructed from phase space variables. The ADM reduction of the dynamics relies on the idea to solve the scalar constraint with respect to a suitably chosen momentum. This way, an effective Hamiltonian which depends only on the physical degrees of freedom of the system is naturally recovered. Since the volume V of the Universe is V ∝ e^{3α}, the variable α can be regarded as a good clock for the evolution and therefore the ADM picture arises as soon as the constraint (2) is solved with respect to pα. Explicitly, we obtain −pα = H = ( p^2_+ + p^2_− + e^{4α}V (γ±) )_{1/2} , (3)

where H is a time-dependent Hamiltonian from which is possible to extract, for a given symplectic structure, all the dynamical informations about the homogeneous cosmological models.

Let us now analyze the modifications induced on a 2n-dimensional phase space by the GUP framework. Assuming the translation group as not deformed, i.e. [pi, pj ] = 0, and the existence of a new deformation parameter β^′ > 0, the phase space algebra is the one in which the fundamental Poisson brackets are [13] {qi, pj } = δij (1 + βp^2) + β^′pipj , (4) {pi, pj } = 0, {qi, qj } = (2β − β^′) + (2β + β^′)βp^2 1 + βp^2 (piqj − pj qi). These relations are obtained assuming that β and β^′ are independent constants with respect to ℏ. From a string theory point of view, keeping the parameters β and β^′ fixed as ℏ → 0 corresponds to keeping the string momentum scale fixed while the string length scale shrinks to zero [2]. The Poisson bracket for any phase space function can be straightforward obtained from (4) and reads {F, G} = ( ∂F ∂qi ∂G ∂pj − ∂F ∂pi ∂G ∂qj ) {qi, pj } + ∂F ∂qi ∂G ∂qj {qi, qj }. (5) It is worth noting that for β^′ = 2β the coordinates qi become commutative up to higher order corrections, i.e. {qi, qj } = 0 + O(β^2). This can be then considered a preferred choice of parameters and from now on we analyze this case. However, although we neglect terms like O(β^2), the case in which βp^2 ≫ 1 is allowed since in such a framework no restrictions on the p-domain arise, i.e. p ∈ R. The deformed classical dynamics of the Bianchi models can be therefore obtained from the symplectic algebra (4) for β^′ = 2β. The time evolution of the anisotropies and momenta, with respect to the ADM Hamiltonian (3), is thus given by (i, j = ±) γ̇i = {γi, H} = 1 H [ (1 + βp^2)δij + 2βpipj ] pj , (6) ṗi = {pi, H} = − e^{4α} 2H [ (1 + βp^2)δij + 2βpipj ] ∂V ∂γj , where the dot denotes differentiation with respect to the time variable α and p^2 = p^2_+ + p^2_−. These are the deformed equations of motion for the homogeneous Universes and the ordinary ones are recovered in the β = 0 case.

The Bianchi I model is the most simpler homogeneous model and describes a Universe with flat space sections [12]. Its line element is invariant under the group of three-dimensional translations and the spatial Cauchy surfaces can be then identified with R^3 . This Universe contains as a special case the flat FRW model which is obtained as soon as the isotropy condition is taken into account. Bianchi I corresponds to the case V (γ±) = 0 and thus, from the Hamiltonian (3), it is described by a two-dimensional massless scalar relativistic particle. The velocity of the particle (Universe) is modified by the deformed symplectic geometry and, from the first equation of (6), it reads

γ̇^2 = γ̇^2_+ + γ̇^2_− = p^2 H^2 ( 1 + 6μ + 9μ^2 ) = 1 + 6μ + 9μ^2, (7)

where μ = βp^2. For β → 0 (μ ≪ 1), the standard Kasner velocity γ̇^2 = 1 is recovered. Therefore, the effects of an anisotropies cut-off imply that the point-Universe moves faster than the ordinary case. In the deformed scheme the solution is still Kasner-like (γ̇± = C±(β), ṗ± = 0), but this behavior is modified by the equation (7). In particular, the second Kasner-relation between the Kasner indices s1, s2, s3 appears to be deformed as

s^2_1 + s^2 + s^2_3 = 1 + 4μ + 6μ^2, (8)

while the first one s1 + s2 + s3 = 1 remains unchanged. As usual, for β = 0, the standard one is recovered. Two remarks are therefore in order. (i) The GUP acts in an opposite way with respect to a massless scalar field in the standard model. In that case the chaotic behavior of the Mixmaster Universe is tamed [14]. On the other hand, in the GUP framework, all the terms on the right hand side of (8) are positive and it means that the Universe cannot isotropize, i.e. it can not reach the stage such that the Kasner indices are equal. (ii) For every non-zero μ, two indices can be negative at the same time. Thus, as the volume of the Universe contracts toward the classical singularity, distances can shrink along one direction and grow along the other two. In the ordinary case the contraction is along two directions.

The natural bridge between Bianchi I and the Mixmaster Umiverse is represented by the Bianchi II model. Its dynamics is the one of a two-dimensional particle bouncing against a single wall and it corresponds to the Mixmaster dynamics when only one of the three equivalent potential walls is taken into account [12]. In the Hamiltonian framework, Bianchi II is described by the potential term V (γ±) = e^{−8γ+} and this expression can be directly obtained from the one of Bianchi IX in an asymptotic region. The main features of Bianchi IX, as the BKL map, are obtained considering such a simplified model since it is, in the ordinary framework, an integrable system differently from Bianchi IX itself. The BKL map, which is as the basis of the analysis of the stochastic and chaotic proprieties of the Mixmaster Universe, appears to be the reflection law of the γ-particle (Universe) against the potential wall. A fundamental difference which arises in the deformed framework with respect to the ordinary one, is that H is no longer a constant of motion near the classical singularity. The wall-velocity γ̇w is then modified as [6] γ̇w = 1 36μ ( −4 + 22^{1/3}g^{−1/3} + 2^{2/3} g^{1/3} ) , (9)

where g = 2 + 81μγ̇^2 + 9 √ μγ̇^2(4 + 81μγ̇^2). From the two velocity equations (7) and (9), it is possible to discuss the details of the bounce. In the standard case the particle (Universe) moves twice as fast as the receding potential wall, independently of its momentum (namely its energy). In the deformed framework the particle-velocity, as well as the potential-velocity, depends on the anisotropy momentum and on the deformation parameter β. Also in this case the particle moves faster than the wall since the relation γ̇w < γ̇ is always verified (see Fig. 1) and a bounce takes then place also in the deformed picture. Furthermore, in the asymptotic limit μ ≫ 1 the maximum angle in order the bounce against the wall to occur is given by |θmax| = π/2, differently from the ordinary case (γ̇w /γ̇ = 1/2) where the maximum incidence angle is given by |θmax| = π/3. The γ-particle bounce against the wall is thus improved in

Fig. 1 The potential wall velocity γ̇w with respect to the particle one γ̇ in function of μ = βp^2. In the μ → 0 limit, the ordinary behavior γ̇w /γ̇ = 1/2 is recovered.

the sense that no longer maximum limit angle appears. However, the main difference with respect to the ordinary picture is that the deformed Bianchi II model is not analytically integrable. No reflection map can be then in general inferred. In fact, it is no longer possible to find two constants of motion in the GUP picture. For more details see [6].

On the basis of the previous analysis of the GUP Bianchi I and II models we know several features of the deformed Mixmaster Universe. We recall (see [12]) that the Bianchi IX geometry is invariant under the three-dimensional rotation group (this Universe is the generalization of the closed FRW model when the isotropy hypothesis is relaxed) and its potential term is given by V (γ±) = e^{4(γ++√3γ−)} + e^{4(γ+−√3γ− )} + e^{−8γ+} . The evolution of the Mixmaster Universe is that of a two-dimensional particle bouncing (the single bounce is described by the Bianchi II model) infinite times against three walls which rise steeply toward the singularity. Between two succeeding bounces the system is described by the Kasner evolution and the permutations of the expanding-contracting directions is given by the BKL map [15] showing the chaotic behavior of such a dynamics [16]. Two conclusions on the deformed Mixmaster Universe can be thus inferred [6].

• When the ultra-deformed regime is reached (μ ≫ 1), i.e. when the γ-particle (Universe) has the momentum bigger than the cut-off one, the triangular closed domain appears to be stationary with respect to the particle itself. The bounces of the particle are then increased by the presence of deformation terms, i.e. by the non-zero minimal uncertainty in the anisotropies.

• No BKL map (reflection law) can be in general obtained. It arises analyzing the single bounce against a given wall of the equilateral-triangular domain and the Bianchi II model is no longer an integrable system in the deformed picture. The chaotic behavior of the Bianchi IX model is then not tamed by GUP effects, i.e. the deformed Mixmaster Universe is still a chaotic system.

As last point we stress the differences between our model and the loop Mixmaster dynamics [17]. In the loop Bianchi IX model the classical reflections of the γ-particle stop after a finite amount of time and the Mixmaster chaos is therefore suppressed. In this framework, although the analysis is performed through the ADM reduction of the dynamics as we did, all the three scale factors are quantized using the loop techniques. On the other hand, in our approach the time variable (related to the volume of the Universe) is treated in the standard way and only the two physical degrees of freedom of the Universe (the anisotropies) are considered as deformed.

Acknowledgments. M. V. B. thanks ”Fondazione Angelo Della Riccia” for financial support.

References

1. L. J. Garay, Int.J.Mod.Phys.A 10 (1995) 145.

2. D. J. Gross and P. F. Mendle, Nucl.Phys.B 303 (1988) 407; D. Amati, M. Ciafaloni and G. Veneziano, Phys.Lett.B 216 (1989) 41.

3. M. Maggiore, Phys.Lett.B 304 (1993) 65; Phys.Rev.D 49 (1994) 5182. 4. H. S. Snyder, Phys.Rev. 71 (1947) 38.

5. I. Dadic, L. Jonke and S. Meljanac, Phys.Rev.D 67 (2003) 087701; B. Vakili, Phys.Rev.D 77 (2008) 044023; B. Vakili and H. R. Sepangi, Phys.Lett.B 651 (2007) 79; N. Khosravi and H. R. Sepangi, Phys.Lett.A 372 (2008) 3356.

6. M. V. Battisti and G. Montani, arXiv:0808.0831. 7. M. V. Battisti and G. Montani, Phys.Lett.B 656 (2007) 96. 8. M. V. Battisti and G. Montani, Phys.Rev.D 77 (2008) 023518. 9. A. Ashtekar, T. Pawlowski and P. Singh, Phys.Rev.Lett. 96 (2006) 141301. 10. M. V. Battisti, arXiv:0805.1178.

11. M. V. Battisti, O. M. Lecian and G. Montani, Phys.Rev.D 78 (2008) 103514. 12. G. Montani, M. V. Battisti, R. Benini and G. Imponente, Int.J.Mod.Phys.A 23 (2008) 2353; J. M. Heinzle and C. Uggla, arXiv:0901.0776.

13. S. Benczik et al., Phys.Rev.D 66 (2002) 026003.

14. V. A. Belinski and I. M. Khalatnikov, Sov.Phys.JETP 36 (1973) 591. 15. V. A. Belinski, I. M. Khalatnikov and E. M. Lifshitz, Adv.Phys. 19 (1970) 525; Adv.Phys.

31 (1982) 639.

16. G. P. Imponente and G. Montani, Phys.Rev.D 63 (2001) 103501; T. Damour, M. Henneaux and H. Nicolai, Class.Quant.Grav. 20 (2003) R145; L. Andersson, H. van Elst, W. C. Lim and C. Uggla, Phys.Rev.Lett. 94 (2005) 051101.

17. M. Bojowald and G. Date, Phys.Rev.Lett. 92 (2004) 071302; M. Bojowald, G. Date and G. M. Hossain, Class.Quant.Grav. 21 (2004) 3541.