arXiv:0903.2804v2 [hep-ph] 14 Jul 2009

BCCUNY-HEP/09-03 RBRC-780

The Heavy Quark Potential as a Function of Shear Viscosity at Strong Coupling

Jorge Noronha Department of Physics, Columbia University, 538 West 120^{th} Street, New York, NY 10027, USA

Adrian Dumitru Department of Natural Sciences, Baruch College, CUNY, 17 Lexington Avenue, New York, NY 10010, USA The Graduate School and University Center, City University of New York, 365 Fifth Avenue, New York, NY 10016, USA and RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, NY 11973, USA (Dated: July 14, 2009)

Abstract

We determine finite temperature corrections to the heavy-quark (static) potential as a function of the shear viscosity to entropy density ratio in a strongly coupled, large-N_c conformal field theory dual to five-dimensional Gauss-Bonnet gravity. We find that these corrections are even smaller than those predicted by perturbative QCD at distances relevant for small bound states in a deconfined plasma. Obtaining the dominant temperature and viscosity dependence of quarkonium binding energies will require a theory where conformal invariance is broken in such a way that the free energy associated with a single heavy quark is not just a pure entropy contribution.

PACS numbers: 12.38.Mh, 12.39.Pn, 11.25.Tq, 11.25.Wx, 24.85.+p

I. INTRODUCTION

The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [1] relates correlation functions of local conformal fields in 4-dimensional strongly-coupled non-Abelian plasmas to the asymptotic behavior of fields defined in weakly-coupled, low energy effective string theories in higher dimensions. The conformal theories involved in the AdS/CFT correspondence depend on the number of colors N_c and on the t’Hooft coupling λ = g^2N_c. In particular, when N_c → ∞ and g → 0 but λ ≫ 1, the strongly coupled CFT in D = 4 is dual to a weakly-coupled D = 10 theory of (super)gravity. The equivalence of stronglycoupled 4-dimensional N = 4 Supersymmetric Yang-Mills (SYM) to type IIB string theory on AdS_5 ⊗ S_5 [1] has led to new insight into the non-perturbative dynamics of stronglycoupled gauge theories at finite temperature [2]. For instance, it was shown that the shear viscosity to entropy density ratio satisfies 4π η/s ≥ 1 in all gauge theories dual to supergravity [3].

In general, due to the colossal number of possible vacua in the current version of the string landscape [4], one may expect that higher derivative corrections to the gravity sector in AdS_5 can occur. Using the relation √ λ = R^2/α^′ (where R is the radius of AdS_5), the O(α^′) expansion in type IIB string theory becomes an expansion in powers of 1/ √ λ in the SYM theory. Quartic corrections are known to be present in closed superstring theory [5] (supersymmetry excludes terms corresponding to cubic powers of Riemann tensors [6]). In fact, it was shown in [7] that the leading corrections to the type IIB tree level effective action are due to terms of the form α^{′ 3} R^4, which in turn generate positive corrections of O(λ^{−3/2}) to η/s that preserve the viscosity bound [8].

On the other hand, curvature squared interactions can be induced in the effective 5- dimensional gravity sector by including the world-volume action of D7-branes [9, 10], which are normally used in the holographic description of the fundamental flavors in the dual gauge theory [11]. It was shown in Refs. [12, 13, 14] that 5-dimensional gravity theories with curvature squared terms in the action are dual to 4-dimensional superconformal theories where η/s can be lower than 1/(4π). Additionally, η/s was found to be a very simple analytical function of the new parameter associated with the high derivative contributions (which is fully determined by the central charges of the CFT). In fact, the very detailed study done in Ref. [10] confirmed (and extended) the initial claim made in Ref. [14] that the viscosity bound should be violated in superconformal theories with different central charges.

In this paper, we use the gravity dual discussed in [12, 13], which includes R^2 corrections, to calculate the dependence of the heavy quark potential at (moderately) short distances on η/s in a strongly-coupled non-Abelian plasma. The QQ̄ potential at finite temperature can be calculated as a power series in LT ≪ 1, where L is the spatial distance between the heavy quarks. It is shown that the potential energy increases with η/s and that the effective medium-induced “screening” of the attractive potential decreases much more rapidly with increasing viscosity and quark mass at strong rather than at weak t’Hooft coupling.

We would like to point out that we have limited our discussion to the class of gravity theories that are dual to strongly coupled superconformal gauge theories with non-equal central charges such as those in [12, 13, 14]. Other corrections originating from R^4 terms are not included in our discussion. The combined effects of R^2 and R^4 corrections to the heavy quark potential are left for future work.

This paper is organized as follows. In the next section we review how curvature squared corrections to the effective 5-dimensional gravitational action affect the black brane horizon and, consequently, lead to a modification of both thermodynamic and transport properties of the dual D=4 CFT. In Section III we show how these corrections affect the heavy quark potential at zero and at finite temperature. Once the heavy quark potential is known, in Section IV we determine the resulting binding energy of the QQ̄ ground state and its dependence on η/s. We close with a summary and outlook.

II. R^2 CORRECTIONS TO THE 5-DIMENSIONAL GRAVITATIONAL ACTION

The effects of curvature squared corrections can be described by the general action [12, 14] S = 1 16πG_5 ∫ d^5x √ −G [ R + 12 R^2

+ R^2 ( c_1R^2 + c_2R_{μν} R^{μν} + c_3R_{μνλρ}R^{μνλρ} )] (1) where G_5 = πR^3/(2N^2_c ) and R is the radius of AdS_5 at leading order in c_i. The coefficients c_i are expected to be of O(α^′), which means that lim_{λ→∞} c_i = 0. However, at this order only c_3 is unambiguous because the coefficients c_1 and c_2 can be arbitrarily modified via a simple redefinition of the metric [10, 12, 14].

The shear viscosity-to-entropy ratio, to first-order in c_i, was found to be [12, 14] η s = 1 4π (1 − 8c_3) + O(c^2_i ). (2)

Therefore, the viscosity bound is violated when c_3 > 0. For 4-dimensional CFTs with AdS_5 gravity duals in the limit where λ ≫ 1 and N_c → ∞, one has c_3 = (c − a) /(8c) + O(1/N^2_c ), where a and c are the central charges of the CFT [15]. For N = 4 SU(N_c) SYM c = a exactly and the bound is preserved, although there are superconformal theories in which η/s receives a correction of O(1/N_c) that violates the bound [10, 14].

Gauss-Bonnet (GB) gravity [16] is a special case of the general action in (1) where c_2 = −4c_1 and c_1 = c_3 = λ_{GB} /2, which gives the action S_{GB} = 1 16πG_5 ∫ d^5x √ −G [ R + 12 R^2 + λ_{GB} 2 R^2 ( R^2 − 4R_{μν} R^{μν} + R_{μνλρ}R^{μνλρ} ) ] . (3)

For this particular combination of coefficients the metric fluctuations around a given background have the same quadratic kinetic terms as Einstein gravity (higher derivative terms cancel [16]). Another interesting feature of GB gravity is that an exact black brane solution [17] is known for λ_{GB} ∈ (−∞, 1/4)

ds^2 = −a^2f_{GB}(U)dt^2 +

U^2 R^2 d⃗x^2 + dU^2 f_{GB} (U) , (4)

where a^2 =^1_2 ( 1 + √ 1 − 4λ_{GB} ) and f_{GB} (U) =

U^2 R^2 1 2λ_{GB} [ 1 − √ 1 − 4λ_{GB} ( 1 − U^4_h U^4 )] . (5)

The parameter a has the form above to make sure that the speed of light at the boundary (U → ∞) is unity. The horizon of the GB black brane is the simple root of f_{GB} located at U = U_h. The plasma temperature in this case is T = a U_h πR^2 (6) whereas the entropy density is s = 1 4G_5 ( U_h R )_3 = N^2_c π^2T^3

2 a^3

. (7)

At this point the only formal constraint on the Gauss-Bonnet coupling is that λ_{GB} ∈ (−∞, 1/4). However, it was shown in [12] that η s = 1 4π (1 − 4λ_{GB}) , (8)

to all orders in λ_{GB} . However, λ_{GB} ≤ 9/100 or, equivalently, 4π η/s ≥ 16/25 in order to avoid causality violation in the boundary [13]. In any case, as was mentioned above, one should expect that |λ_{GB}| ∼ α^′/R^2 ≪ 1 at strong t’ Hooft coupling. In this paper we take λ_{GB} to be a free parameter which parameterizes the ratio of shear viscosity to entropy density.

Note that the AdS radius in the GB geometry is not just R but aR [12]. Thus, here we assume that the effective t’ Hooft coupling of the 4d CFT dual to the GB theory in Eq. (3) is λ = R^4a^4/α^{′2}. Moreover, the t’ Hooft coupling is assumed to be large such that qualitatively meaningful results can be obtained at leading order in λ, but finite [18]. The heavy-quark potential in the strongly-coupled CFT only permits non-relativistic bound states, and indeed bound states where the quarks are not localized over distances smaller than their Compton wavelength, if the t’ Hooft coupling is not too large; c.f. Section IV.

III. R^2 CORRECTIONS TO THE HEAVY QUARK POTENTIAL

We will be interested in the Wilson loop operator^1

W (C) = 1 N_c Tr P e^{i ∫ Aμdxμ} (9) where C denotes a closed loop in spacetime and the trace is over the fundamental representation of SU(N_c). We consider a rectangular loop with one direction along the time coordinate t and spatial extension L. In the asymptotic limit t → ∞, the vacuum expectation value of the loop defines a static potential via ⟨W (C)⟩ ∼ e^{−t VQQ̄(L)} . (10) Using somewhat loose language we call this the “heavy-quark potential”.

The expectation value of W (C) can be calculated in the strongly coupled N = 4 SYM theory using supergravity [19, 20]. According to the AdS/CFT correspondence, an infinitely massive heavy quark in the fundamental representation of SU(N_c) in the N = 4 SYM theory is dual to a classical string in the bulk that hangs down from a probe brane at the boundary of AdS_5 [19, 20] when N_c → ∞ and λ ≫ 1 (supergravity approximation). Within this approximation, the dynamics of the string (in Euclidean space) is given by the classical

1 Even though the string dynamics can be in principle fully 10-dimensional, here we consider only the dynamics corresponding to the 5 non-compact coordinates.

Nambu-Goto action S_{NG} = 1 2πα^′ ∫ d^2σ √ det h_{ab} (11) where h_{ab} = G_{μν} ∂_aX^μ∂_bX^ν (a, b = 1, 2), G_{μν} is the background bulk metric, σ^a = (τ, σ) are the internal world sheet coordinates, and X^μ = X^μ(τ, σ) is the embedding of the string in the 10-dimensional spacetime. In the supergravity approximation, since the endpoint of the string at the boundary carries fundamental charge, it is natural to assume that ⟨W (C)⟩ ∼ e^{−ΔSNG} , (12) where the loop C is defined at the boundary of AdS_5. In the equation above ΔS_{NG} is the regularized action, which comes about after subtracting the infinite self-energy associated with two independent and infinitely massive quarks (two straight lines that extend from U = 0 to U → ∞). Note that this is consistent with the ideas behind holographic renormalization [21]. The configuration that minimizes the action is a curve that connects the string endpoints at the boundary and has a minimum at some U_∗ in AdS_5 [19, 20].

The potential for N = 4 SYM has the following simple analytical form [19]

V_Q¯_Q(L) = ΔS_{NG} t = − 4π^2 √ λ Γ(1/4)^4 1 L . (13)

The ∼ 1/L dependence is due to the conformal invariance of the theory. Also, the potential is non-analytic in λ while the standard short-distance potential in perturbative QCD (pQCD) is, of course, to leading order proportional to the coupling

V_Q¯_Q(L) | |_{QCD} = − g^2_{QCD}C_F 4πL ≃ − λ_{QCD} 8πL , (14)

where the latter form applies at large N_c and λ_{QCD} = g^2_{QCD}N_c.

One can generalize the calculations performed in Refs. [19, 20] to include the effects from curvature squared corrections given by, for instance, the Gauss-Bonnet theory in Eq. (3). The equations at zero and at finite temperature are very similar and, thus, here we will derive the general form of the equations and only later work out the necessary details for each case.

In general, we have det h_{ab} = X^{′ 2} · Ẋ^2 − (Ẋ · X^′)^2 (15) where X^{′ μ}(τ, σ) = ∂_σX^μ(τ, σ) and Ẋ^μ(τ, σ) = ∂_τ X^μ(τ, σ). We choose a gauge where the coordinates of our static string are X^μ = (t, x, 0, 0, U(x)), where τ = t and σ = x. Note that we use the Euclidean version of eq. (4) and, thus, at finite temperature the fields are periodic in time with a period equal to 1/T . In this case, one finds S_{NG} = a t 2πα^′ ∫ dx √ f_{GB} (U(x)) U^2(x) R^2

+ U^{′ 2}(x) . (16)

Note the presence of the prefactor a(λ_{GB} ) in the equation above. The Hamiltonian density associated with this action is H_{NG}(x) = − U^2 R^2 f_{GB} (U) √ f_{GB} (U)^{U 2}_{R2} + U^{′ 2}

, (17)

which is invariant under translations in x. In what follows we denote the minimum of the U-shaped string at x_∗ = 0 as U_∗. One can then compute H_{NG}(x_∗)

H_{NG}(x_∗) = − √ f_{GB} (U_∗)

U^2_∗ R^2

, (18)

which due to the translational symmetry is equal to H_{NG}(x) at any x. This allows us to solve for x = x(U): x(U) = R^2 U_∗ [ 2λ_{GB} ( 1 − √ 1 − 4λ_{GB} ε )]_{1/2} ∫ U/U∗ 1 dy {[ y^4 − y^2 √ y^4 − 4λ_{GB} (y^4 − 1 + ε)

]_2

− [ y^4 − y^2 √ y^4 − 4λ_{GB} (y^4 − 1 + ε) ] [ 1 − √ 1 − 4λ_{GB} ε ]}_{−1/2} , (19)

where y_∗ ≡ U_h/U_∗ and ε ≡ 1 − y^4_∗. One of the string endpoints is located at x = −L/2 while the other one is at x = L/2. Thus, U_∗ is related to L via L 2 = R^2 U_∗ [ 2λ_{GB} ( 1 − √ 1 − 4λ_{GB} ε )]_{1/2} ∫ ∞ 1 dy {[ y^4 − y^2 √ y^4 − 4λ_{GB} (y^4 − 1 + ε)

]_2

− [ y^4 − y^2 √ y^4 − 4λ_{GB} (y^4 − 1 + ε) ] [ 1 − √ 1 − 4λ_{GB} ε ]}_{−1/2} . (20)

Moreover, one can show that the regularized action is given by 1 2 ΔS_{NG} = t a 2π α^′ ∫_∞ U_∗ dU [ 1 + 1 f_{GB} (U)U^2 f_{GB} (U_∗)U^2_∗ − 1 ]_{1/2} − t a 2π α^′ ∫_∞ dU (21)

= t a 2π α^′ U_∗ ∫_∞ 1 dy [ 1 + 1 f_{GB} (y)y^2 f_{GB} (1) − 1 ]_{1/2} − 1 − t a 2π α^′ U_∗ , (22)

where y = U/U_∗ and f_{GB}(y) = y^2 R^2

U^2_h 2λ_{GB} [ 1 − √ 1 − 4λ_{GB} ( 1 − y^4_h y^4 )] . (23)

We have regularized the action (21) by subtracting the contribution of a straight string hanging down from the boundary (corresponding to the infinite mass of the source). This also subtracts a finite part of the action as determined by the lower limit of the second integral from Eq. (21). We choose to subtract (twice) the action at T = 0, corresponding to a straight string from U = ∞ to U = 0. The free energy of the QQ̄ pair is therefore identified with the entire temperature-dependent contribution to the action.

At finite temperature, the free energy due to the heavy quarks (in a color-singlet state) is given by the three-dimensional action of the Wilson loop,

F_Q¯_Q = T ΔS_{NG} . (24)

F_Q¯_Q should not be interpreted as the heavy-quark potential at finite temperature because it also contains an entropy contribution [22, 23] (especially at large separation L → ∞ where F_∞ coincides with twice the free energy due to a single heavy quark in the plasma; see discussion below). We remove this entropy contribution at all L by defining

V_Q¯_Q = F_Q¯_Q − T ∂F_Q¯_Q ∂T . (25)

Thus, V_Q¯_Q coincides with F_Q¯_Q at short distances (where temperature effects are absent) but approaches the internal energy as L → ∞ [23].

A. Heavy Quark Potential in the Vacuum

The potential in the vacuum can be calculated to all orders in λ_{GB} . In fact, when T → 0 Eq. (20) can be easily solved for U_∗

U_∗ = a(λ_{GB} )

2R^2 L √ 2π^{3/2} Γ(1/4)^2

. (26)

This can be expressed as U_∗ = a(λ_{GB} ) U_∗ | | |_{Maldacena} (27)

where U_∗ | | |_{Maldacena} is the result found in [19, 20]. Thus, we see that the bottom of the Ushaped string approaches the boundary when λ_{GB} goes from 1/4 to −∞. The action for this configuration is ΔS_{NG} = − t L 4π^2 √ λ Γ(1/4)^4

(28) where we used the previous definition √ λ = R^2a^2/α^′. Thus, the potential energy is

V_Q¯_Q(L) = − 1 L 4π^2 √ λ Γ(1/4)^4

(for T = 0). (29)

Both ΔS_{NG} and V_Q¯_Q match the results of Ref. [19] when expressed in terms of the appropriate t’ Hooft coupling in the gauge theory.

B. Heavy Quark Potential at finite temperature

We shall now proceed with the calculation of finite T corrections to the result above by expanding Eq. (20) in powers of δ = y^4_∗ , assuming that δ ≪ (1/4 − λ_{GB} )/|λ_{GB}|. This generalizes earlier results for N = 4 SYM [24, 25, 26] to non-zero λ_{GB} . The boundary condition (20) translates into LT = 1 2 √ π δ^{1/4}a^2

Γ(3/4) Γ(5/4) [ 1 − 1 5 δ a^2 √ 1 − 4λ_{GB} ] . (30)

The limit δ → 0 at fixed λ_{GB} provides the leading correction to the vacuum result from the previous section. Expressing δ in terms of LT , δ = 16π^2 a^8

(LT )^4 ( Γ(5/4) Γ(3/4)

)_4 [ 1 + 64π^2 5a^6

(LT )^4 √ 1 − 4λ_{GB} ( Γ(5/4) Γ(3/4)

)_4] (31)

leads to U_h = U_∗ 2 √ π a^2 LT Γ(5/4) Γ(3/4) [ 1 + 16π^2 5a^6

(LT )^4 √ 1 − 4λ_{GB} ( Γ(5/4) Γ(3/4)

)_4] . (32)

The regularized action for this configuration is given by ΔS_{NG} = − a U_∗ π α^′ 1 T √ π Γ(3/4) Γ(1/4) [ 1 + δ a^2 2 √ 1 − 4λ_{GB} + O(δ^2) ] (33) = − 2 √ λ LT ( Γ(3/4) Γ(1/4)

)_2 [ 1 + 24π^2 5 (LT )^4 a^6 √ 1 − 4λ_{GB} ( Γ(5/4) Γ(3/4)

)_4]

(for LT → 0) . (34)

In the last step we made use of Eqs. (31) and (32). At finite temperature we identify ΔS_{NG} with the free energy of the QQ̄ pair divided by the temperature^2, and so Eq. (25) leads to

2 Note that the entropy S = −∂F_Q¯_Q/∂T for this configuration is indeed positive.

the following potential:

V_Q¯_Q = − 2 √ λ L ( Γ(3/4) Γ(1/4)

)_2 [ 1 − 72π^2 5 (LT )^4 a^6 √ 1 − 4λ_{GB} ( Γ(5/4) Γ(3/4)

)_4]

(for LT → 0) . (35)

The first term coincides, of course, with the vacuum potential from Eq. (29) while the second term corresponds to the leading correction at small LT . Using Eq. (8), the potential can also be expressed in terms of η/s

V_Q¯_Q = − 2 √ λ L ( Γ(3/4) Γ(1/4)

)_2 [ 1 − 576π^2 5 (LT )^4 η^′ 1 (1 + η^′)^3 ( Γ(5/4) Γ(3/4)

)_4] , (36)

where η^′ ≡ √ 4π^η_s . This expression applies when the second term in the square brackets is a small correction.

We observe that at fixed distance the potential decreases towards higher temperature (however, its gradient increases in magnitude). We compare to the behavior obtained from resummed pQCD where the QQ̄ free energy at distances m_DL ≪ 1 is given by

F_Q¯_Q = −C_F g^2_{QCD} 4πL [ 1 − ( 1 − ξ 6 ) m_D L + 1 2 ( 1 − 3ξ 8 ) m^2_D L^2 + · · · ] . (37)

This expression follows from the Fourier transform of the resummed retarded propagator for static gluons [27, 28]. Here, m^2_D = g^2N_cT^2/3 = λ_{QCD}T^2/3 denotes the square of the Debye screening mass at leading order. The parameter ξ is proportional to the product of η/s, expansion rate Γ, and inverse temperature and is assumed to be small^3 [29]: ξ ∼ Γ T η s . (38)

If the entropy contribution is removed from eq. (37) then medium induced screening effects are pushed to order (m_DL)^2 [28] and we obtain the following potential:

V_Q¯_Q = −C_F g^2_{QCD} 4πL [ 1 − 1 2 ( 1 − 3ξ 8 ) m^2_D L^2 + · · · ] . (39)

3 For very heavy quarks the time scale associated with the heavy quark bound state, 1/|E_{bind}|, is much shorter than the other time scales associated with temperature variations and the expansion rate. Thus, one can perform the calculations at fixed T and set Γ/T to be a constant. The AdS/CFT result in Eq. (36) should therefore be compared to the pQCD result assuming that ξ is on the order of η/s times a numerical coefficient.

In qualitative agreement with (36), the potential energy decreases (in magnitude) as T , and hence m_D, increases. There is also qualitative agreement between eqs. (36) and (39) in that the “screening corrections” (the second terms in the square brackets) decrease as η/s increases. However, note that the strong coupling result in Eq. (36) predicts a more rapid disappearance of temperature effects as LT → 0 than the perturbative QCD result shown in Eq. (39). The quartic dependence on LT in Eq. (36) (also found in Refs. [24, 25]) originates from the behavior of the metric near the horizon, i.e., the (U_h/U)^4 term in Eq. (5)^4.

The free energy of a single heavy quark F_Q in the plasma can also be obtained from the regularized action in Eq. (22). Due to conformal invariance, it should be expected that F_Q ∼ T since T is the only energy scale available. In fact, one can simply take the limit U_∗ → U_h in Eq. (22) (straight string limit) to show that

F_Q = − √ λ 1 + η^′

T . (40)

Hence, F_Q decreases in magnitude with increasing viscosity. This is qualitatively similar to the behavior obtained from resummed perturbation theory [28] where

F_Q = − 1 2 α_sC_F m_D(T ) ( 1 − ξ 6 + · · · ) (41)

at small ξ. Note that both (40) and (41) are pure entropy contributions ∼ T S_Q = −∂F_Q/∂ log T and so the potential energy of the quark in the plasma vanishes once that is removed, according to Eq. (25). The QQ̄ potential at infinite separation, V_∞, is therefore zero.

Lattice data for the free energy of a static QQ̄ pair at infinite separation, in SU(3) Yang- Mills theory as well as for 2, 2+1 and 3-flavor QCD [30], can be parameterized as [23]

F_∞(T ) = 2F_Q(T ) ≃ a T − bT , (42) with a ≈ 0.08 GeV^2 a constant of dimension two, not to be confused with a(λ_{GB} ) appearing in the metric (5), while b is a dimensionless number. The first term from Eq. (42) gives rise to a non-vanishing V_∞(T ) tied to the presence of an additional dimensionful scale besides T . In fact, for heavy quarks forming very small bound states, the temperature dependence of the

4 In general, for black Dp-branes in asymptotically AdS_D spaces (note that D = p + 2 ≥ 5) the correction would be ∼ (LT )^{p+1}.

short-distance potential is much smaller than that of V_∞(T ) [28]^5. Hence, we are presently unable to determine the dominant temperature and viscosity dependent contribution to binding energies, which would require a theory with broken conformal invariance, perhaps along the lines of Ref. [31]^6. Rather, in the following section we shall only compute the eigenvalue of the Hamiltonian.

It is also interesting to recall that the expectation value of a circular loop in N = 4 SYM at zero temperature is given by [34]

⟨W ⟩_{circ} = exp √ λ , (43)

which agrees with our expression (40) if we identify the expectation value of the loop with exp(−F_Q/T ), where 1/T is the length of the loop in the Euclidean time direction; Eq. (40) also exhibits the dependence on the shear viscosity in the large-N_c limit and at sufficiently large t’ Hooft coupling λ.

IV. HEAVY QUARK BOUND STATES

At small t’ Hooft coupling bound states of heavy quarks (“quarkonium”) have large Bohr radii a_0 ≫ 1/M_Q as compared to the Compton wavelength of the quark and small binding energies |E_{bind}| ≪ M_Q [35]. Therefore, a potential model applies and the energy levels of the states can be obtained from a Schrödinger equation. This is no longer the case if the t’ Hooft coupling is very large. However, in practice one may take λ = g^2_{YM}N_c ∼ 5 − 10 [18] and the numerical prefactor of the Coulomb-like ∼ 1/L potential obtained via the AdS/CFT correspondence is smaller than unity. Applying a potential model may therefore provide qualitatively useful insight.

The heavy quark potential at L → 0 is purely ∼ 1/L for both AdS/CFT and pQCD. As we saw in the previous section, the leading corrections to the heavy quark potential in

5 The binding energy of a quarkonium state is defined as the eigenvalue of the Hamiltonian relative to the potential at infinity (the latter corresponds to the sum of the potential energies of a Q and a Q̄ which do not interact with each other): E_{bind} = ⟨Ψ | |Ĥ − V_∞ | | Ψ⟩ − 2m_Q. 6 In weakly coupled QCD, a contribution to the single-quark free energy of the form F_Q ∼ a/T could be generated by adding a non-perturbative contribution m^2_G/(⃗k^2 + m^2_D)^2 to the static gluon propagator; m^2_G is a constant of dimension two [32]. This also leads to a non-vanishing trace of the energy-momentum tensor [33].

AdS/CFT and pQCD have different powers of LT . We shall determine the energy levels for both cases and check how they depend on η/s.

At short distances V_Q¯_Q(r) = −A/r, where A = 4π^2 √ λ/Γ(1/4)^4 in GB and A = λ_{QCD}/ (8π) for pQCD at large N_c. The energy levels in the ∼ 1/r potential are

E^{T =0}_n = −M_Q

A^2 4n^2

. (44)

In what follows, we restrict ourselves to the n = 1 ground state. The “Bohr radius” of quarkonium is a_0 = 2/(M_QA) ≪ 1/T at sufficiently large quark mass. The wave function is

ψ_0 = e^{−r/a0} a^{3/2}_0 √ π . (45)

At finite temperature the potentials have the form

V_Q¯_Q(r) = − A r [1 − B(rT )^γ ] (46)

where for AdS/CFT γ = 4 and B = 72π^2 5a^6 √ 1 − 4λ_{GB} ( Γ(5/4) Γ(3/4)

)_4 (47) = 576π^2 5 1 η^′(1 + η^′)^3 ( Γ(5/4) Γ(3/4)

)_4

. (48)

For pQCD γ = 2 and B = λ_{QCD} 6 ( 1 − 3ξ 8 ) . (49)

It is sufficient for our purposes here to compute the T -dependent shift of the energy to leading order

ΔE = 4AB T^γ a^3_0 ∫_∞ 0 dr r^{γ+1} e^{−2r/a0} = AB (a_0T )^γ 2^γ a_0

Γ(2 + γ) (50)

and so the ground state energy level becomes E = −M_Q A^2 4 ( 1 − 4 2^γ B A (a_0T )^γ M_Qa_0

Γ(2 + γ) ) . (51)

Substituting for A, B and γ we obtain for GB E_{GB} = E^{T =0}_{GB} [ 1 − C λ^2 1 η^′(1 + η^′)^3

T^4 M^4_Q ] , (52)

where C = 27 256 Γ^{24}(1/4) π^{10}

≈ 3 × 10^7 , (53) is a numerical constant and where E^{T =0} denotes the ground state energy in the “Coulomb” potential given in Eq. (44).

On the other hand, in pQCD

E_{pQCD} = −M_Q λ^2_{QCD} 256π^2 [ 1 − 128π^2 λ_{QCD} ( 1 − 3ξ 8 ) T^2 M^2_Q ] (54)

= E^{T =0}_{pQCD} [ 1 − 128π^2 λ_{QCD} ( 1 − 3ξ 8 ) T^2 M^2_Q ] . (55)

As expected, the T -dependent shifts in Eqs. (52,55) exhibit a different dependence on the t’ Hooft coupling. However, the expression obtained from AdS/CFT also drops more rapidly with M_Q/T and with the viscosity than predicted by pQCD.

V. SUMMARY AND OUTLOOK

We have determined the dependence of the static QQ̄ potential on the temperature T and shear viscosity to entropy density ratio η/s in a conformal field theory dual to Gauss-Bonnet gravity on AdS_5. We found that, with increasing viscosity, the screening of the potential due to the thermal medium weakens and so the potential energy increases in magnitude. Moreover, the free energy of a single heavy quark decreases in magnitude with increasing viscosity. Both observations are in qualitative agreement with expectations from (“hard thermal loop” resummed) perturbative QCD.

In fact, at short distances the medium-induced effects on quarkonium binding energies are found to be very small, of order ∼ (T/M_Q)^4 × 1/λ^2η^{′4}, where η^′ ≡ √ 4π η/s. The dominant temperature and viscosity dependence of the binding energies therefore arises due to the continuum threshold, i.e. from the value of the potential at L → ∞. Both pQCD (at leading order) as well as exactly conformal gauge theories obtained using AdS/CFT, where T is the only dimensionfull scale available, can only generate a pure entropy contribution to the free energy of the QQ̄ pair at infinite separation, and so V_∞ = 0 in both cases. It would be interesting to construct a gravity dual for a field theory on the boundary with a contribution of the form ∼ a/T to F_∞ as indicated by lattice QCD. This would provide a model for the dominant T and η dependence of quarkonium binding energies in a non- Abelian strongly-coupled plasma.

Acknowledgments

J.N. acknowledges support from US-DOE Nuclear Science Grant No. DE-FG02- 93ER40764. A.D. thanks R. Pisarski and M. Strickland for useful comments. J.N. thanks M. Gyulassy for interesting discussions.

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)]; E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998); 2, 505 (1998); S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998); O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 323, 183 (2000).

[2] C. P. Herzog, A. Karch, P. Kovtun, C. Kozcaz and L. G. Yaffe, JHEP 0607, 013 (2006);

S. S. Gubser, Phys. Rev. D 74, 126005 (2006); J. J. Friess, S. S. Gubser, G. Michalogiorgakis and S. S. Pufu, Phys. Rev. D 75, 106003 (2007); D. T. Son and A. O. Starinets, Ann. Rev. Nucl. Part. Sci. 57, 95 (2007); J. Noronha, G. Torrieri and M. Gyulassy, Phys. Rev. C 78, 024903 (2008); P. M. Chesler and L. G. Yaffe, Phys. Rev. Lett. 99, 152001 (2007); S. S. Gubser, S. S. Pufu and A. Yarom, Phys. Rev. Lett. 100, 012301 (2008); S. S. Gubser, A. Nellore, S. S. Pufu and F. D. Rocha, Phys. Rev. Lett. 101, 131601 (2008); U. Gursoy, E. Kiritsis, L. Mazzanti and F. Nitti, Phys. Rev. Lett. 101, 181601 (2008); J. Noronha, M. Gyulassy and G. Torrieri, Phys. Rev. Lett. 102, 102301 (2009); M. Mia, K. Dasgupta, C. Gale and S. Jeon, arXiv:0902.1540 [hep-th]; see also the recent reviews by E. Shuryak, arXiv:0807.3033 [hep-ph]; and S. S. Gubser and A. Karch, arXiv:0901.0935 [hep-th].

[3] G. Policastro, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 87, 081601 (2001); A. Buchel and J. T. Liu, Phys. Rev. Lett. 93, 090602 (2004); P. K. Kovtun, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 94, 111601 (2005).

[4] For a recent review see M. R. Douglas and S. Kachru, Rev. Mod. Phys. 79, 733 (2007). [5] M. T. Grisaru, A. E. M. van de Ven and D. Zanon, Phys. Lett. B 173, 423 (1986); D. J. Gross and E. Witten, Nucl. Phys. B 277, 1 (1986).

[6] D. M. Hofman and J. Maldacena, JHEP 0805, 012 (2008).

[7] S. S. Gubser, I. R. Klebanov and A. A. Tseytlin, Nucl. Phys. B 534, 202 (1998). [8] A. Buchel, J. T. Liu and A. O. Starinets, Nucl. Phys. B 707, 56 (2005); P. Benincasa and

A. Buchel, JHEP 0601, 103 (2006); A. Buchel, R. C. Myers, M. F. Paulos and A. Sinha, Phys. Lett. B 669, 364 (2008); R. C. Myers, M. F. Paulos and A. Sinha, Phys. Rev. D 79, 041901 (2009).

[9] O. Aharony, J. Pawelczyk, S. Theisen and S. Yankielowicz, Phys. Rev. D 60, 066001 (1999);

O. Aharony and Y. Tachikawa, JHEP 0801, 037 (2008). [10] A. Buchel, R. C. Myers and A. Sinha, arXiv:0812.2521 [hep-th]. [11] A. Karch and E. Katz, JHEP 0206, 043 (2002).

[12] M. Brigante, H. Liu, R. C. Myers, S. Shenker and S. Yaida, Phys. Rev. D 77, 126006 (2008). [13] M. Brigante, H. Liu, R. C. Myers, S. Shenker and S. Yaida, Phys. Rev. Lett. 100, 191601 (2008).

[14] Y. Kats and P. Petrov, JHEP 0901, 044 (2009).

[15] M. Blau, K. S. Narain and E. Gava, JHEP 9909, 018 (1999); S. Nojiri and S. D. Odintsov, Int. J. Mod. Phys. A 15, 413 (2000).

[16] B. Zwiebach, Phys. Lett. B 156, 315 (1985). [17] R. G. Cai, Phys. Rev. D 65, 084014 (2002). [18] S. S. Gubser, Phys. Rev. D 76, 126003 (2007) [19] J. M. Maldacena, Phys. Rev. Lett. 80, 4859 (1998). [20] S. J. Rey and J. T. Yee, Eur. Phys. J. C 22, 379 (2001).

[21] M. Henningson and K. Skenderis, JHEP 9807, 023 (1998); C. R. Graham and E. Witten, Nucl. Phys. B 546, 52 (1999); M. Bianchi, D. Z. Freedman and K. Skenderis, Nucl. Phys. B 631, 159 (2002).

[22] E. V. Shuryak and I. Zahed, Phys. Rev. D 70, 054507 (2004); P. Petreczky, Eur. Phys. J. C 43, 51 (2005).

[23] A. Mocsy and P. Petreczky, Phys. Rev. D 73, 074007 (2006); Phys. Rev. Lett. 99, 211602 (2007).

[24] A. Brandhuber, N. Itzhaki, J. Sonnenschein and S. Yankielowicz, Phys. Lett. B 434, 36 (1998). [25] S. J. Rey, S. Theisen and J. T. Yee, Nucl. Phys. B 527, 171 (1998). [26] J. L. Albacete, Y. V. Kovchegov and A. Taliotis, Phys. Rev. D 78, 115007 (2008). [27] A. Dumitru, Y. Guo and M. Strickland, Phys. Lett. B 662, 37 (2008); Y. Guo, arXiv:0809.3873 [hep-ph].

[28] A. Dumitru, Y. Guo, A. Mocsy and M. Strickland, arXiv:0901.1998 [hep-ph].

[29] M. Asakawa, S. A. Bass and B. Müller, Prog. Theor. Phys. 116, 725 (2007); M. Martinez and M. Strickland, arXiv:0902.3834 [hep-ph].

[30] O. Kaczmarek, F. Karsch, P. Petreczky and F. Zantow, Phys. Lett. B 543, 41 (2002); K. Petrov [RBC-Bielefeld Collaboration], PoS LAT2006, 144 (2006); P. Petreczky and K. Petrov, Phys. Rev. D 70, 054503 (2004); O. Kaczmarek and F. Zantow, Phys. Rev. D 71, 114510 (2005).

[31] O. Andreev, Phys. Rev. D 73, 107901 (2006); O. Andreev and V. I. Zakharov, Phys. Rev. D 74, 025023 (2006); Phys. Lett. B 645, 437 (2007); JHEP 0704, 100 (2007).

[32] E. Megias, E. R. Ruiz Arriola and L. L. Salcedo, JHEP 0601, 073 (2006); Phys. Rev. D 75, 105019 (2007).

[33] E. Megias, E. Ruiz Arriola, L. L. Salcedo, arXiv:0903.1060 [hep-ph]; also see O. Andreev, Phys. Rev. D 76, 087702 (2007).

[34] N. Drukker and D. J. Gross, J. Math. Phys. 42, 2896 (2001).

[35] W. Lucha, F. F. Schoberl and D. Gromes, Phys. Rept. 200, 127 (1991); A. Pineda and J. Soto, Nucl. Phys. Proc. Suppl. 64, 428 (1998); N. Brambilla, A. Pineda, J. Soto and A. Vairo, Rev. Mod. Phys. 77, 1423 (2005).