arXiv:0903.2753v2 [hep-th] 30 Jun 2009

Classifying and avoiding singularities in the alternative gravity dark energy models

S. Capozziello^1, M. De Laurentis^1, S. Nojiri^2, S.D. Odintsov^{3∗} 1Dipartimento di Scienze Fisiche, Università di Napoli “ Federico II”, INFN Sez. di Napoli, Compl. Univ. di Monte S. Angelo, Edificio G, Via Cinthia, I-80126, Napoli, Italy 2 Department of Physics, Nagoya University, Nagoya 464-8602, Japan 3Institucio Catalana de Recerca i Estudis Avancats (ICREA) and Institut de Ciencies de l Espai (IEEC-CSIC), Campus UAB, Facultat de Ciencies, Torre C5-Par-2a pl, E-08193 Bellaterra (Barcelona), Spain. (Dated: July 1, 2009)

The future finite-time singularities emerging in alternative gravity dark energy models are classified and studied in Jordan and Einstein frames. It is shown that such singularity may occur even in flat spacetime for the specific choice of the effective potential. The conditions for the avoidance of finite-time singularities are presented and discussed. The problem is reduced to the study of a scalar field evolving on an effective potential by using the conformal transformations. Some viable modified gravity models are analyzed in detail and the way to cure singularity is considered by introducing the higher-order curvature corrections. These results maybe relevant for the resolution of the conjectured problem in the relativistic star formation in such modified gravity where finite-time singularity is also manifested.

PACS numbers: 04.50.+h, 04.80.Cc, 98.80.-k, 11.25.-w, 95.36.+x

I. INTRODUCTION

Several assumptions of the Cosmological Standard Model have been ruled out by the advent of the so called precision cosmology capable of probing physics at very large redshifts. The old picture, based upon radiation and baryonic matter, has to be revised. Beside the introduction of dark matter, needed to fit the astrophysical dynamics at galactic and galaxy cluster scales (i.e. to explain clustered structures), a new ingredient is requested in order to explain the observed accelerated behavior of the Hubble flow: the so called dark energy. Essentially, data coming from the luminosity distance of Ia Type Supernovae [1], the deep and wide galaxy surveys [2] and the anisotropy of Cosmic Microwave Background [3] suggest that the so-called Cosmological Concordance Model (ΛCDM) is spatially flat, dominated by cold dark matter (CDM ∼ 25 %) and dark energy (Λ ∼ 70 %). The first ingredient should be able to explain the dynamics of clustered structures while the latter, in the form of an “effective" cosmological constant, should give rise to the late-time accelerated expansion.

The cosmological constant is the the most relevant candidate to interpret the cosmic acceleration, but, in order to overcome its intrinsic shortcomings associated with the energy scale, several alternative proposals have been suggested (see recent reviews[4, 5, 6]): quintessence models, where the cosmic acceleration is generated by means of a scalar field, in a way similar to the early time inflation, acting at large scales and recent epochs [7]; models based on exotic fluids like the Chaplygin-gas [8], or non-perfect fluids [9]; phantom fields, based on scalar fields with anomalous signature in the kinetic term [10], higher dimensional theories (braneworld) [11]. All of these models have the common feature to introduce new sources into the cosmological dynamics, but, from an “economic" point of view, it would be preferable to develop scenarios consistent with observations without invoking extra parameters or components non-testable (up to now) at a fundamental level.

Alternative theories of gravity, which extend in some way General Relativity (GR), allows to pursue this different approach (no further unknown sources) giving rise to suitable cosmological models where a late-time accelerated expansion is naturally realized.

The idea that Einstein gravity should be extended or corrected at large scales (infrared limit) or at high energies (ultraviolet limit) is suggested by several theoretical and observational aspects. Quantum field theories in curved spacetime, as well as the low-energy limit of string theory, both imply semi-classical effective Lagrangians containing higher-order curvature invariants or scalar-tensor terms. In addition, GR has been definitely tested only at Solar System scales while it may show several shortcomings, if checked at higher energies or larger scales. Besides, in the

∗ Also at Center of Theoretical Physics, TSPU, Tomsk, Russia.

opinion of several authors, the Solar System experiments are not so conclusive to state that the only reliable theory at these scales is GR.

Of course modifying the gravitational action asks for several fundamental challenges. These models can exhibit instabilities [12] or ghost - like behaviors [13], while, on the other side, they should be matched with observations and experiments in the low energy limit (in other words, Solar System tests and Parameterized Post Newtonian (PPN) limit should reproduce the results of GR appropriately). Despite of all these issues, in the last years, several interesting results have been achieved in the framework of the so called modified gravity at cosmological, galactic and solar system scales (see Refs. [14, 15] for review).

For example, there exist cosmological solutions that lead to the accelerated expansion of the Universe at late times in specific models of f(R) gravity as is discovered in refs.[16, 17, 18]. In some of realistic theories of this sort the problems indicated in [19] maybe overcomed[14].

There exist viable f(R) models that can satisfy both background cosmological constraints and stability conditions [20, 21, 22, 23, 24, 39, 40] as well as local tests. Recently many works have been devoted to place constraints on f(R)-models using the observations of Cosmic Microwave Background anisotropies and galaxy power spectrum [25, 26].

Besides, considering f(R)-gravity in the low energy limit, it is possible to obtain corrected gravitational potentials capable of explaining the flat rotation curves of spiral galaxies and galaxy cluster haloes without considering huge amounts of dark matter [27, 28, 29, 30, 31, 32, 39] and, furthermore, this seems the only self-consistent way to reproduce the universal rotation curve of spiral galaxies [33]. On the other hand, several anomalies in Solar System experiments could be framed and addressed in this picture [34].

However, a fundamental task which has to be faced for any alternative gravity model is to classify singularities which could emerge at finite time and propose the way to avoid it. From a physical point of view, this point is crucial in order to achieve viable and self-consistent models, especially in the possible applications.

In this paper, we discuss the future singularities which can, in principle, appear in dark energy models coming from alternative gravity theories (higher-order or non-minimally coupled gravity).

In fact, when dark energy models with the effective equation of state parameter close to −1 were added to the list of admissible cosmological theories to explain the observed accelerated behavior, due to to violation of all (or part) of energy conditions, strange features emerged in the future. For instance, it is well-known that phantom dark energy brings the universe to finite-time Big-Rip singularity [35, 47]. Moreover, the effective quintessence dark energy cosmologies may end up in (softer) finite-time singularity [38, 41]. For such effective quintessence dark energy models only part of energy conditions does not work in the standard way. Nevertheless, they show up the rip singularity behaviors which have been classified in Ref.[38].

It is clear that, qualitatively, the same situation should occur also in modified gravity cosmologies [14]. Indeed, it is quite well-known that some versions of modified gravity (like f(R)) have an effective ideal fluid description [42]. Hence, precisely the same singular behavior should be typical for the (effective phantom/quintessence) modified gravities in future too. Indeed, it was found some time ago [36] that modified gravity becomes invalid (complex theory) at the point where mathematically-equivalent scalar-tensor dark energy theory enters to the Big Rip singularity. Moreover, the effective phantom behavior may enter a transient phase and future singularity does not occur if some higher order terms (like R^2) are added to initially phantom-like models [45]. The same approach has been recently considered in ref.[43] to remove the singularity in order to avoid the conjectured problems with neutron stars formation in modified gravity.

In this paper, we want to discuss, in general, the problem of finite-time singularities and discuss some ways to avoid them in viable models which well-fit data at local and cosmological scales.

The layout of the paper is the following. In Sect.II, we describe, in general, the problem of finite-time singularities in dark energy models coming from f(R) to scalar-tensor modified gravities. Sect. III is devoted to the conditions for singularity avoidance in f(R)-gravity and in its scalar-tensor counterpart. In Sect. IV, we discuss the singularity problem in some physically viable f(R)-models adopting a conformal transformation approach. This method allows, in principle, to discriminate singularities by studying the behavior of effective scalar field potential after dynamics has been conformally reduced to the Einstein frame. In particular, we study the effect of adding a correction term, proportional to R^n with n ≥ 2, to modify the structure of the potential at large values of R and cure the singularity. Discussion and conclusions are drawn in Sect. V.

II. FINITE-TIME SINGULARITIES IN DARK ENERGY MODELS: FROM F (R)-GRAVITY TO SCALAR-TENSOR THEORY

Let us start with a generic action of F (R)-gravity which is a straightforward extension of General Relativity:

S_{F (R)} = ∫ d^4x √ −g { F (R) 2κ^2 + L_m } . (1)

Here F (R) = R + f(R) is an appropriate function of the scalar curvature R and L_m is the Lagrangian density of matter. By the variation over the metric tensor g_{μν} , we obtain the fourth-order field equations: 1 2 g_{μν} F (R) − R_{μν} F^′(R) − g_{μν} □F^′(R) + ∇_μ∇_ν F^′(R) = − κ^2 2 T_{(m)μν} . (2)

In Eqs.(2), T_{(m)μν} is the matter energy-momentum tensor. Contracting Eqs. (2) with respect to μ and ν, we obtain the trace equation: 2F (R) − RF^′(R) − 3□F^′(R) = − κ^2 2 T . (3)

To recover, formally, General Relativity, the Eq.(3) can be rewritten as R + 2f(R) − Rf^′(R) − 3□f^′(R) = − κ^2 2 T . (4)

In order to study how finite-time singularities emerge and can be discussed, let us consider, for the moment, classes of models which are paradigmatic for our purposes. For example, in ref.[22], a model which easily passes local tests and several cosmological bounds, has been proposed: f_{HS} (R) = − m^2c_1 ( R/m^2 )_n c_2 (R/m^2)^n + 1

, (5)

or otherwise written as

f_{HS} (R) = −λR_c (_R R_c )_n (_R R_c )_n + 1 (6)

Here m is a proper scale and c_1, c_2, n and λ are dimensionless positive constants (n is not restricted to be an integer) and R_c is positive constant. When the curvature is sufficiently large at dark energy epoch, this model can be approximated as follows f(R) ∼ −2Λ + α R^n . (7)

In case of (5), one may identify

2Λ = m^2c_1 c_2 , α = m^{2m+2}c_1

c^2

. (8)

Then Eq.(4) reduces to R + 3α□ ( R^{−n−1} ) ∼ 0 . (9)

Since the large curvature regime is considered, the cosmological constant term appears as a next-to-leading order correction, compared with the first term in (9), and we neglect it. If we define χ as χ ≡ R^{−n−1} , (10) and the FRW metric with flat spatial part is chosen,

ds^2 = −dt^2 + a(t)^2 ∑ i=1,2,3 ( dx^i )_2 . (11)

Eq.(9) has the following form:

χ̈ + 3Hχ̇ = 1 3α χ^{−1/(n+1)} . (12)

Note χ = 0 corresponds to the curvature singularity R → ∞. Note that as other dark energy models with EoS parameter around −1, the above gravitational alternative for dark energy also has the singularity as it will be explained below. The fact that such F (R)-gravity may show the phantom-like behavior has been established in ref.[45]. It was demonstrated there that account of R^2 (or similar nature term) makes the phantom phase to be transient and removes the singularity. In principle, the phantom phase in F (R)-gravity may end up as Big Rip-like type singularity[35] as it was demonstrated in ref.[36].

First we consider the classical equation of motion:

ẍ = 1 3α x^{−1/(n+1)} . (13)

The difference between the cosmological equation (12) and the classical equation (13) is the second term depending on H. This second term gives the only sub-leading contribution, which will be shown in the analysis from (15), where the H dependence will be explicitly included and it will be shown that the result from the classical analysis here will be reproduced. For Eq.(13), one gets an exact solution:

x = C (t_0 − t)^{2(n+1)/(n+2)} . (14)

Here C and t_0 are constants. Note 2 > 2(n+1)/(n+2) > 1. Then x vanishes in a finite time t = t_0, which corresponds to the curvature singularity in (13).

We now investigate the asymptotic solution when the curvature is large, that is, χ is small. As there is a curvature singularity, one may assume

H ∼ h_0 (t_0 − t)^{−β} . (15)

Here h_0 and β are constants, h_0 is assumed to be positive and t < t_0 as it should be for the expanding universe. Even for non-integer β < 0, some derivative of H and therefore the curvature becomes singular. The case β = 1 corresponds to the Big Rip singularity Fig. 1. Furthermore since β = 0 corresponds to the de Sitter space, which has no singularity, it is assumed β ≠ 0. When β > 1, the scalar curvature R behaves as

Figure 1: Plot of H ∼ h0 (t0 − t)^{−β} . The Big Rip singularity occurs for β = 1 and t = t0 = 6.

R ∼ 12H^2 ∼ 12h^2_0 (t_0 − t)^{−2β} . (16)

On the other hand, when β < 1, the scalar curvature R behaves as

R ∼ 6Ḣ ∼ −6h_0β (t_0 − t)^{−β−1} . (17)

Then R diverges when β > −1 but β ≠ 0.

We now consider three cases (compare with [37]): 1) β = 1, 2) β > 1, 3) 1 > β > 0, and 4) 0 > β > −1 see Fig. 2.

Figure 2: Behavior of R(t) for the four cases in the text. The dash-dot line represents R for β = 1 in Eq.(18); the dashed line is for β > 1 in Eq.(22); the dot line is R(t) for 1 > β > 0; finally, the solid line R(t) is for 0 > β > −1 in Eq.(27) respectively.

• In case 1) β = 1, since R ∼ 12h^2_0 + 6h_0 (t_0 − t)^2

, (18)

and therefore, from (10), we find χ ∼ (t_0 − t)^{2(n+1)} , (19) and the l.h.s. of (12) behaves as χ̈ + 3Hχ̇ ∼ (t_0 − t)^{2n} , (20) but the r.h.s. behaves as 1 3α χ^{−1/(n+1)} ∼ (t_0 − t)^{−2} , (21) which is inconsistent since the powers of the both sides do not coincides with each other. Therefore, β ≠ 1.

• In case 2) β > 1, we find R = 12H^2 + 6Ḣ ∼ 12H^2 ∼ (t_0 − t)^{−2β} , (22) and therefore χ ∼ (t_0 − t)^{2β(n+1)} . (23) In the l.h.s. of (12), the second term dominates and the l.h.s. behaves as χ̈ + 3Hχ̇ ∼ 3Hχ̇ ∼ (t_0 − t)^{β(2n+1)−1} . (24) On the other hand, the r.h.s. behaves as 1 3α χ^{−1/(n+1)} ∼ (t_0 − t)^{−2β} . (25) Then by comparing the powers of the both sides, one gets β(2n + 1) − 1 = −2β , (26) which gives β = 1/(2n + 3) but this conflicts with the assumption β > 1.

• In case 3) 1 > β > 0 or case 4) 0 > β > −1, we find R = 12H^2 + 6Ḣ ∼ 6Ḣ ∼ (t_0 − t)^{−β−1} , (27) and therefore χ ∼ (t_0 − t)^{(β+1)(n+1)} . (28) Then in the l.h.s. of (12), the first term dominates and the l.h.s. behaves as χ̈ + 3Hχ̇ ∼ χ̈ ∼ (t_0 − t)^{β(n+1)+n−1} . (29) On the other hand, the r.h.s. behaves as 1 3α χ^{−1/(n+1)} ∼ (t_0 − t)^{−β−1} . (30) Then by comparing the powers of the left-hand side and the right-hand side, the consistency gives β(n + 1) + n − 1 = −β − 1 or β = −n/(n + 2) . (31) This conflicts with the case 3) 0 < β < 1 but is consistent with the case 4) 0 > β > −1. In fact, by substituting (31) into (28), we get χ ∼ (t_0 − t)^{2(n+1)/(n+2)} . (32) which corresponds to (14). Since 0 > β > −1, this singularity corresponds to Type II in [38].

Thus, the sudden finite-time curvature singularity really appears in the Hu-Sawicki model.

In [38], there was suggested the classification of the finite-time singularities in the following way: • Type I (“Big Rip”) : For t → t_s, a → ∞, ρ → ∞ and |p| → ∞. This also includes the case of ρ, p being finite at t_s.

• Type II (“sudden”) : For t → t_s, a → a_s, ρ → ρ_s and |p| → ∞ • Type III : For t → t_s, a → a_s, ρ → ∞ and |p| → ∞ • Type IV : For t → t_s, a → a_s, ρ → 0, |p| → 0 and higher derivatives of H diverge. This also includes the case when p (ρ) or both of them tend to some finite values while higher derivatives of H diverge.

Here t_s, a_s and ρ_s are constants with a_s ≠ 0. We now identify t_s with t_0. The Type I corresponds to β > 1 or β = 1 case and we have a Big Rip singularity [47], whereas the Type II to −1 < β < 0 case and corresponds to the sudden future singularity, Type III to 0 < β < 1 case and is different from the sudden future singularity in the sense that ρ diverges, and Type IV to β < −1 but β is not any integer case.

Let us now remind that the Type II singularity has been already discussed in several dark energy models[41] besides F (R)-gravity. Here we consider several theories in the FRW space-time with flat spatial part (11). For the Type II singularity the Hubble rate H ≡ ȧ/a has the following form H = H_0 + H_1 (t_0 − t)^γ . (33) Here H_0, H_1, t_0 and γ are constants. We now choose 0 < γ < 1. Then H is finite H → H_0 in the limit of t → t_0 but Ḣ diverges as Ḣ = H_1γ (t_0 − t)^{γ−1} , (34) which generates the singularity in the scalar curvature R since (see Fig.(3))

R = 12H^2 + 6Ḣ ∼ 6H_1γ (t_0 − t)^{γ−1} . (35) We should note that the energy density ρ is finite since the first FRW equation gives ρ = 3 κ^2

H^2 , (36)

Figure 3: Behavior of R as given in Eq. (35). We have assumed γ =^1_2 .

and therefore ρ → ( 3/κ^2 ) H^2_0 < ∞ in the limit t → t_0. Hence, the curvature singularity could occur even if the energy density is finite as in some other quintessence models.

We now give an explicit example of the ideal fluid which gives the singularity in (33). First we should note that the second FRW equation has the following form: p = − 1 κ^2 ( 2Ḣ + 3H^2 ) . (37)

For the Hubble rate H in (33), Eqs.(36) and (37) give ρ = 3 κ^2

(H_0 + H_1 (t_0 − t)^γ )^2 , ρ + p = −

2H_1γ κ^2

(t_0 − t)^{γ−1} . (38)

Then by deleting t in the two equations of (38), we find ρ = 3 κ^2 ( H_0 + H_1 ( − κ^2 (ρ + p) 2H_1γ )_{γ/(γ−1)})2 . (39)

Eq.(39) can be regarded as an equation of state (EoS). Conversely if we consider the perfect fluid satisfying the EoS (39), the singularity (33) occurs.

We now consider the occurrence of singularity (33), in terms of the scalar-tensor theory, whose action is given by S = ∫ dx^4 √ −g [ 1 2κ^2 R − 1 2 ω(ϕ)∂_μϕ∂^μϕ − V (ϕ) ] , (40)

where V (ϕ) is the scalar potential and ω(ϕ) is the kinetic function, respectively. Note that for convenience the kinetic factor is introduced. We should note that scalar field may be always redefined so that kinetic function is absorbed. In the spatially flat FRW space-time (11), the energy density and the pressure of the scalar field is given by

ρ_ϕ = 1 2 ω(ϕ) ϕ̇^2 + V (ϕ) , p_ϕ = 1 2 ω(ϕ) ϕ̇^2 − V (ϕ) . (41)

Combining the FRW equations (36) and (37) with (41), one obtains

ω(ϕ) ϕ̇^2 = − 2 κ^2

Ḣ , V (ϕ) = 1 κ^2 ( 3H^2 + Ḣ ) . (42)

We now consider the theory in which V (ϕ) and ω(ϕ) are given by ω(ϕ) = − 2 κ^2 f^′(ϕ) , V (ϕ) = 1 κ^2 [ 3f(ϕ)^2 + f^′(ϕ) ] , (43) where f(ϕ) is a proper function of ϕ. Then the following solution is found

ϕ = t , H(t) = f(t) . (44)

In case of (33), we find ω(ϕ) = − 2H_1γ κ^2

(t_0 − ϕ)^{γ−1} , V (ϕ) = 1 κ^2 [ (3H_0 + 3H_1 (t_0 − ϕ)^γ )^2 + H_1γ (t_0 − ϕ)^{γ−1} ] . (45)

Thus, with such potential choice, the singularity (33) could be easily realized and the energy density is, of course, finite. It is easy to construct the models showing the finite future singularity in other models, say, the scalar-Gauss-Bonnet theory, non-minimal theories[46], etc.

We now consider what kind of scalar potential can generate the singularity in the scalar field in the flat space-time background. As a form of the singularity, we now assume

ϕ = ϕ_0 + ϕ_1 (t_0 − t)^γ . (46)

Here ϕ_0, ϕ_1, and γ are constants. One may take γ to be positive but not integer. Then some derivative of the scalar field has singularity.

In the next section, we will rewrite the F (R)-gravity in the scalar-tensor form, where the metric is rescaled as given in (53). Due to the scale transformation, the curvature singularity in the original frame of the F (R)-gravity does not appear in the rescaled metric in the the scalar tensor frame. The singularity occurs in the scalar field as follows from (46). Hence, such scalar field singularity (46) is called finite-time singularity even in flat Minkowski space.

In the flat space-time background, the equation of the scalar field is given by

ϕ̈ + V^′(ϕ) = 0 . (47)

Here V (ϕ) is a potential of the scalar field. By substituting (46) into (47), we find

ϕ_1γ (γ − 1) (t_0 − t)^{γ−2} + V^′(ϕ) = 0 . (48)

Since (46) can be rewritten as

t_0 − t = ( ϕ − ϕ_0 ϕ_1 )_{1/γ} , (49)

by substituting the expression (49) into (48), we find

ϕ_1γ (γ − 1) ( ϕ − ϕ_0 ϕ_1 )_{1−2/γ} + V^′(ϕ) = 0 , (50)

which gives the form of the potential as

V (ϕ) = V_0 − ϕ_1γ^2 2 ( ϕ − ϕ_0 ϕ_1 )_{2−2/γ} . (51)

Hence, it is found that finite-time singularity (46) can be realized by the potential (51) even in flat space-time. Thus, we demonstrated that for variety of dark energy models including modified gravity the finite-time singularity easily occurs even in the situation when effective EoS parameter is bigger than −1 (the effective quintessence).

III. THE AVOIDANCE OF FINITE-TIME SINGULARITY IN MODIFIED F (R)-GRAVITY

Let us consider the action (1) again. By introducing the auxiliary field A, we rewrite the action (1) of the F (R)- gravity in the following form: S = 1 2κ^2 ∫ d^4x √ −g {F^′(A) (R − A) + F (A)} . (52)

Here we neglect the contribution from the matter. By the variation over A, one obtains A = R. Substituting A = R into the action (52), one can reproduce the action in (1). Furthermore, we rescale the metric in the following way (conformal transformation)[18]:

g_{μν} → e^σg_{μν} , σ = − ln F^′(A) . (53)

Hence, the Einstein frame action is obtained:

S_E = 1 2κ^2 ∫ d^4x √ −g ( R − 3 2 g^{ρσ}∂_ρσ∂_σ σ − V (σ) ) , V (σ) = e^σg ( e^{−σ} ) − e^{2σ} f ( g ( e^{−σ} )) = A F^′(A) − F (A) F^′(A)^2

(54)

Here g (e^{−σ}) is given by solving the equation σ = − ln (1 + f^′(A)) = ln F^′(A) as A = g (e^{−σ} ). In terms of f(R) the potential V (σ) could be rewritten as

V (σ) = Af^′(A) − f(A) (1 + f^′(A))^2

. (55)

For the class of models with f(R) behaving as in (7), we find V (σ) ∼ −2Λ − (n + 1)α R^n , (56)

for large scalar curvature. When the curvature is large in the model (7), one gets σ ∼ αn R^{n+1} . (57)

By combining (56) and (57), the potential V (σ) is given in terms of σ as:

V (σ) ∼ −2Λ − (n + 1)α ( σ αn )_{n/(n+1)} . (58)

By comparing (56) with (51) and identifying σ with (ϕ − ϕ_0)/ϕ_0, we find n n + 1

= 2 − 2 γ , (59) or γ = 2(n + 1) n + 2

. (60)

Since γ is fractional in general, the scalar field σ generates the singularity in (46), which now corresponds to the curvature singularity in the Jordan frame. We should note that the curvature in the Einstein frame is in general not singular.

Let us consider the realistic models which unify the early-time inflation and late-time acceleration and which were introduced in refs. [39, 40].

In order to construct such models, the following conditions are used:

• Condition that inflation occurs:

lim_{R→∞} f(R) = −Λ_i . (61)

Here Λ_i is an effective early-time cosmological constant.

• The condition that there is flat space-time solution is given as

f(0) = 0 (62)

• The condition that late-time acceleration occurs should be

f(R_0) = −2R̃_0 , f^′(R_0) ∼ 0 . (63)

Here R_0 is the current curvature of the universe and we assume R_0 > R̃_0. Due to the condition (63), f(R) becomes almost constant in the present universe and plays the role of the effective small cosmological constant: Λ_{eff} ∼ −f(R_0) = 2R̃_0.

An example which satisfies the conditions (61), (62), and (63) is given by the following action[39]: f(R) = − (R − R_0)^{2n+1} + R^{2n+1}_0

f_0 + f_1 { (R − R_0)^{2n+1} + R^{2n+1}_0

} . (64)

Here n is a positive integer.

The conditions (61) and (63) require

R^{2n+1}_0 f_0 + f_1R^{2n+1}_0

= 2R̃_0 , 1 f_1

= Λ_i . (65)

One can show that for the above class of models, there does not occur the singularity or it is difficult that the singularity occurs in visible future. We now work in the scalar-tensor form or the Einstein frame (54).

In case of the model in [22], in the limit of A = R → +∞, f(A) becomes a small constant −Λ_{eff} corresponding to the small effective cosmological constant in the present universe. In the limit, we find f^′(A) → 0 and the potential (55) behaves as in (56) and therefore

V (σ) → Λ_{eff} . (66)

Then the value of V is very small and the curvature singularity could be easily generated. In the models exhibiting this kind of singularity due to fact that singularity is at finite distance with current energy scale, there was conjectured [43] that neutron stars cannot be formed. (This is really conjecture because the derivation of stars formation follows the same approximation as in the usual Einstein gravity, actually neglecting the higher derivatives terms typical in F (R)-gravity. This derivation should be reconsidered within the real F (R)-gravity with account of higher derivative terms as well as non-linearity what is technically not easy task. For instance, the non-linear structure of modified gravity leads to oscillations[44] already in the very simple approximation.) The conjecture is that if the density of the matter becomes finite but large and reaches a critical value, the curvature singularity occurs and the star could collapse. Therefore the star with density larger than the critical value could not be formed. As is mentioned above these simple considerations may be not valid with account of higher derivative terms where star formation process should be reconsidered from the very beginning.

On the other hand, for the class of models satisfying the conditions (61-63) like the model (65), the singularity does not occur easily. For this class of the models, f^′(R) vanishes at R = R_0 and in the limit of R → ∞. When R = R_0, the condition (61) gives

V (σ) → 2R̃_0 , (67)

which could be quite small. Since the value of R is finite, (67) does not correspond to any singularity. On the other hand, in the limit of R → +∞, by using the condition (63), we find

V (σ) → Λ_i . (68)

Since Λ_i corresponds to the effective cosmological constant during the inflation, the energy scale is not small, typically it is the Grand Unification scale. Therefore the value of V (σ) could be very large. Then the singularity could be generated only at the energy density larger then the energy density corresponding to the inflation of the early universe but it does not occur around the energy-density which is typical for neutron star.

Even for the class of dark energy models where singularity occurs at smaller energies, there is scenario to avoid the singularity proposed in ref.[45]. Indeed, let us consider the model where f(R) behaves as

f(R) ∼ f_0R^α , (69) with constants f_0 and α > 1. If the ideal fluid, which could be the matter with the constant EoS parameter w: p = wρ, couples with the gravity, when the f(R)-term dominates compared with the Einstein-Hilbert term, an exact solution is [45]

a = a_0t^{h0} , h_0 ≡ 2α 3(1 + w) , a_0 ≡ [ − 6f_0h_0

ρ_0 ( −6h_0 + 12h^2_0 )_{α−1} {(1 − 2α) (1 − α) − (2 − α)h_0}

]_− 1_{3(1+w)} . (70)

When α = 1, the result h_0 =^2_{3(1+w)} in the Einstein gravity is reproduced. The effective EoS parameter w_{eff} may be defined by

h_0 = 2 3 (1 + w_{eff} )

. (71)

By using (70), one finds

w_{eff} = −1 +

1 + w α . (72)

Hence, if w is greater than −1 (effective quintessence or even usual ideal fluid with positive w), when α is negative, we obtain the effective phantom phase where w_{eff} is less than −1. This is different from the case of pure modified gravity. On the other hand, when α > w + 1 (it can be even positive), w_{eff} could be negative for negative w. Hence, it follows that modified gravity minimally coupled with usual (or quintessence) matter may reproduce quintessence (or phantom) evolution phase for dark energy universe in an easier way than without such coupling.

If we choose α to be negative in (69), when the curvature is small, the f(R) term becomes dominant compared with the Einstein-Hilbert term. Then from (72), we have an effective phantom even if w > −1. Usually the phantom generates the Big Rip singularity. However, near the Big Rip singularity, the curvature becomes large and the Einstein- Hilbert term becomes dominant. In this case, we have w_{eff} ∼ w > −1, which prevents the Big Rip singularity.

One may add extra term to f(R) (69) as [45, 46].

f(R) = f_0R^α + f_1R^β , (73)

Here we choose f_1 > 0 and β > 1. Then for the large curvature, the second term could dominate. Then for the large curvature, the potential (55) behaves as V = β − 2 f_1R^{β−2} (74)

Then if 1 < β < 2, the potential is positive and diverges near the curvature singularity R → ∞, which could prevent the curvature singularity even if the singularity is the Big Rip type (Type I) or Type II[46] or other softer singularity[46].

Thus, we demonstrated that for large class of viable F (R)-gravities the finite-time singularity occurs in so distant future that it cannot influence the current universe processes. From another side, there exists the trick introduced in refs.[45, 46] how by adding extra term to modified gravity to remove the singularity.

A. Singularity avoidance in integral modified gravity models

As it is clear from (52), for F^′(R) = 1 + f^′(R) > 0, the square of the effective gravitational coupling is positive. However, due to κ^2_{eff} ≡ κ^2/F^′(A), the theory could enter an anti-gravity regime. In order to avoid this anti-gravity problem from the very beginning, we may consider a model given by f(R) = −f_0 ∫_R 0 dRe^− αR2n1 (R−R1)2n − R βΛi . (75)

Here α, β, f_0, and R_1 are constants and we assume 0 < R_1 ≪ Λ_i. In this model, the correction to the Newton law is very small. Then by construction, as long as 0 < f_0 < 1, we find f^′(R) > −1 or F^′(R) > 0 and therefore there is no anti-gravity problem. Since

f(R_1) ∼ −f_0 ∫_{R1} 0 dRe^− αR2n1 (R−R1)2n = −f0An(α)R1 , An(α) ≡ ∫_1 0 dxe^{− α}x^{2n} , (76) and −f(R_1) could be identified with the effective cosmological constant 2R̃_0, we find

f_0A_n(α)R_1 = R̃_0 . (77)

Note that A_n(0) = 1, A_n(+∞) = 0, and A^′(x) < 0. On the other hand, since f(+∞) ∼ ∫_∞ 0 dRe^{− RβΛi} = −f_0βΛ_i , (78)

and −f(+∞) could be identified with the effective cosmological constant at the inflationary epoch, Λ_i, we find

f_0β = 1 . (79)

Then the conditions (61) and (63) are satisfied. The condition (61) is, of course, satisfied by construction (75). As discussed around Eq.(68), as long as Λ_i could be large enough, the potential becomes large when the scalar curvature R is large and there could not occur or could be difficult to realize the singularity. We also note that if we add the second term f_1R^β with 1 < β < 2 in (73), the singularity is completely removed since the potential diverges in the limit of R → ∞. Thus, for large class of viable modified gravity models the singularity maybe easily removed by adding of extra term which is actually relevant at the early universe. Moreover,the typical energy scales of neutron star and singularity formation process (above the inflation scale) are at large distances and they are not relevant for each other.

IV. THE SINGULARITY PROBLEM IN f(R)-VIABLE-MODELS

In this section, we are going to discuss the curvature singularity problem that affects several infrared-modified f(R) model[22]. As we have said above, considering f(R) ≠ R-gravity means that a new scalar degree of freedom has to be taken into account. Conformal transformations of the metric can be used to make it explicit in the action [48, 49].

For our goals, we consider a class of f(R)-models which do not contain cosmological constant and are explicitly designed to satisfy cosmological and Solar-System constraints. In practice, we choose a class of functional forms of f(R) capable of matching, in principle, observational data [50]. First of all, any viable cosmological model have to reproduce the CMBR constraints in the high-redshift regime. Secondly, it should give rise to an accelerated expansion, at low redshift, according to the ΛCDM model. Thirdly, these models should give rise to a large mass for the scalaron [52] in the high-density region where local gravity experiments are carried out. In such a regime, the perturbation in R can be larger than the background value R_0, which means that the linear approximation to derive the Newtonian effective gravitational constant in a spherically symmetric spacetime ceases to be valid [53, 54]. In the non-linear regime with a heavy scalaron mass, however, it is known that a spherically symmetric body has a thin-shell [22, 26, 53, 55] through so called the chameleon mechanism [56, 57] (see also Ref. [58, 61]). When a thin-shell is formed, an effective coupling that mediates the fifth force gets smaller. This allows the possibility that the f(R) models which have a large scalaron mass in the high-density region can be compatible with local gravity experiments. Then there should be sufficient degrees of freedom in the parameterization to encompass low redshift phenomena (e.g. the large scale structure) according to the observations [51]. Finally, small deviations from GR should be consistent with Solar System tests. All these requirements suggest that we have to assume the limits

lim_{R→∞} f(R) = constant, (80)

lim_{R→0} f(R) = 0, (81)

which are satisfied by a general class of broken power law models, as those proposed in [22]

f_{HS} (R) = −λR_c (_R R_c )_{2n} (_R R_c )_{2n} + 1 , (82)

Since f(R = 0) = 0, the cosmological constant has to disappear in a flat spacetime. The parameters {n, λ, R_c} are constants which should be determined by experimental bounds.

Other interesting models with similar features have been studied in [23, 24, 39, 40]. In all these models, a de-Sitter stability point, responsible for the late-time acceleration, exists for R = R_1 (> 0), where R_1 is derived by solving the equation R_1f_{,R}(R_1) = 2f(R_1) [59].

In the region R ≫ R_c, model (82) behaves as f_{hybrid1}(R) ≃ −λR_c [ 1 − (R_c/R)^{2s} ] , (83)

where s is a positive constant. The model approaches ΛCDM in the limit R/R_c → ∞.

Finally, let also consider the class of models [20, 21, 26]

f_{hybrid2}(R) = −λR_c ( R R_c )_q . (84)

Also in this case λ, q and R_c are positive constants (note that n, s and q have to converge toward the same values to match the observations). We do not consider the models whit negative q, because they suffer for instability problems associated with negative f_{,RR} [25].

A. The role of conformal transformations

Conformal transformations can play a key role to classify singularities in modified gravity (apart from general classification presented in second section). As we have shown in above section, at scale R_c and beyond, the expansion rate of the Universe is set primarily by the matter density, just as in standard cosmology, with small corrections. Once the local curvature drops below R_c, according to the chameleon mechanism, the expansion rate feels the effect of modified gravity. The spacetime curvature, on the other hand, is controlled by the further scalar degree of freedom σ which gravity acquires. It obeys the usual scalar field equation with potential V (σ), the shape of which is directly determined by function f(R), and a driving term from the trace of matter stress-energy tensor. But a problem comes out at this point: it turns out that precisely those functions f(R) that lead to Einstein-like gravity action in the large curvature regime, yield a potential V with an unprotected curvature singularity. (Note that just just the same occurs for number of realistic quintessence dark enrgies.) Let us consider, for example, the model (82) which has been constructed to avoid linear instabilities. The conformal transformation gives σ = − ln(1 + f^′(R)) = − ln F^′(R) with the potential defined in Eq.(55). For the model (82), the scalar field σ is given by

σ(x) = − ln ( 2 − 2nx^{2n−1}λ (x^{2n} + 1)^2 ) (85)

where the cross-over curvature scale R_c can be reabsorbed into a rescaling of coordinate (which can be assumed dimensionless and can be measured in length units corresponding to R_c). Suitable coordinates are x =^R_{Rc} > 0 and R_c ∼ ρ_g ∼ 10^{−24} g/cm^3 for the Galactic density in the Solar vicinity and R_c ∼ ρ_g ∼ 10^{−29} g/cm^3 for the present cosmological density. For the large curvature limit R → ±∞, we have that σ = −0.70 while, for R → 0, it corresponds to σ = −0.70, which gives us a hint that the potential is going to be a multi-valued function. For R → 1, we have σ = 0. We have V (σ) → ∞ for R → 1, then it is singular for this curvature value, while for R → ∞, we have V (σ) = 2 and flat spacetime in the limit R → 0. The analytic expression is

V (σ(x)) = x^2 ( x^{2n} − 2n + 1 ) ( x^n + x^{3n}

)_2 λ (2(x − nλ)x^{2n} + x^{4n+1} + x)^2

. (86)

For our goals, it is important to study the trend of the potential and of the field σ through a parametric plot of two functions with respect to x =^R_{Rc} . In this way, singularities can be easily identified (see Fig. 4).

For the hybrid-1 model, σ assumes the form

σ = − ln ( 2 − 2s ( 1 x )_{2s+1} λ ) . (87)

>From Fig.5, for λ = 2 and s = 1, we can see that we have σ = 0 in the limit R → −∞ and σ → ∞ for R = 0.

Figure 4: Qualitative evolution of the scalar degree of freedom for the model (82) in two dimensions {V (σ), σ} and in three dimension {V (σ), σ, x} with λ = 2 and n = 1.

Figure 5: Plot of Eq.(87) for λ = 2 and s = 1.

The effective potential is

V (σ) = x^{2s+2} ( x^{2s} − 2s − 1 ) λ (x^{2s+1} − 2sλ)^2

, (88)

and, from a rapid inspection of Fig. 6 with λ = 2 and s = 1, we have V = 2 for R → ±∞.

Finally, let us analyze the model (84). The scalar field assumes the form

σ = − ln ( qλ ( 1 x )_{q+1} + 2 ) (89)

and then σ → −∞ for R → 0.

Figure 6: Plot of Eq.(88) for λ = 2 and s = 1.

Figure 7: Plot of Eq.(89) for λ = 2 and q = 1.

The potential is

V (σ) =

(q + 1)x^{q+2}λ (x^{q+1} + qλ)^2

(90)

which gives V = 0 for R → ±∞ and for R = 0. As concluding remark, we can say that the conformal transformations allow to recast the singularity problem in terms of the scalar field and its potential. This fact suggests an easier interpretation of the singularities, at least, in some specific cases.

Figure 8: Plot of Eq.(90) for λ = 2 and q = 1, it is worth of noting the double sigmoid trend.

Figure 9: Parametric plot of Eqs.(90) and (89) for λ = 2 and q = 1.

B. Singularities vs Chameleon mechanism

In order to compare these results, we can take into account another approach where the matter coupling is considered as also been studied already from Sami et al. [60]. This allows to compare singularities with density scale and could be particularly useful to construct models where finite singularities are avoided at infrared scales.

Starting again with action (1) which leads to the equations of motion (2), the evolution of the scalar degree of freedom is given by the trace:

2F (R) − RF^′(R) − 3□F^′(R) = − κ^2 2 T . (91)

Another convenient way to define the scalar function σ is

σ ≡ F^′(R) − 1, (92)

Figure 10: Qualitative parametric plot of the evolution of the scalaron potential V vs σ and x for n = 1 and λ = 1 in two and three dimensions for the model (82).

which is expressed through Ricci scalar once F (R) is specified. We can write the trace equation (equation (3)) in the term of V and T as □σ = dV dσ + κ^2 6 T . (93)

The potential can be evaluated using the following relation dV dR = dV dσ dσ dR = 1 3 (2F (R) − F^′(R)R) F^{′′}(R). (94)

then V (σ) is given by the pair of functions {σ(R), V (R)}. Let us consider now the model (82) as also is showed in [60]. The scalar field σ is given by σ(R) = − 2nx^{2n−1}λ (x^{2n} + 1)^2

. (95)

We can compute V (R) for a given value of n. In the case of n = 1 and λ = 1, we have V = 1 24 ( −3x^7 − 24x^6 + 21x^5 − 56x^4 + 11x^3 − 40x^2 + 3x − 8 (x^2 + 1)^4

− 3 tan^{−1}(x) ) (96)

where x = R/R_c. In the FRW background, the trace equation can be rewritten in the convenient form

σ̈ + 3Hσ̇ + dV dσ = − κ^2 6 ρ. (97)

The effective scalar potential is plotted in Fig. 10 for λ = 1, and it is multivalued indeed. It has a minimum depending on the values of n and λ. For generic values of the parameters, the minimum of the potential is close to σ = 0, corresponding to infinitely large curvature R = ±∞. Thus, while the field is evolving towards the minimum, it evolves oscillating towards a singular point. We have a stable de Sitter minimum and an unstable de Sitter maximum. The point R → 0 corresponds to a flat spacetime, which, although a solution for the model, is unstable. Cusps that occur at R = ±1/ √ 3 are critical points with f^{′′} = 0. However, depending upon the values of the parameters, we can choose a finite range of initial conditions for which scalar field σ evolves to the minimum of the potential without hitting the singularity. Note again, that as it was demonstrated in second section, it is just manifestation of II Type

Figure 11: Cosmological behavior of the scalar field σ as given in Eq. (97) plotted vs the cosmological time in presence of matter (left) and without matter (right). It is possible to note that the matter contribution changes the local behavior towards t = 0.

finite-time singularity. In Fig. 11, the cosmological behavior of σ is plotted. It is clear the contribution of matter in changing the local behavior.

The time-time component of the equation of motion (2) gives the Hubble equation

H^2 + d(ln F^′(R)) dt H + 1 6 F (R) − F (R)R f^′(R) = − κ^2 6 ρ. (98)

The Einstein gravity is recovered in the limit f^′ = 1 . The picture of dynamics which appears here is the following: above infrared scale (R_c), the expansion rate is set by the matter density and once the local curvature falls below R_c the expansion rate gets the effects of modified gravity.

For pressureless dust, the effective potential presents an extremum at 2F (R) − RF^′(R) = − κ^2 2 ρ . (99)

For viable late time cosmologies, the field evolves near the minimum of the effective potential. The finite-time singularity, which occurs for the class of models under consideration, severely constrains the field dynamics.

C. Adding higher curvature corrections to cure singularities

It is well-known that for large curvature regimes, the quantum effects become important leading to higher curvature corrections. Then the program of this paper can be enhanced by considering if higher curvature corrections (as is already stressed in third section) added to the original models can solve the singularity problem. In general, higher curvature corrections change the structure of the effective potential around the singularity [60]. Keeping this in mind, let us consider the modification of the model (82). Although we focus on a specific model, similar results hold for the models of the classes considered here. In cosmology, higher curvature corrections appear as Lagrangian contributions like L = α_2R^2 + α_3R^3 + · · · , and so the most natural choice for the leading order term is αR^2/R^2_c .^1 It is well-known that the R^2 - term may be responsible for inflation in the early Universe if R_c is set to be at inflationary scale [60]. In the case which we are considering, we have F (R) = − λ(^R_{Rc} )^{2n} (^R_{Rc} )^{2n} + 1 + α R^2 R^2_c + R R_c , (100)

then the field σ becomes

σ(R) = 2 R R_c α − 2nλ (^R_{Rc} )^{2n+1} +^R_{Rc} + 2nλ R R_c ( (^R_{Rc} )^{2n} + 1

)_2 (101)

1 Higher order corrections naturally include terms like R_{μν} R^{μν} , but in this paper we focus on the f(R)-type modified gravity and hence simply assume that the corrections are also given by a function of the Ricci scalar.

Figure 12: Parametric plot of the effective potential for n = 2, λ = 2 and α = 1/2 in presence of R^2 correction in two and three dimensions for the model (82).

When |R| is large in modulus, the first term which comes from αR^2 dominates. In this case, the curvature singularity R = ±∞ corresponds to σ = ±∞. Hence, by this modification, the minimum of the effective potential is separated from the curvature singularity by the infinite distance in the {σ, V (σ)} plane.

For n = 2, λ = 2 and α = 0.5, we have a large range of the initial condition for which the scalar field evolves to the minimum of the potential as shown in Fig. 12. In conclusion, the introduction of R^2 term formally allows to avoid the singularity as it was suggested earlier also in [37, 45, 46].

V. CONCLUSIONS

In this paper we have discussed the future finite-time singularities which can, in principle, appear in dark energy universe coming from modified gravity as well as in other dark energy theories. Considering f(R) gravity models that satisfy cosmological viability conditions (chameleon mechanism), it is possible to show that finite-time singularities emerge in several cases. Such singularities can be classified according to the values of the scale factor a(t), the density ρ and the pressure p as done in Sect.II. To avoid the singularities, suitable boundary conditions have to be imposed which depend, in general, from the parameters of the model as seen in Sect.III. It is interesting that in static spherically-symmetric spacetime the finite-time singularity manifests itself as singularity at some specific value of curvature.

Besides, the problem can be analyzed by considering the mass of an auxiliary scalar field coming from the further degrees of freedom of f(R)-gravity. Such a scalar field is heavy in the high-curvature regime whose density is much larger than the present cosmological density. Such a field allows to study the singularity problem using the conformal transformations. In this case, we have to consider singularities of the scalar field and the related effective potential and try to see if they can be avoided in the conformal picture. For example, the most striking feature of the potential in Figure 4, and the core of the problem for infrared-modified f(R) models, is that curvature singularity is at a finite distance both in field and energy values. The scalar field σ directly feels the matter distribution; for suitable values of the parameters, the force is directed to the right, and drives the field σ up the wall toward infinite curvature. The characteristic scale of the potential V (σ) is the curvature R_c which is of the same order of magnitude of the today observed cosmological constant. Such a value is extremely low compared to the matter densities we encounter at local Solar System and Galactic scales. Given the scales involved, it is easy to drive the scalar field in order to jump the potential well considering the dynamics of standard matter which could cause catastrophic curvature singularity. If this were to happen, this is in contrast with any viable model. Similarly, matter with sufficiently stiff equation of state can destabilize the model by driving the field to unstable points. It is also remarkable that even in flat spacetime, some classes of the classical potential may bring the theory to finite-time singularity.

Finally we have discussed the possibility to address and solve the singularity problem adopting higher-curvature corrections. In such a way, the future cosmological era has no singularity as it was demonstrated earlier in [37, 45, 46]. Then, it also does not manifest itself in spherically-symmetric spacetime. The interesting result of this analysis is the fact that finite-time singularities, which present in some modified gravity, may not influence the conjectured problem with relativistic star formation indicated in ref.[43]. Of course, this fact depends on the specific characteristics of the adopted modified gravity model which can be even totally free of future, finite-time singularities.

ACKNOWLEDGEMENTS

This research is supported by INFN-CSIC bilateral project, by Azione Integrata Italia-Spagna 2007 (MIUR Prot. No. 464, 13/3/2006) grant and by MICINN (Spain) projects FIS2006-02842 and PIE2007-50I023. The work by S.N. is supported by Min. of Education, Science, Sports and Culture of Japan under grant no. 18549001.

[1] A. G. Riess et al. Astron. J. 116, 1009 (1998); A. G. Riess et al. Astroph. Journ. 607, 665 (2004); S. Perlmutter et al.

Astrophys. J 517, 565 (1999); Astron. Astrophys. 447, 31 (2006).

[2] S. Cole et al., Mon. Not. Roy. Astron. Soc. 362, 505 (2005); M. Tegmark et al., Phys. Rev. D 74, 123507 (2006). [3] D. N. Spergel et al. Astrophys. J. Suppl. 148, 175 (2003); D. N. Spergel et al. ApJS 170, 377 (2007). [4] T. Padmanabhan, Phys. Rept. 380, 235 (2003). [5] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003). [6] E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15, 1753 (2006).

[7] Y. Fujii, Phys. Rev. D 26, 2580 (1982); L. H. Ford, Phys. Rev. D 35, 2339 (1987); C. Wetterich, Nucl. Phys B. 302, 668 (1988); B. Ratra and J. Peebles, Phys. Rev D 37, 321 (1988); R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998).

[8] A. Y. Kamenshchik, U. Moshella and V. Pasquier, Phys. Lett. B 511, 265 (2001); N. Bilić, G. B. Tupper and R. D. Viollier, Phys. Lett. B, 535, 17 (2002); M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D 67, 063003 (2003).

[9] V. F. Cardone, C. Tortora, A. Troisi, S. Capozziello, Phys. Rev. D 73, 043508 (2006); S. Nojiri and S.D. Odintsov, Phys.

Rev. D72, 023003 (2005), hep-th/0506212.

[10] R. R. Caldwell, Phys. Lett. B 545, 23 (2002); S. M. Carroll, M. Hoffman and M. Trodden, Phys. Rev. D 68, 023509 (2003); P. Singh, M. Sami and N. Dadhich, Phys. Rev. D 68, 023522 (2003); S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147(2003), hep-th/0303117.

[11] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000); G. R. Dvali, G. Gabadadze, M. Kolanovic and F. Nitti, Phys. Rev. D 64, 084004 (2001); R. Maartens, Living Rev. Rel. 7, 7 (2004); K. Koyama, arXiv:0706.1557 [astro-ph].

[12] V. Faraoni, Phys. Rev. D 72, 124005 (2005); G. Cognola and S. Zerbini, J. Phys. A 39, 6245 (2006); G. Cognola, M.

Gastaldi and S. Zerbini, arXiv: gr - qc/0701138. [13] K. S. Stelle, Gen. Rel. Grav. 9, 353 (1978).

[14] S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007), hep-th/0601213. [15] S. Capozziello and M. Francaviglia, Gen. Rel. Grav.40, 357 (2008).

[16] S. Capozziello, Int. J. Mod. Phys. D 11, 483, (2002); S. Capozziello, S. Carloni and A. Troisi, Rec. Res. Develop. Astron.

Astrophys. 1, 625 (2003), arXiv:astro - ph/0303041; S. Capozziello, V. F. Cardone, S. Carloni and A. Troisi, Int. J. Mod. Phys. D, 12, 1969 (2003).

[17] S. Nojiri and S. D. Odintsov, Phys. Lett. B 576, 5, (2003); S. Nojiri and S. D. Odintsov, Gen. Relat. Grav. 36,1765, (2004);

S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D 70, 043528 (2004); G. Allemandi, A. Borowiec and M. Francaviglia, Phys. Rev. D 70, 103503 (2004); S. Capozziello, V. F. Cardone and A. Troisi, Phys. Rev. D 71, 043503 (2005); S. Carloni, P. K. S. Dunsby, S. Capozziello and A. Troisi, Class. Quant. Grav. 22, 4839 (2005).

[18] S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003) [arXiv:hep-th/0307288]. [19] A. D. Dolgov and M. Kawasaki, Phys. Lett. B 573, 1 (2003). [20] B. Li and J. D. Barrow, Phys. Rev. D 75, 084010 (2007). [21] L. Amendola and S. Tsujikawa, arXiv:0705.0396 [astro-ph]. [22] W. Hu and I. Sawicki, Phys. Rev. D 76, 064004 (2007). [23] S. A. Appleby and R. A. Battye, Phys. Lett. B 654, 7 (2007). [24] S. Tsujikawa, Phys.Rev.D 77, 023507 (2008).

[25] M. Amarzguioui, O. Elgaroy, D. F. Mota and T. Multamaki, Astron. Astrophys. 454, 707 (2006); S. M. Carroll, I. Sawicki, A. Silvestri and M. Trodden, New J. Phys. 8, 323 (2006); R. Bean, D. Bernat, L. Pogosian, A. Silvestri and M. Trodden, Phys. Rev. D 75, 064020 (2007); Y. S. Song, H. Peiris and W. Hu, Phys. Rev. D 76, 063517 (2007); L. Pogosian and A. Silvestri, arXiv:0709.0296 [astro-ph]; A. De Felice, P. Mukherjee and Y. Wang, arXiv:0706.1197 [astro-ph].

[26] T. Faulkner, M. Tegmark, E. F. Bunn and Y. Mao, Phys. Rev. D 76, 063505 (2007).

[27] S. Capozziello, V. F. Cardone and A. Troisi, JCAP 0608, 001 (2006); S. Capozziello, V. F. Cardone and A. Troisi, Mon.

Not. Roy. Astron. Soc. 375, 1423 (2007).

[28] C. F. Martins and P. Salucci, Mon. Not. Roy. Astron. Soc. 381, 1103 (2007); Y. Sobouti, arXiv:astro-ph/0603302. [29] S. Nojiri and S.D. Odintsov, arXiv:0807.0685[hep-th].

[30] S. Mendoza and Y. M. Rosas-Guevara, Astron. Astrophys. 472, 367 (2007). [31] C. G. Boehmer, T. Harko and F. S. N. Lobo, arXiv:0709.0046 [gr-qc].

[32] S. Capozziello, E. De Filippis, V. Salzano, arXiv:0809.1882 [astro-ph], to appear in MNRAS (2009). [33] P. Salucci, A. Lapi, C. Tonini, G. Gentile, I. Yegorova and U. Klein, Mon. Not. Roy. Astron. Soc. 378, 41 (2007). [34] O. Bertolami, C. G. Boehmer, T. Harko and F. S. N. Lobo, Phys. Rev. D 75, 104016 (2007); [35] B. McInnes, JHEP 0208, 029 (2002) [arXiv:hep-th/0112066].

[36] F. Briscese, E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Lett. B 646, 105 (2007) [arXiv:hep-th/0612220]. [37] S. Nojiri and S. D. Odintsov, Phys. Rev. D 78, 046006 (2008) [arXiv:0804.3519 [hep-th]]. [38] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005) [arXiv:hep-th/0501025]. [39] S. Nojiri and S. D. Odintsov, Phys. Lett. B 657, 238 (2007) [arXiv:0707.1941 [hep-th]]. [40] S. Nojiri and S. D. Odintsov, arXiv:0710.1738 [hep-th];

G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani and S. Zerbini, Phys. Rev. D 77, 046009 (2008) [arXiv:0712.4017 [hep-th]].

[41] J. D. Barrow, Classical and Quantum Gravity 21, L79-L82 (2004) [arXiv:gr-qc/0403084];

S. Cotsakis and I. Klaoudatou, J. Geom. Phys. 55, 306 (2005) [arXiv:gr-qc/0409022];

S. Nojiri and S. D. Odintsov, Phys. Lett. B 595, 1 (2004) [arXiv:hep-th/0405078]; Phys. Rev. D 70, 103522 (2004) [arXiv:hep-th/0408170]; J. D. Barrow and C. G. Tsagas, Class. Quant. Grav. 22, 1563 (2005) [arXiv:gr-qc/0411045]; M. P. Dabrowski, Phys. Rev. D 71, 103505 (2005) [arXiv:gr-qc/0410033]; A. Balcerzak and M. P. Dabrowski, Phys. Rev. D 73, 101301 (2006) [arXiv:hep-th/0604034]; L. Fernandez-Jambrina and R. Lazkoz, Phys. Rev. D 70, 121503 (2004) [arXiv:gr-qc/0410124]; Phys. Rev. D 74, 064030 (2006) [arXiv:gr-qc/0607073]; arXiv:0805.2284 [gr-qc];

P. Tretyakov, A. Toporensky, Y. Shtanov and V. Sahni, Class. Quant. Grav. 23, 3259 (2006) [arXiv:gr-qc/0510104]; H. Stefancic, Phys. Rev. D 71, 084024 (2005) [arXiv:astro-ph/0411630];

A. Yurov, A. Astashenok and P. Gonzalez-Diaz, arXiv:0705.4108[astro-ph]; I. Brevik and O. Gorbunova, Eur. Phys. J. C 56, 425 (2008) [arXiv:0806.1399 [gr-qc]];

M. Bouhmadi-Lopez, P. F. Gonzalez-Diaz and P. Martin-Moruno, Phys. Lett. B 659, 1 (2008) [arXiv:gr-qc/0612135]; arXiv:0707.2390 [gr-qc];

C. Cattoen and M. Visser, Class. Quant. Grav. 22, 4913 (2005) [arXiv:gr-qc/0508045]; V. Sahni and Y. Shtanov, arXiv:0811.3839 [astro-ph];

J. D. Barrow, A. B. Batista, J. C. Fabris and S. Houndjo, Phys. Rev. D 78, 123508 (2008) [arXiv:0807.4253 [gr-qc]]. J. Barrow and S. Lip, arXiv:0901.1626[gr-qc];

[42] S. Capozziello, S. Nojiri, S.D. Odintsov and A. Troisi, astro-ph/0604431, Phys.Lett. B 639, 135 (2006); S. Capozziello, S.

Nojiri and S.D. Odintsov, Phys. Lett. B 634, 93 (2006), hep-th/0512118. [43] T. Kobayashi and K. i. Maeda, arXiv:0807.2503 [astro-ph]; arXiv:0810.5664 [astro-ph]. [44] S. A. Appleby and R. A. Battye, JCAP 0805, 019 (2008) [arXiv:0803.1081 [astro-ph]]. [45] M. C. B. Abdalla, S. Nojiri and S. D. Odintsov, Class. Quant. Grav. 22, L35 (2005) [arXiv:hep-th/0409177]. [46] K. Bamba, S. Nojiri and S. D. Odintsov, JCAP 0810, 045 (2008) [arXiv:0807.2575 [hep-th]]. [47] R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003); S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 70, 123529 (2004).

[48] B. Whitt, “Fourth order gravity as general relativity plus matter,” Phys. Lett. B 145, 176 (1984). [49] K. Maeda, “Towards the Einstein-Hilbert action via conformal transformation,” Phys. Rev. D 39, 3159 (1989). [50] S. Capozziello, V. F. Cardone and A. Troisi, Phys. Rev. D 71, 043503 (2005). [51] H. Oyaizu, arXiv:0807.2449 [astro-ph]; H. Oyaizu, M. Lima, W. Hu, arXiv:0807.2462 [astro-ph]. [52] A. A. Starobinsky, JETP Lett. 86 157 (2007). [53] I. Navarro and K. Van Acoleyen, JCAP 0702, 022 (2007).

[54] A. L. Erickcek, T. L. Smith and M. Kamionkowski, Phys. Rev. D 74, 121501 (2006); T. Chiba, T. L. Smith and A. L. Erickcek, Phys. Rev. D 75, 124014 (2007).

[55] S. Tsujikawa, K. Uddin and R. Tavakol, arXiv:0712.0082 [astro-ph]. [56] J. Khoury and A. Weltman, Phys. Rev. Lett. 93, 171104 (2004). [57] J. Khoury and A. Weltman, Phys. Rev. D 69, 044026 (2004). [58] D. F. Mota and J. D. Barrow, Phys. Lett. B 581, 141 (2004); [59] J. Barrow and A.C. Ottewill, J. Phys. A: Math. Gen. 16, 2757 (1983).

[60] A. Dev, D. Jain, S. Jhingan, S. Nojiri, M. Sami and I. Thongkool, arXiv:0807.3445 [hep-th] . M. Sami, arXiv: 0901.0756[hepth].

[61] S. Capozziello, S. Tsujikawa, Phys. Rev. D 77, 107501 (2008).

[62] S. Capozziello, M. De Laurentis, S. Nojiri, S.D. Odintsov, to appear in GRG (2009) arXiv:0808.1335 [hep-th].