arXiv:0903.1176v1 [hep-th] 6 Mar 2009

Beyond the Einstein Equation of State: Wald Entropy and Thermodynamical Gravity

Maulik Parikh and Sudipta Sarkar Inter-University Centre for Astronomy and Astrophysics (IUCAA), Post Bag 4, Pune 7, India

We show that the classical equations of gravity follow from a thermodynamic relation, δQ = T δS, where S is taken to be the Wald entropy, applied to a local Rindler horizon at any point in spacetime. Our approach works for all diffeomorphisminvariant theories of gravity. This suggests that classical gravity may be thermodynamic in origin.

INTRODUCTION

Black holes have often provided insights into the nature of quantum gravity and the structure of spacetime. For example, the holographic principle emerged through Gedankenexperiments that took a property of black holes — the sub-extensive scaling of Bekenstein- Hawking entropy — and applied it to arbitrary gravitational systems.

Another potentially profound insight comes from a paper by Jacobson [1]. Jacobson considered the puzzling fact that the laws of black hole mechanics, derived in classical general relativity, seem mysteriously to anticipate the laws of black hole thermodynamics, derived in semi-classical gravity. Rather than trying to explain how classical laws could “know about” quantum-mechanical ones, Jacobson reversed the logic, regarding the thermodynamics to be a premise rather than a consequence. Quite remarkably, by assigning the thermodynamic properties of black hole horizons to local light-cones in spacetime (not necessarily near a black hole), the Einstein equation re-appears as an equation of state. This seems to suggest, as indeed many theorists believe, that gravity is not a fundamental theory but originates in some kind of thermodynamic approximation.

The question arises whether this alluring result is somehow an artifact of Einstein gravity, or whether the connection between thermodynamics and gravity goes deeper, persisting also in general, higher-curvature theories of gravity. But extending the original derivation to higher-curvature theories is nontrivial, in part because that derivation makes use of the Raychaudhuri equation, whose usefulness is obscured in higher-curvature theories: the Raychaudhuri equation relates the derivative of the expansion of the horizon to the Ricci tensor, but a simple relation between the Ricci tensor and the stress tensor holds only for Einstein gravity. Moreover, in generic theories of gravity, the entropy is not simply proportional to the area.

In this paper, we obtain the classical gravitational equations from thermodynamics without making use of the Raychaudhuri equation. Specifically, we show that the classical equations of gravity follow directly from the Clausius relation, δS = δQ/T . Here for S we use Wald’s definition of entropy, which is the entropy (in place of A/4) that satisfies the first law of thermodynamics in higher-curvature theories. Our result suggests that classical gravity might have a quite intriguing thermodynamic origin.

GENERAL THEORIES OF GRAVITY

Consider a general diffeomorphism-invariant theory of gravity in any number of dimensions. For convenience, we will assume that the Lagrangian is a polynomial in the Riemann tensor but does not involve its derivatives. One may regard the Lagrangian formally as dependent on both the metric and the Riemann tensor even though of course the Riemann tensor, depends on the metric [2, 3]. Specifically, let the action be I = 1 16π ∫ d^Dx √ −gL(g_{ab}, R_{abcd}) . (1) We have set Newton’s constant to unity. Define P^{abcd} = ∂L ∂R_{abcd} . (2)

P^{abcd} has the same algebraic symmetries as the Riemann tensor, including cyclicity. One then finds that the equation of motion that follows from (1) (supplemented by appropriate generalizations of Gibbons-Hawking-like boundary terms) is P^{cde}_a R_{bcde} − 2∇^c∇^dP_{acdb} − 1 2 Lg_{ab} = 8πT_{ab} . (3) For example, when the Lagrangian is L = f(R), we find P^{abcd} =^1_2 f^′(R) ( g^{ac}g^{bd} − g^{ad}g^{bc} ) . Thus, the equation of motion is

f^′(R)R_{ab} − ∇_a∇_bf^′(R) + ( □f^′(R) − 1 2 f(R) ) g_{ab} = 8πT_{ab} . (4)

This reduces to Einstein’s equation when f(R) = R.

Another example is Lovelock gravity [4, 5], the most general extension of Einstein gravity for which the equations of motion do not contain derivatives of the Riemann tensor. The Lagrangian is L =

∑_{mmax} m=0 c_mL_m, where c_m are constants of dimension (length)^{2m−2}, which are arbitrary as far as gravity is concerned, and m_{max} = (D − 2)/2 for even D dimensions and m_{max} = (D − 1)/2 for odd D. Each term L_m is made up of contractions of products of the Riemann tensor: L_m = 1 2^m δ^{i1...i2m} j_1...j_{2m} R j_1j_2 i_1i_2 ...R j_{2m−1}j_{2m} i_{2m−1} i_{2m} . (5)

Here the δ symbol is the generalized Kronecker delta, defined as the sum over signed permutations of products of ordinary Kronecker deltas. The Einstein-Hilbert action with a cosmological constant is just a special case of the Lovelock action with c_1 = 1 and c_0 = −2Λ. When D ≤ 4, there are no other possible terms; the next term appears for D ≥ 5. It is L_2 = R^2 − 4R^{ab}R_{ab} + R^{abcd}R_{abcd}, known as Gauss-Bonnet gravity, which appears in the low-energy effective action of certain string theories [6, 7]; its coefficient in ten-dimensional heterotic string theory is c_2 = +α^′/4. The Gauss-Bonnet action is a topological invariant in four dimensions, just as the Einstein-Hilbert action is a topological invariant in two dimensions. It is convenient to write (5) in the form [8] L_m = Q^{abcd}_{(m)} R_{abcd} . (6) Then P^{abcd} = mQ^{abcd}_{(m)} , which has the nice property that ∇_aP^{abcd} = 0. The equation of motion for Lovelock theory is

m_{max}∑

m=0 c_m ( m Q^{acde}_{(m)} R^b_{cde} − 1 2 L_mg^{ab} ) = 8πT^{ab} , (7)

which follows easily from (3).

In each of these theories, one can associate an entropy with Killing or black hole horizons. For example, in place of A/4, the entropy in f(R) gravity is

S_f = f^′(R) A 4 , (8)

while for Gauss-Bonnet gravity, black holes have an entropy of

S_{G−B} = 1 4 ∫ d^{D−2}x √ σ ( 1 + 2c_2^{(D−2)}R ) , (9) where^{(D−2)}R is the scalar curvature of (the cross-section of) the horizon. We will show below that, as in Jacobson’s derivation of Einstein’s equation from S = A/4 [1], varying these entropies and imposing the Clausius relation, δQ = T δS, leads directly to the equations of classical gravity.

WALD ENTROPY

Wald [2, 3] and other authors [9, 10] have developed a powerful and elegant Lagrangianbased method for determining the entropy of a black hole with a Killing horizon. Wald’s method works for any diffeomorphism-invariant theory in any number of dimensions and does not require Euclideanization. Here we adopt a simplified version of the formalism [11]. Consider a generally covariant Lagrangian, L, that depends on the Riemann tensor but does not contain derivatives of the Riemann tensor. Under the diffeomorphism x^a → x^a + ξ^a the metric changes via δg_{ab} = −∇_aξ_b − ∇_bξ_a. By diffeomorphism-invariance, the change in the action, when evaluated on-shell, is given only by a surface term. This leads to a conservation law, ∇_aJ^a = 0, for which we can write J^a = ∇_bJ^{ab}, where J^{ab} defines (not uniquely) the antisymmetric Noether potential associated with the diffeomorphism ξ^a [2].

For a Lagrangian of the type L = L(g_{ab}, R_{abcd}) direct computation shows that J^{ab} is given by (see [11]) J^{ab} = −2P^{abcd}∇_cξ_d + 4ξ_d ( ∇_cP^{abcd} ) , (10) with P^{abcd} = ∂L/∂R_{abcd}. The Noether charge associated with a rigid diffeomorphism ξ^a is defined by integrating the Noether potential over a closed spacelike surface S: Q = ∫ S J^{ab}dS_{ab} . (11) When ξ^a is a timelike Killing vector (the one whose norm vanishes at the Killing horizon), it turns out [2, 3] that the corresponding Noether charge is precisely the entropy, S, associated with the horizon, apart from a few factors: S = 1 8κ ∫ S dS_{ab}J^{ab} . (12) Here κ is the surface gravity of the black hole horizon. The integral for this “Wald entropy” can be evaluated over any spacelike cross-section of the Killing horizon [9]. In fact we can formally define the quantity S on any closed spacelike surface, S, of codimension two (such as a section of a stretched horizon), and only at the end take the limit in which that S approaches a section of the Killing horizon. It can be shown, for example, that both (8) and (9) are just special cases of Wald entropy.

GRAVITATION FROM THERMODYNAMICS

Now let us show how the classical equations of gravity, (3), arise thermodynamically. (That the equations look thermodynamical has been shown for spherically-symmetric Lovelock gravity [12].) The set-up is as follows [1]. Take any spacetime point p and pick any future-directed null vector k^a emanating from p. In the vicinity of p, the plane orthogonal to k^a defines a local acceleration, or Rindler, horizon, H. Let B_1 be any spacelike neighborhood of p of codimension two that locally lives on the Rindler plane, and let B_2 be some further section of the Rindler plane along k^a. Next, let ξ^a be a future-directed approximate timelike Killing vector that generates boosts and asymptotically approaches k^a. The orbits of ξ^a and the plane orthogonal to the acceleration vector of ξ^a define a stretched horizon, Σ. As in the membrane paradigm [13, 14], points on H and points on Σ can be put in one-to-one correspondence by, say, ingoing null rays that pierce both surfaces. Let S_i be the images of B_i on Σ via this correspondence. See Fig. 1.

Let ξ^aξ_a = −α^2, where the norm α (which turns out to be a lapse) is taken to be constant over Σ. This norm vanishes at H, a Killing horizon. Let u^a be the proper velocity of a fiducial observer moving along the orbit of ξ^a i.e. u^a = (_d dτ )_a =^1_α ξ^a, where τ is the proper time. Let n^a be the spacelike unit normal to Σ, pointing in the direction of increasing α. Both u^a and n^a map to k^a in the limit that α → 0, for which Σ → H.

After these preliminaries, we are ready to deduce the classical equations of gravity from thermodynamics. The key idea [1] is to assign black hole thermodynamic properties to local Rindler horizons [15]. The stretched horizon is assigned a local temperature, T_{loc} = κ/2πα, as well as the Wald entropy appropriate to the given theory of gravity.

By (10) and (12), the Wald entropy associated with a stretched horizon at time τ is S = − 1 4κ ∫ S(τ ) dS_{ab} ( P^{abcd}∇_cξ_d − 2ξ_d∇_cP^{abcd} ) . (13)

FIG. 1: The local Rindler horizon, H, of an arbitrary spacetime point p is defined by a null vector, k^a. A stretched horizon, Σ, is defined by a timelike approximate Killing vector ξ^a and has a normal vector field n^a. B_i and S_i are spacelike patches of codimension two that inhabit the planes of the Rindler and stretched horizons in the directions orthogonal to the figure, with p contained in B_1.

Next, we vary the entropy along the timelike congruence. The entropy change is

δS = S(τ_2) − S(τ_1) = − 1 4κ [∫ S(τ_2) dS_{ab} ( P^{abcd}∇_cξ_d − 2ξ_d∇_cP^{abcd} ) − ∫ S(τ_1) dS_{ab} ( P^{abcd}∇_cξ_d − 2ξ_d∇_cP^{abcd} )]

= + 1 4κ ∫ Σ dΣ_a∇_b ( P^{abcd}∇_cξ_d − 2ξ_d∇_cP^{abcd} ) (14)

In the last step, we have used Stokes’ theorem for an antisymmetric tensor field A^{ab}: ∫ Σ dΣ_a∇_bA^{ab} = − ∮ S dS_{ab}A^{ab} , (15) where our Σ has the boundary S = S(τ_1) ∪ S(τ_2), and the minus sign comes about because Σ is timelike. (To be explicit, our conventions here are dΣ_a = n_a dA dτ and dS_{ab} =^1_2 (n_au_b − u_an_b)dA, where the normal n^a to the stretched horizon points outwards, away from the true horizon.) Recall that P^{abcd} has the same algebraic symmetries as the Riemann tensor, including cyclicity. Using those symmetries, we find that δS = 1 4κ ∫ Σ [ −∇_b ( P^{adbc} + P^{acbd} ) ∇_cξ_d + P^{abcd}∇_b∇_cξ_d − 2ξ_d∇_b∇_cP^{abcd} ] dΣ_a (16)

So far we have not used any properties of ξ^a. Now we will assume that ξ^a is an approximate timelike Killing vector. An exact Killing vector satisfies Killing’s equation ∇_bξ_c + ∇_cξ_b = 0 from which it follows that ∇_a∇_bξ_c = R^d_{abc}ξ_d. An approximate Killing vector indeed satisfies Killing’s equation locally. We will also assume the applicability of the second equation within our local Rindler patch, a point we will discuss in the next section. The terms in parentheses drop out by symmetry. Using our assumption, we find

T_{loc}δS = 1 8πα ∫ Σ ( P^{abcd}R_{dcbe}ξ^e − 2ξ_d∇_b∇_cP^{abcd} ) n_adτdA (17) On the other hand, the locally-measured energy or heat flux into the stretched horizon is δQ = + ∫ Σ dΣ_aT^a_e u^e = 1 α ∫ Σ dA dτ n_aT^a_e ξ^e . (18) Now S is not yet the entropy of the true horizon, H, since we still have to take the limit in which the stretched horizon becomes null. Then both n^a and u^a become proportional to the null vector k^a (with the same proportionality constant). Equating δQ and T_{loc}δS and taking the null limit, we obtain ( P^{cde}_a R_{bcde} − 2∇^c∇^dP_{acdb} ) k^ak^b = 8πT_{ab}k^ak^b . (19)

Since this holds for all null vectors k^a at p, we infer that P^{cde}_a R_{bcde} − 2∇^c∇^dP_{acdb} + φ g_{ab} = 8πT_{ab} , (20) for some scalar function φ. By demanding conservation of the stress tensor and using the Bianchi identities, we find that φ = −^1_2 L + Λ, where Λ is an integration constant. Thus we see that imposing T_{loc}δS = δQ at any point in spacetime necessarily implies that P^{cde}_a R_{bcde} − 2∇^c∇^dP_{acdb} − 1 2 Lg_{ab} + Λg_{ab} = 8πT_{ab} . (21)

With the cosmological constant appearing as an integration constant, this is precisely the classical equation of motion, (3), for our theory of gravity.

DISCUSSION

We have shown that the equations of classical gravity follow from thermodynamics. Our derivation did not require the Raychaudhuri equation. Moreover, since we started with the Wald entropy, we could go beyond the Einstein equation to the equations of motion of general theories of gravity. Since these were obtained from the Clausius relation, they can be regarded as equations of state — relations between thermodynamic state variables.

Satisfying as this is, there remain some loose ends. One observation [16] is that the derivation of the Wald entropy itself relies on the equations of motion being obeyed. Although our approach never explicitly invokes the equations of motion, it is still unclear whether any derivation, including Jacobson’s original calculation, that begins with an onshell expression which agrees with Wald entropy (such as A/4) is implicitly assuming the answer, or whether that is simply self-consistency. Another technical concern is our use of the equation ∇_a∇_bξ_c = R_{abcd}ξ^d. This equation is obviously true when ξ^a is an exact Killing vector but to what extent can one trust it when ξ^a is an approximate Killing vector? For a general spacetime, Riemann normal coordinates can be applied to any local patch. In such coordinates an approximate boost Killing vector looks like x∂_t + t∂_x. However, such a vector does not obey ∇_a∇_bξ_c = R_{abcd}ξ^d in general, so our assumption cannot be satisfied through coordinate choices alone. In this light, it is interesting that for f(R) theories, previous work has found that the Clausius relation does not give the equations of motion but also has additional terms [17]; these have been interpreted as non-equilibrium effects. Perhaps the failure of ∇_a∇_bξ_c = R_{abcd}ξ^d to hold may be traced to such effects. In that case, our derivation may indicate how to determine potential non-equilibrium terms for a general theory of gravity. (On the other hand, we also make use of this equation for Einstein gravity where there are no such terms, so perhaps it is an innocuous assumption.) It would be interesting to understand this better, as well as to connect our method to previous approaches [17].

While this paper was being prepared, the preprint [18] appeared, claiming similar conclusions; unfortunately, among other things, their starting formula for entropy (equation 9 in [18]) is manifestly incorrect, leaving the result in doubt.

Acknowledgments We would like to thank T. Padmanabhan for discussions. S. S. is supported by the Council of Scientific and Industrial Research, India.

[1] T. Jacobson, “Thermodynamics of Spacetime: The Einstein Equation of State,” Phys. Rev.

Lett. 75 (1995), 1260; gr-qc/9504004.

[2] R. M. Wald, “Black Hole Entropy is Noether Charge,” Phys. Rev. D 48 (1993), 3427;

gr-qc/9307038.

[3] V. Iyer and R. M. Wald, “A comparison of Noether charge and Euclidean methods for Computing the Entropy of Stationary Black Holes,” Phys. Rev. D 52 (1995), 4430; gr-qc/9503052.

[4] D. Lovelock, “The Einstein tensor and its generalizations,” J. Math. Phys. 12 (1971), 498. [5] C. Lanczos, “A remarkable property of the Riemann-Christoffel tensor in four dimensions,” Ann. Math. 39 (1938), 842.

[6] B. Zwiebach, “Curvature Squared Terms and String Theories,” Phys. Lett. B 156 (1985), 315. [7] D. J. Gross and E. Witten, “Superstring Modifications Of Einstein’s Equations,” Nucl. Phys.

B 277 (1986), 1.

[8] T. Padmanabhan and A. Paranjape, “Entropy of Null Surfaces and Dynamics of Spacetime,” Phys. Rev. D 75 (2007), 064004; gr-qc/0701003.

[9] T. Jacobson, G. Kang, and R. C. Myers, “On Black Hole Entropy,” Phys. Rev. D 49 (1994), 6587; gr-qc/9312023.

[10] T. Jacobson and R. C. Myers, “Entropy of Lovelock Black Holes,” Phys. Rev. Lett. 70 (1993), 3684; hep-th/9305016.

[11] G. L. Cardoso, B. de Wit, and T. Mohaupt, “Deviations from the Area Law for Supersymmetric Black Holes,” Fortsch. Phys. 48 (2000), 49; hep-th/9904005.

[12] A. Paranjape, S. Sarkar, and T. Padmanabhan, “Thermodynamic route to Field equations in Lanczos-Lovelock Gravity,” Phys. Rev. D 74 (2006), 104015; hep-th/0607240.

[13] K. S. Thorne, R. H. Price, and D. A. Macdonald (eds.), Black Holes: The Membrane Paradigm, Yale University Press (1986).

[14] M. K. Parikh and F. Wilczek, “An Action for Black Hole Membranes,” Phys. Rev. D 58 (1998), 064011; gr-qc/9712077.

[15] T. Padmanabhan, “Gravity: The inside story,” Gen. Rel. Grav. 40 (2008), 2031. [16] T. Padmanabhan, “Entropy density of spacetime and thermodynamic interpretation of field equations of gravity,” arXiv:0903.1254.

[17] C. Eling, R. Guedens, and T. Jacobson, “Non-equilibrium Thermodynamics of Spacetime,” Phys. Rev. Lett. 96 (2006), 121301; gr-qc/0602001 [18] R. Brustein and M. Hadad, “The Einstein equations for generalized theories of gravity and the thermodynamic relation δQ = T δS are equivalent,” arXiv:0903.0823.