arXiv:0903.1186v4 [hep-th] 24 Apr 2009

Preprint typeset in JHEP style - HYPER VERSION

Chern-Simons S-Brane Solutions in M-theory and Accelerating Cosmologies

Nihat Sadik Deger^{1,3} and Ali Kaya^{2,3}

1 Department of Mathematics, Bogazici University, Bebek, 34342, Istanbul-Turkey 2 Department of Physics, Bogazici University, Bebek, 34342, Istanbul-Turkey 3 Feza Gursey Institute, Cengelkoy, 34680, Istanbul-Turkey

E-mails: sadik.deger@boun.edu.tr, ali.kaya@boun.edu.tr

Abstract: We construct an intersecting S-brane solution of 11-dimensional supergravity for which the contribution of the Chern-Simons term to the field equations is non-zero. After studying some of its properties, we consider three different compactifications (each with 3 separate subcases) of this system to 4-dimensions. Two of these give accelerating cosmologies, however their expansion factors are of order unity. We also find two static versions of this configuration and its dimensional reduction to type IIA theory.

Contents

1. Introduction 1

2. The Solution 2 2.1 Derivation 2 2.2 Basic Properties 6 2.3 Smearing and Dimensional Reduction to D = 10 7

3. Compactification to D = 4 and Accelerating Cosmologies 9

4. Corresponding Static Solutions 11 4.1 Version I: A Static S-brane Configuration 11 4.2 Version II: A Non-Extremal Composite M-brane Configuration 13

5. Conclusions 14

1. Introduction

In the D = 11 supergravity [1] the field equation of the 4-form field strength F looks like d ∗ F ∼ F ∧ F where the right-hand-side comes from the Chern-Simons term in the action. For basic p-brane solutions of this theory, namely the membrane [2] and the five brane [3], F ∧ F vanishes automatically. This happens also when intersections [4, 5, 6] are considered. Actually, investigating structure of the 4-forms of an M2 and an M5-brane it is clear that it is impossible to make F ∧F nonzero and satisfy the above equation by additional branes. This is because 4-forms of M2’s have two common directions (the time coordinate and the radial coordinate of the overall transverse space), whereas M5-brane 4-form has none of these components. However, relaxing the condition to have only basic M-branes one can have composite M-brane solution [7, 8, 9]. This is obtained using the U-duality transformations and it is half supersymmetric. Another way to construct such solutions for an M2-brane is to replace its 8-dimensional flat transverse part with a Ricci-flat space that supports a non-trivial harmonic 4-form. This modifies the 4-form ansatz of the membrane and the Chern-Simons term becomes active [10] - [16], which sometimes resolves the singularity of the M2-brane solution.

The situation is similar for spacelike branes; the Chern-Simons term plays no role in SM2 and SM5 branes [17, 18, 19, 20]. Meanwhile, in intersections branes are located so that F ∧ F is either trivially zero [21] or charges are chosen proportional so that it vanishes

– 1 – when all terms are added up [22]. However, unlike p-brane intersections it is possible to have a non-zero Chern-Simons term and satisfy the 4-form field equation simultaneously. This is mainly due to the fact that one can write down 4-forms of an SM2 and an SM5- brane without any overlapping and SM2-brane 4-forms must have only the time coordinate in common. The minimal configuration contains two SM2 and one SM5-brane and it is unique up to renaming of coordinates. This case was considered in [22], but field equations could be analyzed only numerically. In this paper we find an analytic solution for this system and investigate its properties in section 2. To the best of our knowledge this is the first example of such a time-dependent solution.

SM2-branes upon compactification can give rise to 4-dimensional accelerating cosmologies [23]-[27] (for earlier work on S-brane cosmology see e.g. [28, 29]). The second goal of this paper is to see whether this is still true and if so whether there is any improvement, when the Chern-Simons term is active. In section 3 we consider three different compactifications (each with 3 distinct subcases) to D = 4 and find that in this respect there is not much difference; there is acceleration in two of these, however like usual SM2-branes the number of e-foldings is order 1.

After these, we find two static versions of our solution in section 4 and discuss some of their properties. We conclude in section 5 with some comments and future directions.

2. The Solution

Here we present a detailed construction of the Chern-Simons S-brane solution and discuss its basic properties. As we will see, compared to previously obtained S-brane solutions there are crucial differences in field equations, and methods that have been employed for solving them do not work anymore. Specifically, in our case the 4-form field equation is not satisfied identically and there appear two first order equations to be worked out. Moreover, it is not possible to decouple the differential equations like usual S-branes. Instead, we find a suitable ansatz that helps us to solve the system step by step in a consistent manner. Readers who are more interested with the solution itself may skip the derivation and go directly to the subsection 2.2.

2.1 Derivation

The bosonic action of the 11-dimensional supergravity [1] can be written as S = ∫ d^{11}x( √ −gR − 1 2 F ∧ ∗F + 1 6 F ∧ F ∧ A) , (2.1) where the last term is the Chern-Simons term. The equations of motion are given by R_{AB} = 1 2.3! F_{ACDE} F_B^{CDE} − 1 6.4!

g_{AB} F^2, (2.2) d ∗ F = 1 2 F ∧ F . (2.3)

We also have the Bianchi identity dF = 0.

– 2 –

Looking at 4-form field strengths of SM2 and SM5 branes together with (2.3) we see that at least 3 branes are needed to achieve a non-trivial F ∧ F contribution. This is unique up to relabeling of coordinates. The configuration that we will discuss below was first considered in [22] where an analytic solution couldn’t be obtained. However, using numerical techniques the behavior of the metric functions were studied and it was observed that their asymptotic values do not depend much on initial conditions and they always approach to zero as t → ∞ which signals a singularity.^1

More explicitly, in [22] the following configuration was considered: two SM2-branes located at (x_1, x_2, x_3) and (x_4, x_5, x_6) and an SM5-brane located at (x_1, ..., x_6). The metric and the 4-form field strength are

ds^2 = −e^{2A}dt^2 + e^{2C1} (dx^2_1 + dx^2 + dx^2_3) + e^{2C2} (dx^2_4 + dx^2_5 + dx^2_6) + e^{2D} dΣ^2_{4,σ} , (2.4) F = P (t)e^{6C1} dt ∧ dx_1 ∧ dx_2 ∧ dx_3 + R(t)e^{6C2} dt ∧ dx_4 ∧ dx_5 ∧ dx_6 + q Vol(Σ_{4,σ})(2.5)

where dΣ^2_{4,σ} is the metric of the 4-dimensional unit sphere (σ = 1), unit hyperbola (σ = −1) or flat space (σ = 0) and Vol(Σ_{4,σ}) is its volume form. The constant q is proportional to the charge of the SM5-brane and metric functions depend only on time t. Note that (2.5) satisfies the Bianchi identity dF = 0 trivially. We use our freedom of choosing the time coordinate to fix A = 3C_1 + 3C_2 + 4D , (2.6)

which simplifies the Ricci tensor and introduce the function G(t) through the relation

D = G − C_1 − C_2 . (2.7)

Therefore, there are 5 unknown functions of time which are P , R, C_1, C_2 and G.

After these, the field equations take the form [22]:

P^′ = q R e^{6C2} , (2.8) R^′ = −q P e^{6C1} , (2.9)

C^{′′}_1 = − 1 3 P^2 e^{6C1} + 1 6 R^2 e^{6C2} − q^2 6 e^{6C1+6C2} , (2.10)

C^{′′}_2 = 1 6 P^2 e^{6C1} − 1 3 R^2 e^{6C2} − q^2 6 e^{6C1 +6C2} , (2.11)

G^{′′} = −3 σ e^{6G} , (2.12) and 2A^{′2} − 6C^{′2}_1 − 6C^{′2}_2 − 8D^{′2} = P^2e^{6C1} + R^2e^{6C2} + q^2e^{6C1 +6C2} , (2.13)

where all derivatives are with respect to the time coordinate t. In the above system, the first two equations come from the 4-form field equation (2.3) and the following three (2.10)-(2.12) arise from the spatial components of the Ricci tensor (2.2) which is diagonal. The last equation comes from the time component of the Ricci tensor (2.2), which can

1We verify that graphs given in [22] correspond to the solution that is presented in this section with a specific choice of integration constants.

– 3 – be viewed as a constraint for initial data. When q = 0, these equations correspond to those of a non-standard SM2 ⊥ SM2(-1) intersection whose solution was obtained in [22] with P^2 = R^2 = constant ≠ 0. Here non-standard refers to S-brane intersections without supersymmetric p-brane analogs and (-1) means that SM2’s have no common directions. When P = R = 0 they reduce to those of an SM5-brane [18] and when P = constant ≠ 0 and R = q = 0 they correspond to an SM2-brane [19, 20]. Notice that equations remain unchanged if we interchange P ↔ R, C_1 ↔ C_2 and q ↔ −q.

To solve this system we first note that (2.12) can be integrated once to give,

(G^′)^2 + σe^{6G} = m^2, (2.14)

where m is a constant. We obtain its solutions as

e^{−6G} = m^{−2} sinh^2 [3m (t − t_0)] , σ = −1 (hyperbola), m^{−2} cosh^2 [3m (t − t_0)] , σ = 1 (sphere), exp[6m (t − t_0)], σ = 0 (flat),

(2.15)

where t_0 is a constant. Using (2.15) in (2.13) the constraint equation becomes

24m^2 = P^2e^{6C1} + R^2e^{6C2} + q^2e^{6C1+6C2} + 12(C^′_1)^2 + 12(C^′_2)^2 + 12C^′_1C^′_2 . (2.16)

Therefore, G completely decouples from the system and we now have 4 equations (2.8)- (2.11) and a constraint (2.16) for the functions P , R, C_1 and C_2.

To proceed, it is useful to notice

2q(C^{′′}_1 − C^{′′}_2 ) = (P R)^′ , (2.17)

which implies 2q(C^′_1 − C^′_2) = P R + ẽ , (2.18)

where ẽ is an integration constant. We will use this simpler equation instead of (2.11) without loss of generality. Now, our strategy is to express C_1 and C_2 from (2.8)-(2.9) in terms of P, P^′, R and R^′ and then use these in (2.10) and (2.18). As a result, we get the following two differential equations for R and P : R^′ R ( P^′ P + P R q ) = ( R^{′′} R^′ − P^′ P − P R q )_′ , (2.19) 3P R q + e = R^′ R − P^′ P + R^{′′} R^′ − P^{′′} P^′ , (2.20)

where e = ẽ/q. The integrability condition (2.16) becomes

24m^2 = RP^′ q − P R^′ q − P^′R^′ P R + 1 3 ( R^{′′} R^′ − P^′ P )^2 + 1 3 ( P^{′′} P^′ − R^′ R )^2 + 1 3 ( R^{′′} R^′ − P^′ P )( P^{′′} P^′ − R^′ R ). (2.21)

To summarize, at this stage our problem is reduced to solving two coupled differential equations (2.19)-(2.20) subject to the condition (2.21). After these one can read e^{6C1} and e^{6C2} from (2.8)-(2.9) and determine A and D using (2.6) and (2.7).

– 4 –

To solve this complicated system we try the following ansatz in (2.19) P^′ P + P R q = cR , (2.22)

where c is a constant. With this substitution we derive from (2.19) R^{′′} R^′ = 2cR + 2d = 2 ( P^′ P + P R q ) + 2d , (2.23)

which gives a Riccati type differential equation for R:

R^′ − cR^2 − 2dR = b , (2.24)

where d and b are integration constants. The solution of this equation depends on the combination d^2 − bc. Postponing the explicit form of R for the moment, we observe that the function P can be solved either from (2.20) or (2.22). Substituting (2.23) in (2.20) one gets P^2Re^{(3d−e)t} = aP^′ √ R^′ , (2.25) where a is another constant. Using (2.25) in our ansatz (2.22), P can algebraically be solved as P = aqc √ R^′ a √ R^′ + qe^{(3d−e)t} . (2.26)

Now, it only remains to check the integrability condition (2.21) which gives

24m^2 =

4d^2 3 − bc and e = 2d. (2.27)

From (2.8)-(2.9) using (2.24), (2.26) and (2.27) we find

e^{6C1} = − √ R^′ (a √ R^′ + qe^{dt}) acq^2 , (2.28)

e^{6C2} = aqc^2 √ R^′ e^{dt} (a √ R^′ + qe^{dt})^2

. (2.29)

Of course, the right-hand sides of these two equations should be non-negative for all t which require: i) c < 0 , ii) R^′ ≥ 0 , iii) aq > 0 . (2.30) Looking at the differential equation (2.24) we see that the first two of these requirements are satisfied only when d^2 > bc. In this case there are two different solutions of (2.24) which read R = −^{k2}_c tanh[k^2 (t − t_1)] −^d_c ,

−^{k2}_c coth[k^2 (t − t_1)] −^d_c ,

(2.31)

where k^2 ≡ √ d^2 − bc and t_1 is a constant. However, conditions in (2.30) choose the tangent hyperbolic function in (2.31) and we get R = − k^2 c tanh[k^2 (t − t_1)] − d c , (2.32)

– 5 – which completes the solution process.

Before we study properties of this solution let us point out that one can try to generalize the ansatz (2.22) by replacing cR with cR^n, where n is a constant. Again solutions for R and P are easily obtained. However, one finds that the integrability condition (2.21) is satisfied only for n = 1. Let us also indicate that the equation (2.19) can be written as P^′ P ( R^′ R − P R q ) = ( R^{′′} R^′ − P^′ P − 2P R q ) , from which one can proceed by choosing R^′ R − P R q = c̃P , where c̃ is a constant. However, this leads to a solution which can be found from the above by replacing P ↔ R, C_1 ↔ C_2 and q ↔ −q which corresponds to the symmetry of the field equations that we mentioned earlier.

2.2 Basic Properties

One may wonder if there are some redundant integration constants in the solution. By defining new coordinates t → t/c and x_{4,5,6} → c^{−1/3}x_{4,5,6} and further scaling k^2 → −ck^2, m → cm and d → cd, one can remove the constant c from the solution. Similarly, by scaling x_{1,2,3} → k^{−2/3}x_{1,2,3}, t → t/k^2, m → k^2m and d → k^2d, it is possible to set k = 1. Among other constants it is only allowed to set {d, t_0, t_1} to zero in the solution. This means that SM2 ⊥ SM2(-1), single SM2-brane and single SM5-brane solutions cannot be attained from ours by setting some constants to zero; it is intrinsically different and belongs to a different class. To analyze its characteristics further, let us we rewrite the solution after these scalings as (below we call the constant a/q > 0 as e^{t2} )

ds^2 = −e^{2A}dt^2 + e^{2C1} (dx^2_1 + dx^2 + dx^2_3) + e^{2C2} (dx^2_4 + dx^2_5 + dx^2_6) + e^{2D} dΣ^2_{4,σ} , F = P (t)e^{6C1} dt ∧ dx_1 ∧ dx_2 ∧ dx_3 + R(t)e^{6C2} dt ∧ dx_4 ∧ dx_5 ∧ dx_6 + q Vol(Σ_{4,σ}),

where A = 3C_1 + 3C_2 + 4D, D = G − C_1 − C_2 , (2.33)

the function G is given in (2.15) and

R = − tanh[t − t_1] − d , P = q ( 1 + e^{dt−t2} cosh[t − t_1] )_{−1} , e^{6C1} =

1 + e^{dt−t2} cosh[t − t_1] q^2 cosh^2[t − t_1] , e^{6C2} = e^{dt−t2} cosh[t − t_1] (1 + e^{dt−t2} cosh[t − t_1])^2

, (2.34)

with the restriction 24m^2 = d^2 3 + 1 . (2.35)

– 6 –

The solution above is characterized by 6 constants {m, d, q, t_0, t_1, t_2}. The condition (2.35) relates m and d, and it is possible to set one of the time constants (t_0, t_1) to zero (in this section we set t_0 = 0 below) by shifting t and redefining t_2. Therefore, there are actually 4 independent parameters which is less than the number of constants that appear in standard intersections of three SM-branes [21]. In those, there are 9 integration constants and only one of them can be set to 1.

It is easy to see that for any choice of the free parameters, there are curvature singularities as t → ±∞. In these two limits, if e^{dt} cosh(t) → {0, ∞} then e^{C2} → 0. On the other hand if e^{dt} cosh(t) → 1, i.e. if d = ±1, this time e^{C1} → 0. Thus, either (x_1, x_2, x_3) or (x_4, x_5, x_6) spaces collapses as t → ±∞, producing genuine curvature singularities. Nevertheless, the charge functions P and R are always finite and they approach to constants as t → ±∞. Let us also note that when d = 0 and e^{−t2} = |q| the function C_1 becomes equal to C_2 as t → ±∞ and the metric of the solution approaches to the metric of an SM5-brane.

In the hyperbolic solution (σ = −1), the time coordinate t is defined in the positive real line t ∈ (0, +∞). Defining the proper time dτ = e^Adt, (2.36) one can see that τ ∼ t^{−1/3} as t → 0. Therefore, t → 0 corresponds to the asymptotic region having an infinite proper time distance. In this limit, the metric approaches to the flat space ds^2 → −dτ^2 + τ^2dΣ^2_{4,−1} + (dx^2_1 + .. + dx^2_6). (2.37)

On the other hand, for any choice of the parameters m or d, the proper time converges to a finite value as t → ∞. Hence, the hyperbolic solution represents a singular big-bang occurred at t = ∞ evolving to a flat space asymptotically as t → 0.

In the spherical solution (σ = 1), t is defined in the whole real line t ∈ (−∞, +∞). One can deduce that as t → ±∞, e^A vanishes exponentially for any choice of the parameters, which implies that these two limits are actually separated by a finite proper time. This solution represents evolution from a big-bang to a big-crunch

In the flat solution (σ = 0), t is again defined in the whole real line t ∈ (−∞, +∞). For m > 0, one can see that t → ∞ corresponds to a finite proper time interval but as t → −∞ the proper time diverges. Thus, for this case there is an initial big-bang singularity at t = ∞ but the big-crunch is an infinite proper time away from big-bang. If m < 0, the roles played by the infinities change, i.e. while t = −∞ corresponds to the big-bang, t → ∞ labels the infinitely distant big-crunch.

2.3 Smearing and Dimensional Reduction to D = 10

In usual S-brane solutions it is possible to smear some directions along the Σ-manifold [21] until the overall transverse space is two dimensional. For the Chern-Simons S-brane solution this again turns out to be doable. We smear one direction by changing the transverse part of the metric (2.4) as follows:

e^{2D} dΣ^2_{4,σ} → e^{2E} dy^2 + e^{2D̂} dΣ^2_{3,σ} . (2.38)

– 7 –

The 4-form field strength (2.5) corresponding to the SM5-brane is also modified, q Vol(Σ_{4,σ}) → q Vol(Σ_{3,σ}) ∧ dy . (2.39) One can check that the equations and hence the solutions (2.34) for P , R, C_1 and C_2 do not change under these modifications if t-reparametrization invariance is fixed by imposing Â = 3C_1 + 3C_2 + 3D̂ + E. (2.40) The field equation for E implies that E = λt − t_3 − C_1 − C_2, (2.41) where λ and t_3 are constants. Introducing the function Ĝ as before D̂ = Ĝ − C_1 − C_2, (2.42) it again decouples from the system and can be determined as 4Ĝ = 6G − 2λt + 2t_3 , (2.43) where the function G is given in (2.15). Finally, the constraint equation becomes 12m^2 = 3λ^2 + d^2 3 + 1 . (2.44) This smearing is especially interesting, since it allows one to compactify along (x_1, ..., x_6, y) which gives flat, spherical or hyperbolic Robertson-Walker type cosmologies in D = 4 as we will do in the next section.

We can also use the smeared y-coordinate for direct dimensional reduction of our solution to type IIA theory by applying the formula ds^2_{11} = e^{−ϕ/6}ds^2_{10,E} + e^{4ϕ/3}dy^2 . (2.45) Then, the metric of the D = 10 solution in the Einstein frame is ds^2_{10,E} = e^{ϕ/6}[−e^{2Â}dt^2 +e^{2C1} (dx^2_1 +dx^2 +dx^2_3)+e^{2C2} (dx^4_1 +dx^2_5 +dx^2_6)+e^{2D̂}dΣ_{3,σ}] , (2.46) where the dilaton ϕ is given by ϕ = 3 2 E = 3 2 λt − 3 2 t_3 − 1 4 ln [ e^{dt−t2} q^2 cosh[t − t_1](1 + e^{dt−t2} cosh[t − t_1]) ] . (2.47) From the reduction of the 4-form field strength (2.5) with the modification (2.39) we see that, we now have a solution (2.46) with two SD2-branes located at (x_1, x_2, x_3) and (x_4, x_5, x_6) and an SNS5-brane located at (x_1, ..., x_6).

– 8 –

3. Compactification to D = 4 and Accelerating Cosmologies

It is well-known that compactified SM2-branes can yield accelerating cosmologies in 4- dimensions [23]-[27]. Although the number of e-foldings is not large enough to use these solutions as realistic models of inflation, they might be useful in understanding the current observed acceleration [30]. In any case, keeping in mind that it is hard to obtain acceleration in string/M theory such solutions are worth to construct and study. Since in all previously obtained S-brane solutions in the literature F ∧ F term trivially vanishes, one may ask whether a solution with F ∧ F ≠ 0 still gives accelerating cosmologies in 4-dimensions. Our aim in this section is to answer this question.

Consider a metric in (d+n)-dimensions that has the form of a warped compactification

ds^2_{d+n} = ds^2_d + ∑ i e^{2Fi} ds^2_i , (3.1)

where F_i are functions defined in d-dimensions. Then, the d-dimensional Einstein frame metric is given by ds^2_E = e^{2d−2} ∑ i F_i ds2 d . (3.2)

For the Chern-Simons S-brane solution, there are 3 different ways of compactifying to 4- dimensions: it is possible to reduce the solution along (x_1, x_2, x_3, Σ_4) or (x_4, x_5, x_6, Σ_4). Moreover, after smearing one direction in the transverse space Σ_4 → y ⊕ Σ_3, we have an extra option of compactifying along (x_1, ..., x_6, y). One can see that in all these different possible compactifications, the 4-dimensional Einstein metric takes the form

ds^2_E = −S^6 dt^2 + S^2 ds^2_3, (3.3)

where S is a function of time which can be determined using (3.2). Recalling that the proper time is given by dτ = S^3dt, the expansion and acceleration parameters can be found respectively as H = S^{−1} dS dτ = S^{−4} dS dt , ã = d^2S dτ^2 = − 1 2 S^{−3} d^2 dt^2 S^{−2}. (3.4)

In an accelerating phase we demand H > 0 and ã > 0.

Let us first consider compactification along (x_4, x_5, x_6, Σ_4)-directions. In that case the ”scale factor” S can be found as

S = q^{1/3} e^{2G} cosh^{1/4}(t) e^{−(dt−t2 )/12}. (3.5)

For the flat solution a straightforward calculation shows that positive acceleration requires

45 + 6(24m + d) sinh[2(t − t_1)] − (24m + d)^2 − [9 + (24m + d)^2] cosh[2(t − t_1)] > 0. (3.6)

In terms of e^{2(t−t1 )}, this inequality gives a quadratic equation which can easily be handled. We find that when the parameter d is chosen in the interval 0.2 > d > −1.7, (3.7)

– 9 – there is a period of acceleration. During this period, the expansion speed can be made to be positive by a time reversal operation t → −t. However, the number of e-foldings is of order unity, therefore the situation is not different than the usual S-brane solutions.

For the hyperbolic and spherical cases, the expressions for the acceleration are much more complicated and it is difficult to perform an analytical examination. Using a numerical treatment, in the hyperbolic solution and for t_0 = t_1 = t_2 = 0, we observe that there is acceleration when d is in the range

0.4 > d > −3. (3.8)

In the spherical solution, acceleration turns out to be independent of the constant t_2. Setting t_1 = 0 by shifting time, we have two parameters t_0 and d to adjust. We observe that for t_0 > 0 no acceleration occurs for any value of d. Choosing t_0 < 0, positive acceleration can be obtained for a range of values of d which varies with t_0. For instance, when t_0 = −1 the acceleration takes place for 0.2 > d > −1.2. (3.9) The dependence of the acceleration on a time shift parameter in the spherical case is a known phenomena that has been observed previously in [26]. In all the cases described above, the number of e-foldings obtained during the accelerating phases are order unity.

Consider next the compactification along (x_1, x_2, x_3, Σ_4)-directions. The scale factor now becomes S = q^{1/6} e^{2G} [1 + e^{dt−t2} cosh(t)]^{1/4} e^{−(dt−t2 )/6}. (3.10) This time even for the flat solution the acceleration is very complicated and an analytical analysis is out of reach. By making plots for different sets of constants, we find that the accelerating phase can exist without the need of shifting the time constants (t_0, t_1, t_2) in the flat and hyperbolic solutions. For t_0 = t_1 = t_2 = 0, we observe acceleration in the flat background when 2.4 > d > 0.3, (3.11) and in the hyperbolic solution when

3 > d > 0. (3.12)

In the spherical solution, the acceleration can only be obtained if time constants (t_0, t_1, t_2) are chosen different. For instance, for t_1 = t_2 = 0 and t_0 = 5 acceleration happens when −0.4 > d > −2.5. (3.13) In such numerical plots, there is always the danger of missing the asymptotic behavior as t → ±∞. In all the above compactifications, the asymptotic structure of the 4-dimensional metrics can easily be determined in terms of the proper time. We find that while for the hyperbolic solution the metric asymptotically becomes ds^2 → −dτ^2 + τ^{2/3}dΣ^2_3, τ → 0,

−dτ^2 + τ^{4/3}dΣ^2_3, τ → ∞,

(3.14)

– 10 – in the spherical solution it can be written as

ds^2 → −dτ^2 + (τ − τ_1)^{2/3}dΩ^2_3, τ → τ_1,

−dτ^2 + (τ − τ_2)^{2/3}dΩ^2_3, τ → τ_2,

(3.15)

where τ_1 and τ_2 are constants, and in the flat solution it goes like

ds^2 → −dτ^2 + τ^{2/3}d⃗x^2, τ → 0, −dτ^2 + τ^{2/3}d⃗x^2, τ → ∞. (3.16)

We therefore see that there is no acceleration in the asymptotic limits of these compactifications.

Let us finally consider the compactification along (x_1, ..., x_6, y), where y is a smeared direction in Σ_4 → y ⊕ Σ_3. In that case, the scale factor can be determined as

S = e^{Ĝ+(λt−t3 )/2}, (3.17)

where the function Ĝ is given in (2.43). We thus have

S = m^{1/2} sinh^{−1/2} [2m (t − t_0)] , σ = −1 (hyperbola), m^{1/2} cosh^{−1/2} [2m (t − t_0)] , σ = 1 (sphere), exp[−m (t − t_0)], σ = 0 (flat).

(3.18)

Although using this compactification it is possible to obtain flat, hyperbolic and spherical Robertson-Walker type cosmologies in 4-dimensions, one can see from (3.18) that accelerations are always negative for all three choices of σ.

4. Corresponding Static Solutions

In order to find static versions of our solution we need to change role played by the time coordinate with the radial coordinate in (2.4). After this, there are two alternatives for choosing the new time coordinate; it should either be in the initial transverse space Σ_{4,σ} or should be chosen from the SM5-brane worldvolume. These are analogous to performing Wick rotations [31]. The first option corresponds to a static S-brane configuration whereas the second choice gives a non-extremal version of the composite M-brane configuration that was found in [7].

4.1 Version I: A Static S-brane Configuration

It is known that there is a (nearly) one-to-one correspondence between S-branes and static timelike branes [32]. For the Chern-Simons S-brane it also turns out to be possible to find out the corresponding static solution. Assume the following metric and the 4-form field (note the minus sign in the last term in the form field in comparison to (2.5))

ds^2 = e^{2A}dr^2 + e^{2C1} (dx^2_1 + dx^2 + dx^2_3) + e^{2C2} (dx^2_4 + dx^2_5 + dx^2_6) + e^{2D}dΣ^2_{4,σ}, (4.1) F = P (r)e^{6C1} dr ∧ dx_1 ∧ dx_2 ∧ dx_3 + R(r)e^{6C2} dr ∧ dx_4 ∧ dx_5 ∧ dx_6 − qVol(Σ_{4,σ})(4.2)

– 11 – where all functions depend on r. Here Σ_{4,σ} is the Lorentzian constant curvature fourmanifold, that is the flat Minkowski, de Sitter and anti-de Sitter spaces for σ = 0, σ = +1 and σ = −1 respectively whose Ricci tensors obey R_{ij} = 3σg_{ij} . Fixing the r-reparametrization invariance by

A = 3C_1 + 3C_2 + 4D, (4.3)

and introducing the function G as before

D = G − C_1 − C_2, (4.4)

one can check that the unknown functions obey exactly the same set of differential equations, but this time as functions of r. Therefore, there is a solution given as

e^{−6G} = m^{−2} sinh^2 [3m (r − r_0)] , σ = −1 (anti-de Sitter), m^{−2} cosh^2 [3m (r − r_0)] , σ = 1 (de Sitter), exp[6m (r − r_0)], σ = 0 (flat),

(4.5)

and R = − tanh[r − r_1] − d , P = q ( 1 + e^{dr−r2} cosh[r − r_1] )_{−1} , e^{6C1} =

1 + e^{dr−r2} cosh[r − r_1]

q^2 cosh^2[r − r_1] , e^{6C2} = e^{dr−r2} cosh[r − r_1] (1 + e^{dr−r2} cosh[r − r_1])^2

, (4.6)

where constants obey 24m^2 = d^2 3 + 1 . (4.7)

This is an example of a static solution in 11-dimensions for which F ∧ F ≠ 0. It can be interpreted as a system of three static S-branes [32]: two static SM2 branes along (x_1, x_2, x_3) and (x_4, x_5, x_6) directions and a static SM5 brane along (x_1, ..., x_6). Static S-branes do not preserve any supersymmetry [32].

Unfortunately, the big-bang or the big-crunch singularities encountered in the timedependent solutions become naked curvature singularities without a horizon. The flat and the spherical solutions become singular as r → ±∞ and the hyperbolic solution is singular as r → ∞. As oppose to the time dependent background, now the hyperbolic solution contains a naked singularity at r = r_0, since as r → r_0 the metric approaches to

ds^2 → dr̃^2 + r̃^2(dΣ^2_{4,−1}) + (dx^2_1 + ... + dx^2_6), r̃ → 0. (4.8)

Therefore, it is not possible to interpret these solutions as black objects. Since the asymptotic structure is not well defined due to the presence of singularities, it is also difficult to define proper conserved charges.

– 12 –

4.2 Version II: A Non-Extremal Composite M-brane Configuration

There is another static version of our solution that resembles the composite M-brane solution of [7] which is a half supersymmetric, smooth solution. It was obtained using the U-duality transformations and it consists of an M2-brane that lies inside an M5-brane and a static SM2-brane. It reduces to M2 and M5 brane solutions for particular values of a constant. Intersections of this configuration was studied in [8]. Its anisotropic black generalization [33] was obtained in [9] which has an additional function in front of the time coordinate in the metric. It is also possible to preserve the Poincaré symmetry of a p-brane when finding its non-extremal version [34]. Our solution is related to such a generalization of the solution found in [7]. Let us assume the following metric and 4-form field

ds^2 = e^{2A}dr^2 + e^{2C1} (−dt^2 + dx^2 + dx^2_3) + e^{2C2} (dx^2_4 + dx^2_5 + dx^2_6) + e^{2D}dΣ^2_{4,σ}, (4.9) F = P (r)e^{6C1} dr ∧ dt ∧ dx_2 ∧ dx_3 + R(r)e^{6C2} dr ∧ dx_4 ∧ dx_5 ∧ dx_6 + qVol(Σ_{4,σ})(4.10)

where all functions depend on r. Here Σ_{4,σ} is the metric of the 4-dimensional unit sphere (σ = 1), unit hyperbola (σ = −1) or flat space (σ = 0) and Vol(Σ_{4,σ}) is its volume form. So, we have an M2-brane located at {t, x_2, x_3}, an M5-brane at {t, x_2, ..., x_6} and a static SM2-brane at {x_4, x_5, x_6}. Fixing the r-reparametrization invariance and the function G as above (4.3)-(4.4) we get the following set of differential equations:

P^′ = q R e^{6C2} , (4.11) R^′ = q P e^{6C1} , (4.12)

C^{′′}_1 = 1 3 P^2 e^{6C1} + 1 6 R^2 e^{6C2} + q^2 6 e^{6C1 +6C2} , (4.13)

C^{′′}_2 = − 1 6 P^2 e^{6C1} − 1 3 R^2 e^{6C2} + q^2 6 e^{6C1+6C2} , (4.14)

G^{′′} = −3 σ e^{6G} , (4.15) and 2A^{′2} − 6C^{′2}_1 − 6C^{′2}_2 − 8D^{′2} = −P^2e^{6C1} + R^2e^{6C2} − q^2e^{6C1 +6C2} , (4.16)

where all derivatives are with respect to the radial coordinate r. Comparing with what we had for the time-dependent solution (2.8)-(2.13) we see that they are quite similar. The new set can be obtained from the first by the transformation P → iP and q → iq. Following the same strategy, we see that equations (2.14)-(2.27) remain the same except the obvious replacement of t with r. The equation (2.29) also remains the same and the first difference appears in (2.28) where there is no more a minus sign on the right. This changes the condition on the integration constant c in (2.30) to c > 0, others remaining the same. Because of this, the solution for R is now given by the cotangent hyperbolic function in (2.31). In summary, our static solution is:

R = − coth[r − r_1] − d , P = q ( 1 + e^{dr−r2} sinh[r − r_1] )_{−1} ,

– 13 – e^{6C1} =

1 + e^{dr−r2} sinh[r − r_1] q^2 sinh^2[r − r_1] , e^{6C2} = e^{dr−r2} sinh[r − r_1] (1 + e^{dr−r2} sinh[r − r_1])^2

, (4.17)

with the restriction 24m^2 = d^2 3 + 1 . (4.18)

The function G is given as

e^{−6G} = m^{−2} sinh^2 [3m (r − r_0)] , σ = −1 (hyperbola), m^{−2} cosh^2 [3m (r − r_0)] , σ = 1 (sphere), exp[6m (r − r_0)], σ = 0 (flat),

(4.19)

through which we can read the remaining metric functions as A = 4G − C_1 − C_2 and D = G − C_1 − C_2. This is a non-extremal version of the solution obtained in [7] with a more general transverse space. It is not possible to remove M2 or M5-brane from the system in contrast to [7]. Unlike [9] the M2-brane worldvolume is isotropic and there seems to be no obvious extremal limit.

5. Conclusions

Solutions of the D = 11 supergravity [1] with non-vanishing F ∧ F are very rare. In this paper we have found three such examples. We hope that these novel solutions will be helpful in studying various effects of the Chern-Simons term. Our first example is an intersecting S-brane configuration. Being a time-dependent solution it is appropriate for cosmological applications. It does not reduce to known S-brane solutions by setting some constants to zero which shows that the Chern-Simons term plays an essential role. However, like usual S-branes its metric is singular. Moreover, we also found two static versions of this. The first one does not have a p-brane interpretation but can be thought of as a static S-brane configuration. The second static solution is a non-extremal version of the composite M-brane solution found in [7]. The connection of ours with [7] and its anisotropic non-extremal generalization [9] needs to be explored further.

A primary motivation of considering the above S-brane system was to see whether the Chern-Simons flux modifies acceleration obtained from SM2-branes after compactification to 4-dimensions. We found that there is again a period of acceleration in two of our compactifications. However, despite this new ingredient there is no dramatic change in expansion factors compared to usual SM-branes and it is still far from explaining the early universe inflation. It would be nice to understand this also from the effective theory obtained in 4-dimensions [26]. For this the dimensional reduction of the Chern-Simons term is necessary which was obtained in [35]. Actually this type of transient acceleration is quite a common feature of a large class of time-dependent M-theory compactifications as was shown in [36, 37]. It would be very interesting to investigate whether such no-go theorems are still valid when the Chern-Simons term contributes. The relevance of our solution to the present day acceleration [30] also remains to be seen.

– 14 –

There are several possible extensions of our work. For instance, one can consider curved worldvolumes for SM2-branes. Furthermore, one can try to add more S-branes or p-branes [38, 39] to the system. The first two generalizations might increase the acceleration rate and the last one might be convenient for studying non-homogeneous cosmologies. Another interesting thing to do is to consider double dimensional reductions of our solutions to ten dimensions as was done for SM-branes [40]. In addition to these, it is desirable to see whether our solution is unique. We plan to come back to these issues soon.

Acknowledgments

We are grateful to Miguel S. Costa for bringing the composite M-brane solution to our attention, which led us to find the second static solution presented in the subsection 4.2. NSD is partially supported by Turkish Academy of Sciences via The Young Scientists Award Program (TÜBA- GEBİP). He also wishes to thank the Abdus Salam ICTP for hospitality where some part of this paper was written.

References

[1] E. Cremmer, B. Julia and J. Scherk, Supergravity Theory in Eleven-Dimensions Phys.Lett.

B76 (1978) 409.

[2] M.J. Duff and K.S. Stelle, Multimembrane solutions of D = 11 supergravity, Phys.Lett. B253 (1991) 113.

[3] R. Güven, Black p-brane solutions of D = 11 supergravity theory, Phys.Lett. B276 (1992) 49.

[4] G. Papadopoulos and P.K. Townsend, Intersecting M-branes, Phys.Lett. B380 (1996) 273, hep-th/9603087.

[5] A.A. Tseytlin, Harmonic superpositions of M-branes, Nucl.Phys. B475 (1996) 149, hep-th/9604035.

[6] J.P. Gauntlett, D.A. Kastor and J.H. Traschen, Overlapping branes in M theory, Nucl.Phys.

B478 (1996) 544, hep-th/9604179.

[7] J.M. Izquierdo, N.D. Lambert, G. Papadopoulos and P.K. Townsend, Dyonic Membranes, Nucl.Phys. B460 (1996) 560, hep-th/9508177.

[8] M.S. Costa, Composite M-branes, Nucl.Phys. B490 (1997) 202, hep-th/9609181.

[9] M.S. Costa, Black Composite M-branes, Nucl.Phys. B495 (1997) 195, hep-th/9610138.

[10] M.J. Duff, J. M. Evans, R.R. Khuri, J.X. Lu and R. Minasian, The Octonionic Membrane, Phys.Lett. B412 (1997) 281, hep-th/9706124.

[11] M. Cvetic, H. Lu and C.N. Pope, Brane Resolution Through Transgression, Nucl.Phys. B600 (2001) 103, hep-th/0011023.

[12] M. Cvetic, G.W. Gibbons, H. Lu and C.N. Pope, Ricci-flat Metrics, Harmonic Forms and Brane Resolutions, Commun.Math.Phys. 232 (2003) 457, hep-th/0012011.

[13] C.P. Herzog and I.R. Klebanov, Gravity Duals of Fractional Branes in Various Dimensions, Phys.Rev. D63 (2001) 126005, hep-th/0101020.

– 15 –

[14] M. Cvetic, G.W. Gibbons, H. Lu and C.N. Pope, Hyper-Kahler Calabi Metrics, L^2 Harmonic Forms, Resolved M2-branes, and AdS_4/CFT_3 Correspondence, Nucl.Phys. B617 (2001) 151, hep-th/0102185.

[15] M. Cvetic, G.W. Gibbons, H. Lu and C.N. Pope, New Complete Non-compact Spin(7) Manifolds, Nucl.Phys. B620 (2002) 29, hep-th/0103155.

[16] C.M. Chen, J.F. Vazquez-Poritz, Resolving the M2-brane, Class.Quant.Grav.22:4231, 2005, hep-th/0403109.

[17] H. Lu, S. Mukherji, C.N. Pope and K.W. Xu, Cosmological Solutions in String Theories, Phys.Rev. D55 (1997) 7926, hep-th/9610107.

[18] M. Gutperle and A. Strominger, Spacelike Branes, JHEP 0204 (2002) 018, hep-th/0202210.

[19] C.M. Chen, D.M. Gal’tsov and M. Gutperle, S-brane Solutions in Supergravity Theories, Phys.Rev. D66 (2002) 024043, hep-th/0204071.

[20] M. Kruczenski, R.C. Myers and A.W. Peet, Supergravity S-Branes, JHEP 0205 (2002) 039, hep-th/0204144.

[21] N.S. Deger and A. Kaya, Intersecting S-Brane Solutions of D=11 Supergravity, JHEP 0207 (2002) 038, hep-th/0206057.

[22] N.S. Deger, Non-Standard Intersections of S-Branes in D=11 Supergravity, JHEP 0304 (2003) 034, hep-th/0303232.

[23] P.K. Townsend and M.N.R. Wohlfarth, Accelerating Cosmologies from Compactification, Phys.Rev.Lett.91:061302, 2003, hep-th/0303097.

[24] N. Ohta, Accelerating Cosmologies from S-Branes, Phys.Rev.Lett.91:061303, 2003, hep-th/0303238.

[25] M.N.R. Wohlfarth, Accelerating Cosmologies and a Phase Transition in M-Theory, Phys.Lett. B563 (2003) 1, hep-th/0304089.

[26] R. Emparan and J. Garriga, A note on accelerating cosmologies from compactifications and S-branes, JHEP 0305 (2003) 028, hep-th/0304124.

[27] N. Ohta, A Study of Accelerating Cosmologies from Superstring/M theories, Prog.Theor.Phys. 110 (2003) 269, hep-th/0304172.

[28] J. Demaret, J.L. Hanquin, M. Henneaux and P. Spindel, Cosmological Models In Eleven-Dimensional Supergravity, Nucl.Phys. B252 (1985) 538.

[29] V.D. Ivashchuk and V.N. Melnikov, Multidimensional Classical and Quantum Cosmology with Intersecting p-branes, J.Math.Phys. 39 (1998) 2866, hep-th/9708157.

[30] M. Gutperle, R. Kallosh and A. Linde, M/String Theory, S-branes and Accelerating Universe, JCAP 0307 (2003) 001, hep-th/0304225.

[31] H. Lu, S. Mukherji and C.N. Pope, From p-branes to Cosmology, Int.J.Mod.Phys. A14 (1999) 4121, hep-th/9612224.

[32] A. Kaya, Supergravity Solutions for Harmonic, Static and Flux S-Branes, JHEP0605:058, 2006, hep-th/0601202.

[33] M.J. Duff, H. Lu and C.N. Pope, The Black Branes of M-theory, Phys.Lett. B382 (1996) 73, hep-th/9604052.

– 16 –

[34] H. Lu, C.N. Pope and K.W. Xu, Liouville and Toda Solitons in M-theory, Mod.Phys.Lett.

A11 (1996) 1785, hep-th/9604058.

[35] H. Lu and C.N. Pope, p-brane Solitons in Maximal Supergravities, Nucl.Phys. B465 (1996) 127, hep-th/9512012.

[36] M.N.R. Wohlfarth, Inflationary Cosmologies from Compactification?, Phys.Rev. D69 (2004) 066002, hep-th/0307179.

[37] D.H. Wesley, Oxidised cosmic acceleration, JCAP 0901:041, 2009, arXiv:0802.3214. [38] J.D. Edelstein and J. Mas, Localized Intersections of Non-Extremal p-branes and S-branes, JHEP 0406 (2004) 015, hep-th/0403179.

[39] N.S. Deger, A Note on Intersections of S-branes with p-branes, Phys.Rev.D75:126002, 2007, hep-th/0703082.

[40] S. Roy, Dimensional reductions of M-theory S-branes to string theory S-branes, Phys.Lett.

B576 (2003) 199, arXiv:hep-th/0305175.

– 17 –