arXiv:0903.1400v1 [hep-th] 8 Mar 2009

Solution Transformations for GS String in AdS_5 × S^5 by Conserved Quantities

Zhan-Yun Wang^{1 ∗},Xiao-Ning Xie^2,Jun Feng^1, Yao-Xiong Wang^1, Yu Zeng^1 and Kang-Jie Shi^1

1)Institute of Modern Physics, Northwest University, Xi’an, 710069, China

2) SKLLQG, Institute of Earth Environment, Chinese Academy of Sciences, Xi’an 710075, China

Abstract

For Light-cone gauge of Green-Schwarz superstring in AdS_5 ×S^5 background, we fix two bosonic variables x^+ = τ and y^9 = σ, and then perform the partial Legendre transformation of the remaining bosonic variables. We then obtain a Lagrangian which is linear in velocity after eliminating the metric of world sheet. For such a system, one can formulate its poisson bracket and Hamiltonian. Since this system is free and without constraint, the hierarchy of infinite nonlocal conserved quantities given by Bena, Polchinski and Roiban, induce solution transformations due to Jacobi identity.

1 Introduction

Because of AdS/CFT correspondence [1,2,3], there has been much interest in the role of integrability in the world-sheet theory of type IIB strings in AdS spaces. Metsaev and Tseytlin [4] gave the famous^{P SU(2,2|4)}

SO(2,4)⊗SO(5) coset model with Wess-Zumino term which

describes string in AdS_5 ×S^5 background. Because of κ symmetry, the model has same degree of freedom for bosonic and fermionic canonical variables. Its flat-space limit is the well known Green-Schwarz superstring [5, 6]. This model has attracted renewed interest and been studied in various aspects [7, 8]. The parametrization is a hot issue of them, which includes the work by Kallosh, Rajaraman, Rahmfeld(KRR) [9], Roiban and Siegel [10], and many other authors [11,12,13,14]. A Light-cone gauge was given by Metsaev and Tseytlin using properly grouping P SU(2, 2|4) AdS base [12,13]. Another Light-cone gauge was given in Z_4 grading matrix approach by Alday, Arutyunov and

∗ Email: zywang81@gmail.com

Tseytlin, et al. with Hamiltonian construction and quantization [15, 16, 17]. These work simplifies the Lagrangian of the model and investigates its solution and symmetry properties.

After the construction of the Metsaev and Tseytlin’s model, Bena, Polchinski and Roiban [18]constructed one parameter flat currents which implies a hierarchy of infinite nonlocal conserved quantities for the Green-Schwarz superstring in AdS_5 × S^5 spacetime. Thus the world-sheet sigma model is probably completely integrable [19]. This is a breakthrough which attracts much attention and many corresponding studies in string theory [20,21,22,23,24,25,26,27]. There are other approaches of the AdS strings, including their quantization by Berkovits [28, 29, 30].

For integrable models in two dimension field theory, the solution transformation is a traditional topic. However, Metsaev and Tseytlin’s model is different from ordinary nonlinear σ-models in that it has a Wess-Zumino term and satisfies the virasoro constraint. Consequently, we can’t use the usual methods such as Riemann-Hilbert transformation directly.

The dynamic structure and Hamiltonian of the model which are important for the integrability were studied [15,16,17,27]. Our work is motivated by these work, mostly by the Legendre transformation of bosonic variables in the kinetic part of the Lagrangian originally introduced by Alday, Arutyunov and Tseytlin, et al [15].

In this paper, we use the Light-cone κ symmetry gauge by Metsaev and Tseytlin [12] and the S^5 parametrization by Kallosh, Rahmfeld, Rajaraman and H. Lü, et al [7, 9]. We first fix x^+ = τ and y^9 = σ. After Legendre transformation of the remaining bosonic variables in kinetic part of Lagrangian, the Lagrangian becomes linear in ’velocity’ of canonical variables and is degenerate. This system is actually a free Hamiltonian system without any constraint. The poisson bracket can be induced from the final Lagrangian [15, 16, 17]. We check that, the Jacobi identity of the poisson bracket is satisfied for canonical variables, Hamiltonian and conserved quantities given by Bena, et al [18]. Since the poisson bracket of the conserved quantities and Hamiltonian must be identically zero, then due to Jacobi identity one may generate solutions from an existing one by these conserved quantities. The degrees of freedom of such solution transformations is the same as the traditional Riemann-Hilbert transformations.

This paper is organized as follows. In section 2 we briefly review the Metsaev- Tseytlin formulation of superstring on the AdS_5 × S^5 background with κ symmetry. In section 3, after the Light-cone κ symmetry gauge fixing, we perform partial Legendre transform to obtain the final degenerate Lagrangian which is linear in velocities of the dynamic variables. In section 4, we study the poisson structure and prove Jacobi identity for system of finite degree of freedom whose Lagrangian is linear in velocities. The formal extension to field theory is also given. In section 5, we firstly review the flat currents and the infinite conserved quantities discovered by Bena, Polchinski and Roiban [18]. Then we give the solution transformation from the conserved quantities. we make some further discussions in the last section. Appendices include some detailed calculations. In some parts of our paper, although the contents are known, we present the explicit derivation for self-containment and for the convenience to check the final results.

2 Coset model of P SU(2, 2|4)

In this section, we first recall the superalgebra psu(2, 2|4) and the action of Green- Schwarz superstring in AdS_5 × S^5 spacetime constructed by Metsaev and Tseytlin and its κ symmetry [4] [31].

Superstring propagating in the AdS_5 × S^5 spacetime can be described as the nonlinear sigma-model whose target space is the coset superspace [4] P SU(2, 2|4) SO(4, 1) ⊗ SO(5) with the corresponding superalgebra psu(2, 2|4) in the so(4|1) ⊕ so(5) basis.

2.1 Superalgebra psu(2, 2|4)

The generators of psu(2, 2|4) are T_A = (P_a, J_{ab}, P_a′ , J_a′_b′ , Q_{αα}′_I ), here the indices a, b, c, d = 0, 1, 2, 3, 4; a^′, b^′, c^′, d^′ = 5, 6, 7, 8, 9; I, J = 1, 2; α, β = 1, 2, 3, 4; α^′, β^′ = 1, 2, 3, 4. The commutation relations for the generators of the Lie superalgebra psu(2, 2|4) are [P_a, P_b] = J_{ab}, [P_a′ , P_b′ ] = −J_a′_b′ , [J_{ab}, J_{cd}] = η_{bc}J_{ad} + η_{ad}J_{bc} − η_{ac}J_{bd} − η_{bd}J_{ac}, [J_a′_b′ , J_c′_d′ ] = η_b′_c′ J_a′_d′ + η_a′_d′ J_b′_c′ − η_a′_c′ J_b′_d′ − η_b′_d′ J_a′_c′ , [P_a, J_{bc}] = η_{ab}P_c − η_{ac}P_b, [P_a′ , J_b′_c′ ] = η_a′_b′ P_c′ − η_a′_c′ P_b′ , [Q_{αα}′_I , P_a] = − i 2 ϵ_{IJ} Q_{βα}′_J (γ_a)_{βα}, [Q_{αα}′_I , P_a′ ] = 1 2 ϵ_{IJ} Q_{αβ}′_J (γ_a′ )_β′_α′ , [Q_{αα}′_I , J_{ab}] = − 1 2 Q_{βα}′_I (γ_{ab})_{βα}, [Q_{αα}′_I , J_a′_b′ ] = − 1 2 Q_{αβ}′_I (γ_a′_b′ )_β′_α′ , {Q_{αα}′_I , Q_{ββ}′_J } = δ_{IJ} [ −2iC^′_α′_β′ (Cγ^a)_{αβ}P_a + 2C_{αβ}(C^′γ^{a′} )_α′_β′ P_a′ ]

+ ϵ_{IJ} [ C^′_α′_β′ (Cγ^{ab})_{αβ}J_{ab} − C_{αβ}(C^′γ^{a′b′} )_α′_β′ J_a′_b′ ] , (1)

where η_{ab} = (− + + + +), η_a′_b′ = (+ + + + +), { γ^a, γ^b } = 2η^{ab}, { γ^{a′} , γ^{b′} } = 2η^{a′b′} , ϵ_{12} = −ϵ_{21} = 1. Here and after, the repeated indices are summed.

The gamma matrices satisfy { γ^a, γ^b } = 2η^{ab}, { γ^{a′} , γ^{b′} } = 2η^{a′b′} , γ^{ab} = 1 2 [γ^a, γ^b], γ^{a′b′} = 1 2 [γ^a, γ^b], (Cγ^â)^t = Cγ^â, (Cγ^{âb̂})^t = −Cγ^{âb̂}, C^t = C = C ⊗ C^′, â, b̂ = a, b or a^′, b^′. We may set

γ_a = [ 0 σ_a σ̄_a 0 ] , σ_a = (I, σ_1, σ_2, σ_3), σ̄_a = (−I, σ_1, σ_2, σ_3),

for a = 0, 1, 2, 3, where I is the 2 × 2 unit matrix,

γ_4 = [ I 0 0 −I ] , γ_5 = iγ_0, γ_6 = γ_1, γ_7 = γ_2, γ_8 = γ_3, γ_9 = γ_4, and C = C^′ = [ iσ^2 0 0 −iσ^2 ] . (2)

The left-invariant Cartan 1-forms

L^A = dX^M L^A_M , X^M = (x, θ), (3)

are given by

J = G^{−1}dG = L^AT_A ≡ L^aP_a + L^{a′} P_a′ + 1 2 L^{ab}J_{ab} + 1 2 L^{a′b′} J_a′_b′ + L^{αα′ I} Q_{αα}′_I , (4) where G = G(x, θ) is a coset representative in P SU(2, 2|4).

The Cartan 1-form satisfies the zero-curvature equation dJ = −J ∧ J . When decompose it according to the generators of the Lie algebra, we get Maurer-Cartan equations.

2.2 κ symmetry

The string theory action is the sum of the non-linear sigma-model action and a topological Wess-Zumino term to ensure κ symmetry. The Polyakov action given by Metsaev and Tseytlin [4] is

S = S_k + S_{W Z} = − 1 2 ∫ ∂M_3 d^2σ √ −gg^{ij}(L^a_i L^a_j + L^{a′}_i L^{a′}_j ) − ∫ ∂M_3 d^2σϵ^{ij} (L̄^1_i L^2_j + L̄^2_i L^1_j ). (5)

Here √ −g = √ − det g_{ij} , g_{ij}g^{jk} = δ_{ik}, i, j = 0, 1 and g_{ij} is the metric of the world-sheet.

2 × 2 matrix ϵ^{ij} = −ϵ^{ji}, ϵ^{01} = 1. Here and after denote X^âY^â = X^âY^{b̂}η_{âb̂}. This action is invariant with respect to the local κ-transformations. Due to L̄ = L^†γ_0 = L^tCC^′ for Majorana spinor L, the WZ term can be written as S_{W Z} = − ∫ ∂M_3 d 2σϵ^{ij} (L^{1t}_i CC^′L^2_j + L^{2t}_i CC^′L^1_j ).

Let the variation of group element be δG and ρ = G^{−1}δG ≡ P_aδx^a + P_a′ δx^{a′} + 1 2 J_{ab} δx^{ab} +^1_2 J_a′_b′ δx^{a′b′} +Q^I_{αα}′ δθ^{Iαα′} . The equation δJ = dρ+[J , ρ] gives the variations of the Cartan 1-forms. The variation of action (5) with respect to δx^a, δx^{a′} , δθ^{Iαα′} gives the equations of motion

∂_i(γ^{ij}L^a_j ) + γ^{ij} L^{ab}_i L^b_j + iϵ^{ij}s^{IJ}L̄^I_i γ^aL^J_j = 0, ∂_i(γ^{ij} L^{a′}_j ) + γ^{ij} L^{a′b′}_i L^{b′}_j − ϵ^{ij} s^{IJ}L̄^I_i γ^{a′} L^J_j = 0, (L^a_i γ^a + iL^{a′}_i γ^{a′} )(γ^{ij} − ϵ^{ij} )L^1_j = 0, (L^a_i γ^a + iL^{a′}_i γ^{a′} )(γ^{ij} + ϵ^{ij} )L^2_j = 0. (6)

while the variation of the metric g_{ij} gives the virasoro constraint

L^a_i L^a_j + L^{a′}_i L^{a′}_j = 1 2 g_{ij} g^{kl} ( L^a_kL^a_l + L^{a′}_k L^{a′}_l ) , (7)

where γ^{ij} = √ −gg^{ij}, det[γ_{ij} ] = −1. s^{IJ} = (σ_3)^{IJ} = (−1)^{I−1}δ_{IJ} .

Substituting the virasoro constraint(7) into (5), one obtains the Nambu-Goto action S = − ∫ ∂M_3 (d^2σ √ −G + 2L̄^1 ∧ L^2), (8)

where the induced metric G_{ij} = L^a_i L^a_j + L^{a′}_i L^{a′}_i and G = det[G_{ij} ].

We may check the κ symmetry in the Nambu-Goto action, which can give the right degrees of freedom [31]. Consider the variation of δ_κθ̄^I , one obtains

δ_κS=4i ∫ ∂M_3 d^2σ √ −G(δ_κθ̄^1P^{ij}_+ /L^+_j L^1_i + δ_κθ̄^2P^{ij}_− /L^+_j L^2_i ), (9)

where

/L^+_i ≡ (L^a_i γ^a + iL^{a′}_i γ^{a′} ), /L^−_i ≡ (L^a_i γ^a − iL^{a′}_i γ^{a′} ). (10)

Define

P^{ij}_± = 1 2 (G^{ij} ± ϵ^{ij} √ −G ), γ = − ϵ^{ij} /L^+_i /L^−_j 2 √ −G , γ^2 = 1, trγ = 0. (11)

One has γP^{ij}_± /L^+_j = ±P^{ij}_± /L^+_j , (12)

(1 ∓ γ)P^{ij}_± /L^+_j = 0. (13)

The local κ-transformations can be written as

δ_κx^â = δ_κx^{âb̂} = 0, δ_κθ̄^1 = κ̄^1P_−, δ_κθ̄^2 = κ̄^2P_+, (14)

where κ̄^1and κ̄^2 are arbitrary, P_± =^{1±γ}_2 are projector operators. For such variation, we have δ_κS = 0.

This is a local symmetry of the model, thus this system is not definite, which has infinite solutions for given initial and boundary conditions. We must perform κ symmetry gauge fixing, only take half of the fermionic variables.

3 Light-cone gauge fixing and partial Legendre transformation

3.1 parametrization

In this subsection, we follow the Light-cone κ symmetry gauge fixing by Metsaev and Tseytlin [12], while the S^5 part we use the parametrization of KRR [9], and H. Lü et al [7].

Define

x^± = 1 √ 2 (x^3 ± x^0), x = 1 √ 2 (x^1 + ix^2),

x̄ = 1 √ 2 (x^1 − ix^2), ϕ = x^4,

x^a = (x^+, x^−, x, x̄, ϕ), η^{+−} = η^{−+} = η^{xx̄} = η^{x̄x} = 1. (15)

The bosonic generators of AdS for Light-cone gauge are

D = P^4,

P^± = 1 √ 2 (P^3 ± P^0 + J^{43} ± J^{40}); P^{x/x̄} = 1 √ 2 (P^1 ± iP^2 + J^{41} ± iJ^{42});

K^± = 1 2 √ 2 (−P^3 ∓ P^0 + J^{43} ± J^{40}); K^{x/x̄} = 1 2 √ 2 (−P^1 ∓ iP^2 + J^{41} ± iJ^{42});

J^{±x} = ± 1 2 J^{01} ± i 2 J^{02} + 1 2 J^{31} + i 2 J^{32};

J^{±x̄} = ± 1 2 J^{01} ∓ i 2 J^{02} + 1 2 J^{31} − i 2 J^{32};

J^{xx̄} = −iJ^{12}; J^{+−} = J^{03}. (16)

Also define for fermionic generators Q_{±αα}′ = Q_{1αα}′ ± iQ_{2αα}′ , q_{αα}′ = Q_{−αα}′ , q^{αα′} = C_{αβ}C^′_α′_β′ Q_{+ββ}′ , and q^{1i} = i2 √ 22^{− 14} Q^{−i}; q^{2i} = −i2 √ 22^{− 14} Q^{+i};

q^{3i} = 2 √ 22^{14} S^{+i}; q^{4i} = 2 √ 22^{14} S^{−i};

q_{1i} = 2 √ 22^{14} S^+_i ; q_{2i} = 2 √ 22^{14} S^−_i ;

q_{3i} = i2 √ 22^{− 14} Q^−_i ; q_{4i} = −i2 √ 22^{− 14} Q^+_i , (17)

where the index i is the S^5 index α^′.

We then take the parametrization following [12], and [9, 7] for S^5 part. The κsymmetry gauge fixed representative group element is G(x, y, θ, η, ϕ) = g (x) g (θ) g (η) g(y)g(ϕ) g (x) = exp(x^−P^+ + x^+P^− + xP^{x̄} + x̄P^x); g (θ) = exp(θ^iQ^+_i + θ_iQ^{+i}); g (η) = exp(η^iS^+_i + η_iS^{+i}); g(y) = e^{y5J56} e^{y6J67} e^{y7J78} e^{y8J89} e^{y9P9} ;

g(ϕ) = exp(ϕD). (18)

Define

M = exp( y_5 2 γ^{56}) exp( y_6 2 γ^{67}) exp( y_7 2 γ^{78}) exp( y_8 2 γ^{89}) exp(− iy_9 2 γ^9), and ξ̃_j = ξ_iM_{ij} , ξ̃^i = M^{−1}_{ij} ξ^j,

for fermionic variables.

The one form of G is J = G^{−1} (x, y, θ, η, ϕ) dG (x, y, θ, η, ϕ) = L^±_p P^∓ + L^x_p P^{x̄} + L^{x̄}_p P^x + L^DD + L^±_K K^∓ + L^x_K K^{x̄} + L^{x̄}_K K^x + L^{a′} P^{a′} + L^{∓x}J^{±x̄} + L^{±x̄}J^{∓x} + L^{x̄x}J^{xx̄} + L^{+−}J^{−+} + 1 2 L^{a′b′} J_a′_b′ + L^{±i}_Q Q^∓_i + L^{±i}_S S^∓_i + L^±_{iQ}Q^{∓i} + L^±_{iS} S^{∓i}.

By the deliberately designed coset representative(18), one obtains the nonzero 1-forms

L^{A′} = ( 9∏ k^′=A^′+1 sin y_k′ )dy_A′ − 1 2 dx^+η̃_i(γ^{A′} )^i_jη̃^j ≡ u^{A′} dy_A′ + v^{A′} dx^+, (u^9 = 1)

L^{A′B′} = − i 2 dx^+η̃_i(γ^{A′B′} )^i_jη̃^j + B^′−1∏

k^′=A^′+1 sin y^{k′} cos y^{B′} dy^{A′} L^+_p = e^ϕdx^+, L^−_p = e^ϕ[dx^− − i 2 (θ_idθ^i + θ^idθ_i)], L^{x̄}_p = e^ϕdx̄, L^x_p = e^ϕdx, L^D = dϕ, L^−_K = e^{−ϕ}[ 1 4 dx^+(η^iη_i)^2 + i 2 (η_idη^i + η^idη_i)], L^{x̄x} = i 2 dx^+(η^iη_i), L^{−x} = η_idθ^i − 1 2 dx(η^iη_i), L^{−x̄} = −η^idθ_i + i 2 dx̄(η^iη_i), L^{−i}_Q = e^{12 ϕ}( ~dθ^i + idxη̃^i), L^{+i}_Q = −ie^{12 ϕ}dx^+η̃^i, L^−_{iQ} = e^{12 ϕ}( ~dθ_i − idx̄η̃_i), L^+_{iQ} = ie^{12 ϕ}dx^+η̃_i,

L^{−i}_S = e^{− 12 ϕ}( i 2 dx^+(η^kη_k)η̃^i + d̃η^i), L^−_{iS} = e^{− 12 ϕ}(− i 2 dx^+(η^kη_k)η̃_i + d̃η_i). (19)

Using the formula L^a ≡ L^a_p −^1_2 L^a_k one gives

L^− = e^ϕ[dx^− − i 2 (θ_idθ^i + θ^idθ_i)] − 1 2 e^{−ϕ}[ 1 4 dx^+(η^iη_i)^2 + i 2 (η_idη^i + η^idη_i)], (20)

and has

L_k = − 1 2 √ −gg^{μν} (L^+_μ L^−_ν + L^−_μ L^+_ν + L^x_μL^{x̄}_ν + L^{x̄}_μL^x_ν + L^D_μ L^D_ν + 9∑ A^′=5 L^{A′}_μ L^{A′}_ν ) ≡ − 1 2 γ^{μν} (x^â_μG_{âb̂}x^{b̂}_ν ) = − 1 2 γ^{μν} {e^ϕ[∂_μx^− − i 2 (θ^i∂_μθ_i + θ_i∂_μθ^i)]e^ϕ∂_ν x^+ − 1 2 e^{−ϕ}[ 1 4 ∂_μx^+(η^iη_i)^2 + i 2 (η_i∂_μη^i + η^i∂_μη_i)]e^ϕ∂_ν x^+ +μ ↔ ν +e^{2ϕ}(∂_μx̄∂_ν x + ∂_μx∂_νx̄) + ∂_μϕ∂_ν ϕ + 9∑ A^′=5

(u^{A′} ∂_μy_A′ + v^{A′} ∂_μx^+)(u^{A′} ∂_ν y_A′ + v^{A′} ∂_ν x^+)}

= γ^{μν} {−e^{2ϕ}(∂_μx^+∂_ν x^− + ∂_μx∂_νx̄) − 1 2 ∂_μϕ∂_ν ϕ − 1 2 9∑ A^′=5

(u^{A′} ∂_μy^{A′} )(u^{A′} ∂_ν y^{A′} ) + ∂_μx^+[ i 2 e^{2ϕ}(θ^i∂_ν θ_i + θ_i∂_ν θ^i)

+ i 4 (η^i∂_ν η_i + η_i∂_ν η) − 9∑ A^′=5 v^{A′} u^{A′} ∂_ν y^{A′} ]

+ 1 8 ∂_μx^+∂_ν x^+[(η^iη_i)^2 − 4 9∑ A^′=5

(v^{A′} )^2]}, (21)

with

G_{+−} = G_{−+} = 1, G_{xx̄} = G_{x̄x} = 1, G_{DD} = G_A′_A′ = 1, A^′ = 5, · · · 9, and γ^{μν} = √ −gg^{μν} , x^â_μ = L^â_μ. (22)

We also have

L_{W Z} = −ϵ^{μν} (L^1_μCC^′L^2_ν + L^2_μCC^′L^1_ν ) = − iϵ^{μν} √ 2 {ie^ϕ∂_μx^+η̃_iC^′_{ij} ( ~∂_ν θ_j − i∂_νx̄η̃_j ) − ie^ϕ∂_μx^+η̃^iC^′_{ij} ( ~∂_ν θ^j + i∂_ν xη̃^j )}.(23)

3.2 Partial Legendre transformation

We next fix the gauge x^+ = τ, y^9 = σ and perform partial Legendre transformation for the remaining bosonic variables in L_k.

Define^{∂Lk}_{∂żi} = π_i for 8 bosonic variables. Perform Legendre transformation partially, we have(Appendix A)

H̃ = π_iż_i − L_k = e^{2ϕ} 2π_− {2e^{2ϕ}x^′x̄^′ + ϕ^{′2} + 8∑ a^′=5

(u^{a′} )^2(y^{′a′} )^2 + 1 + [2e^{−2ϕ}π_xπ_{x̄} + π^2_D + 8∑ a^′=5

(u^{a′} )^{−2}π^2_a′ ]

+[(π_−(x^{′−} − i 2 (θ^iθ^′_i + θ_iθ^{′i}) − i 4 e^{−2ϕ}(η^iη^′_i + η_iη^{′i})) + π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5

π_a′ y^{′a′} ]^2} + π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i) + 1 8 e^{−2ϕ}(η^iη_i)^2]

− 8∑ a^′=5 π_a′ v^{a′} u^{a′} + v^9[π_−(x^{′−} − i 2 (θ^iθ^′_i + θ_iθ^{′i}) − i 4 e^{−2ϕ}(η^iη^′_i + η_iη^{′i}))

+π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5 π_a′ y^{′a′} ]. (24)

Adding π_a and π_a′ as new variables, one can obtain a new Lagrangian density(Appendix A) L̃ = L̃_k + L_{W Z}

= π_−ẋ^− + π_xẋ + π_{x̄} ˙x̄ + π_Dϕ̇ + 8∑ a^′=5 π_a′ẏ^{a′} −π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i)]−H

= f_iż^i + f_αż^α−H, (25)

where H is the Hamiltonian density and define H = ∫ dσH. In appendix A ,we have proved Lagrangian equations of L̃ include the equations of L and the definition of π_i. We now see that the number of bosonic variables(z^a, π_a, a = 1, 2, · · · 8) and fermionic variables(θ^i, θ_i, η^i, η_i; i = 1, 2, 3, 4.) are equal. This is an important reason for requiring the κ symmetry.

Therefore all the coefficients f are

f_− = π_−, f_x = π_x, f_{x̄} = π_{x̄}, f_D = π_D, f_a′ = π_a′ , f_{θi} = − i 2 π_−θ^i, f_θi = − i 2 π_−θ_i, f_{ηi} = − i 4 e^{−2ϕ}π_−η^i, f_ηi = − i 4 e^{−2ϕ}π_−η_i, f_π = 0.(26)

4 Poisson bracket and Jacobi identity

The Lagrangian(25) is degenerate in that it is linear in velocities ż^a. In this section, we study the Lagrangian linear in velocities. One sees that such system has a natural quasi-symplectic structure, we next derive the poisson bracket for such degenerate Lagrangian system.

4.1 Bosonic system

Assume the Lagrangian of bosonic system is

L(x_i, ẋ_i) = ∑ i f_i(x)ẋ_i − g(x). (27)

The Lagrangian equation is d dt ∂L ∂ẋ_i − ∂L ∂x_i = 0,

giving ∂f_i ∂x_j ẋ_j − ∂f_j ∂x_i ẋ_j = − ∂g ∂x_i .

Define ω_{ij} = ∂f_j ∂x_i − ∂f_i ∂x_j , we obtain ∂_iω_{jk} + cyc(i, j, k) = 0, (28) and ω_{ij}ẋ_j = ∂g ∂x_i . If ω has an inverse Ω Ω_{ij} ω_{jl} = δ_{il}, we have ẋ_i = Ω_{ij} ∂g ∂x_j , with Ω_{ij} = −Ω_{ji}.

Define poisson bracket {A, B} = ∂A ∂x_i Ω_{ij} ∂B ∂x_j . (29)

Jacobi identity {A, {B, C}} + {B, {C, A}} + {C, {A, B}} = 0, follows from Ω_{il}∂_lΩ_{jk} + Ω_{jl}∂_lΩ_{ki} + Ω_{kl}∂_lΩ_{ij} = 0, due to (28). One has Ȧ = {A, g}, for A(x). 4.2 Bosonic and Fermionic system

For the system with both bosonic(x_i Grassmann even) and fermionic(θ_α Grassmann odd) variables, we have AB = (−1)^{ab}BA, ∂_i∂_j = (−1)^{ij} ∂_j ∂_i, ∂_i(BC) = (∂_iB)C + (−1)^{ib}B∂_iC.where ∂_i =^∂_{∂zi} , and the Grassmann index of z_i is i, while for A, B, C, Grassmann indices are a, b, c respectively (they should be î, ĵ, â, b̂, ĉ, here we abuse the notation for simplicity).

Assume the Lagrangian is L(x_i, ẋ_i, θ, θ̇) = ∑ i f_i(x, θ)ẋ_i + ∑ α ψ_α(x, θ)θ̇_α − g(x, θ). (30)

The Lagrangian equation d dt ∂L ∂ẋ_i − ∂L ∂x_i = 0, d dt ∂L ∂θ̇_α − ∂L ∂θ_α , = 0, gives

ω_{ij}ẋ_j + ω_{iβ}θ̇_β = ∂g ∂x_i , ω_{αj}ẋ_j + ω_{αβ}θ̇_β = ∂g ∂θ_α , (31)

with ω_{ij} = ∂f_j ∂x_i − ∂f_i ∂x_j = −ω_{ji}, ω_{iβ} = ∂f_i ∂θ_β + ∂ψ_β ∂x_i = ω_{βj}, ω_{αβ} = ∂ψ_α ∂θ_β + ∂ψ_β ∂θ_α = ω_{βα}. Denote

ω = ( ω_{ij} ω_{iβ} ω_{αj} ω_{αβ} ) , ż = ( ẋ_j θ̇_β ) , −→ ∂g = (_{∂g} ∂x_i ∂g ∂θ_α ) . The matrix elements ω_{mn} = ∂_mf^n − (−1)^{mn+m+n}∂_nf^m satisfies ∂_lω_{mn}(−1)^{n2+ln} + cyc(lmn) = 0. If ω is invertible, one may find Ω, such that Ω_{mn}ω_{nl} = δ_{ml} giving

∂_sΩ_{lt} = −Ω_{lm}∂_sω_{mn}Ω_{nt}(−1)^{s(l+m)}.

We can further show Ω_{mn} = (−1)^{mn+1}Ω_{mn}, and ż_l = Ω_{lm}∂_mg.

In the exponent of (-1), s, m, n, t stand for Grassmann indices, they can be even(i, j) and odd(α, β).

Define poisson bracket {A, B} = A ←− ∂ ∂z_l Ω_{lm} −→ ∂ B ∂z_m , (32) one has Ȧ = {A, g} = A ←− ∂ ∂z_l Ω_{lm} −→ ∂ g ∂z_m . (33)

Poisson bracket satisfy {A, B} = (−1)^{ab−1}{B, A}, {A, BC} = {A, B}C + (−1)^{ab}B{A, C}, {A, αB + βC} = (−1)^{αa}α{A, B} + (−1)^{βa}β{A, C}, for constants α, β. (34) here the superscript a, b, α and β are Grassmann indices for A, B, α and β respectively. Super-Jacobi identity is also satisfied

(−1)^{n2+nl}∂_lω_{mn} + (−1)^{l2+lm}∂_mω_{nl} + (−1)^{m2+mn}∂_nω_{lm} = 0, (35)

⇒ (−1)^{nk}Ω_{kl}∂_lΩ_{mn} + (−1)^{km}Ω_{ml}∂_lΩ_{nk} + (−1)^{mn}Ω_{nl}∂_lΩ_{km} = 0, (36) ⇒ (−1)^{ac}{A, {B, C}} + (−1)^{ab}{B, {C, A}} + (−1)^{bc}{C, {A, B}} = 0. (37) 4.3 Extension to field theory

In the following, integration of σ over one period is always assumed if no initial and end points.

The Lagrangian is L = ∫ dσf_i(z(σ), z^′(σ))ż_i(σ) − ∫ dσg(z(σ), z^′(σ)), (38) where the index i can be bosonic and fermionic.

The Lagrangian equation d dt ( δL δż_i(σ) ) − δL δz_i(σ) = 0,

gives d dt [(−1)^j ∫ dσ^′ δż_j (σ^′) δż_i(σ) f_j (z(σ^′), z^′(σ^′))]− ∫ dσ^′ δf_j (z(σ^′), z^′(σ^′)) δz_i(σ) ż_j (σ^′)+ ∫ dσ^′ δg(z(σ^′), z^′(σ^′)) δz_i(σ) = 0.

Due to δż_j (σ^′) δż_i(σ) = δ_{ij} δ(σ^′ − σ), one has ∫ dσ^′ω_{i(σ),j(σ}′_)ż_j (σ^′) = ∫ dσ^′ δg(z(σ^′), z^′(σ^′)) δz_i(σ) , with ω_{i(σ),j(σ}′_) = δf_j (z(σ^′), z^′(σ^′)) δz_i(σ) − (−1)^{i+j(i+j)} δf_i(z(σ), z^′(σ)) δz_j (σ^′) , which has the property

ω_{i(σ),j(σ}′_) = (−1)^{(i−1)(j−1)}ω_{j(σ}′_{),i(σ)}, and (−1)^{j2+jl} δ δz_l(σ_l) ω_{i(σi),j(σj )} + (−1)^{l2+il} δ δz_i(σ_i) ω_{j(σj ),l(σl)} + (−1)^{i2+ij} δ δz_j (σ_j ) ω_{l(σl),i(σi)} = 0. (39) Assume matrix [ω_{i(σ),j(σ}′_)] has an inverse [ Ω_{j(σ}′_{),i(σ)}] ∫ dσ^′ω_{i(σ),j(σ}′_)Ω_{j(σ}′_{),l(σ}′′_) = δ_{il}δ(σ − σ^{′′}), ∫ dσΩ_{i(σ}′_{),j(σ)}ω_{j(σ),l(σ}′′_) = δ_{il}δ(σ^′ − σ^{′′}), Then we have Ω_{i(σ),j(σ}′_) = (−1)^{ij+1}Ω_{j(σ}′_{),i(σ)}.

The Lagrangian equation ∫ dσ^′ω_{i(σ),j(σ}′_)ż_j(σ^′) = ∫ dσ^′ δg(z(σ^′), z^′(σ^′)) δz_i(σ) = δH δz_i(σ) , (40)

gives ż_k(σ^{′′}) = ∫ dσΩ_{k(σ}′′_{),i(σ)} δH δz_i(σ) , where H = ∫ dσg(z(σ), z^′(σ)). Define Poisson bracket {A, B} = ∫ dσ ∫ dσ^′A ←− δ δz_i(σ) Ω_{i(σ),j(σ}′_) −→ δ B δz_j (σ^′) = ∫ dσ ∫ dσ^′(−1)^{(a−1)i} δA δz_i(σ) Ω_{i(σ),j(σ}′_) δB δz_j (σ^′)

, (41)

which implies {A, B} = (−1)^{ab+1}{B, A}. We have ż_k(σ^{′′}) = {z_k(σ^{′′}), H} = ∫ dσ ∫ dσ^′z_k(σ^{′′}) ←− δ δz_i(σ) Ω_{i(σ),j(σ}′_) δH δz_j (σ^′) , and Ȧ = {A, H}. (42) The l.h.s. of Lagrangian equation (40) can be written as ∫ dσω_{i(σ),j(σ}′_)ż_j (σ^′) = ∫ dσ^′{δ(σ^′ − σ) ∂f_j ∂z_i (σ^′) − (−1)^{i+j+ij}δ(σ − σ^′) ∂f_i ∂z_j (σ) + ∂ ∂_σ′ δ(σ^′ − σ) ∂f_j ∂z^′_i (σ^′) − (−1)^{i+j+ij} ∂ ∂_σ δ(σ − σ^′) ∂f_i ∂z^′_j (σ)}ż_j(σ^′). Using integration by parts and considering δ(σ − σ^′) = δ(σ^′ − σ) and^∂_{∂σ′} δ(σ^′ − σ) = −^∂_{∂σ} δ(σ − σ^′), we have ∫ dσ^′ω_{i(σ),j(σ}′_)ż_j (σ^′) = ω̃_{ij(σ)}ż_j (σ) + A_{ij}ż^′_j (σ),

where

ω̃_{ij(σ)} = ∂f_j ∂z_i (σ) − (−1)^{i+j+ij} ∂f_i ∂z_j (σ) − [ ∂f_j ∂z^′_i (σ)]^′ A_{ij}(σ) = −[ ∂f_j ∂z^′_i (σ) + (−1)^{i+j+ij} ∂f_i ∂z^′_j (σ)]. Locality condition requires A_{ij} = 0. If this condition is satisfied, we may instead use ω_{i(σ),j(σ}′_) = ω̃_{ij(σ)}δ(σ − σ^′), and Ω_{i(σ),j(σ}′_) = Ω̃_{ij(σ)}δ(σ − σ^′).

for the inverse of ω_{i(σ),j(σ}′_) to get the correct equation of motion. We may also define poisson bracket as {A, B} = ∫ dσdσ^′[A ←− δ δz_i(σ) Ω̃_{ij} (σ)δ(σ − σ^′) −→ δ B δz_j(σ^′) ], (43)

and show that the Jacobi identity is still valid for the case we are interested in in this paper(Appendix B).

On the contrary, for A_{ij} ≠ 0, we find the locality of the field theory is broken. This is because the equation gives ż^′_i = M_{ij}ż_j + N_i. (44) Even though M_{ij} and N_i are local at each σ. The quantity ż_j (σ) is determined by all data of M_{ij} and N_i at σ^′ = σ_0 to σ, if ż_j (σ_0) is given at point σ_0. Thus the 2-D field theory is nonlocal.

For the system described by (25), we see that from (26) ∂f_a ∂z^{′b} = 0, (45)

for a = i, α, thus it does satisfies A_{ab} ≡ − ∂f_b ∂z^{′a} − (−1)^{a+b+ab} ∂f_a ∂z^{′b} = 0. (46)

The problem left is whether the supermatrix Ω̃_{ij(σ)} is invertible. Further calculation of ω_{ab} via ω̃_{ab} = (−1)^{a+b+ab}∂_bf_a + ∂_af_b, (47) for (25) gives: (A) ω̃_{ij} = −ω̃_{ji} ω̃_x−_{π−} = −1, ω̃_{xπx} = −1, ω̃_{DπD} = −1, ω̃_a′_{πa′} = −1. (48) (B) ω̃_{iα} = ω̃_{αi} ω̃_{π−θi} = − i 2 θ^i, ω̃_{π−θ}i = − i 2 θ_i, ω̃_{π−ηi} = − i 4 e^{−2ϕ}η^i, (49) ω̃_{π−ηi} = − i 4 e^{−2ϕ}η^i, ω̃_{ϕηi} = i 2 e^{−2ϕ}π_−η^i, ω̃_{ϕη}i = i 2 e^{−2ϕ}π_−η_i. (50)

(C) ω̃_{αβ} = ω̃_{βα} ω̃_{θiθ}i = − i 2 π_−, ω̃_θi_{θi} = − i 2 π_−, ω̃_{ηiη}i = − i 4 e^{−2ϕ}π_−, ω̃_ηi_{ηi} = − i 4 e^{−2ϕ}π_−. (51)

We conclude that as long as the c number part of π_− ≠ 0, ω is invertible, and the Poisson bracket is well defined. On the other hand, we have from Appendix A,

π_− = e^ϕJ_− = e^ϕ ∂L_k ∂x^−_0 = e^{2ϕ} √ −G [e^{2ϕ}((x^{1′})^2 + (x^{2′})^2) + ϕ^{′2} + 8∑ a^′=5

(u^{a′} y^{′a′} )^2 + 1], and 1 π_− = e^{−2ϕ} √ −G e^{2ϕ}(x^{′2}_1 + x^{′2}_2 ) + ϕ^{′2} +

∑_8

a^′=5(u a^′ y′a^′ )2 + 1. (52)

Thus as long as G exits, we have a well defined Poisson bracket. This is a loose condition. This condition may break down, for example, when the ”string tube” grows a new branch in the AdS_5 × S_5 space. But in most cases, the Hamiltonian description is valid. The difficulty may appear in the quantum theory, where one has to take into account the whole space time. This needs further investigation.

5 Flat currents and solution transformation

5.1 Flat currents with one parameter

Bena, Polchinski and Roiban made an important discovery that the Metsaev and Tseytlin model has a one-parameter family of flat currents. This implies the model has infinite conserved nonlocal quantities. Here we review the equivalent form of their construction.

From J = G^{′−1}dG^′ = L^aP_a + L^{a′} P_a′ +^1_2 L^{ab}J_{ab} +^1_2 L^{a′b′} J_a′_b′ + L^{αα′ I} Q^I_{αα}′ ,one has dJ + J ∧ J = 0, giving the Maurer-Cartan equations

dL^a = −L^b ∧ L^{ba} − iL̄^I γ^a ∧ L^I , dL^{a′} = −L^{b′} ∧ L^{b′a′} + L̄^I γ^{a′} ∧ L^I , dL^{ab} = −L^a ∧ L^b − L^{ac} ∧ L^{cb} + ϵ_{IJ}L̄^I γ^{ab} ∧ L^J , dL^{a′b′} = L^{a′} ∧ L^{b′} − L^{a′c′} ∧ L^{c′b′} − ϵ_{IJ}L̄^I γ^{a′b′} ∧ L^J , dL^I = − i 2 γ_aϵ_{IJ} L^J ∧ L^a + 1 2 γ_a′ ϵ_{IJ} L^J ∧ L^{a′} + 1 4 γ_{ab}L^I ∧ L^{ab} + 1 4 γ_a′_b′ L^I ∧ L^{a′ b′} . (53) We firstly introduce the world-sheet Hodge dual of the Maurer-Cartan 1-forms L^a and L^{a′} . Let √ −gg^{ij} = γ^{ij} and ∗L^â_k = −ϵ^{ki}γ^{ij} L^â_j , and â = a, a^′, ϵ^{01} = −ϵ^{10} = 1.

The equations of motion can be expressed as

d^∗L^a + L^{ab} ∧^∗ L^b + is^{IJ}L̄^I γ^a ∧ L^J = 0, (54) d^∗L^{a′} + L^{a′ b′} ∧^∗ L^{b′} − s^{IJ}L̄^I γ^{a′} ∧ L^J = 0, (55) δ^{IJ} (^∗L^aγ^a + i^∗L^{a′} γ^{a′} ) ∧ L^J + s^{IJ} (L^aγ^a + iL^{a′} γ^{a′} ) ∧ L^J = 0. (56)

Introduce the forms with a parameter λ ,

L^a (λ) = 1 2 ( λ^2 + λ^{−2} ) L^a + 1 2 ( λ^2 − λ^{−2} )_∗ L^a, L^{a′} (λ) = 1 2 ( λ^2 + λ^{−2} ) L^{a′} + 1 2 ( λ^2 − λ^{−2} )_∗ L^{a′} , L^{ab} (λ) = L^{ab}, L^{a′b′} (λ) = L^{a′ b′} , L^1 (λ) = λL^1, L^2 (λ) = λ^{−1}L^2. (57)

When det[γ_{ij}] = −1, we have ∗(^∗A) = A, A ∧^∗B = −^∗A ∧ B, ∗A ∧^∗B = − A ∧ B. (58) We can prove one forms (57) with a parameter also satisfy Maurer-Cartan equations(53) by (54) to (58). Thus the currents J (λ) with spectral parameter λ expressed from the Cartan one forms(57),

J (λ) = L^a(λ)P_a + L^{a′} (λ)P_a′ + 1 2 L^{ab}(λ)J_{ab} + 1 2 L^{a′b′} (λ)J_a′_b′ + L^{αα′ I} (λ)Q^I_{αα}′ , (59) satisfies dJ (λ) + J (λ) ∧ J (λ) = 0. So the equation J (λ) = G(λ)^{−1}dG(λ) is integrable and J (λ) naturally leads to an infinite number of non-local conserved quantities.

From the above, we see that as long as equations of motion are satisfied, J (λ) will be flat. However, after some gauge fixing, some equations of motion are missing. The κ symmetry gauge fixing cause half of equations(56) disappear and fixing x_0 = τ, y_9 = σ cause two of (54,55) missing. Are they still satisfied? The answer is affirmative. The reason is that local symmetry cause δS = 0, under certain combination of canonical variables. Thus equations of motion are not independent. The number of redundancy of them exactly matches the number of missing equations in the gauge fixing. In references [16], the authors give a concise proof that the flat currents keeps flat under various symmetry transformations. This explains the origin of that the flat currents still exists after gauge fixing.

We then express the flat currents in terms of canonical variables for the system in section 3. One has_∗ L^â_k = −ϵ^{ki}γ^{ij}L^â_j . From (5) and (21), we have δS_k = − 1 2 ∫ dτdσδγ^{μν} x^â_μG_{âb̂}x^{b̂}_ν − 1 2 ∫ dτdσγ^{μν} δx^â_μG_{âb̂}x^{b̂}_ν − 1 2 ∫ dτdσγ^{μν} x^â_μG_{âb̂}δx^{b̂}_ν = − ∫ dτdσγ^{μν} δx^â_μG_{âb̂}x^{b̂}_ν , giving ∂L_k ∂x^â_0 = −γ^{0ν} G_{âb̂}x^{b̂}_ν = J_â,

and_∗ L^â_1 = ϵ^{10}(G^{−1})^{âb̂}J_â = −(G^{−1})^{âb̂}J_â.

From appendix A, J_â is expressed in (π_i, z^{′i}, z^i, z^{′α}, z^α) for all ten â’s. Further checking the remaining components of J_1(λ) by (19), we find J_1(λ) can be expressed by these variables too.

5.2 solution transformations

For the flat currents

J (λ) = L^a(λ)P_a + L^{a′} (λ)P_a′ + 1 2 L^{ab}(λ)J_{ab} + 1 2 L^{a′b′} (λ)J_a′_b′ + L^{αα′ I} (λ)Q^I_{αα}′ , (60) the solution G(λ, τ, σ)^{−1}∂_μG(λ, τ, σ) = J_μ(λ) (μ = 0, 1) with given G(λ, τ_0, σ_0) = G_0 is independent of the path of integration. It can be symbolically expressed as G_0Pe^{∫C J (λ)} = G(λ, τ, σ), where C is any contour from (τ_0, σ_0) to (τ, σ), and P denotes path ordering of the Lie algebra generators. Consider two paths ABC and ADC, where AB and DC are along σ with length L while BC and AD are along τ. We have G(λ, τ_c, σ_c) = G_0U_{AB} U_{BC} = G_0U_{AD}U_{DC} , where U_{AB} = Pe ∫_B J (λ) A , U_{BC} = Pe ∫_C J (λ) B , U_{AD} = Pe ∫_D J (λ) A , U_{DC} = Pe ∫_C J (λ) D . If the period of σ is L, U_{AD} and U_{BC} are equal. We have U_{DC} = U^{−1}_{AD}U_{AB} U_{BC} = U^{−1}_{BC} U_{AB}U_{BC} . Thus in any representation of P SU(2, 2|4), the matrices Û_{DC} and Û_{AB} are similar matrices and the supertraces of them are equal. That is, F_1(λ) = strPe

∫_L^ J_1(λ,σ,τ ) 0 = strÛ(τ) is a constant of motion [18] as well as their eigenvalues [15]. Let’s return to the system(25) in section 3, since J_1(λ) is a function of canonical variables and F_1(λ) is always conserved, we have {F_1(λ), H} = 0 (61) by (42). Notice F_1(λ) and H are not depending on τ = x^+ when expressed by π_i, z_i, z^′_i, z_α, z^′_α in section 3.

Due to Jacobi identity, we have {z_i, {F_1(λ), H}} + {F_1(λ), {H, z_i}} + {H, {z_i, F_1(λ)}} = 0, {{z_i, H}, F_1(λ)} = {{z_i, F_1(λ)}, H}, impling the action of Hamiltonian H and the action of F_1(λ) are commutable [32]. Assume a solution z(τ, σ) is given by z(0, σ) and satisfies ż_i = {z_i, H}, (62) where z_i can be bosonic and fermionic variables.

We may solve d dt z_i = {z_i, F_1(λ)}, (63)

with z_i(λ, t = 0, τ, σ) = z_i(τ, σ). Then z_i(λ, t, τ, σ) is a new solution of (62) for each fixed t. This is a solution transformation. There are infinite generators of such transformations.

6 Discussions

In this paper, we construct the solution transformations by Jacobi identity of poisson bracket for one parameter flat currents with Hamiltonian, and the poisson bracket is constructed from Lagrangian which is linear in velocities with κ Light-cone gauge fixing. The relation of solution transformations for different λ, t is not clear, it seems that they form two parameter sets. Since the expression of F_1 is complicated, the further investigation of examples is worth doing.

Acknowledgements

We are grateful to professor B.Y. Hou and professor R. H. Yue for helpful discussions and suggestions. This work is supported by National Natural Science foundation of China under Grant No. 10575080. Z. Y. Wang and J. Feng are also supported by the NWU Graduate Cross-discipline Funds(08YJC24).

A Hamiltonian Analysis

Let L = L_k + L_{W Z}, z = z_i, z_α and c number of det(^{∂2Lk}_{∂żi∂żj} ) ≠ 0,define π_i =^{∂Lk}_{∂żi} , H̃ = π_iż_i − L_k. One can express ż_i and H̃ as the functions of π_i, z_i, z′_i, z_α, z′_α, ż_α. We have a new Lagrangian density

L̃_k = π_iż_i − H̃.

The variation of H̃ is δH̃ = δπ_iż_i + π_iδż_i − ∂L_k ∂ż_i δż_i − ∂L_k ∂z_i δz_i − ∂L_k ∂z^′_i δz^′_i − ∂L_k ∂z_α δz_α − ∂L_k ∂ż_α δż_α − ∂L_k ∂z^′_α δz^′_α. (64)

Denote L_uf ≡ ∂f ∂z_i − ∂ ∂τ ∂f ∂u̇ − ∂ ∂σ ∂f ∂u^′ .

The equation L_{πi}L̃_k = 0 gives (π_j − ∂L_k ∂ż_j ) ∂ż_j ∂π_i = 0,

implying π_j − ∂L_k ∂ż_j = 0, (65)

when c number of det(^{∂2Lk}_{∂żi∂żj} ) ≠ 0. We have L_{zi}L̃_k ≡ ∂L̃_k ∂z_i − ∂ ∂τ ∂L̃_k ∂ż_i − ∂ ∂σ ∂L̃_k ∂z^′_i = − ∂H̃ ∂z_i − ∂π_i ∂τ + ∂ ∂σ ∂H̃ ∂z^′_i = L_{zi} L_k,

L_{zα}L̃_k ≡ ∂L̃_k ∂z_α − ∂ ∂τ ∂L̃_k ∂ż_α − ∂ ∂σ ∂L̃_k ∂z^′_α = − ∂H̃ ∂z_α + ∂ ∂τ ( ∂H̃ ∂ż_α ) + ∂ ∂σ ∂H̃ ∂z^′_α = L_{zα} L_k. The last step comes from (64) and (65).

For L = L_k + L_{W Z} and L̃ = L̃_k + L_{W Z} , we have

0 = L_{πi}L̃ = L_{πi}L̃_k ⇒ π_i − ∂L_k ∂ż_i = 0,

0 = L_{zi}L̃ = L_{zi}L̃_k + L_{zi} L_{W Z} = L_{zi} L_k + L_{zi} L_{W Z} ⇒ L_{zi} L = 0, 0 = L_{zα}L̃ = L_{zα}L̃_k + L_{zα} L_{W Z} = L_{zα} L_k + L_{zα} L_{W Z} ⇒ L_{zα} L = 0. (66)

Thus the Lagrangian equations of L̃ with the variables (π_i, ż_i, z^′_i, z_i, ż_α, z^′_α, z_α) give the definition of π_i and the Lagrangian equation of L for variables (ż_i, z^′_i, z_i, ż_α, z^′_α, z_α).

This is a partial Legendre transformation for the part Lagrangian with arbitrary partition of L = L_1 + L_2 . This idea is firstly introduced by Arutyunov, Frolov et al. [16] in deriving the Hamiltonian of GS string.

For the Polyakov Lagrangian(21), the variation of g^{μν} yields the well known Nambu- Goto Lagrangian,

L_k = − √ (x^a_0G_{ab}x^b_1)^2 − (x^a_0G_{ab}x^b_0)(x^a_1G_{ab}x^b_1) ≡ − √ −G, where a, b = +, −, x, x̄, D and A^′(A^′ = 5, 6, 7, 8, 9). Then we fix the gauge x^+ = τ, y^9 = σ, and write L^a_μ ≡ x^a_μ = x_{μ0} + α^a_i z^i_μ,

where z^i_μ = { ż^i, μ = 0 z^{′i}, μ = 1 , i ≠ x^+, y^9, and x^a_{μ0} is the rest of the L^a_μ, including fermionic

variables and some functions of coordinates.

We have for z^i = x^−, x, x̄, D, y^5, y^6, y^7, y^8,

π_i = ∂L_k ∂ż^i = −1 2 √ −G [2 ∂x^a_0 ∂ż^i G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − 2 ∂x^a_0 ∂ż^i G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )] = ∂x^a_0 ∂ż^i ∂L_k ∂x^a_0 ≡ ∂x^a_0 ∂ż^i J_a,

J_a = −1 √ −G [G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )]

π_iż^i = −1 √ −G ż^i ∂x^a_0 ∂ż^i [G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )] = ż^i ∂x^a_0 ∂ż^i J_a. Since ż^{i ∂xa0}_{∂żi} = α^a_i ż^i = x^a_0 − x^a_{00}, so we can derive

π_iż^i = −1 √ −G [(x^a_0 − x^a_{00})G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − (x^a_0 − x^a_{00})G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )] = − √ −G + 1 √ −G [x^a_{00}G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − x^a_{00}G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )]

= L_k + 1 √ −G [x^a_{00}G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − x^a_{00}G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )], and H̃ = π_iż^i − L_k = x^a_{00}G_{ab} [x^{b1}(x^{a10} G^{a1b1} x^{b11} ) − x^{b0}(x^{a11} G^{a1b1} x^{b11} )] √ −G = −x^a_{00} ∂L_k ∂x^a_0 = −x^a_{00}J_a. (67)

We can check the identities

J_ax^a_1 = ∂L_k ∂x^a_0 x^a_1 = −1 √ −G [x^a_1G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − x^a_1G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )] = 0, and J_a(G^{−1})_{ab}J_b = ∂L_k ∂x^a_0 G^{−1}_{ab} ∂L_k ∂x^b_0 = 1 √ −G [G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )] ×G^{−1}_{ac} 1 √ −G [G_{cd}x^d_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − G_{cd}x^d_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )]

= −x^a_1 G_{ab}x^b_1.

These two equations may help us to solve^{∂Lk}_{∂x+0} and^{∂Lk}_{∂x90} as functions of other^{∂Lk}_{∂x}a_0 .

Another identity ∂L_k ∂x^a_0 x^a_0 = −1 √ −G [x^a_0G_{ab}x^b_1(x^{a1}_0 G_{a1b1} x^{b1}_1 ) − x^a_0G_{ab}x^b_0(x^{a1}_1 G_{a1b1} x^{b1}_1 )] = −1 √ −G [(x_0Gx_1)(x_0Gx_1) − (x_0Gx_0)(x_1Gx_1)] = − √ (x_0Gx_1)^2 − (x_0Gx_0)(x_1Gx_1) = − √ −G = L_k, can be used in deriving (67).

The momenta π_i are π_i = ∂x^a_0 ∂ż_i J_a, where x^a_μ ≡ L^a_μ.

The nonzero^{∂xa0}_{∂żi} are ∂x^−_0 ∂ẋ^− = e^ϕ, ∂x^x_0 ∂ẋ = e^ϕ, ∂x^{x̄}_0 ∂ ˙x̄ =e^ϕ, ∂x^D_0 ∂ẋ^D = ∂x^D_0 ∂ϕ̇ = 1, ∂x^{a′}_0 ∂ẏ^{a′} =u^{a′} , a^′ = 5, 6, 7, 8.

One has π_− = e^ϕJ_−, π_x = e^ϕJ_x, π_{x̄} = e^ϕJ_{x̄}, π_D = J_D, π_a′ = u^{a′} J_a′ , and J_− = e^{−ϕ}π_−, J_x = e^{−ϕ}π_x, J_{x̄} = e^{−ϕ}π_{x̄}, J_D = π_D, J_a′ = 1 u^{a′} π_a′ . (68) Noting from (19)(20),

L^+ = e^ϕdx^+,

L^− = e^ϕ[dx^− − i 2 (θ^idθ_i + θ_idθ^i)] − 1 2 e^{−ϕ}[ 1 4 (η^2)^2dx^+ + i 2 (η^idη_i + η_idη^i)], L^x = e^ϕdx, L^{x̄} = e^ϕdx̄, L^D = dϕ, L^{A′} = u^{A′} dx^{A′} + v^{A′} dx^+, (69) where η^2 =η^iη_i and defining

b_{0θ} = − i 2 (θ^iθ̇_i + θ_iθ̇^i), b_{0η} = i 2 (η^iη̇_i + η_iη̇^i),

b_{1θ} = − i 2 (θ^iθ^′_i + θ_iθ^{′i}), b_{1η} = i 2 (η^iη^′_i + η_iη^{′i}), (70)

from (22) and (69) one obtains

x^+_0 = e^ϕẋ^+, x^−_0 = e^ϕ(ẋ^− + b_{0θ}) − 1 2 e^{−ϕ}[ 1 4 (η^2)^2ẋ^+ + b_{0η}],

x^x_0 = e^ϕẋ, x^{x̄}_0 = e^ϕ ˙x̄, x^D_0 = ϕ̇, x^{A′}_0 = u^{A′}ẏ^{A′} + v^{A′}ẋ^+,

x^+_1 = e^ϕx^{′+}, x^−_1 = e^ϕ(x^{′−} + b_{1θ}) − 1 2 e^{−ϕ}[ 1 4 (η^2)^2x^{′+} + b_{1η} ],

x^x_1 = e^ϕx^′, x^{x̄}_1 = e^ϕ x̄^′, x^D_1 = ϕ^′, x^{A′}_1 = u^{A′} y^{′A′} + v^{A′} x^{′+}. (71)

For gauge x^+ = τ, y^9 = σ, we have

ẋ^+ = 1, x^{′+} = 0, ẏ^9 = 0, y^{′9} = 1, x^{A′}_0 = u^{A′}ẏ^{A′} + v^{A′} , x^{A′}_1 = u^{A′} y^{′A′} , x^+_0 = e^ϕ, x^+_1 = 0 (72) x^9_0 = v^9, x^9_1 = u^9 = 1. (73)

This implies

x^+_{00} = e^ϕ, x^−_{00} = e^ϕb_{0θ} − 1 2 e^{−ϕ}[b_{0η} + 1 4 (η^2)^2], x^{A′}_{00} = v^{A′} .

The equation J_ax^a_1 = 0 gives

J_+x^+_1 + J_−x^−_1 + · · · + J_8x^8_1 + J_9x^9_1 = 0.

So we can derive

J_9 = −( 1 x^9_1

)[J_+x^+_1 + J_−x^−_1 + · · · + J_8x^8_1] = −{π_−(x^{′−} + b_{1θ} − 1 2 e^{−2ϕ}b_{1η}) + π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5 π_a′ y^{′a′} }. (74)

We have G^{−1}_{ab} = G_{ab}. Equation J_a(G^{−1}_{ab} J_b) = −x_1Gx_1 gives

2J_+J_− + 2J_xJ_{x̄} + J^2_D + 8∑ a^′=5

J^2_a′ + J^2_9

= −[2x^+_1 x^−_1 + 2x^x_1 x^{x̄}_1 + (x^D_1 )^2 + 8∑ a^′=5

(x^{a′}_1 )^2 + (x^9_1)^2] (75)

= −[2e^{2ϕ}x^′x̄^′ + ϕ^{′2} + 8∑ a^′=5

(u^{a′} x^{′a′} )^2 + 1], (76) and J_+ = 1 2J_− {−[2e^{2ϕ}x^′x̄^′ + ϕ^{′2} + (u^{a′} )^2(x^{′a′} )^2 + 1] − [2e^{−2ϕ}π_xπ_{x̄} + π^2_D + 8∑ a^′=5

(u^{a′} )^{−2}π^2_a′

+(π_−(x^{′−} + b_{1θ} − 1 2 e^{−2ϕ}b_{1η}) + π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5

π_a′ x^{′a′} )^2]}. (77)

One has H̃ = −x^a_{00}J_a,

with

x^+_{00} = e^ϕ, x^−_{00} = e^ϕb_{0θ} − 1 2 e^{−ϕ}[b_{0η} + 1 4 (η^2)^2], x^{a′}_{00} = v^{a′} , x^9_{00} = v^9,

giving

H̃ = −J_+e^ϕ − J_−[e^ϕb_{0θ} − 1 2 e^{−ϕ}[b_{0η} + 1 4 (η^2)^2]] − 8∑ a^′=5

J_a′ v^{a′} − J_9v^9

= e^{2ϕ} 2π_− {[2e^{2ϕ}x^′x̄^′ + ϕ^{′2} + 8∑ a^′=5

(u^{a′} )^2(y^{′a′} )^2 + 1] + [2e^{−2ϕ}π_xπ_{x̄} + π^2_D + 8∑ a^′=5

(u^{a′} )^{−2}π^2_a′ ]

+[(π_−(x^{′−} + b_{1θ} − 1 2 e^{−2ϕ}b_{1η} ) + π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5 π_a′ y^{′a′} ]^2}

−e^{−ϕ}π_−[e^ϕb_{0θ} − 1 2 e^{−ϕ}[b_{0η} + 1 4 (η^2)^2] − 8∑ a^′=5 π_a′ v^{a′} u^{a′} +v^9[π_−(x^{′−} + b_{1θ} − 1 2 e^{−2ϕ}b_{1η} ) + π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5 π_a′ y^{′a′} ]

= e^{2ϕ} 2π_− {[2e^{2ϕ}x^′x̄^′ + ϕ^{′2} + 8∑ a^′=5

(u^{a′} )^2(y^{′a′} )^2 + 1] + [2e^{−2ϕ}π_xπ_{x̄} + π^2_D + 8∑ a^′=5

(u^{a′} )^{−2}π^2_a′ ]

+[(π_−(x^{′−} − i 2 (θ^iθ^′_i + θ_iθ^{′i}) − i 4 e^{−2ϕ}(η^iη^′_i + η_iη^{′i})) + π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5

π_a′ y^{′a′} ]^2} + π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i) + 1 8 e^{−2ϕ}(η^2)^2]

− 8∑ a^′=5 π_a′ v^{a′} u^{a′} + v^9[π_−(x^{′−} − i 2 (θ^iθ^′_i + θ_iθ^{′i}) − i 4 e^{−2ϕ}(η^iη^′_i + η_iη^{′i}))

+π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5 π_a′ y^{′a′} ]. (78)

They are functions of coordinates for L̃_k. Therefore the partial Legendre transformed Lagrangian density is

L̃_k = π_−ẋ^− + π_xẋ + π_{x̄} ˙x̄ + π_Dϕ̇ + 8∑ a^′=5 π_a′ẏ^{a′} − H̃

= π_−ẋ^− + π_xẋ + π_{x̄} ˙x̄ + π_Dϕ̇ + 8∑ a^′=5 π_a′ẏ^{a′}

− e^{2ϕ} 2π_− {[2e^{2ϕ}x^′x̄^′ + ϕ^{′2} + 8∑ a^′=5

(u^{a′} )^2(y^{′a′} )^2 + 1] + [2e^{−2ϕ}π_xπ_{x̄} + π^2_D + 8∑ a^′=5

(u^{a′} )^{−2}π^2_a′ ]

+[(π_−(x^{′−} − i 2 (θ^iθ^′_i + θ_iθ^{′i}) − i 4 e^{−2ϕ}(η^iη^′_i + η_iη^{′i})) + π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + 8∑ a^′=5

π_a′ y^{′a′} ]^2} − π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i) + 1 8 e^{−2ϕ}(η^2)^2]

+ 8∑ a^′=5 π_a′ v^{a′} u^{a′} − v^9[π_−(x^{′−} − i 2 (θ^iθ^′_i + θ_iθ^{′i}) + i 4 e^{−2ϕ}(η^iη^′_i + η_iη^{′i}))

+π_xx^′ + π_{x̄}x̄^′ + π_Dϕ^′ + π_a′ y^{′a′} ]. (79)

It satisfies^{∂L̃k}_{∂τ} = 0 and is linear in velocities. In addition to that, the locality condition A_{ij} = 0 is satisfied.

The WZ term L_{W Z} = − e^ϕ √ 2 ϵ^{μν} ∂_μx^+[η̃^iC^′_{ij}(∂_νθ̃^j + i∂_ν xη̃^j) − η̃^iC^′_{ij}(∂_νθ̃_j − i∂_ν xη̃_j )] = − e^ϕ √ 2 [η̃^iC^′_{ij} (θ̃^{′j} + ix^′η̃^j) − η̃^iC^′_{ij}(θ̃^′_j + ix^′η̃_j )],

and the total Lagrangian density

L̃ = L̃_k + L_{W Z}

= π_−ẋ^− + π_xẋ + π_{x̄} ˙x̄ + π_Dϕ̇ + 8∑ a^′=5 π_a′ẏ^{a′} −π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i)]−H

= f_iż^i + f_αż^α−H. (80)

also does.

We have the Hamiltonian density H = H̃ − π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i)]−L_{W Z}

= −x^a_{00}J_a − π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i)]−L_{W Z}

= −J_+e^ϕ − J_−[e^ϕb_{0θ} − 1 2 e^{−ϕ}[b_{0η} + 1 4 (η^2)^2]] − 8∑ a^′=5

J_a′ v^{a′} − J_9v^9 −π_−[ i 2 (θ^iθ̇_i + θ_iθ̇^i) + i 4 e^{−2ϕ}(η^iη̇_i + η_iη̇^i)]−L_{W Z} = − ∂L_k ∂ẋ^+ − ∂L_{W Z} ∂ẋ^+ = −π_+. (81)

B Derivation for poisson bracket in field theory

We first define^δ_{δϵzi(σ)} L[z]. Let z_i(σ) be a function of σ, z̃_i(σ) be another function of σ, where Δ_ϵz_i(σ) = z̃_i(σ) − z_i(σ) = δ_ϵ(σ − σ^′)η_i(σ^′), (82)

with ∫ dσδ_ϵ(σ − σ^′) = 1, δ_ϵ(x) = δ_ϵ(−x), δ_ϵ(x + L) = δ_ϵ(x),^{∂n}_{∂σn} δ_ϵ(σ − σ^′) = δ^{(n)}ϵ (σ − σ^′) exist. This is a smoothed change of z_i(σ) centered at σ^′.

One has lim_{ϵ→0} ∫ dσf(σ)δ_ϵ(σ − σ^′) = f(σ^′), for continuous f(σ).

In (82), η_i(σ^′) is an infinitesimal Grassmann number or an ordinary infinitesimal number. Define δ δ_ϵz_i(σ^′) L = 1 η_i(σ^′) {L[z̃] − L[z]}, δ δz_i(σ^′) L = lim_{ϵ→0} δ δ_ϵz_i(σ^′) L. We then have

δ δ_ϵz_j (σ^′) δ δ_ϵz_i(σ) = (−1)^{îĵ} δ δ_ϵz_i(σ) δ δ_ϵz_j (σ^′) , δ δ_ϵz_i(σ) (AB) = ( δA δ_ϵz_i(σ) )B + (−1)^{îâ}A( δB δ_ϵz_i(σ) ), δ δ_ϵz_i(σ) (A + B) = δA δ_ϵz_i(σ) + δB δ_ϵz_i(σ) . (83)

where the indices î, ĵ, â denote the Grassmann indices of z_i(σ), z_j (σ^′) and A respectively. In text and in this appendix, we use (−1)^{ia} instead of (−1)^{îâ} if no confusion.

For an action S = ∫ dσdτL(z, z^′, ż, σ, τ), the field equation is δS = 0 = ∫ dσdτδz_i{ ∂L ∂z_i − ∂_τ ( ∂L ∂ż_i ) − ∂_σ( ∂L ∂z^′_i )} + surface terms ,

giving ∂L ∂z_i(σ) − ∂_τ ( ∂L ∂ż_i(σ) ) − ∂_σ( ∂L ∂z^′_i(σ) ) = 0.

We can alternatively write it as δL δ_ϵz_i(σ) − ∂_τ ( δL δ_ϵż_i(σ)

) = 0,

if no boundary term. For L(z_i, z^′, ż_i, σ, τ) = ∫ dσf_i(z(σ), z^′(σ))ż_i(σ) − ∫ dσg(z(σ), z^′(σ)), the Lagrangian equation is [ ∂f_j ∂z_i − (−1)^{i+j+ij} ∂f_i ∂z_j − ( ∂f_j ∂z^′_i )^′]ż_j + [− ∂f_j ∂z^′_i − (−1)^{i+j+ij} ∂f_i ∂z^′_j ]ż^′_j − ∂g ∂z_i + ( ∂g ∂z^′_i )^′ = 0.

With

ω̃_{ij} = ∂f_j ∂z_i − (−1)^{i+j+ij} ∂f_i ∂z_j − ( ∂f_j ∂z^′_i )^′, A_{ij} = − ∂f_j ∂z^′_i − (−1)^{i+j+ij} ∂f_i ∂z^′_j , we can write it as ω̃_{ij}ż_j + A_{ij}ż^′_j = ∂g ∂z_i − ( ∂g ∂z^′_i )^′.

Define ω̂_{i(σ),j(σ}′_) = δf_j(z(σ^′), z^′(σ^′)) δ_ϵz_i(σ) − (−1)^{i+j+ij} δf_i(z(σ), z^′(σ)) δ_ϵz_j (σ^′) , one has J_0 = δ δ_ϵz_k(σ_k) ω̂_{i(σi),j(σj )}(−1)^{j2+kj} + cyc(i, j, k) = 0. We have

∫ dσ^′ω̂_{i(σ),j(σ}′_)ż_j(σ^′) = ∫ dσ^′[δ_ϵ(σ^′ − σ) ∂f_j ∂z_i (σ^′) + δ^′_ϵ(σ^′ − σ) ∂f_j ∂z^′_i (σ^′)]ż_j (σ^′) − ∫ dσ^′(−1)^{i+j+ij}[δ_ϵ(σ − σ^′) ∂f_i ∂z_j (σ) + δ^′_ϵ(σ − σ^′) ∂f_i ∂z^′_j (σ)]ż_j (σ^′) = ∫ dσ^′[δ_ϵ(σ^′ − σ) ∂f_j ∂z_i (σ^′) − (−1)^{i+j+ij}δ_ϵ(σ − σ^′) ∂f_i ∂z_j (σ) − δ_ϵ(σ^′ − σ)( ∂f_j ∂z^′_i (σ^′))^′]ż_j (σ^′) + ∫ dσ^′[−δ_ϵ(σ^′ − σ) ∂f_j ∂z^′_i (σ^′) − (−1)^{i+j+ij}δ_ϵ(σ − σ^′) ∂f_i ∂z^′_j (σ)]ż^′_j ,

giving lim_{ϵ→0} ∫ dσ^′ω̂_{i(σ),j(σ}′_)ż_j(σ^′) = ∂g ∂z_i − ( ∂g ∂z^′_i )^′. (84)

When A_{ij} = 0, let the inverse matrix of ω̃ be Ω̃,

ω̃_{ij}(σ)Ω̃_{jk}(σ) = δ_{ik}, Ω̃_{ij} (σ)ω̃_{jk}(σ) = δ_{ik}.

One can prove δ δ_ϵz_k(σ_k)

Ω̃_{ij} (σ) = −Ω̃_{il}(σ) δ δ_ϵz_k(σ_k) ω̃_{lm}(σ)Ω̃_{mj} (σ)(−1)^{(i+l)k}. (85)

Field equation (84) can be written as

ω̃_{ij}(σ)ż_j (σ) = lim_{ϵ→0} ∫ dσ^′ δ δ_ϵz_i(σ) g(σ^′), and ż_l(σ) = lim_{ϵ→0} ∫ dσ^′Ω̃_{li}(σ) δ δ_ϵz_i(σ) g(σ^′). (86)

Denote Ω̂_{i(σi ),j(σj )} = Ω̃_{ij} (σ)δ_ϵ(σ − σ^′),

and define the poisson bracket of functionals A and B as {A, B} = lim_{ϵ→0} ∫ dσ ∫ dσ^′A ←− δ δ_ϵz_i(σ) Ω̂_{i(σ),j(σ′ )} −→ δ B δ_ϵz_j (σ^′) . Equations (86) is then ż_i(σ) = {z_i(σ), H}, where H = ∫ dσg(z(σ), z^′(σ)). We next study the key property of poisson bracket, the Jacobi identity. In contrast with J_0, J_1 ≡ δ δ_ϵz_k(σ_k) [(−1)^{j+kj}ω̃_{ij}(σ_i)δ_ϵ(σ_i − σ_j )] + cyc(i, j, k), it is not identically zero however. The difference δ δ_ϵz_k(σ_k) ω̂_{i(σ),j(σ}′_) − δ δ_ϵz_k(σ_k)

[ω̃_{ij} (σ_i)δ_ϵ(σ_i − σ_j )]

= −δ_ϵ(σ_i − σ_j )[g^j_{ki}(σ_i) − g^j_{ki}(σ_j )] +δ^′_ϵ(σ_i − σ_j )[G^j_{ki}(σ_i) − G^j_{ki}(σ_j )]

+δ_ϵ(σ_i − σ_j ) ∂ ∂σ_i G^j_{ki}(σ_i) ≡ Ψ_{ijk}(ϵ, σ_i, σ_j , σ_k), where

g^j_{ki}(σ) = δ_ϵ(σ − σ_k)

∂^2f_j ∂z_k∂z_i (σ) + δ^′_ϵ(σ − σ_k)

∂^2f_j ∂z^′_k∂z_i (σ), G^j_{ki}(σ) = δ_ϵ(σ − σ_k)

∂^2f_j ∂z_k∂z^′_i (σ) + δ^′_ϵ(σ − σ_k)

∂^2f_j ∂z^′_k∂z^′_i (σ), has the property

lim_{ϵ→0} ∫ dσ_idσ_jdσ_kF_i(ϵ, σ_i)F_j (ϵ, σ_j )F_k(ϵ, σ_k)Ψ_{ijk}(ϵ, σ_i, σ_j , σ_k) = 0, (87) for smooth periodic functions F_i, F_j, F_k with

lim_{ϵ→0}F^{(n)}_l (ϵ, σ) = F^{(n)}_l (σ), l = i, j, k.

one has lim_{ϵ→0} ∫ dσ_idσ_j dσ_k ∏ l=i,j,k F_l(ϵ, σ_l)J_1 = 0. (88)

Consider J(A, B, C) = (−1)^{ca}{A, {B, C}} + (−1)^{ab}{B, {C, A}} + (−1)^{bc}{C, {A, B}} = lim_{ϵ→0} ∫ dσ_j dσ_k(−1)^{ac}(−1)^{j(b−1)}{A, δB δ_ϵz_j (σ)

Ω̃_{jk}(σ_j)δ_ϵ(σ_j − σ_k) δC δ_ϵz_k(σ_k) } + cyc.(A, B, C)

= lim_{ϵ′→0} ∫ dσ_idσ_l δA δ_ϵ′ z_i(σ_i)

Ω̃_{il}(σ_i)δ_{ϵ′} (σ_i − σ_l) δ δ_ϵ′ z_l(σ_l)

× lim_{ϵ→0}[ ∫ dσ_j dσ_k δB δ_ϵz_j(σ) Ω̃_{jk}(σ_j )δ_ϵ(σ_j − σ_k) δC δ_ϵz_k(σ_k) ](−1)^{ac+j(b−1)+i(a−1)} + cyc(A, B, C) = lim_{ϵ′→0}lim_{ϵ→0} ∫ dσ_idσ_ldσ_j dσ_k {(−1)^{ac+j(b−1)+i(a−1)}[ δA δ_ϵ′ z_i(σ_i)

Ω̃_{il}(σ_i)δ_{ϵ′} (σ_i − σ_l)

δ^2B δ_ϵ′ z_l(σ_l)δ_ϵz_j (σ_j )

Ω̃_{jk}(σ_j )δ_ϵ(σ_j − σ_k) δC δ_ϵz_k(σ_k) ] +(−1)^{ac+j(b−1)+i(a−1)+l(b+j)}[ δA δ_ϵ′ z_i(σ_i)

Ω̃_{il}(σ_i)δ_{ϵ′} (σ_i − σ_l) δB δ_ϵz_j (σ_j ) δ δ_ϵ′ z_l(σ_l)

Ω̃_{jk}(σ_j )δ_ϵ(σ_j − σ_k) δC δ_ϵz_k(σ_k) ] +(−1)^{ac+j(b−1)+i(a−1)+l(b+k)}[ δA δ_ϵ′ z_i(σ_i)

Ω̃_{il}(σ_i)δ_{ϵ′} (σ_i − σ_l) δB δ_ϵz_j (σ_j )

Ω̃_{jk}(σ_j )δ_ϵ(σ_j − σ_k) δ^2C δ_ϵ′ z_l(σ_l)δ_ϵz_k(σ_k) ]} +cyc.(A, B, C) ≡ α + β + γ. (89) This is a two fold limit. We first prove that the double limit lim_{ϵ→0,ϵ′→0} exists and which does not depend on the manner of ϵ, ϵ^′ → 0.

For this purpose, we use integration by parts to change all^∂_{∂σ} δ_{ϵ,ϵ}′ (σ −σ^′) to −δ_{ϵ,ϵ}′ (σ − σ^′)^∂_{∂σ} , in a properly chosen route. Eventually we have an expression with only δ_{ϵ,ϵ}′ functions and local functions in the integration. The boundary terms in integration by parts disappear because of the periodicity of local functions and the property of the conserved quantities.

Then one sees that the double limit lim_{ϵ→0,ϵ′→0} is well-defined, it is irrelevant of the manner ϵ, ϵ^′ → 0. We have lim_{ϵ′→0}[lim_{ϵ→0}{· · · }] = lim_{ϵ→0,ϵ′→0}{· · · } = lim_{ϵ=ϵ′→0}{· · · },if the first limit lim_{ϵ→0}{· · · } exists(which is easy to check.), due to the multi limit theorem.

Since δ_ϵ function is regular and^δ_{δϵ} operation is also regular, thus before limit, we can check the validity of (83) and treat these terms just as in the finite dimensional mechanics.

We then check α + β + γ in (89), and find when ϵ = ϵ^′, α + γ = 0 because of the cyclic permutation. The term lim_{ϵ→0}β can be converted to an integration of the form as l.h.s. of (88) by (85) , and it is also zero due to the equation (88).

References

[1] J. M. Maldacena, “The Large N Limit of Superconformal Field Theories and Supergravity”, Adv. Theor. Math. Phys. 2, (1998) 231, [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge Theory Correlators from Non-critical String Theory”, Phys. Lett. B428, (1998) 105, [arXiv:hepth/9802109].

[3] E. Witten, “Anti De Sitter Space and Holography”, Adv. Theor. Math. Phys. 2, (1998) 253, [arXiv:hep-th/9802150].

[4] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS_5 × S_5 background”, Nucl. Phys. B 533, (1998) 109, [arXiv:hep-th/9805028].

[5] M. B. Green and J. H. Schwarz, “Extended supergrivaty in ten-dimensions ”, Phys. Lett. B122, (1983) 143.

[6] M. B. Green and J. H. Schwarz, “Covariant description of superstrings”, Phys.

Lett. B136 ,(1984) 367; J. H. Schwarz, “Covariant Field Equations of Chiral N=2 D=10 supergravity”, Nucl. Phys. B226, (1983) 269.

[7] H. Lü,C. N. Pope and J. Rahmfeld, “A Construction of killing spinors on S^n”, Math. Phys. 40 (1999) 4518. [ arXiv:hep-th/9805151]

[8] J. Rahmfeld and A. Rajaraman,”The GS string action on AdS_3 ×S^3 with Ramond- Ramond charge”, Phys. Rev. D 60, 064014 (1999). [arXiv:hep-th/9809164]

[9] R. Kallosh and J. Rahmfeld, “The GS string action on AdS_5 × S^5 ”, Phys. Lett.

B 443, (1998) 143, [arXiv:hep-th/9808038]; R. Kallosh and A. A. Tseytlin, “Simplifing superstring action on AdS_5 × S^5”, JHEP 9810, (1998) 016, [arXiv:hepth/9808088] ; R. Kallosh, J. Rahmfeld, A. Rajaraman, “Near horizon superspace,” JHEP 9809, (1998) 002, [arXiv:hep-th/9805217].

[10] R. Roiban and W. Siegel, “Superstrings on AdS_5 ×S_5 supertwistor space”, JHEP 0011, (2000) 024, [arXiv:hep-th/0010104].

[11] C. A. S. Young, “Non-local charges, Z_m gradings and coset space actions”, Phys.

Lett. B632 (2006),559. [arXiv:hep-th/0503008].

[12] R. R. Metsaev and A. A. Tseytlin, “Superstring action in AdS_5 × S_5 κ-symmetry light-cone gauge”, Phys. Rev. D63 (2001) 046002 [arXiv:hep-th/0007036]

[13] R. R. Metsaev, C. B. Thorn and A. A. Tseytlin, “ light-cone superstring in AdS space-time ”, Nucl. Phys. B596 (2001) 151. [arXiv: hep-th/0009171]

[14] I. Pesando, “A kappa gauge fixed type IIB superstring action on AdS_5 × S^5,” JHEP 9811, 002 (1998), [hep-th/9808020]; I. Pesando, “On the gauge fixing of the kappa symmetry on AdS and flat background: The light-cone action for the type IIb string on AdS_5 × S^5 ,” Phys. Lett. B485 (2000) 246, [arXiv:hep-th/9912284].

[15] L. F. Alday, G. Arutyunov, A. A. Tseytlin, “On Integrability of Classical Super- Strings in AdS_5 × S^5”, JHEP 0507, (2005) 002, [arXiv:hep-th/0502240].

[16] G. Arutyunov, S. Frolov, J. Plefka, M. Zamaklar, “The Off-shell Symmetry Algebra of the Light-cone AdS_5 × S^5 Superstring ”, J.Phys.A40:3583-3606(2007), [arXiv:hep-th/0609157]. G. Arutyunov, S. Frolov, “Foundations of the AdS_5 × S^5 Superstring. Part I ”, [arXiv:hep-th/0901.4937].

[17] G. Arutyunov, S. Frolov, “Integrable Hamiltonian for Classical Strings on AdS_5 × S^5”, JHEP 0502 (2005) 059. [arXiv:hep-th/0411089]. L.F. Alday, G. Arutyunov, S. Frolov,“ New Integrable System of 2dim Fermions from Strings on AdS_5 × S^5”JHEP 0601 (2006) 078, arXiv:hep-th/0508140.

[18] I. Bena, J. Polchinski and R. Roiban, “Hidden Symmetries of the AdS_5 × S^5 Superstring”, Phys. Rev. D69, (2004) 046002, [arXiv:hep-th/0305116].

[19] B. C. Vallilo, Flat Currents in the Classical AdS_5 × S^5 Pure Spinor Superstring, JHEP 0403 (2004) 037. [arXiv:hep-th/0307018]

[20] Jian-Ge Zhou, “Super 0-brane and GS Superstring Actions on AdS_2 × S^2”, Nucl.Phys. B 559 (1999) 92, [arXiv:hep-th/9906013].

[21] A. M. Polyakov, “Conformal Fixed Points of Unidentified Gauge Theories”, Mod.

Phys. Lett. A19 , (2004) 1649, [arXiv:hep-th/0405106].

[22] Bo-Yu Hou, Dan-Tao Peng, Chuan-Hua Xiong, Rui-Hong Yue, “The Affine Hidden Symmetry and Integrability of Type IIB Superstring in AdS_5 × S^5”, [arXiv:hepth/0406239].

[23] Chuan-Hua Xiong, “The Dressing symmetry and Affine integrability of type IIB superstring in AdS_5 × S^5 backgroud”, ACTA PHYSICA SINICA, 54 0047 (2005).

[24] Bin Chen, Ya-Li He, Peng Zhang, Xing-Chang Song, “Flat Currents of the Green- Schwarz Superstrings in AdS_5 × S^1 and AdS_3 × S^3 backgrounds”, Phys. Rev. D71 (2005) 086007, [arXiv:hep-th/0503089].

[25] M. Hatsuda and K. Yoshida, “Classical integrability and super Yangian of superstring on AdS_5 × S^5 ,” Adv. Theor. Math. Phys. 9 (2005) 703 [arXiv:hepth/0407044].

[26] A. Das, A. Melikyan, M. Sato and J. Maharana, “The algebra of transition matrices for the AdS_5 × S^5 superstring,” JHEP 0412, (2004) 055, [arXiv:hepth/0411200]. A. Das, A. Melikyan, M. Sato, The algebra of flat currents for the string on AdS_5 × S^5 in the light-cone gauge, JHEP0511 (2005) 015. [arXiv:hepth/0508183]

[27] J. Kluson,“Hamiltonian Analysis of Non-Linear Sigma Model on Supercoset Target. ”, JHEP 0610 (2006) 046, [arXiv:hep-th/0608146v3]

[28] N. Berkovits, “Super-Poincre covariant quantization of the superstring”, JHEP 0004 (2000) 018,[arXiv:hep-th/0001035]

[29] N. Berkovits, “BRST cohomology and nonlocal conserved charges,” JHEP 0502 (2005) 060, [arXiv:hep-th/0409159].

[30] N. Berkovits, “Quantum consistency of the superstring in AdS_5 ×S^5 background,” JHEP 0503 (2005) 041, [arXiv:hep-th/0411170].

[31] Zhan-Yun Wang, Xiao-Hui Wang, Kang-Jie Shi, Rui-Hong Yue, “The κ-symmetry of Green-Schwarz superstring in some typical backgroud”, ACTA PHYSICA SINICA, 56(02) 0755 (2007).

[32] V.I. Arnold, “Mathmatical Methods of Classical Mechanics”, Springer-Verlag 1984 New York.