arXiv:0903.3264v3 [gr-qc] 26 Nov 2009

HD-THEP-09-03

Gauges and Cosmological Backreaction

Iain A. Brown^1,^∗ Juliane Behrend^2,^† and Karim A. Malik^{3‡} 1: Institut für Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany 2: Institut für Theoretische Physik, Albert-Einstein-Allee 11, 89069 Ulm, Germany and 3: Astronomy Unit, School of Mathematical Sciences, Queen Mary University of London, Mile End Road, London, E1 4NS, United Kingdom (Dated: November 28, 2009)

We present a formalism for spatial averaging in cosmology applicable to general spacetimes and coordinates, and allowing the easy incorporation of a wide variety of matter sources. We apply this formalism to a Friedmann-Lemaître-Robertson-Walker universe perturbed to second-order and present the corrections to the background in an unfixed gauge. We then present the corrections that arise in uniform curvature and conformal Newtonian gauges.

I. INTRODUCTION

The issue of the averaging, or fitting, problem in cosmology is an old one and addresses the question of whether a Friedmann-Lemaître-Robertson-Walker (FLRW) metric is a reasonable approximation to the metric of the universe on large scales, and whether the evolution of the universe follows the usual FLRW dynamics. As the Einstein tensor is nonlinear, even should the metric of the universe be of FLRW form there is no guarantee that the same is true for the dynamics, and corrections therefore arise that act as an effective fluid. This effect is typically known as cosmological backreaction. The study of averaging in cosmology dates back at least to the 1960s [1] and was revisited in subsequent decades (see for example [2, 3, 4, 5, 6, 7] for an inexhaustive selection of studies). Following the discovery of the “dark energy” in the late 1990s there was a great increase of study in this area (e.g. [8, 9, 10, 11, 12]). Recent studies have begun to quantify the effect in perturbed FLRW systems with varying results; see for example [13, 14, 15, 16, 17] and for further references see [18]. However, many of these studies were limited to pure dust (“Einstein-de Sitter”) universes, and frequently to spatial slicings in synchronous coordinates. In previous work [19] (hereafter Paper I) and [18] (hereafter Paper II), as in for example [20, 21], a Newtonian slicing was employed instead. Paper II additionally introduced a general formalism applicable to systems with a variety of fluids for a wide range of redshifts.

When considering the issue of backreaction in perturbation theory, the question of gauges has to be carefully considered. The use of different gauges in backreaction introduces not least ambiguities in the definition of the spatial volume, which we consider particularly in flat gauge. Furthermore, it is not immediately obvious that there does not exist a gauge that is particularly suited to studies of backreaction – in which the correction terms take their simplest forms or, indeed, could be shown to vanish identically. (As an example, a flat gauge would remove the curvature correction, while a Newtonian gauge would simplify the system by removing anisotropic terms.)

As yet it has been impossible to study this issue in its full generality, as to consider general gauges it is necessary to possess a formalism that incorporates a shift vector. More generally, a formalism that includes a shift vector can consider spacetimes in general coordinates, rather than those considering a particular symmetry. The central aim of this paper is to develop this formalism, and as a first example, apply it to perturbed Robertson-Walker universes in an unfixed gauge.^1 It is then a simple matter to choose two promising gauges – the uniform curvature, or flat, and the conformal Newtonian gauges – and reduce the general expressions to particular cases. We immediately find that, unsurprisingly, the backreaction cannot be removed through a judicious choice of gauge. Moreover, these two obvious choices remain relatively complicated, although uniform curvature gauge is arguably physically clearer when considering spatial volumes and Fourier space, while Newtonian gauge yields simpler forms. In §II we present a brief overview of the 3+1 separation before generalising the familiar spatial averaging procedure to the most general case. We apply this general formalism to a linearly-perturbed FLRW universe in an unfixed gauge in §III A and present the backreaction quantities in full detail before considering the specialisation to flat and conformal Newtonian gauges in §III B. We end with a brief discussion.

∗Electronic address: I.Brown@thphys.uni-heidelberg.de †Electronic address: Juliane.Behrend@uni-ulm.de ‡Electronic address: K.Malik@qmul.ac.uk 1 The issue of gauges in backreaction was considered in a study with somewhat different aims in [22], while a formalism dealing with general coordinates was presented in [23] while the first version of this work was in final preparation.

II. GENERALISED AVERAGING IN COSMOLOGY

The standard spatial averaging procedure in cosmology is based on a 3+1 split, where spacetime is foliated with purely spatial hypersurfaces upon which an averaging domain is defined. Assuming global hyperbolicity and a metric signature (− + ++), a spacetime can be foliated with a family of 3-surfaces described by coordinates x^μ = (t, x^a) and with a normal 4-vector

n^μ = 1 α (1, −β^i), n^μn_μ = −1. (1)

Here the threading between corresponding events on neighbouring surfaces is defined by the lapse function α and the shift vector β^i. The projection tensor onto the 3-surfaces is h_{μν} = g_{μν} + n_μn_ν (2) and the induced 3-metric is h_{ij} = g_{μν} h^μ_i h^ν_j . (3) The line element is then ds^2 = (−α^2 + β_iβ^i)dt^2 + 2β_idtdx^i + h_{ij} dx^idx^j , (4) where β_i = h_{ij} β^j .

The embedding of the hypersurfaces is described by the extrinsic curvature, which is given by the Lie derivative of the metric along the normal, K_{ij} = − 1 2 L_nh_{ij} . (5)

This can be rewritten as αL_nh_{ij} = ∂ ∂t h_{ij} − 2D_{(i}β_{j)} = −2αK_{ij} (6)

where D_i is the covariant derivative on the 3-surface and brackets denote symmetrisation on the enclosed indices.

Using ϱ_{(a)}, J^{(a)}_i and S^{(a)}μν respectively to denote a fluid’s energy density, current density and stress tensor on the 3-surface of a fluid species a, the 3+1 decomposition of the stress-energy tensor is

T^{(a)}_{μν} = ϱ_{(a)}n_μn_ν + 2n_{(μ}J^{(a)}_{ν)} + S^{(a)}_{μν} . (7) Here ϱ_{(a)} = n^μn^ν T^{(a)}_{μν} , J^{(a)}_i = −n^μh^ν_i T^{(a)}_{μν} = h^ν_i J^{(a)}_ν , S^{(a)}_{ij} = h^μ_i h^ν_j T^{(a)}_{μν} (8)

and by construction n^μJ^{(a)}_μ = n^μS^{(a)}_{μν} = 0. We retain ρ_{(a)} and p_{(a)} to denote the fluid rest-frame energy density and isotropic pressure respectively. Projecting the Einstein equations onto the hypersurface and along its normal results in the Hamilton constraint equation

R + K^2 − K^i_j K^j_i = 16πG ∑ a ϱ_{(a)} + 2Λ, (9)

where R is the Ricci scalar on the surface and K = K^i_i , and the evolution equation α ∂ ∂t K_{ij} = α^2 ( R_{ij} − 2K^a_i K_{aj} + KK_{ij} − 8πG ∑ a S^{(a)}_{ij} + 4πGh_{ij} ∑ a ( S_{(a)} − ϱ_{(a)} ) − Λh_{ij} )

−α ( D_iD_j α − β^aD_aK_{ij} − 2K_{a(i}D_{j)}β^a ) . (10) It also results in a momentum constraint equation with which we are not here concerned. For more details on the 3+1 split, we refer the reader to [24, 25, 26].

The coordinate freedoms now allow us to eliminate four degrees of freedom. In previous studies of cosmological backreaction it has been standard to choose a synchronous slicing by setting α = 1, β^i = 0 (e.g. [8, 10, 13]). An alternative has been to employ a “Newtonian” slicing by choosing β^i = 0 and diagonalising the scalar sector of h_{ij} (e.g. [18, 19, 20, 21]). In the following we do not fix our slicing and the coordinate freedoms are left implicit, allowing us to study spacetimes in arbitrary coordinate systems.

Now let

V_D = ∫ D √ hd^3x (11)

be the definition of the volume of a finite domain D lying on the inhomogeneous 3-surface where h is the determinant of the 3-metric. Then the average of a scalar quantity A in this domain can be defined as ⟨A⟩ = 1 V_D ∫ D A √ hd^3x. (12)

This averaging procedure cannot be sensibly applied to tensorial quantities since it is not invariant under a change of coordinates but retains its meaning for a scalar quantity. It has been used by most of the studies into cosmological averaging (e.g. [9, 11, 12]); for a brief overview of alternatives see [27, 28]. The averages are taken across spacelike hypersurfaces and therefore do not immediately relate to observation; for an approach at connecting a 3+1 averaging formalism with cosmology, see for example [29]. We can define an average “Hubble rate” from the expansion of the volume by 3 ȧ_D a_D = V̇_D V_D . (13)

The derivative of the volume with respect to time is V̇_D V_D = 1 V_D ∫ D ( 1 2 h^{ij}ḣ_{ij} ) √ hd^3x = 1 V_D ∫ D ( −αK + D^iβ_i ) √ hd^3x (14)

where we have used that ḣ = h^{ij}ḣ_{ij} . The Hubble rate defined by the volume expansion is then 3 ȧ_D a_D = − ⟨ αK + D^iβ_i ⟩ (15)

with D^i = h^{ij} D_j .^2 Integrating this yields the average scale factor a_D. Combining the average Hubble rate with the averaged Hamiltonian constraint yields ( ȧ_D a_D )_2 = 8πG 3 ∑ a ⟨ α^2ϱ_{(a)} ⟩ + 1 3 ⟨ α^2 ⟩ Λ − 1 6 ( R_D + Q^T_D ) (16)

which can be interpreted as a Friedmann equation for a_D in the domain, where

R_D = ⟨ α^2R ⟩ , Q^T_D = ⟨ α^2 ( K^2 − K^i_j K^j_i )⟩ − 2 3 ⟨ αK − D^iβ_i ⟩_2 (17)

are corrections from the averaged spatial curvature and the kinematical backreaction. The latter can be separated into the usual Q_D (e.g. [8, 9, 10] and Paper II) which is related to the variance of the extrinsic curvature, and β^Q_D which is dependent on the divergence of the shift,

Q_D = ⟨ α^2 ( K^2 − K^i_j K^j_i )⟩ − 2 3 ⟨αK⟩^2 , β^Q_D = 2 3 ⟨ D^iβ_i ⟩ ( 2 ⟨αK⟩ − ⟨ D^iβ_i ⟩) , Q^T_D = Q_D + β^Q_D . (18)

2 The definition of the Hubble rate is not unique and it is common to instead define it from the expansion scalar of a fluid. The relation between the approaches was recently calculated in [23]. We retain our present definition to avoid connecting our slicing directly with fluid quantities while leaving free the possibility of doing so later. This simplifies the presentation at the cost of physical clarity.

Spatial averaging does not commute with differentiation with respect to time. The commutator between these operations applied to a scalar quantity A is given by ⟨ Ȧ ⟩ = ⟨A⟩^· + V̇_D V_D ⟨A⟩ − 1 V_D ∫ D ( 1 2 Ah^{ij}ḣ_{ij} ) √ hd^3x (19)

which can be written ⟨ Ȧ ⟩ = ⟨A⟩^· + ⟨ A ( αK − D^iβ_i )⟩ − ⟨A⟩ ⟨ αK − D^iβ_i ⟩ . (20)

The trace of the evolution equation for the extrinsic curvature is

αK̇ = α^2 ( R + K^2 − 12πG ∑ a ϱ_{(a)} + 4πG ∑ a S_{(a)} − 3Λ ) − αD^iD_iα + αβ^aD_aK. (21) Since ⟨ αK̇ ⟩ = ⟨αK⟩^· + ⟨ α^2K^2 ⟩ − ⟨αK⟩^2 + ⟨αK⟩ ⟨ D^iβ_i ⟩ − ⟨ αKD^iβ_i ⟩ − ⟨α̇K⟩ (22) and ⟨αK⟩^· = −3 ä_D a_D + 3 ( ȧ_D a_D )_2 + ⟨ D^iβ_i ⟩_· , (23)

we have after some manipulation and the use of (16) that the average of (21) can be written ä_D a_D = − 4πG 3 ∑ a ⟨ α^2 ( ϱ_{(a)} + S_{(a)} )⟩ + 1 3 ⟨ α^2 ⟩ Λ + 1 3 ( Q^T_D + P_D + β^P_D ) . (24)

The dynamical backreaction [18, 19, 30] is

P_D = ⟨ αD^iD_iα ⟩ − ⟨α̇K⟩ , (25) and the component arising from the variation of the shift is

β^P_D = ⟨( D^iβ_i )_· + ( D^iβ_i )_2 − 2αKD^iβ_i − αβ^iD_iK ⟩ . (26)

Equation (24) can be interpreted as a “Raychaudhuri equation” for the scale factor a_D.

The energy density and isotropic pressure are defined on the 3-surface in (7). However, it is usual in cosmology to separate the stress-energy tensor with respect to the fluid’s 4-velocity u^μ_{(a)},

T^{(a)}_{μν} = ρ_{(a)}u^{(a)}_μ u^{(a)}_ν + p_{(a)}P̃^{(a)}_{μν} + 2q^{(a)}_{(μ} u^{(a)}_{ν)} + π^{(a)}_{μν} ⇐⇒ ρ_{(a)} = u^μ_{(a)}u^ν_{(a)}T^{(a)}_{μν} , 3p_{(a)} = P̃^{μν}_{(a)}T^{(a)}_{μν} (27)

where

P̃^{μν}_{(a)} = h^{μν} + u^μ_{(a)}u^ν_{(a)} (28)

projects tensors onto the 3-surface orthogonal to the 4-velocity, the 4-velocity is normalised to u^μ_{(a)}u^{(a)}μ = −1, and ρ_{(a)} and p_{(a)} are the fluid’s rest-frame energy density and isotropic pressure respectively. Let

F^{(a)}_D = 8πG 3 ⟨( h^{μν} − P̃^{μν}_{(a)} ) T^{(a)}_{μν} ⟩ = 8πG 3 ⟨( n^μn^ν − u^μ_{(a)}u^ν_{(a)} ) T^{(a)}_{μν} ⟩ (29)

correct between the 3-surface and the fluid rest-frames. The effective, volume-averaged Friedmann and Raychaudhuri equations can therefore be written ( ȧ_D a_D )_2 = 8πG 3 ∑ a ⟨ α^2ρ_{(a)} ⟩ + 1 3 ⟨ α^2 ⟩ Λ − 1 6 ( R_D + Q^T_D − 6 ∑ a F^{(a)}_D ) , (30) ä_D a_D = − 4πG 3 ∑ a ⟨ α^2 ( ρ_{(a)} + 3p_{(a)} )⟩ + 1 3 ⟨ α^2 ⟩ Λ + 1 3 ( P_D + β^P_D + Q^T_D − 3 ∑ a F^{(a)}_D ) . (31)

We therefore now have definitions of effective, averaged Friedmann and Raychaudhuri equations valid for any spacetime that allows a 3+1 split, with arbitrary lapse and shift, and an arbitrary number of fluids. Equations (30, 31) are the main results of this work.^3

It is tempting to immediately define an effective energy density, pressure and equation of state of the “backreaction fluid” and such can certainly be done. Simply interpreting ∑ a ⟨ α^2ρ_{(a)} ⟩ and ∑ a ⟨ α^2p_{(a)} ⟩ as the average density and pressure in the domain, the effective energy density and pressure of the backreaction can be defined as 8πG 3 ρ_{eff} = ∑ a F^{(a)}_D − 1 6 ( R_D + Q^T_D ) , 8πG 3 p_{eff} = 1 3 6 ∑ a F^{(a)}_D + R_D − 4P_D − 4β^P_D − 3Q^T_D 6 , (32)

with the effective equation of state

w_{eff} = p_{eff} ρ_{eff} = − 1 3 R_D − 4P_D − 4β^P_D − 3Q^T_D + 6 ∑ a F^{(a)}_D R_D − Q^T_D − 6 ∑ a F^{(a)}_D . (33)

In some situations we should, however, take care with the interpretation of the results. A true Friedmann model is specified by a matter density, a cosmological constant and a curvature term. Depending on the time coordinate a conformal factor can also appear. Likewise, the corresponding Raychaudhuri equation is specified by a matter density, a matter pressure and a cosmological constant. Any or all of these terms can emerge from averaging the underlying structure: the effective cosmological constant would be a constant term that appears in the effective Friedmann equation, and the effective curvature term would be a term in the Friedmann equation proportional to 1/a^2_D. The effective fluid might then sensibly be chosen so as to isolate these. Choosing the prescription (32) would instead include the effective curvature in the effective fluid.

When dealing with a true inhomogeneous model, this distinction is a matter of convention; the behaviour of the averaged scale factor remains the same. However our approach, as in Papers I and II, will involve specifying a background FLRW model and evaluating the corrections to this model from perturbations. The background Friedmann and Raychaudhuri equations will therefore in general include curvature terms and conformal factors. The averaged Friedmann equations, on the other hand, include these terms within R_D and P_D. For example, equation (3.9) of Paper II shows R_D in a curved FLRW universe perturbed to second order. This includes the background term K/a^2. In this context – comparing the averaged equations to the assumed background equations – this term is not a correction. In other contexts this would not be an issue, but here it might be better to define the effective fluid in a model-dependent manner.

III. BACKREACTION IN PERTURBATION THEORY

A. Basic Results

The perturbed Robertson-Walker line element with a scale factor a = a(η) can be written as

ds^2 = a^2(η) ( −(1 + 2ϕ)dη^2 + 2B_idηdx^i + (δ_{ij} + 2C_{ij} ) dx^idx^j ) (34)

where the perturbation ϕ = ∑ n(1/n!)ϕ^{(n)} contains contributions from all perturbative orders, with corresponding definitions for B_i and C_{ij} . In this work we only consider scalar perturbations, although the results of this section are equally valid for spacetimes containing vector and tensor perturbations. The spatial perturbation can be expanded into a trace and traceless component, C_{ij} = −ψδ_{ij} + E_{ij} , (35) where E^i_i = 0. In general we will only retain quantities to second-order in the perturbations and neglect all higherorders.^4 To second order, the perturbations are

ϕ = ϕ_{(1)} + 1 2 ϕ_{(2)}, B_i = B^{(1)}_i + 1 2 B^{(2)}_i , C_{ij} = C^{(1)}_{ij} + 1 2 C^{(2)}_{ij} , (36)

3 These equations can be compared with equations (36) and (37) of [23]. 4 This includes terms of the form ⟨ Φ^2

⟩_2 . In principle, these quantities could be large; however, it is clear that, within the confines of perturbation theory, these quantities are approximately of fourth-order in perturbations.

but except in products we never explicitly expand them. Indices on the perturbations are raised and lowered with the Kronecker delta. Derivatives with respect to the conformal time will be denoted with an overdot and H = ȧ/a is the conformal Hubble rate of the underlying model. Directly associating the spatial coordinates in (34) and (4) and noting that β^i = h^{ij} β_j gives

h_{ij} = a^2 (δ_{ij} + 2C_{ij} ) , h^{ij} = a^{−2} ( δ^{ij} − 2C^{ij} + 4C^{ik} C^j_k ) , β_i = a^2B_i, β^i = B^i − 2C^{ij} B_j . (37)

Since α^2 − β^iβ_i = a^2(1 + 2ϕ), the lapse is then

α^2 = a^2 ( 1 + 2ϕ + B^2 ) (38)

where B^2 = B^iB_i. Paper II contains some discussion on the use of perturbation theory in backreaction, but some further comments are useful here. In essence, FLRW cosmology involves the use of an implicit “average” background upon which perturbations of arbitrary order are defined. When we apply a spatial averaging formalism to a perturbed FLRW cosmology, we are averaging across the perturbed manifold. Here, we are taking an average across a surface defined by perturbations that include second-order terms. This naturally introduces an apparent ambiguity between the Hubble rate ȧ/a appearing in the usual background equations ( ȧ a )_2 = 8πG 3 a^2ρ + 1 3 a^2Λ, ä a = − 4πG 3 a^2 (ρ + 3p) + 1 3 a^2Λ + ( ȧ a )_2 (39)

and in the averaged equations (30, 31). However, the Hubble rate ȧ_D/a_D is the Hubble rate defined by the time variation of an expanding volume living on the perturbed 3-surface, entirely distinct from the Hubble rate of the underlying model. In this paper, as in Paper I and Paper II, we will define the effects of “backreaction” to be the difference between these Hubble rates, and between the acceleration rates ä_D/a_D and ä/a.

From the Ricci scalar on the three-surface, the curvature correction is

R_D = ⟨ (1 + 2ϕ) ( 2∂^i∂^j C_{ij} − 2∂^i∂_iC ) + 4C_{ij} ∂^i∂^j C + 4C^{ij} ∂^k∂_kC_{ij} − 8C_{ij} ∂^k∂^iC^j_k + 3∂^iC^{jk} ∂_iC_{jk} ⟩ − ⟨ 2 ( ∂^iC^{jk} ) (∂_j C_{ik}) − ( ∂^iC ) ( 2∂^j C_{ij} − ∂_iC ) + 2 ( ∂_iC^{ij} ) ( 2∂^kC_{jk} − ∂_j C )⟩ . (40)

The extrinsic curvature is αK^i_j = − ȧ a δ^i_j − Ċ^i_j + 1 2 ( ∂^iB_j + ∂_j B^i ) − ( ∂^iC^k_j + ∂_j C^{ik} − ∂^kC^i_j ) B_k + 2C^{ik}Ċ_{jk} − C^{ik} (∂_kB_j + ∂_j B_k) (41)

and so the total kinematical backreaction is

Q^T_D = −4 ȧ a ⟨ ∂^iB_i − B^i ( 2∂^j C_{ij} − ∂_iC ) − 2C^{ij} ∂_iB_j ⟩ − 2 3 ⟨ Ċ ⟩_2

+ ⟨ Ċ^2 − Ċ^i_jĊ^j_i + (∂^iB_i)^2 − 1 2 ( ∂^iB_j ) ( ∂^j B_i ) − 1 2 ( ∂^iB_j ) ( ∂_iB^j ) − 2Ċ∂^iB_i + 2Ċ^i_j ∂_iB^j ⟩ . (42)

The dynamical backreactions become

P_D = 3 ( ȧ a )_2 + ⟨ ∂^i∂_iϕ + ȧ a ( 3ϕ̇ + Ċ ) − ȧ a ∂^iB_j ⟩

+ ⟨ B_i∂^j ∂_j B^i + ( ∂^iB_j ) ( ∂_iB^j ) − ( ∂^iϕ ) (∂_iϕ) − 2C^{ij} ∂_i∂_j ϕ − ( ∂^iϕ ) ( 2∂^j C_{ij} − ∂_iC ) + ϕ̇ ( Ċ − ∂^iB_i )⟩

− ȧ a ⟨ 3B_iḂ^i + 6ϕϕ̇ + 2C^{ij}Ċ_{ij} − 2C^{ij} ∂_iB_j − B^i ( 2∂^j C_{ij} − ∂_iC )⟩ (43) and β^P_D = ⟨ ∂^iḂ_i + 6 ȧ a ∂^iB_i ⟩ − ⟨ 2C^{ij} ∂_iḂ_j + 2Ċ^{ij} ∂_iB_j + 12 ȧ a C^{ij} ∂_iB_j + ( ∂^iB_i )_2 ⟩

− ⟨ Ḃ^i (2∂^j C_{ij} − ∂_iC) + B^i ( 2∂^jĊ_{ij} − ∂_iĊ ) + 6 ȧ a B^i ( 2∂^bC_{ij} − ∂_iC ) ⟩ (44) + ⟨ B^i ( ∂_iĊ − ∂_i∂^jḂ_j ) + 2Ċ∂^iB_i − 3 ȧ a B^i∂_iϕ ⟩ .

The dynamical backreaction then includes a background term 3(ȧ/a)^2 which appears in the background Einstein equations (39). To ensure that the “backreaction fluid” contains only correction terms, we include this in the averaged Raychaudhuri equation separately from P_D. Since there is no gauge choice in which B^a = C^{ab} = 0, from (40, 42, 43, 44) it is already apparent that there exists no gauge in which all the correction terms vanish.

Finally, we have the fluid corrections. For a perfect fluid with T^{(a)}_{μν} = (ρ_{(a)} + p_{(a)})u^{(a)}_μ u^{(a)}_ν + p_{(a)}g_{μν} , the correction term F^{(a)}_D is

F^{(a)}_D = 8πG 3 ⟨ ( ρ_{(a)} + p_{(a)} ) (( αn^μu^{(a)}_μ )_2 − α^2 )⟩ = 8πG 3 ⟨ ( ρ_{(a)} + p_{(a)} ) (( u^{(a)}_0 − β^iu^{(a)}_i

)_2 − α^2 )⟩ . (45)

The rest-frame energy density and pressure are expanded to second-order as

ρ_{(a)} = ρ_{(a)} + δρ_{(a)} = ρ_{(a)}(1 + δ_{(a)}), p_{(a)} = p_{(a)} + δp_{(a)}. (46)

Here p_{(a)} = w_{(a)}ρ_{(a)}, and if we define the speed of sound to be c^2_{s,(a)} = ∂p_{(a)}/∂ρ_{(a)} then the second-order expansion of the pressure perturbation is

δp_{(a)} = ∂p_{(a)} ∂ρ_{(a)} δρ_{(a)} + 1 2 ∂^2p_{(a)} ∂^2ρ_{(a)}

(δρ_{(a)})^2 = ρ_{(a)} ( c^2_{s,(a)}δ_{(a)} −

(c^2_{s,(a)})^· 2(1 + w_{(a)})H δ^2_{(a)} ) (47)

where δ_{(a)} includes contributions from all perturbative orders and we have used the background matter continuity equation. With the 4-velocity

u^μ_{(a)} = a^{−1} ( 1 − ϕ + 1 2 ( v^2_{(a)} + 3ϕ^2 − 2B_iv^i_{(a)} ) , v^i_{(a)} ) (48)

where v^2_{(a)} = δ_{ij} v^i_{(a)}v^j_{(a)}, F^{(a)}_D becomes

F^{(a)}_D = 8πG 3 a^2 ( ρ_{(a)} + p_{(a)} ) ⟨( v^{(a)}_i + B^{(a)}_i ) ( v^i_{(a)} + B^i_{(a)} )⟩ . (49)

Expanding ⟨ α^2ρ_{(a)} ⟩ and ⟨ α^2p_{(a)} ⟩ with (38) and (46), we can finally express the Buchert equations in a perturbed FLRW universe in an unfixed gauge as ( ȧ_D a_D )_2 = 8πG 3 a^2 ∑ a ρ_{(a)} + 1 3 a^2Λ − 1 6 ( R_D + Q^T_D − 6 ∑ a T^{(a)}_D − 6L_D ) , (50) ( ä_D a_D ) = − 4πG 3 a^2 ∑ a ( ρ_{(a)} + 3p_{(a)} ) + 1 3 a^2Λ + ( ȧ a )_2

+ 1 3 ( P_D + β^P_D + Q^T_D + 3L_D − 3 ∑ a ( 1 2 T^{(a)}_D + S^{(a)}_D )) (51)

where now

T^{(a)}_D = 8πG 3 a^2ρ_{(a)} ⟨ δ_{(a)} + 2ϕ + 2ϕδ_{(a)} + B^2 + (1 + w_{(a)}) ( v^{(a)}_i + B_i ) ( v^i_{(a)} + B^i )⟩ , (52)

S^{(a)}_D = 4πG 3 a^2ρ_{(a)} ⟨ 3c^2_sδ_{(a)} + 6wϕ + 6c^2_{s,(a)}ϕδ_{(a)} + 3w_{(a)}B^2

+(1 + w_{(a)}) ( v^{(a)}_i + B^{(a)}_i ) ( v^i_{(a)} + B^i_{(a)} ) − (c^2_{s,(a)})^· 2(1 + w_{(a)})H δ^2_{(a)} ⟩ (53)

correct the energy density and pressure respectively and L_D is a correction dependent on the cosmological constant,

L_D = 1 3 a^2Λ ⟨ 2ϕ + B^2 ⟩ . (54)

The effective fluid giving the differences between the base and re-averaged FLRW model then has the effective energy density and pressure 8πG 3 a^2ρ_{eff} = 6 ∑ a T^{(a)}_D + 6L_D − R_D − Q^T_D 6 , (55)

8πG 3 a^2p_{eff} = 1 3 R_D − 4P_D − 4β^P_D − 3Q^T_D + 12 ∑ a S^{(a)}_D − 18L_D 6 (56)

and an effective equation of state

w_{eff} = − 1 3 R_D − 4P_D − 4β^P_D − 3Q^T_D + 12 ∑ a S^{(a)}_D − 18L_D

R_D + Q^T_D − 6 ∑ a T^{(a)}_D − 6L_D

. (57)

These can be compared with equations (33-35) of Paper II, generalised to a non-vanishing shift vector and conformal time.

B. Gauge Choices

The equations presented thus far are in an entirely unfixed gauge and can be adapted with relative ease to any perturbed FLRW universe. From the form of the correction terms in general, it is immediately apparent that we cannot find a gauge in which each contribution vanishes. The remaining question is whether we can find a gauge in which the corrections take on the simplest possible form. The most obvious choices are those gauges employed in standard cosmological perturbation theory for their simplicity: the uniform curvature, or flat, gauge; the uniform density gauges; the conformal Newtonian gauge; and the conformal synchronous gauge. Uniform curvature gauge would remove the curvature correction, a uniform density gauge should simplify the fluid corrections, the conformal Newtonian gauge should simplify the anisotropies significantly, and a synchronous gauge simplifies the dynamical backreaction. The gauge transformations and governing equations in FLRW universes perturbed up to second order can be found in [31] and we will not repeat them here.

The uniform curvature gauge is of immediate interest in backreaction. In this gauge the spatial surfaces align with those of the background FLRW model and the inhomogeneities are carried entirely by the choice of threading. As a result, by definition the curvature correction R_D vanishes in this gauge, although this is balanced against the introduction of the additional dynamical backreaction β^P_D and shift terms in the kinematical backreaction. No other trivial choice of gauge entirely removes one of the backreaction terms when the system is written in conformal time; even for conformal synchronous gauge there is a non-zero contribution to P_D arising from the time-derivative of α. A further benefit of the uniform curvature gauge is that for scalar perturbations the metric determinant reduces to √ h = a^3, implying that the comoving volume of a spatial domain remains constant, which simplifies the averaging procedure significantly.^5

The conformal Newtonian gauge is also easily motivated – while it doesn’t remove any of the individual correction terms, the perturbation to the 3-metric is diagonalised and the shift is vanishing, which in particular considerably simplifies R_D from the general case. It is also straightforward to find analytical solutions for simple systems in conformal Newtonian gauge, justifying its study (see for example [33, 34]).

Another interesting choice might be a uniform density gauge. Here the slicing is defined by choosing δρ = 0, and the threading by setting for example E = 0 in (35). In this gauge, then, the velocity, shift and lapse are all non-vanishing. We can immediately see that the curvature correction will take the same form as that in conformal Newtonian gauge but that the kinematical and dynamical backreactions are significantly more complicated than in either of the other two gauges. Furthermore, the aim of a uniform density gauge would be to simplify the fluid corrections T_D and S_D, and this it fails to do. Setting δ = 0 leaves the fluid corrections as unwieldy combinations of the lapse, shift and velocity.

The final obvious choice is conformal synchronous gauge. We do not consider this gauge here, since the curvature correction R_D is complicated (in real space) by the anisotropic components of the metric perturbation, and it has been well studied in the literature before (as for example in [13, 16]). However, conformal synchronous gauge does have the advantage that the scale factor a_D corresponds to a volume containing constant mass and therefore perhaps has a clearer physical meaning than in the other gauges.^6

We will hence focus on the two choices that seem most likely to yield simple results: the uniform curvature and the conformal Newtonian gauges. In the current work it is not our aim to solve the resulting equations. Instead, we consider the form of the corrections in two particular, simple gauge choices. We will, however, briefly consider pure dust universes in both cases.

5 In the terminology of [32] and other works by these authors, a flat gauge is an example of a “volume-preserving” gauge. 6 The authors are grateful to Dominik Schwarz for highlighting this point.

1. Uniform Curvature Gauge

The uniform curvature gauge is of direct interest since the spatial hypersurfaces align with those of the FLRW background. The volume element on the hypersurfaces in flat gauge, and therefore the spatial averages across those surfaces, then coincide with the FLRW background.

The metric in the uniform curvature gauge is found by setting C_{ab} = 0 in the above. Then

ds^2 = a^2(η) ( −(1 + 2ϕ)dη^2 + 2B_idηdx^i + δ_{ij} dx^idx^j ) (58)

and so the spatial metric, shift and lapse are

h_{ij} = a^2δ_{ij} , β^i = B^i, α^2 = a^2(1 + 2ϕ + B^2). (59)

This gauge being spatially flat, the curvature correction is trivially

R_D = 0. (60)

The kinematical backreaction (42) becomes

Q^T_D = ⟨( ∂^iB_i )_2 − 1 2 ( ∂^iB_j ) ( ∂_iB^j ) − 1 2 ( ∂_j B^i ) ( ∂_iB^j ) − 4 ȧ a ∂^iB_i ⟩ . (61)

Subtracting off the Hubble term, the dynamical backreaction (43, 44) is

P_D = ⟨ ∂^i∂_iϕ + B^i∂^j ∂_j B_i + ( ∂^iB_j ) ( ∂_iB^j ) − (∂_iϕ) ( ∂^iϕ )⟩ − ⟨ ϕ̇∂^iB_i ⟩ − ȧ a ⟨ ∂^iB_i − 3ϕ̇ − 3B_iḂ^i + 6ϕϕ̇ ⟩ , (62)

β^P_D = ⟨ ∂^iḂ_i − ( ∂^iB_i )_2 − B^i∂_i∂^j B_j ⟩ + 3 ȧ a ⟨ 2∂^iB_i − B^i∂_iϕ ⟩ . (63)

In flat gauge the fluid velocity takes the form

u^μ_{(a)} = 1 a ( 1 − ϕ + 1 2 ( v^2_{(a)} + 2B_iv^i_{(a)} + 3ϕ^2 ) , v^i_{(a)} ) (64)

and so the fluid corrections become

T^{(a)}_D = 8πG 3 a^2ρ_{(a)} ⟨ δ_{(a)} + 2ϕ + 2ϕδ_{(a)} + B^2 + (1 + w_{(a)}) ( v^{(a)}_i + B_i ) ( v^i_{(a)} + B^i )⟩ (65) and S^{(a)}_D = 4πG 3 a^2ρ_{(a)} ⟨ 3c^2_{s,(a)}δ_{(a)} + 6w_{(a)}ϕ + 6c^2_{s,(a)}ϕδ_{(a)} + 3w_{(a)}B^2 ⟩

+ ⟨ ( 1 + w_{(a)} ) ( v^{(a)}_i + B_i ) ( v^i_{(a)} + B^i ) − ( c^2_{s,(a)} )_· 2(1 + w_{(a)})H δ^2_{(a)} ⟩ . (66)

The correction arising from the cosmological constant is

L_D = 1 3 a^2Λ ⟨ 2ϕ + B^2 ⟩ . (67)

We can now consider a pure dust (or “Einstein-de Sitter”) universe, in which w = c^2_s = Λ = 0. This case has the dual benefits of being one of the simplest cosmologies, and of being a reasonable approximation to the real universe for a range of redshifts from z ≈ 1000 to z ≈ 1. In this universe, the fluid corrections simplify slightly to

T_D = 8πG 3 a^2ρ ⟨ δ + 2ϕ + 2ϕδ + B^2 + (v_i + B_i) ( v^i + B^i )⟩ , S_D = 4πG 3 a^2ρ ⟨ (v_i + B_i) ( v^i + B^i )⟩ , L_D = 0. (68)

Working in Fourier space simplifies these expressions somewhat. Adopting the Fourier convention

A_k = ∫ A(x)e^{ik·x}d^3k, A(x) = ∫ A_ke^{−ik·x} d^3k (2π)^3

, (69) the spatial average of a quantity A(x) can be written as

⟨A(x)⟩ = a^3 ∫ W^∗_D(k)A(k) d^3k (2π)^3

(70)

where W (x) is a window function defining the domain and W_D(x) = W (x)/V_D . Let A(x) = f(x)g(x). If f(x) and g(x) are both linear perturbations, we can take ensemble averages (denoted with an overbar) of both sides and use the definition of the power spectrum,

f(k)g^∗(k^′) =

2π^2 k^3

P(k)δ(k − k^′) (71)

to find ⟨f(x)g(x)⟩ = 1 (2π)^3 ∫ P(k)f(k)g^∗(k) dk k (72)

where we have used that a^3W_D(k = 0) = 1. Writing the shift and velocity as

v_i = ik̂_iv, B_i = ik̂_iB (73)

therefore allows us to write the kinematical backreaction as

Q^T_D = −4 ȧ a ⟨∫ kB(k)e^{−ik·x} d^3k (2π)^3 ⟩ . (74)

In uniform curvature gauge, then, the entire kinematical backreaction is carried on averages of pure – i.e., nonquadratic – perturbations, and assuming these to vanish as in Papers I and II would unsurprisingly lead to an incomplete answer. This is the most important result of the calculation in this gauge. The other correction terms become

P_D = ⟨∫ ( 3 ȧ a ϕ̇(k) − 4 ȧ a kB(k) − k^2ϕ(k) ) e^{−ik·x} d^3k (2π)^3 ⟩

+ 1 (2π)^3 ∫ ( ȧ a ( 3B(k)Ḃ^∗(k) − 6ϕ(k)ϕ̇^∗(k) ) − kϕ̇(k)B^∗(k) − k^2 |ϕ(k)|^2 ) P(k) dk k , (75)

β^P_D = ⟨∫ k ( Ḃ(k) + 6 ȧ a B(k) ) e^{−ik·x} d^3k (2π)^3 ⟩ + 3 (2π)^3 ȧ a ∫ kB(k)ϕ^∗(k)P(k) dk k , (76)

T_D = ( ȧ a )_2 ⟨∫ (δ(k) + 2ϕ(k)) d^3k (2π)^3 ⟩

+ 1 (2π)^3 ȧ a 2 ∫ ( 2ϕ(k)δ^∗(k) + 2v(k)B^∗(k) + 2 |B(k)|^2 + |v(k)|^2 ) P(k) dk k , (77)

S_D = 1 2(2π)^3 ( ȧ a )_2 ∫ (

|B(k)|^2 + |v(k)|^2 + 2v(k)B^∗(k) ) P(k) dk k . (78)

While analytic solutions in this gauge can be presented, they lack the clarity of those performed in conformal Newtonian gauge, to which we now turn.

2. Conformal Newtonian Gauge

In Paper I and Paper II, along with for example [21], the Newtonian gauge was employed, as an alternative to the common use in studies of averaging of synchronous gauge. Newtonian gauge has certain advantages: the gravitational potential and spatial curvatures have clear physical interpretations and, moreover, remain small across all the scales studied. The Newtonian gauge also possesses a vanishing shift and a diagonal spatial perturbation, which simplifies the calculations somewhat. Here we use conformal Newtonian gauge. The major advantage in doing so is the simplicity with which solutions may be found – in Paper II the analytic solutions employed were derived in conformal Newtonian gauge.

Conformal Newtonian gauge is found by substituting ϕ → Ψ, B_i → 0 and C_{ab} → −Φδ_{ab} in the general expressions, and the line element is

ds^2 = a^2(η) ( −(1 + 2Ψ)dη^2 + (1 − 2Φ)δ_{ij} dx^idx^j ) . (79)

The kinematical backreaction becomes

Q^T_D = 6 ⟨ Φ̇^2 ⟩ . (80)

The dynamical backreaction is

P_D = ⟨ ∂^i∂_iΨ + 3 ȧ a ( Ψ̇ − Φ̇ )⟩ + ⟨ 2Φ∂^i∂_iΨ − (∂_iΨ) ( ∂^iΨ + ∂^iΦ )⟩ − 3 ⟨ Φ̇Ψ̇ + 2 ȧ a ΨΨ̇ + 2 ȧ a ΦΦ̇ ⟩ (81)

and the curvature correction is

R_D = 4 ⟨ ∂^i∂_iΦ ⟩ + ⟨ 6 ( ∂^iΦ ) (∂_iΦ) + 8(Ψ + 2Φ)∂^i∂_iΦ ⟩ . (82)

The fluid corrections are

T^{(a)}_D = 8πG 3 a^2ρ_{(a)} ⟨ δ_{(a)} + 2Ψ + 2Ψδ_{(a)} + (1 + w_{(a)})v^2_{(a)} ⟩ (83) and S^{(a)}_D = 4πG 3 a^2ρ_{(a)} ⟨ 3c^2_{s,(a)}δ_{(a)} + 6w_{(a)}Ψ + 6c^2_{s,(a)}Ψδ_{(a)} + (1 + w_{(a)})v^2_{(a)} −

(c^2_{s,(a)})^· 2H(1 + w_{(a)}) δ^2_{(a)} ⟩ , (84)

and the contribution from the cosmological constant is simply

L_D = 2 3 a^2Λ ⟨Ψ⟩ . (85)

These closely resemble those presented in Paper II, with only P_D exhibiting minor differences from the change in time coordinate.

In the particular case of a pure Einstein-de Sitter universe, the vanishing anisotropic stress implies that Φ = Ψ and that Φ̇ = 0. The fluid corrections become

T_D = 8πG 3 a^2ρ ⟨ δ + 2Ψ + 2Ψδ + v^2 ⟩ , S_D = 4πG 3 a^2ρ ⟨ v^2 ⟩ , L_D = 0. (86)

The kinematical backreaction vanishes, while the dynamical backreaction simplifies slightly to

P_D = ⟨ ∂^i∂_iΨ ⟩ + ⟨ 2Φ∂^i∂_iΨ − (∂_iΨ) ( ∂^iΨ + ∂^iΦ )⟩ . (87)

The solutions to the linear system in Fourier space are given [33] by

Φ_k = const., δ = − 1 6 Φ_kk^2η^2, v = 1 3 Φ_kkη, a = a_0 ( η η_0

)_2

. (88)

Noting as a result of (69) that

⟨(∂^aΦ)(∂_aΦ)⟩ = − ⟨Φ∂^a∂_aΦ⟩ , (89)

one can find using these solutions that the effective energy density, pressure and equation of state of the backreaction from second-order perturbations are 8πG 3 a^2ρ_{eff} = r + 19 9 Q, 8πG 3 a^2p_{eff} = 1 27 Q, w_{eff} = 1 3(r + 19)

(90)

where r = L Q , (91) and L = 36 η^2 ∫ (δ(k) + 2Φ(k)) e^{−ik·x} d^3k (2π)^3 + 6 ∫ k^2Φ(k)e^{−ik·x} d^3k (2π)^3 , Q = R (2π)^3 ∫ k^2 |Φ(k)|^2 P(k) dk k (92)

are the linear and quadratic contributions respectively. (Recall that δ = δ_{(1)} + (1/2)δ_{(2)}, so the “linear” contributions include terms that are at second order in perturbation theory.) Here R = ∫ W (x) √ h_0d^3x/ ∫ W (x) √ hd^3x is the ratio of the spatial volume as evaluated on the background and the perturbed manifold. r then encodes the magnitude of straight averages across the perturbation compared to averages of the perturbations squared. In other words, it encodes the error implicit in the approach of, for example, Papers I and II, where it was assumed that L ≡ 0.^7 It is not the aim of this study to evaluate the magnitude of r; however, some general statements may be made about the backreaction nonetheless.

The effective pressure is positive definite. To accelerate the universe then requires a negative energy density, implying that r < −19. The backreaction then acts as a dark energy for w_{eff} > −1/3, which requires r > −20. Therefore, if

r ∈ (−20, −19) (93)

then the backreaction arising in a pure dust universe will act to accelerate the spatial volume – as a dark energy, albeit one with a negative effective energy density which serves to reduce the Hubble rate. This is a restrictive requirement and argues against a backreaction that acts as a dark energy arising naturally in a pure dust universe.

If instead, as seems likely, the average of linear modes vanishes on large scales due to their Gaussian nature, and the average of second-order modes is of the same order of magnitude as that from quadratic terms, we have

O(r) ≈ 1. (94)

For r ∈ [−10, 10], we find that the effective equation of state lies between 1 87 < w_{eff} < 1 27 (95)

and in the case when the averages of second-order perturbations can themselves be entirely neglected we recover

w_{eff} = 1 57 (96)

as found in Paper II. From this we can conclude that, for any system where O(r) ≈ 1, the equation of state of backreaction from perturbations, up to and including second-order modes, is similar to warm dust and approximately

w_{eff} ≈ 1 60 . (97)

Only for situations where r ≈ −39/2 does the effective equation of state become such that the backreaction acts as a dark energy. This could be possible, for example, on smaller scales when the averages over linear modes cannot be neglected.

IV. DISCUSSION

In this paper we have formulated the averaged cosmological equations in the most general case for which the 3+1 separation holds and considered the nonlinear regime of perturbation theory in an unfixed and in two simple gauges. The formalism we have derived is entirely general for any spacetime in any coordinate system, and with any combination of fluids. This formalism differs from that recently presented in [23] as we have defined the Hubble rate from the change of a volume defined on an arbitrary surface, while the author of [23] defined his Hubble rate from the expansion scalar. Before specialising to a perturbative system, we also highlighted some issues with the interpretation

7 While the second version of this paper was being prepared, the authors of [35] studied the backreaction in Newtonian gauge including explicitly the averages of second-order perturbations and so effectively found r explicitly, in the case where ensemble averages of first-order perturbations vanish.

of the “backreaction”, depending on the choice of underlying system and of the lapse. These issues are illustrated with reference to perturbative models: in such systems the backreaction terms will in general include terms that otherwise appear in the background Friedmann equations; and for systems in a conformal time the energy densities should all be scaled by the conformal factor. It is therefore sensible to suggest that general statements concerning the “effective fluid” should be made with care, and that this effective fluid is best defined on a model-specific basis.

One of the motivations for the development of this formalism, other than future study into fully general systems, was to consider the gauge issue in backreaction and, in particular, whether a choice can be found that renders the correction terms in their simplest form. To this end, we applied the general formalism to a Robertson-Walker universe perturbed to second-order in metric and fluid perturbations, working in an unspecified gauge. The resulting averaged equations can then be put into a required gauge by removing the redundant degrees of freedom. We then argued that the most obvious gauge choices are those that either remove or maximally simplify one or more of the backreaction quantities, with the simplest choices being the uniform curvature gauge, the conformal synchronous gauge, and the conformal Newtonian gauge. The system in uniform curvature gauge remains somewhat unwieldy despite the vanishing spatial curvature, with the kinematical and dynamical backreactions complicated instead with contributions from the shift vector. However, flat gauge does significantly simplify the use of Fourier modes and ensemble averaging. The system appears to reduce to a simpler form in the conformal Newtonian gauge, in which the anisotropic terms and the shift vanish and in which analytic solutions for simple cases are easily found. Working in conformal Newtonian gauge, we generalised the analytical estimates of Paper II to the case where contributions of the form ⟨Φ⟩ cannot be neglected, finding that, on large scales where the average of linear modes vanishes and that of second-order modes is of the same order as quadratic terms, the backreaction has an equation of state similar to warm dust. On smaller scales where the average of linear modes no longer vanishes it remains possible to argue for an equation of state more drastically different from dust, but the linear contributions would need to be in a narrow window more than an order of magnitude greater than those from quadratic terms.

Acknowledgments

The authors wish to thank Christof Wetterich, Thomas Dent, Sami Nurmi, David Seery and Kishore Ananda for helpful discussions and comments. IAB is supported by the Heidelberg Graduate School for Fundamental Physics and wishes to thank the Department of Mathematics and Applied Mathematics in Cape Town for kind hospitality, and Chris Clarkson, George Ellis, Julien Larena and Roy Maartens for stimulating discussions during the stay. They also wish to thank an anonymous referee for comments that helped increase the clarity of the paper. JB and IAB also wish to thank the Astronomy Unit at Queen Mary University of London for kind hospitality during the opening and closing stages of the project.

[1] M. F. Shirokov and I. Z. Fischer, Soviet Astronomy A. J. 6, 699 (1963), reprinted in GRG 30 (1998) 9, 1411. [2] G. F. R. Ellis, in General Relativity and Gravitation Conference, edited by B. Bertotti, F. de Felice, and A. Pascolini (1984), pp. 215–288.

[3] T. Futamase, Mon. Not. Roy. Astron. Soc. 237, 187 (1989). [4] M. Kasai, Phys. Rev. Lett. 69, 2330 (1992).

[5] T. Buchert and J. Ehlers, Astron. Astrophys. 320, 1 (1997), astro-ph/9510056. [6] T. Futamase, Phys. Rev. D53, 681 (1996).

[7] R. M. Zalaletdinov, Bull. Astron. Soc. India 25, 401 (1997), gr-qc/9703016. [8] H. Russ, M. H. Soffel, M. Kasai, and G. Borner, Phys. Rev. D56, 2044 (1997), astro-ph/9612218. [9] T. Buchert, Gen. Rel. Grav. 32, 105 (2000), gr-qc/9906015. [10] T. Buchert, Gen. Rel. Grav. 33, 1381 (2001), gr-qc/0102049. [11] C. Wetterich, Phys. Rev. D67, 043513 (2003), astro-ph/0111166. [12] S. Rasanen, JCAP 0402, 003 (2004), astro-ph/0311257. [13] N. Li and D. J. Schwarz (2007), gr-qc/0702043.

[14] R. A. Vanderveld, E. E. Flanagan, and I. Wasserman (2007), arXiv:0706.1931 [astro-ph]. [15] S. Rasanen, JCAP 0804, 026 (2008), arXiv:0801.2692 [astro-ph]. [16] N. Li and D. J. Schwarz, Phys. Rev. D78, 083531 (2008), arXiv:0710.5073 [astro-ph]. [17] A. Paranjape, Phys. Rev. D78, 063522 (2008), arXiv:0806.2755 [astro-ph]. [18] I. A. Brown, G. Robbers, and J. Behrend (2008), ‘Paper II’, arXiv:0811.4495 [gr-qc]. [19] J. Behrend, I. A. Brown, and G. Robbers, JCAP 0801, 013 (2008), ‘Paper I’, arXiv:0710.4964 [astro-ph]. [20] M. Kasai, H. Asada, and T. Futamase, Prog. Theor. Phys. 115, 827 (2006), astro-ph/0602506. [21] H. Tanaka and T. Futamase, Prog. Theor. Phys. 117, 183 (2007), astro-ph/0612151.

[22] M. Gasperini, G. Marozzi, and G. Veneziano, JCAP 0903, 011 (2009), 0901.1303. [23] J. Larena (2009), arXiv:0902.3159 [gr-qc]. [24] E. Gourgoulhon (2007), gr-qc/0703035.

[25] J. W. York, Jr., in Sources of Gravitational Radiation, edited by L. L. Smarr (1979), pp. 83–126. [26] R. M. Wald, General Relativity (University of Chicago Press, London, 1984).

[27] S. J. Stoeger, William R., A. Helmi, and D. F. Torres, Int. J. Mod. Phys. D16, 1001 (2007), gr-qc/9904020. [28] J. Behrend (2008), arXiv:0812.2859 [gr-qc].

[29] J. Larena, J.-M. Alimi, T. Buchert, M. Kunz, and P.-S. Corasaniti (2008), 0808.1161. [30] T. Buchert and M. Carfora, Class. Quant. Grav. 19, 6109 (2002), gr-qc/0210037. [31] K. A. Malik and D. Wands (2008), 0809.4944. [32] A. Paranjape (2009), 0906.3165.

[33] R. Durrer, Lect. Notes Phys. 653, 31 (2004), astro-ph/0402129.

[34] A. M. Green, S. Hofmann, and D. J. Schwarz, JCAP 0508, 003 (2005), astro-ph/0503387. [35] C. Clarkson, K. Ananda, and J. Larena (2009), 0907.3377.