arXiv:0903.0628v2 [hep-th] 7 Oct 2009

TAUP-2892/09

Holographic Dual of QCD from

Black D5 Branes.

†Benjamin A. Burrington,^∗ Jacob Sonnenschein

†Department of Physics, University of Toronto, Toronto, Ontario, Canada M5S 1A7.

∗School of Physics and Astronomy, The Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Ramat Aviv, 69978, Israel.

Abstract We study the dynamics of probe D7 D7 flavor probe branes in the background of near extremal D5 branes. This model is a holographic dual to a gauge theory with spontaneous breaking of a U(N_f )_L ×U(N_f )_R chiral symmetry. The spectrum of two such D7 D7 embeddings, contains a single massive 4D meson coming from the world volume U(1) gauge field, the pion, and a single massive 4D scalar meson coming from fluctuations of the embedding of the brane. In addition, there are continuum five dimensional states due to the finite height of the effective potential in the radial direction. We investigate baryons in this model, and find that the size is stabilized due to the Chern- Simons term in the D7 world volume action. The model admits a Hagedorn temperature of^1_{2πR} where R is the radius parameter in the D5 branes metric. We investigate the pattern of chiral symmetry breaking in the deconfined phase as a function of the asymptotic separation of the branes L. We find that for π 3 R < L ⪅ 1.068R that chiral symmetry is restored, and that chiral symmetry is broken for L outside this window. We further argue that the solutions with L <^π_3 are only classically stable, and in fact no D7 embedding exists with these boundary conditions.

1 Introduction

QCD at strong coupling has several properties of interest: Confinement, the existence and spectrum of bound states, and chiral symmetry breaking to name a few. Studying these phenomena from the standpoint of quantum field theory is difficult, and impossible when confined to the realm of perturbation theory.

Recently, much progress has been made by constructing brane background models with a tunable parameter, such that in one limit they become pure (weakly coupled) SU(N_c) QCD, and in the opposite they become a weakly coupled string theory [1]. Such constructions allow one to study a model that is in the same universality class as pure YM theory via gauge gravity duality [2] (for a review see [3]). Karch and Katz [4] introduced a holographic dual of dynamical flavored fundamental quarks by adding flavor probe D-branes into the gravity background. By taking the number of flavor branes to be much smaller than N_c, N_f ≪ N_c, the backreaction on the background is avoided. This is the analog of the quenched approximation in the gauge theory. This was done originally for non-confining backgrounds. In [5] a similar scenario was proposed in a confining setup.^1 The incorporation of chiral symmetry and its spontaneous breakdown has been done in the seminal papers of Sakai and Sugimoto (SS) [7, 8]. Their model which has been extensively studied in the literature.

In the SS model, the background is taken to be a near extremal D4 with one of the spatial coordinates compactified, which we will call x_4, and its radius of compactification is R_{x4} . For energies E ≪^1_{Rx4} one expects 4D dynamics contaminated with KK modes. In the low temperature regime, the correct place to put the blackening factor is in front of the dx^2_4 component of the metric, giving the u,x_4 plane the geometry of a (semi-infinite) “cigar”. The probe flavor branes are taken to be (N_f ) D8 branes, and are parallel to some combination of the radial direction, parameterized by u, and x_4. In this model, the realization of chiral symmetry breaking U(N_f )_R × U(N_f )_L → U(N_f ) is geometric, and easy to visualize: the stack of D8 branes must connect smoothly at the bottom of the cigar, and so connect smoothly out to D8 branes at infinity, making a U-shaped profile in the u, x_4 plane. At large u, the UV, one sees a disconnected D8 D8 pair with U(N_f )_R × U(N_f )_L which is broken at small u, the IR, where one sees only the diagonal U(N_f ) symmetry remaining. A variety of physical properties of meson and baryon physics has been extracted from the model. These include the massive meson spectrum, the massless Goldstone pions [7], certain decay rates [8], thermal behavior of hadrons [9], [10], as well as describing certain condensation phenomena in the theory [11–17]. It is clear, however, that the SS model is far from being the ultimate gravity dual of QCD. It

1 For references of additional papers that discussed holographic dynamical quarks see [6]

suffers from several drawbacks like the fact that its UV completion is not known, like discrepancies between its hadronic spectrum and that observed in nature. Thus, one is instructed to further construct holographic laboratories. The present paper follows these lines.

Here, we will instead take a near extremal D5 background with two of the world volume coordinates compactified (x_4, x_5), and take the flavor branes to be probe D7 branes. We take probe D7 branes will be parallel to some combination of u, x_4, x_5; some aspects of this setup have been investigated in [18], and a close analog investigated in [19]. We expect that the low energy dynamics to be once again 4D, and given the arguments of [1] (and applied to the D5 background in [19]), should also be in the same universality class as pure YM theory, excluding the flavor branes. Including the flavor branes adds chiral fermions to the low energy weak coupling description, and so the holographic setup is dual to a theory in the same universality class as pure large N_c QCD.

There are, however, some key differences between extremal D4 and D5 branes. Most distinctly is the fact that the decoupling limit does not raise a large barrier, decoupling the bulk modes. Rather, the radial effective potential becomes infinitely long, but of finite hight. We find that this is true for the effective potential of the D7 brane fluctuations as well. This gives that the effective potential has finitely many bound states, and so unfortunately only a finite number of 4D mesons. We will, however, see the same type of geometric understanding of chiral symmetry breaking as described above.

To begin, we will now briefly review the near horizon limit of the near extremal D5 background we wish to study. The metric is given by

ds^2 = u R ( η_{μν} dx^μdx^ν + dx^2_4 + dx^2_5f(u; u_Λ) ) + R u du^2 f(u; u_Λ)

+ RudΩ^2_3 (1)

where dΩ^2_3 is the metric of the unit 3 sphere, and

f(u; u_Λ) = ( 1 − u^2_Λ u^2 ) . (2)

Furthermore, there is a non trivial dilaton and 3 form flux

exp ϕ = g_s u R , F_3 =

2R^2 g_s Ω_3 (3)

where Ω_3 is the volume form of the unit 3 sphere. The parameter R is related to string parameters in the usual way R^2 = g_sN_cα^′. We will be considering the case where both x_4 and x_5 are compact

x_4 = x_4 + 2πR_{x4} , x_5 = x_5 + 2πR_{x5} . (4)

The parameter R_{x5} is in fact not independent of the other scales already mentioned, given that we want the solution to be smooth around u = u_Λ. One can see this most easily by changing to variables

u^2 = u^2_Λ + z^2. (5)

In these variables, the metric reads

ds^2 = √ u^2_Λ + z^2 R ( η_{μν} dx^μdx^ν + dx^2_4 ) + R √ u^2_Λ + z^2dΩ^2_3 + R ( dz^2 + z^{2 dx25}_{R2} ) √ u^2_Λ + z^2 (6) and clearly, for the metric to be non singular around z = 0, we need to take

x_5 = x_5 + 2πR, i.e. R_{x5} = R. (7)

Thus we see that unlike the SS here u_Λ is a free parameter not related to R. In fact this is the situation classically. Based on similar situations [20], it is plausible that quantum mechanically the system will not be stable for any u_Λ. However, for the case discussed in section 3 this instability does ont occur. One should also note that the above background is confining, as √ g_{tt}g_{xx} is finite.

For this background, we read off the relation between field theory and string theory quantities

g^2_6 = (2π)^3g_sα^′, g^2_4 = 2πg_sα^′ RR_{x4} T_{st} = 1 2πα^′ √ g_{tt}g_{xx}|_{u=uΛ} = u_Λ 2πα^′R . (8)

The fact that u_Λ is a free parameter implies that so is the string tension. Further, we should comment that this background is S-dual to the near extremal NS5 brane. Such NS5 brane constructions have been argued to be the holographic dual of little string theories (LSTs) [21] (for a review, see [22]), however in the case at hand we are in the opposite range of validity (g_s ≪ 1). Further, because S duality works non trivially on the D7 brane probes, our theory will not have a straightforward UV completion. The use of holographic techniques for the NS backgrounds, [23–25], should, however, be easily be adapted to our scenario (and in some cases be identical).

We organize the remainder of the paper as follows. In section 2 we discuss the general behavior for D7 embeddings in the confined phase, and briefly discuss the eigenvalue problem to describe the masses of mesons in this general case. In section 3, we consider D7 embeddings into the extremal limit of the background, which is also sufficient to describe D7 embeddings that do not come near to the end of the radial coordinate at u = u_Λ. We find that these embeddings obey a simple scaling behavior, which we describe generally enough to be applicable outside of these particular models. We also consider fluctuations of the embedding functions and the world volume gauge field to describe the spectrum of mesons in this limit. In section 4, we describe an embedding that falls all the way to u = u_Λ, and again consider fluctuations of the embedding functions and world volume gauge field. We also consider baryons in this scenario. Finally, in section 5 we consider the deconfined case, and consider the pattern of chiral symmetry breaking as a function of the boundary conditions. In section 6 we conclude, and suggest some future lines of investigation.

2 D7 embeddings

In this section we will consider embeddings of D7 branes into the above background. Qualitatively, we will find embedding of the form shown in figure 1. This background

Figure 1: The configuration of D7 branes in the near extremal D5 brane background, following the above considerations.

is similar to the paperclip or hairpin background (see for instance [26] and [27]). The embeddings we consider are transverse to some combination of the u, x_4, x_5 directions, and so the Chern Simons (CS) term will be unimportant in determining the solutions of the equations of motion, and we are left with the Dirac-Born-Infeld (DBI) action

S_{D7} = −κ_7 ∫ d^8ξ exp(−ϕ) √( − det ( g_{MN} ∂X^M ∂ξ^i ∂X^N ∂ξ^j )) (9) where we have used the notation ξ^i to represent world volume coordinates of the D7 brane, and κ_7 is the D7 tension. We use an Ansatz of the form

x^i(ξ) = ξ^i, i = μ, i = sphere coordinate (10) x_5(ξ) = x_5(ρ), x_4(ξ) = x_5(ρ), u(ξ) = u(ρ).

In the above notation, we have picked a “static gauge” for the x^μ and sphere directions. The final world volume coordinate, ρ, parameterizes a path in x_4, x_5, u space. One can show directly that the full non linear equations of motion for the x^μ and sphere directions are satisfied for the above Ansatz. Using the reparameterization invariance in ρ, we make one final choice

u(ρ) = ρ. (11)

We now reduce the action to 1 dimension (ρ) and find the relevant equations of motion. In the following we will abbreviate^∂_{∂ρ} = ∂. Using this notation, the action becomes

S_{D7} = κ_7V_3V_4 g_s ∫ dρρ^3 √ (∂x_4)^2 + (∂x_5)^2 f(ρ; u_Λ) +

R^2 ρ^2f(ρ; u_Λ)

. (12)

The equations of motion are quite simple, and follow from the Noether charges associated with translation invariance in x_4 and x_5. These read

ρ^3∂x_4 √ (∂x_4)^2 + (∂x_5)^2 f(ρ; u_Λ) +^{R2}_{ρ2f(ρ;uΛ)}

= P_4u^3_Λ (13)

ρ^3f(ρ; u_Λ)∂x_5 √ (∂x_4)^2 + (∂x_5)^2 f(ρ; u_Λ) +^{R2}_{ρ2f(ρ;uΛ)}

= P_5u^3_Λ. (14)

This is a completely integrable system: one may simply solve for ∂x_4 and ∂x_5 and then integrate with respect to ρ. Doing so, we find

x_4 = ∫ dρP_4 (_R u_Λ

)_2 (_ρ u_Λ

)_2

f(ρ; u_Λ) ((_ρ u_Λ

)_6

− P^2_4 −^{P 25}_{f(ρ;uΛ)}

) (15)

x_5 = ∫ dρP_5 (_R u_Λ

)_2 (_ρ u_Λ

)_2

f(ρ; u_Λ)^3 ((_ρ u_Λ

)_6

− P^2_4 −^{P 25}_{f(ρ;uΛ)}

). (16)

The above expressions represent only one branch of the solution: in the end one must match an identical branch connecting at the minimum value of u_0 = ρ_0. One may check explicitly that the field equations of motion arising from action (9) are met for the solution given by (15), (16) and (11).

There is a similarity to the solution for x_5 and the solution given in [9], except that a different power of ρ appears with the (also different) function f. In fact, for the case P_4 = 0, we find that the minimum value of u is in fact given by u_0, with P_5 =^{u30}_{u3Λ} √ f(u_0; u_Λ) which is a very similar expression to that given in [9].

The new piece of information is given by P_4, and this changes the situation in an interesting way. First, we note that the “turn around point” for the embedding is given where ∂x_4 or ∂x_5 blow up (i.e. u = ρ is not varying while both x_4 and x_5 vary allot). Note that for both x_4 and x_5 this happens at the same place: either where

f(ρ; u_Λ) → 0 or where ((_ρ u_Λ

)_6

− P^2_4 −^{P 25}_{f(ρ;uΛ)} ) → 0. The question then becomes,

which one goes to zero first?

To help address these questions, we first change to variables

ρ̂ = ρ u_Λ

. (17)

Under this transformation we are considering where

f(ρ; u_Λ) = f(ρ̂; 1) = 0 ( ρ̂^6 − P^2_4 −

P^2_5 f(ρ̂; 1) ) = 0. (18)

We can now see which one goes to 0 first: it is clearly the second line (when P_5 ≠ 0). Imagine coming in from very large positive ρ̂ and decreasing this value. The first line goes to zero only when ρ̂ = 1. However, in such a limit, the second line already has a zero. This is because of the f in the denominator of the last term is going to zero (from the positive side), and so at some point this will compensate for the value of ρ̂^6 − P^2_4 , and have a zero at a value of ρ̂ > 1.

The only special case is when P_5 = 0. When this is the case, one of the functions goes to zero at max ( P^{13}_4 , 1 ) . Note that this has the peculiar feature that the endpoints of the D7 brane (a function of P_4) may not be at the same point, but none the less, the brane falls all the way to the bottom of the cigar u = u_Λ. This ceases once |P_4| > 1. If |P_4| > 1, then the embedding isn’t antipodal any more in x_5. In the x_5, u plane, the embedding never reaches the bottom point, and so then never needs to be matched to a solution going through the origin (we will see this more clearly we plot the asymptotic separation distance as a function of P_4 and P_5).

One can check the above discussion of u_0 = ρ_0 = ρ̂_0u_Λ simply by plotting the results. We define ρ̂_0 by the equation ( ρ̂^6_0 − P^2_4 −

P^2_5 f(ρ̂_0; 1) ) = 0. (19)

Clearly, ρ̂_0 is a function ρ̂_0(P_4, P_5) and so we may plot this (we plot the largest real

Figure 2: A plot of the largest real root, ρ̂_0(P_4, P_5) = u_0(P_4, P_5). Note all values are larger than 1. The wire frame in the right hand plot corresponds to the large P_i asymptote ρ̂_0(P_4, P_5) → (P^2_4 + P^2_5 )^16 .

root), and compare it with the value 1 in figure 2. Further, we can see the special case of P_5 = 0 arising, and the flattening of the function that happens along the line interval |P_4| < 1: indeed max ( P^{13}_4 , 1 ) is the limiting value of the solution along the line P_5 = 0. Further, for large values of P_4 and P_5, the value of the zero ρ̂_0 grows as well, and so the f in the last part of the expression can be approximated by 1. This gives that the approximate value of the zero is given by ρ̂_0 = (P^2_4 + P^2_5 )^16 . We plot this limiting value and show that it does indeed asymptote (see figure 2). Finally, one can show that this surface exactly corresponds to the curve max(P^{13}_4 , 1) along the line P_5 = 0 by plotting a side view (see figure 3).

Figure 3: The left hand graph is a side view of the plot of the root of the above rational function, plotted as a function of P_4, P_5. The black wire frame plot is the asymptote ρ̂_0 = (P^2_4 + P^2_5 )^16 = P^{13}_4 when P_5 = 0. The right hand graph is a plot of ρ̂_0(P_4, P_5) zoomed in on the region P_5 = 0, |P_4| < 1. One may see that this surface is smooth on the line interval P_5 = 0, |P_4| < 1 except the endpoints P_5 = 0, P_4 = ±1.

One may be curious how ρ̂_0 → 1 as P_5 → 0 on the line interval |P_4| < 1. Clearly, it must relax as P^2_5 , and so must be smooth around P_5 = 0. We plot a zoomed in version of the plot of ρ̂_0 and find that this is indeed the case. The only singular points on the surface (with conical singularities) are at (P_5, P_4) = (0, ±1). See figure 3. Now that we have found (qualitatively) the minimum value to which the brane falls, we also wish to relate the parameters P_4 and P_5 to brane separation at u = ∞ (in the coordinates x_4 and x_5). We will call the asymptotic separation in Δx_4 = L_4 and Δx_5 = L_5. In the end it will be these separations that we wish to consider the “boundary conditions” imposed on the branes, so that the fluctuations around these embeddings will satisfy Dirichlet boundary conditions. Given the above expressions, we see that

L_4 = 2R ∫_∞ ρ̂_0 dρ̂P_4 1 ρ̂^2f(ρ̂; 1) ( ρ̂^6 − P^2_4 −^{P 25}_{f(ρ̂;1)}

) (20)

L_5 = 2R ∫_∞ ρ̂_0 dρ̂P_5 1 ρ̂^2f(ρ̂; 1)^3 ( ρ̂^6 − P^2_4 −^{P 25}_{f(ρ̂;1)}

). (21)

where the factor of 2 comes from “gluing” the second branch of the solution on. Again, finding analytic solutions to the above is problematic, but we can graph the results as a function of P_4 and P_5, see figure 4.

We first consider the graph of L_5/R. Before making this graph, one may think that we need to be careful about finding the actual separation distance L_5: one could have a solution that connects through smoothly the point u = u_Λ, and so the second branch actually lies displaced by πR_{x5} = πR. However, the integral for L_5/R appears to have this built in. The only cases where the turn around point of the branes lies at u_0 = u_Λ is on the interval −1 < P_4 < 1 and P_5 = 0, and so we focus on this region. While we do not offer an analytic proof, we may zoom in on this part of the graph, and be convinced that L_5/R → ±π (see figure 5). One may also be convinced simply by noting that if P_4 = P_5 = 0, then the second branch must be glued on in antipodally after reaching u = u_Λ to avoid a discontinuity in the tangent vector in u, x_5, x_5 space. If this is the case, we see that the integrand in the expression for L_5 must collapse to a delta function with coefficient ±π in the limit that P_5 → ±0. For generic values of ρ̂ the limit P_5 → 0 sets the integrand to zero, however at ρ̂ = ρ̂_0 it blows up to infinity with the integral underneath remaining constant. This is sufficient to show that the integrand goes to a delta function in ρ̂ for the limit P_5 → 0. This also explains why one misses this if one passes the limit P_5 = 0 under the integration: the limit implied by the integral and the limit P_5 → 0 do not commute, and so one must put in the additional π of separation by hand. Further, because the values ±π are identified, the surface is actually continuous.

Next we consider the graph for L_4. In figure 4 there is a divergence in L_4 around P_5 = 0 and P_4 → ±1. This is easy to understand. If one looks at P_5 = 0 and P_4 = 1, the integrand goes as^1_{ρ̂−1} around ρ̂ = ρ̂_0 = 1, and so the integral is log divergent. Because L_4 blows up around P_5 = 0, P_4 = ±1 we may wish to exclude multiple wrappings of the D7 around x_4. We further restrict the total x_4 winding to

Figure 4: Plots of L_4(P_4, P_5)/R and L_5(P_4, P_5)/R (labeled simply L4 and L5 in the graphs). The view on the left gives the same perspective as earlier graphs, while the view on the right is slightly easier to see what is happening near the surface L_4(P_4, P_5)/R = 0 and L_5(P_4, P_5)/R = 0.

be π/R_{x4} (half the circumference), knowing that there is another solution where the same boundary conditions are satisfied, and less distance has been traversed by the brane. Hence, one may wish to exclude a small region around P_5 = 0 and P_4 = ±1 whose boundary is given by |L_4|/R = πR_{x4} /R.

The above considerations are what lead to the diagram in figure 1.

Figure 5: Plots of L_5(P_4, P_5)/R zoomed in around the interval. Note that in the side view the maximum and minimum appears to approach ±π.

2.1 Mesons in the model.

The mesons of this model are described by strings ending on the D7 branes [28]. The high spin mesons are given by semiclassical strings which end on the D7 at the minimal value of the brane embedding u_0, fall towards the minimum value of u_Λ and lay flat at this value and finally climb back up to meet the D7 again at u_0. The low spin (vector) mesons are given by fluctuations of the D7 U(N) gauge field strength, and the scalar mesons are given by the fluctuations of the embedding functions.

To compute any of these fluctuations, we will need the pullback metric

ds^2_p = ρ R ( η_{μν} dx^μdx^ν + ( ∂x^2_4 + ∂x^2_5f(ρ; u_Λ) +

R^2 ρ^2 1 f(ρ; u_Λ) ) dρ^2 + R^2dΩ^2_3 )

= u_Λ R ρ̂ ( η_{μν} dx^μdx^ν + γ(ρ̂) R^2 ρ̂^2 dρ̂^2 + R^2dΩ^2_3 ) . (22)

where we have defined the useful function γ(ρ̂) ≡ ρ̂^6 f(ρ̂; 1) ( ρ̂^6 − P^2_4 −^{P 25}_{f(ρ̂;1)}

). (23)

For later use, we will also need

exp(−ϕ) √ − det ( g_{(p)ab} ) = u^3_ΛR g_s ρ̂^2 √ γ(ρ̂) (24) and we find it convenient to use the notation ∂ ∂ρ = ∂, ∂ ∂ρ̂ = ^∂ = u_Λ∂, ∂ ∂x^μ = ∂_μ. (25)

With such an assignment, the solutions above read as

^∂x_4 = RP_4 1 √ ρ̂^2f(ρ̂; 1) ( ρ̂^6 − P^2_4 −^{P 25}_{f(ρ̂;1)} ) = RP_4 ρ̂^4 √ γ(ρ̂) (26)

^∂x_5 = RP_5 1 √ ρ̂^2f(ρ̂; 1)^3 ( ρ̂^6 − P^2_4 −^{P 25}_{f(ρ̂;1)} ) = RP_5 ρ̂^4f(ρ̂; 1) √ γ(ρ̂). (27)

2.1.1 Vector mesons

First, we compute the effective action for the fluctuations associated with the gauge field F_{ab} which we take to be only a function of ρ̂, x^μ and further that components of F with indices along the sphere directions are zero. With this, we take the DBI and expand it to second order in F^2

S_{D7} = −κ_7 ∫ d^8ξ exp(−ϕ) √ − det ( g_{(p)ab} + F_{ab} )

= −κ_7 ∫ d^8ξ exp(−ϕ) √ − det ( g_{(p)ab} )

× √( 1 + g^{a1b1}p F_{a1b1} + 1 2 F_{a1b1} F_{a2b2} ( g^{a1b1}p g^{a2b2} − g^{a1b2}p g^{a2b1}p ) + · · · ) (28)

and now because F is antisymmetric, while g is symmetric, we find that to leading order

= −κ_7 ∫ dΩ_3 ∫ dx^μdρ̂ u^3_ΛR g_s ρ̂^2 √ γ(ρ̂) ( 1 + 1 4 F_{a1b1} F_{a2 b2} g^{a1a2}_p g^{b1b2}_p + · · · ) . (29)

2We need not worry about the CS term because the pullback of A_6 (generated by the D5 background) onto the D7 worldvolume is zero. Note also that we are taking F to be a U(1) gauge field. One may generalize this discussion to a U(N) field by promoting F to a matrix, and taking a trace.

Hence, the quadratic action we wish to consider is

S_F 2 = − κ_7Ω_3 4g_s ∫ dx^4dρ̂u^3_ΛRρ̂^2 √ γ(ρ̂) ( R^2 ρ̂^2u^2_Λ

F_{μ1 μ2} F^{μ1μ2} + 2 u^2_Λγ(ρ̂)

F_{μ1ρ̂}F^{μ1}_{ρ̂} )

= − κ_7Ω_3 4g_s ∫ dx^4dρ̂u_ΛR^3 ( √ γ(ρ̂)F_{μ1 μ2} F^{μ1μ2} +

2ρ̂^2 R^2 √ γ(ρ̂) F_{μ1ρ̂}F^{μ1}_{ρ̂} ) (30)

and in the above we have used η^{μν} to raise and lower indices.

The equations of motion following from the above action are √ γ∂_ν F^{νμ} + ^∂ √ γF^{ρ̂μ} = 0 ↔ √ γ∂^ν F_{νμ} + ^∂ ( ρ̂^2 R^2 √ γ F_{ρ̂μ} ) = 0 (31)

∂_μF^{μρ̂} = 0 ↔ ∂^μF_{μρ̂} = 0. (32)

We expand the gauge field in the following way

A_μ = ∑ n B^{(n)}_μ (x^ν )ψ_n(ρ̂), A_{ρ̂} = ∑ n π_{(n)}(x^μ)ϕ_n(ρ̂). (33)

We further gauge fix ∂^μB^{(n)}μ = 0. Under these conditions, and for the above gauge choice, we see that the equation (32) becomes ∑ n m^2_nπ_nϕ_n(ρ̂) − ∑ n ∂_μB^μ ^∂ψ_n = ∑ n m^2_nϕ_n(ρ̂) = 0 (34)

where m_n is defined by ∂_μ∂^μB_ν = m^2_nB_ν . We see that ϕ_n = 0 by this equation of motion except for the case where m_n = 0. We choose to index such a mode m_0 = 0. π_0 is the massless pion.

We now note that the remaining equation of motion (31) reads ∑ n [ γ^{12} ∂_μ∂^μB^ν_{(n)}ψ_n + ^∂ ( ρ̂^2 R^2γ^12 ^∂ψ_n ) B^ν_{(n)} ] − ^∂ ( ρ̂^2 R^2γ^12

∂^ν π_0ϕ_0 ) = 0. (35)

One can show that there are no massless normalizable modes of the vectors B_ν , and so we find that ^∂ ( ρ̂^2 R^2γ^12

∂^ν π_0ϕ_0 ) = 0 → ϕ_0 ∝ γ^12 ρ̂^2

. (36)

Thus, we find that the eigenvalue problem for the ψ_n reduces to 1 γ^12 ^∂ ( ρ̂^2 γ^12 ^∂ψ_n ) = −M^2_{A,n}ψ_n (37) where the 4D mass is given by m_{A,n} =^{MA,n}_R .

Unfortunately, the eigenvalue problem for the fluctuations of the embedding coordinates are much more involved because we do not have a good set of orthogonal coordinates to the brane. However, we will study these in two special cases below.

3 Large u_0 ≫ u_Λ limit.

In this section, we consider the limit where u_0 ≫ u_Λ. This limit is the same as the extremal limit of the background because f(u; u_Λ) can be approximated by f(u; u_Λ) = 1. As mentioned in the introduction this case makes sense also quantum mechanically. In fact it is similar to the cases studied in [29]. In such a limit the periodic identification of x_4 and x_5 now both become arbitrary, and further there is an additional SO(2) symmetry rotating the x_4, x_5 plane, which the solutions will transform under in a simple way. To consider the limit u_0 ≫ u_Λ, we cannot take a strict u_Λ → 0 limit of equations (13) and (14) because this would scale the right hand side of these equations to zero (when they should be constants). Therefore, we absorb the u^3_Λ into P_i, via p_i ≡ u^3_ΛP_i (the parameters p_i have units). One may think of this as a scaling where u_Λ → 0 while P_i → ∞ with p_i = u^3_ΛP_i remaining fixed. This is the connected to the fact that for large P_i the solution is in a regime where u_0 ≫ u_Λ.

We consider equations (13) and (14) with the above substitutions and set u_Λ = 0 and find

ρ^3∂x_4 √ (∂x_4)^2 + (∂x_5)^2 +^{R2}_{ρ2}

= p_4 (38)

ρ^3∂x_5 √ (∂x_4)^2 + (∂x_5)^2 +^{R2}_{ρ2}

= p_5. (39)

As before, we solve for ∂x_4 and ∂x_5, and find

x_4 = ∫ dρRp_4 √ 1 ρ^2 (ρ^6 − p^2_4 − p^2_5) = 1 3 Rp_4 arcsin (√_{p2} 4+p^2_5 ρ^3 ) √ p^2_4 + p^2_5

+ x_{4,0} (40)

x_5 = ∫ dρRp_5 √ 1 ρ^2 (ρ^6 − p^2_4 − p^2_5) = 1 3 Rp_5 arcsin (√_{p2} 4+p^2_5 ρ^3 ) √ p^2_4 + p^2_5

+ x_{5,0}. (41) where the constants x_{4,0} and x_{5,0} can be fixed to 0 by translation invariance in x_4 and x_5 (again, the above only represents 1 branch of the solution and must be glued on to another branch). This gives simple expressions for L_4 and L_5

L_4 = Rp_4π 3 √ p^2_4 + p^2_5

L_5 = Rp_5π 3 √ p^2_4 + p^2_5

. (42)

Further, we should note that this gives that

L^2_4 + L^2_5 =

R^2π^2 9 . (43)

In the x_4, x_5 plane, the ends of the D7 brane have a fixed asymptotic separation (not including the warp factor); similar behavior was found in [19] for D5 brane embeddings. This gives that L_4 and L_5 do not parameterize the 2 dimensional class of solutions that we have. We can, however, use ρ_0 = u_0 = (p^2_4 + p^2_5)^{16} and the unit vector defining the separation direction L_4/L_5 = p_4/p_5 as the two physical quantities. Note that one can take fixed L_4 and L_5 while varying u_0 simply by rescaling p_4 and p_5 by the same factor.

Before turning to a discussion of these embeddings, we note some general points about how to find the scaling of u_0 with various L_i in the problem. We note that in the extremal limit, the action becomes

S_{D7} = κ_7V_3V_4 g_s ∫ dρu^3 √ (∂x_4)^2 + (∂x_5)^2 +

R^2∂u^2 u^2

(44)

where in the above we have not fixed u = ρ as a gauge choice. We note that there is a Lie point symmetry (for more on Lie point symmetries, see [30]) of the equations of motion following from the above action. Namely, if we take u → C × u (45) the action scales as S_{D7} → C^3S_{D7}. (46) This is clearly a symmetry of the solution space of the equations of motion. The above symmetry is therefore a local map from solutions to solutions, the definition of a Lie point symmetry.

One could further scale the embedding coordinates x^μ(ξ) → C^{nμ} x^μ(ξ) (no summation) if one wishes (this rescales the effective V_4) and possibly promote the above symmetry to a Noether symmetry, however, we will not do this here^3. Note that in such a scaling, we have not rescaled x_4 or x_5. Therefore, when applying this symmetry to the space of solutions, we know that u_0 → C × u_0 however, L_4 and L_5 do not scale at all (as they are related to the asymptotic separation of x_4 and x_5). This further accounts for the same behavior for the D5 embeddings found in [19].

One can use such arguments to get the correct behavior in a host of situations. Of particular interest is the situation where the metric is of the form g_{ij}(u)dx^idx^j +f(u)× (du^2 + u^2dΩ^2_M ) where all metric components along the i, j directions are functions of u only, and dΩ^2_M is the metric of some compact space spanned by coordinates θ^i. We further assume that the dilaton is a function only of u. The reduced one dimensional Lagrangian with x^i = ξ^i and θ^i = θ^i(r) will always be of the form G(u) √ (1 + u^2dΩ^2_M ) where now all of the ds in the metric dΩ^2_M are to be read as derivatives with respect to u. In such a situation, u → C × u is a Lie point symmetry of the action if G(C × u) = G(u) × C^Δ, i.e. G(u) = u^Δ. This covers most extremal brane type embeddings. Further, such behavior is intuitive for “flat” type embeddings of the probe brane in supersymmetric situations. For a supersymmetric situation, the probe brane does not “see” the background it is in, and simply goes along a straight path (straight in the sense of the flat geometry with no backreacted branes). Therefore, the angular separation is always a “north pole/south pole” type (at least asymptotically), and will not depend on u_0 at all. As an example, see the discussion of [4] (equation (8)). Of course the angular separation may be changed by some constant if there is a conical singularity at the origin of the transverse space (at u = 0), as in the more recent calculation [31] (see the last paragraph of section 3), however there should still be no dependence on u_0.

We can explore such possibilities in general. Consider a situation where the metric is of the form C_1r^ndx^idx^j η_{ij} + C_2r^mdr^2 + C_3r^{m+2}dΩ^2, and the dilaton is of the form exp(ϕ) ∝ r^q. If one reduces the the DBI action to a one dimensional action via x^i = x^i(r), θ^i = θ^i(r) (with an appropriate number of static gauge coordinates), one will always have the Lie point symmetry r → C ×r, x^i → C^{m−n+2}2 x^i, θ^i → θ^i. In such a situation, the asymptotic separation in the x^i is Δx^i ∝ u^{m−n+22}_0 , and the angular separation Δθ^i = constant. For example in the case of the extremal Sakai-Sugimoto

3This is because the particular form of this symmetry is dependent on the fact that at least 4 of the fields x^μ, x^4, x^5 are along the world volume of the D7 and aligning them to be the first 4 x^μ via a Lorentz transformation, and then further gauge fixing these to be ξ^μ. Thus, if we truly wanted to extend the above symmetry to a Noether symmetry, we would need to include some combination of coordinate transformations and Lorentz symmetry too, which we do not wish to consider here.

model [7, 8] n = 3/2, m = −3/2 and so Δx^4 ∝ u^{− 12}_0 R^32 , where we have used R to make the correct units. This answer is indeed correct [16] (see equation (2.18) of this work).

Our situation is somewhat special, where both the sphere and the flat space component have the same warp factor up to a constant. This is the reason that in our extremal case, L_4 and L_5 do not depend at all on u_0. It is a statement that a pure rescaling in u is a Lie point symmetry, without requiring extra rescalings of the functions x^i. Further, in such situations, the boundary conditions are not affected by varying u_0. Therefore, one may expect such a mode to be normalizable, and correspond to a massless mode. One usually thinks of such a mode as a Goldstone boson of some spontaneously broken symmetry. Here, the symmetry is the Lie point symmetry promoted to a full Noether symmetry, as discussed in the footnote earlier. This is a full (non linear) symmetry of the DBI action. It would be interesting to see what the symmetry of the DBI action corresponds to on the field theory side.

We now turn back to the embeddings at hand. Note that using the SO(2) symmetry of the background (mixing x_4 and x_5), one may rotate and translate to a frame where x_4 = 0, and further, x_5(u) ∈ (−^{Rπ}_6 · · ·^{Rπ}_6 ). Such a frame change will mix any periodic identifications one has made in x_4 and x_5 (by a slant identification “τ”), however, the local physics of the embedding will not be dependent on such considerations. Therefore, the point x_5 = 0 corresponds to where the embedding has reached u_0. Therefore, we may summarize the embedding as

u(x_5) = p_5 sin (_3

(x5+^{Rπ}_6 )_R ) 1 3 . (47)

This is suggestive of a change of variables. We make the change

y = u^3 sin ( 3 ( x_5 +^{Rπ}_6 ) R ) (48)

v = u^3 cos ( 3 ( x_5 +^{Rπ}_6 ) R ) . (49)

In these coordinates, the metric becomes

ds^2 =

(y^2 + v^2)^{16} R ( η_{μν} dx^μdx^ν + dx^2_4 ) + R 9 (y^2 + v^2)^{56} ( dy^2 + dv^2 )

+R ( y^2 + v^2

) 1_6 dΩ^2_3. (50)

We change to “7 brane frame” via

G_{IJ} = exp ( −ϕ 2 8 ) g_{IJ} . (51)

Changing frame in this way gives that √ det G_p = √ det g_p exp(−ϕ) where G_p is the pullback of the above G to the D7 world volume. In this frame

g^{14}s R^14 ds^2_G =

(y^2 + v^2)^{18} R ( η_{μν} dx^μdx^ν + dx^2_4 ) + R 9 (y^2 + v^2)^{78} ( dy^2 + dv^2 )

+R ( y^2 + v^2

) 1_8 dΩ^2_3. (52)

The embedding of the D7 is now given by y = p_5 = u^3_0, x_4 = 0. This gives the pullback metric to be

g^{14}s R^14 ds^2_G =

(u^6_0 + v^2)^{18} R (η_{μν} dx^μdx^ν ) + R 9 (u^6_0 + v^2)^{78} ( dv^2 ) + R ( u^6_0 + v^2

) 1_8

dΩ^2_3. (53)

One can now see why y = u^3_0 is a good embedding for any u_0: the determinant of the above metric does not depend on the warp factors (u^6_0 + v^2)! We will see the solution associated with shifting u_0 in the linearized equations of motion, which we will study in the next section. We now add a word of caution. The above symmetry scaling u_0 to different values is only a classical symmetry. This may not be true quantum mechanically, in analogy with the expectations for u_Λ expressed in section 1 [20].

3.1 Scalar Mesons

We now turn to the fluctuations of the above embedding. To do so, we expand the fields as y = u^3_0 + w(v, x^μ), x_4 = 0 + x_4(v, x^μ). Therefore, we find

g^{14}s R^14 ds^2_G =

((u^3_0 + w)^2 + v^2)^{18} R (dx^μdx_μ) + R 9 ((u^3_0 + w)^2 + v^2)^{78} ( dv^2 )

+R ( (u^3_0 + w)^2 + v^2

) 1_8 dΩ^2_3 (54) + R 9 (u^6_0 + v^2)^{78}

(∂_v wdv + ∂_μwdx^μ)^2 +

(u^6_0 + v^2)^{18} R (∂_vx_4dv + ∂_μx_4dx^μ)^2 .

We wish to expand det(G_p) to second order in w and x_4. With the above parametrization, this is now easy, as we may think of the third line as a perturbation of a metric given by the first line. Therefore, we define

g^{14}s R^14 ds^2_0 =

((u^3_0 + w)^2 + v^2)^{18} R (dx^μdx_μ) + R 9 ((u^3_0 + w)^2 + v^2)^{78} ( dv^2 )

+R ( (u^3_0 + w)^2 + v^2

) 1_8

dΩ^2_3 (55)

and use this to define a metric G_p. Now, to leading order, the expanded metric

det(G_p + h) = det(G_p) ( 1 + G^{a1a2}_p h_{a1 a2} ) . (56)

In the second term of the above, we may substitute w = 0 into the metric g_p as h is already second order in w and x_4. Further, det(g_p) does not depend on w or x_4, and so there is no need to expand further. We therefore find that, to second order ∫ dΩ_3 √ det(G_p) = Ω_3 R 3g_s ( 1 + 1 2 ∂_μx_4∂^μx_4 +

9(u^6_0 + v^2)

R^2 1 2 (∂_v x_4)^2

+ R^2 9(u^6_0 + v^2) 1 2 ∂_μw∂^μw + 1 2 (∂_vw)^2 ) . (57)

The second order action we wish to consider is therefore S = − κ_7RΩ_3 g_s ∫ dvd^4x ( ζ^{−1} 9 1 2 ∂_μw∂^μw + 1 2 (∂_v w)^2 + 1 2 ∂_μx_4∂^μx_4 + 9ζ 1 2 (∂_v x_4)^2 )

with ζ ≡ u^6_0 + v^2

R^2

. (58)

The above action has positive definite Hamiltonian, so we expect the embedding to be stable.

The eigenvalue problem we wish to satisfy is the following ∂_V ( 9(1 + V^2)∂_V ψ_{x,Mx} ) = −M^2_x ψ_{x,Mx} (V ) (59) 9(1 + V^2)∂^2_V ψ_{w,Mw} (V ) = −M^2_wψ_{w,Mw} (V ). (60) where the 4D masses are given by m_i =^{Mi}_R and we have defined V =^v_{u30} . These have the general solutions ψ_{x,Mx} (V ) = C_{1,x}P (√ 9 − 4M^2_x 6 − 1 2 ; −iV ) +

+ C_{2,x}Q (√ 9 − 4M^2_x 6 − 1 2 ; −iV ) (61)

ψ_{w,Mw} (V ) = C_{1,w}(1 + V^2)_2F_1 ( 3 4 + √ 9 − 4M^2_w 12 , 3 4 − √ 9 − 4M^2_w 12 ; 1 2 ; −V^2 ) (62)

+C_{2,w}V (1 + V^2)_2F_1 ( 5 4 + √ 9 − 4M^2_w 12 , 5 4 − √ 9 − 4M^2_w 12 ; 3 2 ; −V^2 )

where P and Q are Legendre functions, and_2F_1 is the hypergeometric function. There are possible bound states in the regime 0 ≤ m_{x,w} = M_{x,w} R ≤ 3 2 1 R . (63)

Curiously, we will find this to be true in the next section as well, where we consider an embedding into the near extremal background.

We now change the eigenvalue problem to Schödinger form to analyze the above differential equations. We do so by changing coordinates and variables

V = sinh(K) ψ_{w,Mw} (K) = √ cosh(K)Ψ_{w,Mw} (K) ψ_{x,Mx} (K) = 1 √ cosh(K)

Ψ_{x,Mx} (K). (64)

This brings the equations to the following form

∂^2_K Ψ_{w,Mw} (K) − ( 1 4 − 3 4 1 cosh(K)^2 ) Ψ_{w,Mw} (K) = − 1 9 M^2_wΨ_{w,Mw} (K) (65)

∂^2_K Ψ_{x,Mx} (K) − ( 1 4 + 1 4 1 cosh(K)^2 ) Ψ_{x,Mx} (K) = − 1 9 M^2_x Ψ_{x,Mx} (K). (66)

The second line clearly has no normalizable bound states, where as the first at least has the possibility. In fact, the above set of differential equations is exactly the same as those encountered in the next section, with a simple modification.

In the next section we show that there is only one bound state for the equation of the first type above, and in fact this is the the M_w = 0 mode anticipated by the discussion above. For M_w = 0, we find

Ψ_{w,Mw=0}(K) = C_{1,w} √ cosh(K) + C_{2,w} sinh(K) √ cosh(K)

. (67)

The first is clearly normalizable, where the second is clearly non normalizable. Further, taking the normalizable solution, we find that the profile in ψ_{w,Mw=0} = C_{1,w}, exactly corresponding to shifts in the definition of u_0. We will fully analyze the above type of differential equations in the next section.

3.2 Vector Mesons

We now analyze the fluctuations of the world volume vector gauge field. As in the previous section, we find that

= −κ_7 ∫ dΩ_3 ∫ dx^μdve^{−ϕ} √ g_p ( 1 + 1 4 F_{a1b1} F_{a2b2} g^{a1a2}_p g^{b1b2}_p + · · · ) . (68)

which for this case gives

S = −κ_7Ω_3 ∫ dx^μdv R g_s ( 1 + 1 4 g^{12}s R^32 (u^6_0 + v^2)^{14} F_{μν} F^{μν} + 1 2 9g^{12}s (u^6_0 + v^2)^{34}

R^12 F_{μv} F^μ_v + · · · )

(69) where we now use η^{μν} to raise and lower indices. The equations of motion read

R^2∂^μF_{μν} + ( u^6_0 + v^2

) 1_4 ∂_v (( u^6_0 + v^2

) 3_4 F_{vν} ) = 0 (70) ∂^μF_{μv} = 0. (71)

As before we expand

A_μ = ∑ n B^{(n)}_μ (x)ψ_n(v), A_v = ∑ n π_n(x)ϕ_n(v) (72)

and gauge fix ∂^μB_μ = 0 to find ∑ n R^2∂^μ∂_μB^{(n)}_ν ψ_n + ( u^6_0 + v^2

) 1_4 ∂_v (( u^6_0 + v^2

) 3_4 ∂_v ψ_n ) B^{(n)}_ν = 0 (73) ∂_v (( u^6_0 + v^2

) 3_4

∂_ν π_0ϕ_0 ) = 0 → ϕ_0 ∝ 1 (u^6_0 + v^2)^{34}

. (74) and for n ≠ 0, ϕ_n = 0.

We may change the ψ_n equations to Schrödinger form via v u^3_0

= sinh(K)

ψ_{(n)}(K) = 1 (cosh(K))^{14}

Ψ_n (75)

and taking ∂^μ∂_μB^{(n)} = m^2_nB^{(n)} ≡^{M 2n}_{R2} B^{(n)} we find

∂^2_K Ψ(K) − 1 144 Ψ(K) ( 9 + 27 cosh(K)^2 ) = − 1 9 M^2_nΨ(K). (76)

This obviously has no normalizable modes. This means that the only 4D meson from this sector is the massless pion π_0. We will see the same phenomena in the next section.

4 A simple antipodal embedding

In this section we will be concerned with the antipodal embedding P_4 = 0, P_5 = 0. This is the rare exception when we have an analytic solution that comes into the region u ∼ u_Λ. We will find it convenient to start with the z coordinates introduced earlier u^2 = u^2_Λ + z^2. (77) In these variables, the metric reads

ds^2 = √ u^2_Λ + z^2 R ( η_{μν} dx^μdx^ν + dx^2_4 ) + R √ u^2_Λ + z^2dΩ^2_3 + R √ u^2_Λ + z^2 ( dz^2 + z^2 dx^2_5 R^2 ) (78)

and we make the following coordinate change w ≡ z sin (x_5 R ) (79) v ≡ z cos (x_5 R ) (80) so that

ds^2 = √ u^2_Λ + z^2 R ( η_{μν} dx^μdx^ν + dx^2_4 ) + R √ u^2_Λ + z^2dΩ^2_3 + R √ u^2_Λ + z^2 ( dw^2 + dv^2 ) . (81)

Now, the solution to the embedding reads x_4(v) = w(v) = 0 (we will use v as the world volume coordinate).

4.1 Scalar mesons

We now expand the action to quadratic order in x_4(v, x^μ), w(v, x^μ). This is most easily accomplished by going to a “seven brane” frame

G_{IJ} = exp ( −ϕ 2 8 ) g_{IJ} . (82)

Changing frame in this way gives that √ det G_p = √ det g_p exp(−ϕ) where G_p is the pullback of the above G to the D7 world volume. We first expand the modified line element to second order in fluctuating fields x_4 and w, and we find

g^{14}s ds^2_G = ζ^{38} η_{μν} dx^μdx^ν + R^2ζ^{38} dΩ^2_3 + ζ^{− 58} dv^2 +ζ^{38} (∂_v x_4dv + ∂_μx_4dx^μ)^2 + ζ^{− 58} (∂_v wdv + ∂_μwdx^μ)^2 + 3 8 ζ^{− 58} w^2 R^2 η_{μν} dx^μdx^ν + R^2 3 8 ζ^{− 58} w^2 R^2 dΩ^2_3 − 5 8 ζ^{− 138} w^2 R^2 dv^2 + · · · (83)

with ζ ≡ u^2_Λ + v^2 R^2

. (84)

Note that the ζ defined in this section is different than the ζ defined in the last section.

Next, we expand the action to second order and find ∫ d^4x^μdvdΩ_3 √ −G_p = Ω_3 ∫ d^4x^μdvζ [ 1 + 1 2 ∂_μx_4∂^μx_4 + 1 2 ζ(∂_vx_4)^2

+ 1 2 ζ^{−1}∂_μw∂^μw + 1 2 (∂_v w)^2 + 1 2 2 R^2 w^2 ] (85) which has positive definite hamiltonian, and so we expect that this embedding is stable.

The proper eigenvalue problem is ζ^{−1}∂_v ( ζ^2∂_v ψ_{x,mx} (v) ) = − M^2_x R^2 ψ_{x,mx} (v) ∂_v (ζ∂_vψ_{w,mw} (v)) = ( 2 R^2 − M^2_w R^2 ) ψ_{w,mw} (86) where the 4D masses are m_x =^{Mx}_R and m_w =^{Mw}_R . The solution to these are the following

ψ_{x,Mx} (V ) = C_{x,1 2}F_1 ( 3 4 − √ 9 − 4M^2_x 4 , 3 4 + √ 9 − 4M^2_x 4 ; 1 2 ; −V^2 )

+C_{x,2}V_2F_1 ( 5 4 − √ 9 − 4M^2_x 4 , 5 4 + √ 9 − 4M^2_x 4 ; 3 2 ; −V^2 ) (87)

ψ_{w,Mw} (V ) = C_{w,1}P (√ 9 − 4M^2_w 2 − 1 2 ; −iV )

+C_{w,2}Q (√ 9 − 4M^2_w 2 − 1 2 ; −iV ) (88)

where V = v u_Λ

(89)

and_2F_1 is the hypergeometric series, and P and Q are Legendre functions. Note again that the definition of the above V differs from the last section.

There are possible bound states in the range 0 ≤ m_{x,w} = M_{x,w} R ≤ 3 2 1 R . (90)

If m_x or m_w exceed this range of values, the indices of the above functions become complex. One can show that around V = ∞ these go as appropriately normalized plane wave solutions, and so represent a continuum of states. This corresponds to a mass scale at which the scalar mesons may no longer be considered 4 dimensional.

We expect that the indices of the hypergeometric equation being integers is special, and we find that in the case M_x = √ 2 that

ψ_{x,Mx=}^√_2(V ) = C_{x,1} + C_{x,2}V V^2 + 1

. (91)

In such a case we see that C_{x,2} = 0 is a normalizable solution. We will now give an argument that this is the only bound state of the above eigenvalue equations.

We will change the one dimensional problem in hand to Schrödinger form. To do so, we take the change of variables and functions

V = sinh(K) (92) ψ_{w,Mw} (K) = Ψ_{w,Mw} (K) √ cosh(K)

(93) ψ_{x,Mx} (K) = Ψ_{x,Mx} (K) (cosh(K))^{32}

. (94)

Then, the equations above become

∂^2 ∂K^2 Ψ_{w,Mw} (K) − ( 9 4 + 1 4 1 cosh(K)^2 ) Ψ_{w,Mw} (K) = −M^2_wΨ_{w,Mw} (K) (95)

∂^2 ∂K^2 Ψ_{x,Mx} (K) − ( 9 4 − 3 4 1 cosh(K)^2 ) Ψ_{x,Mx} (K) = −M^2_x Ψ_{x,Mx} (K). (96)

In the above problem, we are looking for bound states whose energy is interpreted as E = M^2_i . Clearly there are no bound states for the potential of the first kind (it is a hill, rather than a well). In the second case, there is at least the possibility that there are bound states. Using the WKB approximation, we take

n = − 1 2 + 1 π ∫ cosh^{−1} ( 3 √_{−12M2x+27} )

− cosh^{−1} ( 3 √_{−12M2x +27} ) dK √ M^2_x − 9 4 + 3 4 1 cosh(K)^2

. (97)

There is a bound state when n is an integer. Clearly

√_3 2 < M_x < √_9 4 by considering the maximum and minimum of the potential, and so we plot the above function in this range in figure 6. The plot of n crosses an integer value only at n = 0. This crossing is close to the exact solution of M_x = √ 2, but not precise. We may expect this low level of accuracy for the least energetic bound state, but generically, the accuracy of the WKB approximation is improved for higher energy bound states. Therefore, we trust that there are no other bound state solutions.

One further note is in order. For the above configuration, there is no scaling symmetry of the DBI action (as there was in the last section). Therefore, it seems plausible that the above mode is a pseudo goldstone mode associated with the scaling symmetry. Because the symmetry is not exact (due to the function f), the mass is

Figure 6: Plot of n(M_x). Note that the only integer solution is n = 0, and that this approximates the known solution of M_x = √ 2. lifted from 0. It would be interesting to find a way to track the mode from small to large values of u_0/u_Λ and see if this is indeed the case. This would further track from being a pure w excitation (when u_0 ≫ u_Λ, as in the last section) to being a pure x_4 excitation (for u_0 = u_Λ, in this section). Finding the correct linear combination that was a bound 4D state, and diagonalized the mass matrix in the general case would be instructive.

4.2 Vector mesons

As in the previous section, we find that

= −κ_7 ∫ dΩ_3 ∫ dx^μdve^{−ϕ} √ g_p ( 1 + 1 4 F_{a1b1} F_{a2b2} g^{a1a2}_p g^{b1b2}_p + · · · ) . (98)

which for this case gives

S_F 2 = −κ_7Ω_3 ∫ dx^μdv √ u^2_Λ + v^2 R^2 2 R^3 4g_s (√ u^2_Λ + v^2

R^2 −2 F_{μν} F^{μν} + 2F_{μv}F^μ_v )

= − κ_7Ω_3R^3 g_s ∫ dx^μdv 1 4 ( F_{μν} F^{μν} + 2 √ u^2_Λ + v^2 R^2 2 F_{μv}F^μ_v ) . (99)

The equations of motion read

∂_μF^{μν} + ∂_vF^{vν} = 0 ↔ ∂^μF_{μν} + ∂_v ( u^2_Λ + v^2

R^2 F_{vν} ) = 0 (100)

∂_μF^{μv} = 0 ↔ ∂^μF_{μv} = 0. (101)

As before we expand

A_μ = ∑ n B^{(n)}_μ (x)ψ_n(v), A_v = ∑ n π_n(x)ϕ_n(v) (102)

and gauge fix ∂^μB_μ = 0 to find ∑ n ∂^μ∂_μB^{(n)}_ν ψ_n + ∂_v ( u^2_Λ + v^2 R^2 ∂_vψ_n ) B^{(n)}_ν = 0 (103) ∂_v ( u^2_Λ + v^2

R^2

∂_ν π_0ϕ_0 ) = 0 → ϕ_0 ∝ 1 1 +^{v2}_{u2Λ}

. (104)

In this case, the eigenvalue problem is ∂_V ( (1 + V^2)∂_V ψ_n(V ) ) = −M^2_{A,n}ψ_n(V ). (105)

where again V =^v_{uΛ} .

We change to Schrödinger form via

V = sinh(K) (106) ψ_n(K) = 1 √ cosh(K)

Ψ_n(K) (107)

and find ( ∂^2_K − 1 4 ( 1 + 1 cosh(K)^2 )) Ψ_n(K) = −M^2_{A,n}Ψ_n(K) (108)

which obviously has no normalizable states. Note that the eigenvalue problem is actually the same as the M_w problem above (with a shift in the potential). Hence, the only 4D meson from this sector is again the massless pion π_0.

4.3 Baryons

We now turn to the question of determining the size of the baryon, and for concreteness, we will model this by an instanton in the U(N) gauge field living on the brane.

The size of the baryon will be stabilized by the presence of the CS term as in the SS model [7, 32]. We will only use the above quadratic action plus the CS term arising from the term S_{CS} = ∓κ_7 ∫ Tr (exp (F )) ∧ C_2 (109)

where C_2 is the potential leading to F_3 of the background, and further F = dA − i[A, A] is the U(N_f )field strength. The appropriate term is the F^3 term. We rescale F by the canonical factor of 2πα^′, and integrate by parts to find that S_{CS} = ∓κ_7 1 3! (2πα^′)^3 ∫ ω_5(A) ∧ F_3 = ∓ N_c 24 ∫ ω_5(A) (110)

where ω_5(A) = Tr ( AF^2 − i 2 A^3F − 1 10 A^5 ) (111)

and the integration is now five dimensional. This is exactly the term found in [32]. We now turn to the quadratic action

S_F 2 = − κ_7Ω_3R^3 g_s ∫ dx^μdv 1 2 Tr ( F_{μν} F^{μν} + 2 √ u^2_Λ + v^2 R^2 2 F_{μv}F^μ_v ) (112)

and perform the coordinate transformation x^μ = Rx̂^μ, v = u_ΛV , and further scale F by 2πα^′ to find

S_F 2 = − κ_7Ω_3R^3u_Λ(2πα^′)^2 g_s ∫ dx̂^μdV 1 2 Tr ( F_{μν} F^{μν} + 2 ( 1 + V^2 ) F_{μV} F^μ_V )

= − u_Λ 2(2π)^3 √ α^′ (g_sN_c)^32 g_s ∫ dx̂^μdV 1 2 Tr ( F_{μν} F^{μν} + 2 ( 1 + V^2 ) F_{μV} F^μ_V ) (113)

where μ, ν indices are still raised and lowered by η_{μν} . We will drop the ^ in the following, knowing that V is measured in u_Λ units and x^μ is measured in R units. Note that in the limit that V → 0 that the above action goes to that of the free 5D Yang-Mills (YM) theory, as it does in [32]. We therefore write down the combined action

S = S_F 2 + S_{CS}. (114)

Next, we wish to consider the mass of the baryon to leading order in a “small size” expansion. We will do this for the SU(2) BPST instanton by checking the energy as a function of the instanton size. The BPST instanton configuration is F_{ij} = 2ρ^2 (ξ^2 + ρ^2)^2 ϵ_{ija}τ^a, F_{iV} = 2ρ^2 (ξ^2 + ρ^2)^2 τ_i, ξ = √ (⃗x − ⃗x_0)^2 + (V − V_0)^2.(115)

The constants (⃗x_0, V_0) parameterize the location and ρ parameterizes the size. Above, τ^i are the Pauli matrices that satisfy Tr(τ^aτ^b) = 2δ^{ab}. We plug this into the Lagrangian density, and integrate to give the energy of this configuration (measured in units of R, as we must “unscale” time to get something with units) E(ρ, V_0)R = u_Λ 2(2π)^3 √ α^′ (g_sN_c)^32 g_s ∫ d^3x̂dV 1 2 Tr ( F_{ij} F^{ij} + 2 ( 1 + V^2 ) F_{iV} F^i_V )

= u_Λ 2(2π)^3 √ α^′ (g_sN_c)^32 g_s ∫ dV 3ρ^4π^2 (2 + V^2) ((V − V_0)^2 + ρ^2)^{52} = u_Λ 2(2π)^3 √ α^′ (g_sN_c)^32 g_s (4π^2V^2_0 + 2π^2ρ^2 + 8π^2) (116)

which is only minimized at V_0 = 0 and ρ = 0.

Note that the above energy is the mass of the baryon in this model, which, plugging in R = √ N_cα^′g_s above gives

E(0, 0) = M_b =

N_cu_Λ 2πα^′ . (117)

This is exactly reproduced by the energy of a D3 wrapping the S^3 (sitting at u = u_Λ) in the geometry,

κ_3 ∫ e^{−ϕ} det(g_p) = (2π)^{−3}(α^′)^2 ∫ dx^0dΩ_3 R u_Λg_s √ R^2u^4_Λ

= (2π)^{−3}(α^′)^{−2}4π^2

R^2 g_s u_Λ ∫ dx^0 =

N_cu_Λ 2πα^′ ∫ dx^0. (118)

Before we address the effect of the CS term on the size of the baryon, we first wish to identify a perturbative paremeter that will make the F^2 term parametrically larger than the CS term. To do so, we note that the coefficient of the F^2 term as

S_F 2 =

(u^2_ΛR^2)^12 α^′ 24 2(2π)^3 N_c 24 ∫ dx̂^μdV 1 2 Tr ( F_{μν} F^{μν} + 2 ( 1 + V^2 ) F_{μV} F^μ_V ) and so the relative coefficient is^{(u2ΛR2)} 1 2 α^′ 24 2(2π)^3 ≡

λ̂. We use this as the large parameter that we will be expanding in. We expect corrections in the size of the instanton to be of order λ^{− 1}2 . With this in mind we scale the spatial dimensions by

x̂^i = λ̂^{− 12} x̃^i i ∈ {1 · · · 3}, V = λ̂^{− 12} Ṽ . (119)

The discussion now exactly mirrors that of the discussion in [32], with the replacement in their formulas of a = 1/24. Further, the parameter Z in their equations must match the appearance of V_0 in our calculation above. Therefore, we simply use their result with the appropriate changes

M_b =

N_cu_Λ 2πα^′ ( 1 + λ̂^{−1} ( Ṽ 2_0 2 + ρ̃^2 4 + 1 320π^4a^2 1 ρ̃^2 ) + O ( λ̂^{−2} ) ) (120)

where above we have emphasized the scaling with λ̂ by including the tilde, i.e. Ṽ_0 = λ̂^1_2 × V_0, and as we have mentioned before, a =^1_{24} . This gives that

ρ̃^2 = 6 √ 5π → ρ^2 = 6 √ 5π 1 λ̂ (121)

To restore units, we note that one must include a factor of R in the above to get the order of the radius in the x^i directions. This gives a final result of

ρ^2_x = 6 √ 5π 1 λ̂R 2 = 4 √ 5 π^2 R u_Λ α^′. (122)

Physical length in this background near the point u = u_Λ is measured in dx^2/(R/u_Λ) units. Therefore, the physical size of the above distribution is^{2π}_{51/4} ∼ 4.2 in string units. This is not very big, and so string corrections may be needed.

5 Deconfined phase.

One may also wish to study the physics of the phase where the blackening factor f appears on the timelike component of the metric. For such a background, we have

ds^2 = u R ( −f(u; u_T )dt^2 + δ_{ij} dx^idx^j + dx^2_4 + dx^2_5 ) + R u du^2 f(u; u_T )

+ RudΩ^2_3 (123) and exp ϕ = g_s u R , F_3 =

2R^2 g_s Ω_3. (124)

In this case u_T implies a horizon, however,classically the temperature does not depend on this parameter at all (as the periodicity of x_5 in the last section). Here δt = 2πR = 1 T , (125)

and further, we can take u_T to be a measure of the energy density via

E(u_T ) = u^2_T

V_5 (2π)^5(α^′)^4g^2_s

, S = 2πRE(u_T ). (126)

Above we have used the energy as measured for a near extremal D5 in flat R^{1,9} , and S is obtained via the Bekenstein-Hawking formula.

As in the last section, one can take the embedding of a D7 which is transverse to some combination of u, x_4x_5. Possible configurations are shown graphically in figure (7).

Figure 7: The configuration of D7 branes in the near extremal D5 brane background with the thermal factor on the time component of the metric. The dashed lines show a possible configuration with the branes falling into the horizon.

Again, choosing u to be the world volume coordinate of the brane ρ, we find the reduced action

T_8 g_s V_4V_3 ∫ dρρ^3 √ f(ρ; u_T ) ((∂x_4)^2 + (∂x_5)^2) +

R^2 ρ^2

. (127)

As before, we find the conserved quantities

ρ^3f(ρ; u_T )∂x_4 √ f(ρ; u_T ) ((∂x_4)^2 + (∂x_5)^2) +^{R2}_{ρ2}

= P_4u^3_T (128)

ρ^3f(ρ; u_T )∂x_5 √ f(ρ; u_T ) ((∂x_4)^2 + (∂x_5)^2) +^{R2}_{ρ2}

= P_5u^3_T (129)

which allows us to solve for ∂x_4, ∂x_5 as

^∂x_4 = R P^4 √ ρ̂^2f(ρ̂; 1) (ρ̂^6f(ρ̂; 1) − (P^2_4 + P^2_5 ))

(130)

^∂x_5 = R P^5 √ ρ̂^2f(ρ̂; 1) (ρ̂^6f(ρ̂; 1) − (P^2_4 + P^2_5 ))

. (131)

where in this section we define

ρ̂ = ρ u_T , ^∂ = ∂ ∂ρ̂ (132)

This allows us to immediately identify

P^2_4 + P^2_5 ≡ P^2 ≡ ρ̂^6_0 ( 1 − 1 ρ̂^2_0 ) (133)

where ρ̂_0 is the minimal value to which the brane falls (ρ̂_0 = ρ_0/u_T = u_0/u_T ). We note that the action is a function only of ρ̂_0. The above configurations always give a connected brane antibrane for P^2 > 1.

Further, we should note that because the functions^{Li(ρ̂0)}_R only depend on ρ̂_0, that for fixed boundary condition at infinity, varying u_Λ does not affect ρ̂_0. This is because to maintain the boundary conditions at infinity, one must vary u_0 in just such a way as to keep u_0/u_T = ρ̂_0 fixed.

One may now ask whether the connected configuration (considered above) is preferred or whether the configuration where the brane anti-brane pair simply fall into the horizon is preferred. To measure this, we subtract the two (infinite) actions, considering the boundary conditions as being placed at some finite (but large) value of u, and then relaxing this position to infinity. This defines our regularization procedure.

The resulting difference we wish to consider is therefore ΔS 2V_3V_4T_7Ru^3_T = ∫_∞ ρ̂_0 dρ̂ρ̂^5 √ f(ρ̂; 1) ρ̂^6f(ρ̂; 1) − ρ̂^6_0f(ρ̂_0; 1) − ∫_∞ 1 dρ̂ρ̂^2

= ∫_∞ ρ̂_0 dρ̂ ( ρ̂^5 √ f(ρ̂; 1) ρ̂^6f(ρ̂; 1) − ρ̂^6_0f(ρ̂_0; 1) − ρ̂^2 ) − 1 3 (ρ̂^3_0 − 1).(134)

We cannot evaluate this exactly, however, we may plot it numerically. The plot

Figure 8: The difference in actions between the “U-shaped” and “||-shaped” configurations plotted as a function of ρ̂_0 =^{u0}_{uT} .

shows that for^{u0}_{uT} < ρ̂^c_0 ≈ 2.4456 that the separated D7 D7 is preferred, and that for^{u0}_{uT} > ρ̂^c_0 ≈ 2.4456 that the connected “U-shaped” configuration is preferred. Because the temperature is not a function of u_T , we may not associate this with a phase transition, even in the space of energy density, of which u_T is a measure. To stress this point, we may easily plug this into the equations for L_4 and L_5 and find

L(ρ̂^c_0) ≡ √ L_4(ρ̂^c_0)^2 + L_5(ρ̂^c_0)^2 = 1.068R. (135)

We note that in the above R does not vary as we vary u_T , and neither does L (as this is a boundary condition we are imposing). We find therefore that the chiral symmetry breaking/restoration is purely a function of the boundary conditions imposed, and find that for^π_3 R < L ⪅ 1.068R that chiral symmetry is present in the deconfining phase, and that for L ⪆ 1.068R chiral symmetry is broken in the deconfining phase. However, we note that if L <^π_3 R that chiral symmetry is again broken (unless there is some problem with an open string tachyon, to which our analysis is insensative). We plot the curve of^{L(ρ̂0 )}_R along with the critical value^{L(ρ̂c0)}_R ≈ 1.068, and the asymptotic

Figure 9:^L ( ρ̂_0=^{u0}_{uT} ) R along with the critical value^{L(ρ̂c0≈2.4456)}_R ≈ 1.068, and the asymptotic value of^{L(ρ̂0=∞)}_R =^π_3 ≈ 1.047, plotted as red green and yellow respectively. Although we have not plotted it, the remainder of the graph for^{L(ρ̂0 )}_R goes to zero as ρ̂_0 → 1.

value of^{L(ρ̂0=∞)}_R =^π_3 ≈ 1.047 in figure (9) to make this more clear. One can therefore see that outside the window^π_3 R < L ⪅ 1.068R, chiral symmetry is broken. When L is above this window, the brane dips far enough towards the horizon that the separated brane configuration is preferred. However, this also occurs below^π_3 R: if the asymptotic separation is below this value, there does exist a value of ρ̂_0 which allows for a connected configuration, however in this case ρ̂_0 is always less than ρ̂^c_0, and so the separated configuration is preferred. It may be, however, that there are no solutions with L <^π_3 , and that the disconnected solution is only a local minimum. One could argue this by starting with L very large and bringing the branes together. It is possible to tunnel from the disconnected to connected solution once L ⪅ 1.068R. Then as one brings the ends closer together, the value of u_0 runs off to infinity. In fact, from the plot in figure 8, it suggests that the effective potential is running off to −∞ for smaller and smaller values of L. This suggests that the solutions for L <^π_3 are only classically stable, similar to starting with an “inverted wine bottle” ϕ^2 − ϕ^4, and taking ϕ = 0 as a solution (when, in fact, it will tunnel out because the potential is unbounded from below). We therefore take that there are no solutions for L ≤^π_3 R; for^π_3 R < L ⪅ 1.068R, chiral symmetry is broken; and that for L ⪆ 1.068R that chiral symmetry is broken. This similar to the results of [9] where chiral symmetry was broken for L < 0.97R and restored for L > 0.97R.

6 Conclusions, and outlook

The above model offers a new dual description of a model in the same universality class as large N_c QCD with flavors, different from that of the SS model [1,7,8]. There are certain notable similarities and differences. First, the temperature dependence of the theory is quite striking: a thermal “black brane” background is only available at a specific temperature T =^1_{2πR} . Further, in the deconfined phase, the boundary conditions^{Li}_R are functions only of the ratio^{u0}_{uT} . This has the interesting quality of making solutions with the same boundary conditions at infinity easy to find: if one scales u_T by a factor C, then one must also scale u_0 by C. This has the effect that varying u_Λ with constant boundary conditions yields no phase transitions: either chiral symmetry is always broken or restored, simply given the boundary conditions. This allows for the possibility of making such a phase transition simultaneous. Finally, we should also note the appearance of a finite height effective potential in the radial direction, giving a finite number of 4D mesons, unlike the case of SS.

There are also some striking similarities. The mechanism for chiral symmetry breaking in the confined phase is identical to that of the SS model, and easy to visualize. Further, considering the baryons as instantons in the U(N_f ) world volume gauge field on the D7, an almost identical mechanism for the baryon size being stabilized arises, and in both cases the size is of the string scale.

The biggest drawback of our model is the far to simple spectrum of mesons, resulting from the finite height and flattening of all effective potentials. One may wish to see how one could modify this setup to allow for a larger spectrum of mesons, possibly for different values of boundary conditions. More specifically, in the confining phase, it would be interesting to see what effect turning on P_4 would have. Recall that in the anti-podal embedding, the minimum of the effective potential is reached when the brane reaches all the way down to u_Λ. Further, recall that introducing a non zero P_4 does not change this: the brane still reaches the minimal value u_0 = u_Λ. So, in such a situation, more effective world volume of the brane exists near where the bottom of the effective potential exists, possibly widening the bottom of the effective potential, and leading to more bound states. Such an analysis, however, could be quite involved and need to rely on numerical methods. A further drawback is the possible quantum mechanical instability of the system. It would be interesting to find solutions to this as well, for example whether the backreaction of the flavor branes could help cure this problem.

Given the vast number of analysis works of the SS background, there remains many possibilities for future work. For example, one may be curious to study the meson spectrum in the deconfining phase similar to [10], particularly to see if one finds similar patterns to the meson melting found via quasi-normal mode analysis [33], as well as modeling the condensation of various modes as in [14]. Also, including bare quark mass will have to follow similar lines as those in the SS model [15, 34], and studies with such deformations. We have also not addressed any possible transition between the deconfined and confined phase. In fact, one should imagine tuning the temperature (in the confined phase) all the way up to T =^1_{2πR} . Since this is the only temperature that admits two different solutions (with the blackening factor) this is the only possible temperature at which a phase transition happens. Note that quantum mechanically the region T >^1_{2πR} does not exist due the Hagedorn instability (neglecting the backreaction of the flavor branes). Such a phase transition at T =^1_{2πR} would be driven simply by the presence of the flavors (as the two Euclidean actions would be identical for the gravity sector). We would then have to subtract the two DBI actions with identical boundary conditions at infinity, but with the blackening factor on different components of the metric. Inverting the relation between the boundary conditions L_i and the P_i is, however, not straightforward. We hope to return to these questions in the future.

Acknowledgements

We wish to thank Ofer Aharony for participating in the early stages of this work, useful discussions and for his remarks on the manuscript. BB also wishes to thank Gaetano Bertoldi for useful discussions. The work of BB is supported by NSERC of Canada. The work of J.S was supported in part by a center of excellence supported by the Israel Science Foundation (grant number 1468/06), by a grant (DIP H52) of the German Israel Project Cooperation, by a BSF grant and by the European Network MRTN-CT-2004-512194.

References

[1] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].

[2] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[3] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323, 183 (2000) [arXiv:hep-th/9905111].

[4] A. Karch and E. Katz, “Adding flavor to AdS/CFT,” JHEP 0206, 043 (2002) [arXiv:hep-th/0205236].

[5] T. Sakai and J. Sonnenschein, “Probing flavored mesons of confining gauge theories by supergravity,” JHEP 0309, 047 (2003) [arXiv:hep-th/0305049].

[6] J. Erdmenger, N. Evans, I. Kirsch and E. Threlfall, Eur. Phys. J. A 35, 81 (2008) [arXiv:0711.4467 [hep-th]].

[7] T. Sakai and S. Sugimoto, “Low energy hadron physics in holographic QCD,” Prog. Theor. Phys. 113, 843 (2005) [arXiv:hep-th/0412141].

[8] T. Sakai and S. Sugimoto, “More on a holographic dual of QCD,” Prog. Theor.

Phys. 114, 1083 (2005) [arXiv:hep-th/0507073].

[9] O. Aharony, J. Sonnenschein and S. Yankielowicz, “A holographic model of deconfinement and chiral symmetry restoration,” Annals Phys. 322, 1420 (2007) [arXiv:hep-th/0604161].

[10] K. Peeters, J. Sonnenschein and M. Zamaklar, “Holographic melting and related properties of mesons in a quark gluon plasma,” Phys. Rev. D 74, 106008 (2006) [arXiv:hep-th/0606195].

[11] O. Bergman, S. Seki and J. Sonnenschein, “Quark mass and condensate in HQCD,” JHEP 0712, 037 (2007) [arXiv:0708.2839 [hep-th]].

[12] A. Dhar and P. Nag, “Sakai-Sugimoto model, Tachyon Condensation and Chiral symmetry Breaking,” JHEP 0801, 055 (2008) [arXiv:0708.3233 [hep-th]].

[13] A. Dhar and P. Nag, Phys. Rev. D 78, 066021 (2008) [arXiv:0804.4807 [hep-th]].

[14] O. Aharony, K. Peeters, J. Sonnenschein and M. Zamaklar, “Rho meson condensation at finite isospin chemical potential in a holographic model for QCD,” JHEP 0802, 071 (2008) [arXiv:0709.3948 [hep-th]].

[15] O. Aharony and D. Kutasov, “Holographic Duals of Long Open Strings,” Phys.

Rev. D 78, 026005 (2008) [arXiv:0803.3547 [hep-th]].

[16] R. McNees, R. C. Myers and A. Sinha, “On quark masses in holographic QCD,” arXiv:0807.5127 [hep-th].

[17] P. C. Argyres, M. Edalati, R. G. Leigh and J. F. Vazquez-Poritz, “Open Wilson Lines and Chiral Condensates in Thermal Holographic QCD,” Phys. Rev. D 79, 045022 (2009) [arXiv:0811.4617 [hep-th]].

[18] M. Edalati, R. G. Leigh and N. N. Hoang, “Transversely-intersecting D-branes at finite temperature and chiral phase transition,” JHEP 0905, 035 (2009) [arXiv:0803.1277 [hep-th]].

[19] E. Antonyan, J. A. Harvey and D. Kutasov, “Chiral symmetry breaking from intersecting D-branes,” Nucl. Phys. B 784, 1 (2007) [arXiv:hep-th/0608177].

[20] O. Aharony, A. Giveon and D. Kutasov, “LSZ in LST,” Nucl. Phys. B 691, 3 (2004) [arXiv:hep-th/0404016].

[21] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, “Linear dilatons, NS5- branes and holography,” JHEP 9810, 004 (1998) [arXiv:hep-th/9808149].

[22] D. Kutasov, “Introduction To Little String Theory,”

http://www.slac.stanford.edu/spires/find/hep/www?irn=5015588 Prepared for ICTP Spring School on Superstrings and Related Matters, Trieste, Italy, 2-10 Apr 2001

[23] D. Marolf and A. Virmani, “Holographic Renormalization of Gravity in Little String Theory Duals,” JHEP 0706, 042 (2007) [arXiv:hep-th/0703251].

[24] A. Parnachev and A. Starinets, “The silence of the little strings,” JHEP 0510, 027 (2005) [arXiv:hep-th/0506144].

[25] S. Elitzur, A. Giveon, D. Kutasov, E. Rabinovici and G. Sarkissian, “Dbranes in the background of NS fivebranes,” JHEP 0008, 046 (2000) [arXiv:hep-th/0005052].

[26] S. L. Lukyanov, E. S. Vitchev and A. B. Zamolodchikov, “Integrable model of boundary interaction: The paperclip,” Nucl. Phys. B 683, 423 (2004) [arXiv:hep-th/0312168].

[27] D. Kutasov, “D-brane dynamics near NS5-branes,” arXiv:hep-th/0405058.

[28] M. Kruczenski, L. A. P. Zayas, J. Sonnenschein and D. Vaman, “Regge trajectories for mesons in the holographic dual of large-N(c) QCD,” JHEP 0506, 046 (2005) [arXiv:hep-th/0410035].

[29] E. Antonyan, J. A. Harvey, S. Jensen and D. Kutasov, “NJL and QCD from string theory,” arXiv:hep-th/0604017.

[30] H. Stephani; edited by Malcolm MacCallum, “Differential equations: Thier solution using symmetries,” Cambridge, UK: Univ. Pr. (1989) 258 p

[31] S. Kuperstein and J. Sonnenschein, “A New Holographic Model of Chiral Symmetry Breaking,” JHEP 0809, 012 (2008) [arXiv:0807.2897 [hep-th]].

[32] H. Hata, T. Sakai, S. Sugimoto and S. Yamato, “Baryons from instantons in holographic QCD,” arXiv:hep-th/0701280.

[33] C. Hoyos-Badajoz, K. Landsteiner and S. Montero, “Holographic Meson Melting,” JHEP 0704, 031 (2007) [arXiv:hep-th/0612169].

[34] K. Hashimoto, T. Hirayama, F. L. Lin and H. U. Yee, “Quark Mass Deformation of Holographic Massless QCD,” JHEP 0807, 089 (2008) [arXiv:0803.4192 [hepth]].