arXiv:0903.3449v1 [gr-qc] 20 Mar 2009

Inhomogeneus Inflation and Cosmic no-Hair Conjecture

M. A. S. Nobre^{1,2†}, M. R. de Garcia Maia^{1∗}, J. C. Carvalho^{2‡}, J. A. S. Lima^{1,3§} 1Departamento de Física Teórica e Experimental, Universidade Federal do Rio Grande do Norte, 59072 - 970, Natal, RN, Brazil 2Departamento de Física, Universidade Federal da Paraíba, 58051-970, J. Pessoa, PB, Brazil and 3Departamento de Astronomia, Universidade de São Paulo, Rua do Matão, 1226, CEP 05508-900, São Paulo, SP, Brazil (Dated: March 23, 2009)

Abstract

The cosmic no hair conjecture is tested for a large class of inhomogeneous cosmologies with a positive cosmological constant Λ. Firstly, we derive a new class of exact inhomogeneous cosmological solutions whose matter content of the models is formed by a mixture of two interacting simple fluids plus a cosmological Λ-term. These models generalize the de Sitter spacetime and the inhomogeneous two-fluid Szekeres-type cosmologies derived by Lima and Tiomno. Finally, we show that the late time behaviour of our solutions is in agreement with the “cosmic no hair theorem” of Hawking and Moss.

PACS number(s): 04.20.Jb, 98.80.Dr

PACS numbers: Keywords:

† assunta@fisica.ufpb.br ∗ mrgm@dfte.ufrn.br ‡ carvalho@dfte.ufrn.br § limajas@astro.iag.usp.br

I. INTRODUCTION

It is widely known that inflationary models of the early universe provide a very interesting solution to some shortcomings of the standard hot big-bang cosmology, among them the observed homogeneity, horizon and flatness problem [1, 2, 3]. Although considering that many issues in inflationary cosmology remain unsettled, its confrontation with cosmic observations have already started with the latest cosmic microwave backgroun (CMB) experiments. Actually, the three-year Wilkinson Microwave Anisotropy Probe (WMAP) data as well as the current five-year WMAP have precision enough to discriminate the simplest single-field inflationary models [4, 5]. Very recently, Kinney et al. [6] presented an update of the inflation constraints using the WMAP5 and confirmed the results previously obtained by themselves with the WMAP3 data. In particular, the WMAP5 team has claimed that the quartic chaotic inflationary scenarios of the form V (ϕ) = λϕ^4 were ruled out, while quadratic chaotic inflationary models with potential, V (ϕ) = λϕ^4, revealed to be in better agreement with the observational data [5].

In the simplest inflationary scenario, the initial conditions present in the big bang should be dynamically irrelevant to the structure of the Universe observed today. This happen because during inflation the Universe expands almost exponentially, that is, a(t) ≈ e^{Ht} (H = √ Λ/3), where the cosmological constant Λ represents the effective vacuum energy density of a given scalar field ϕ. This can be taken for granted because in order to solve the cosmological puzzles the duration of such incredible expanding state must be at least of the order of 60 e-folds. The assumption that all expanding models with a positive cosmological constant evolve inevitably to the de Sitter spacetime means that the universe effectively loses the memory of its initial conditions. Up to the present there is no general proof of this kind of “cosmic no hair theorem”, as it was named by Hawking and Moss [7]. Partial results were obtained for non-rotating homogeneous and anisotropic cosmologies of the Bianchi type classification [8], as well as for some kind of inhomogeneous Universes [9, 10]. Although the proof of the conjecture is only shown in a restricted class of spacetimes, it is widely believed that a large set of time-dependent cosmologies with Λ must evolve to de Sitter spacetime which plays the hole of a special cosmic attractor, thereby potentially solving the dilemma of initial data.

On the other hand, some attention has also been paid to exact and approximated inhomogeneous models of the universe in connection with the singularity problem as well as to solve the difficulties in obtaining realistic inhomogeneous expanding solutions endowed with a well defined equation of state [11, 12, 13, 14]. More recently, inhomogeneous cosmologies has also been considered as a possible explanation to the present accelerating stage of the Universe [15, 16, 17] with no appeal to some sort of dark energy component [18, 19], or even to modified gravity theories [20, 21].

In this framework, we derive here a large class of expanding inhomogeneous solutions for which the equation of state problem is also circumvented in a natural way. These solutions generalize a subclass of inhomogeneous models with a Λ-term found by Barrow and Stein-Chabes [22], and the inhomogeneous two-fluid Szekeres-type cosmologies derived by Lima and Tiomno [23] (see also [24]). In Krasinski’s classification [25], such spacetimes are contained in the subfamily of inhomogeneous solutions derived by Szafron [26], and, as we shall see, the complete set of solutions fulfill the requirements of the cosmic no hair conjecture.

II. THE MODELS

Let us now consider the line element of the Szekeres-type models of class II as given in [23](in our units 8πG = c = 1).

ds^2 = dt^2 − Q^2 dx^2 − R^2 (dy^2 + h^2 dz^2) , (II.1) where

Q ≡ Q(t, x, y, z) = R(t) A(x, y, z) + R_0 T (t, x) , (II.2) A(x, y, z) = 4 α(x) [ sin( √ k y/2) √ k ]_2 + [χ(x) cos z + ν(x) sin z] sin( √ k y) √ k + + ξ(x) cos( √ k y) , (II.3) α, χ, ν, ξ are arbitrary functions of x, R_0 is a constant factor with dimension of time, and h(y) = sin( √ k y) √ k = y for k = 0 = sin y for k = +1 = sinh y for k = −1 . (II.4)

The functions T (t, x) and R(t) will be determined from the Einstein field equations with a Λ-term, G^{μν} = T^{μν} + Λg^{μν} , (II.5) where the energy-momentum tensor T^{μν} is given by

T^{μν} = (ρ + p)u^μu^ν − pg^{μν} , (II.6)

with ρ and p being the total energy density and pressure of the medium, respectively.

In the comoving frame, u^μ = δ^μ_0 , and it follows from (II.1)–(II.6) that the Einstein equations reduce to (a dot means derivatives with respect to the cosmic time)

ρ + Λ =

3 A R (Ṙ^2 + k) + 2 R_0 R Ṙ Ṫ + R_0 T (Ṙ^2 + k) − 4 α R (A R + R_0 T ) R^2

, (II.7)

p − Λ = −2 R̈ R − Ṙ2 R^2 − k R^2

, (II.8) 2α R_0 = RT̈ + ṘṪ − [ R̈ +

Ṙ2 + k R ] T . (II.9)

If p = Λ = 0 the solutions of the above system take the form established by Szekeres [27, 28]. If p = 0 and Λ ≠ 0 we get the solutions found by Barrow and Stein-Schabes [22]. In the framework of a two-fluid interpretation, the solutions derived by Lima and Tiomno [23] have Λ = 0 and ρ = ρ_{F RW} + Δρ, (II.10) where ρ_{F RW} is a Friedmannian homogeneous and isotropic component, and Δρ is an inhomogeneous dust. In what follows we extend this approach by defining

ρ_{F RW} + Λ ≡ 3

Ṙ2 + k R^2

, (II.11) Δρ ≡ 2 R_0 R Ṙ Ṫ − 2 R_0 T (Ṙ^2 + k) − 4 α R (A R + R_0 T ) R^2

. (II.12)

If we now take p = ωρ_{F RW} , (II.13) equation (II.8) can be recast as R R̈ + ( 1 + 3ω 2 ) (Ṙ^2 + k) − 1 2 (1 + ω) Λ R^2 = 0 , (II.14) whose first integral is given by

Ṙ^2 = ( R_0 R )_{1+3ω} − k + 1 3 Λ R^2 . (II.15)

We note that eq. (II.14) is the general FRW differential equation for a fluid with a gammalaw equation of state plus a Λ-term. Also, the functional dependence of the Friedmanian component ρ_{F RW} with respect to the scale factor is obtained by replacing the first integral (II.15) into (II.11). Moreover, inserting (II.14) into (II.9), we see that the equation for T (t, x) becomes R T̈ + Ṙ Ṫ + [ 1 − 3ω 1 + 3ω

R̈ − 1 + ω 1 + 3ω Λ R ] T = 2α R_0

. (II.16)

The problem now reduces to solve the equations (II.14) or equivalently (II.15) and (II.16). Following the procedure developed in Refs. [13, 23] we find that, if k = α = 0 and ω ≠ −1, the functions R and T can be written as

R = R_0 [ cosh Θ(t) + √ 3/Λ R_0 sinh Θ(t)

] 2_{3(1+ω)} , (II.17)

Θ(t) = √ 3Λ 2 (1 + ω) (t − t_0) , (II.18) T = β(x) ( R R_0 ) + μ(x) ( R R_0

) −1+3ω_2 F [ ω − 1 2(1 + ω) , 1 2 , 1 + 3ω 2(1 + ω) ; z ] , (II.19) z = − 1 3 Λ R^2_0 ( R R_0

)_{3(1+ω)} , (II.20)

where β and μ are two new arbitrary functions of x and F is the hypergeometric Gaussian function.

For k = α = 0 and ω = −1 the solutions an be written as

R = R_0 exp [√ 1 R^2_0 + Λ 3 (t − t_0) ] , (II.21) T = β(x) ( R R_0 ) + μ(x) ( R R_0 )_{−2} . (II.22)

In order to complete the solution it is sufficient to substitute the above equations in the expressions (II.11) and (II.12) for the density. As one may check, these solutions have no killing vectors, are type D in the Petrov classification, and the flow of matter is irrotational and geodetic.

As one should expect, if Λ = 0, (II.17) – (II.20) reduce to

R = R_0 [ 1 + 3(1 + ω) 2 (t − t_0)

R_0

] 2_{3(1+ω)} , (II.23) and T = β(x) ( R R_0 ) + μ(x) ( R R_0

) −1+3ω_2

, (II.24) which are the expressions derived in ref. [23] for k = α = 0 and ω ≠ −1. Furthemore, using the identity F (a, b, b; z) = (1 − z)^{−a} [29], it is easy to see that, if ω = 0 and Λ ≠ 0, a subclass of the parabolic models derived by Barrow and Stein-Chabes is recovered.

For large values of the cosmological time, we have R ∼ e √_{Λ/3 t} , (II.25) T ∼ β(x) ( R R_0 ) . (II.26)

In this limit one can see that σ ∼ 0 and θ ∼ √ 3Λ, where σ and θ are the shear and expansion rates, respectively. Hence, since Q ∼ A R, the homogeneous and isotropic de Sitter phase is reached (compare with the results of Lima and Tiomno [23]). As in the solutions presented by Barrow and Stein-Schabes [22], the comoving geodetic observers of our models will see the deviations of the de Sitter exact form decay exponentially with time in agreement with the “cosmic no hair conjecture”.

Finally, we remark that the existence of this large class of exact inhomogeneous cosmological models evolving to de Sitter spacetime may have great interest for inflationary scenarios. In particular, for the whole class of Szekeres type cosmologies, which includes the closed and open FRW universes as limiting case (Lima and Tiomno[23]), one may investigate how the flatness problem is solved under more general conditions than the ones usually considered in the inflationary context.

Acknowledgments

The authors would like to thank CNPq and FAPESP (Brazilian Research Agencies) for financial support.

[1] A. H. Guth, Phys. Rev. D23, 347 (1981); A. D. Linde, Phys. Lett. 108B, 389, (1982); A.

Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982).

[2] A. R. Liddle and D. H. Lyth, Cosmological Inflation and the Large Scale Structure, Cambridge University Press, Cambridge (2000).

[3] S. Dodelson, Modern Cosmology, Academic Press, Boston (2003). [4] Spergel D. N. et al., Astrophys. J. Suppl. 148, 175 (2003).

[5] WMAP Collaboration (Spergel D. N. et al.), Astrophys. J. Suppl. 170, 377 (2007); WMAP Collaboration (Komatsu E. et al.), arXiv:0803.0547 [astro-ph].

[6] W. H. Kinney, E. W. Kolb, A. Melchiorri and A. Riotto, arXiv:0805.2966 [astro-ph]. [7] S. W. Hawking and I. G. Moss, Phys. Lett. 110B, 35 (1982). For a review see K. Maeda, in the Proceedings of the 5th Marcel Grossman Meeting, Eds. D. G. Blair and M. J. Buckigham, World Scientific, Singapure (1989).

[8] R. W. Wald, Phys. Rev. D 28), 2118 (1983); I. G. Moss and V. Sahni, Phys. Lett. B178, 157 (1986).

[9] A. A. Starobinskii, JEPT Lett. 37, 66 (1983).

[10] L. Jensen and J. A. Stein-Chabes, Phys. Rev. D 35, 1146 (1987). [11] J. M. M. Senovilla, Phys. Rev. Lett. 64, 2219 (1990). [12] E. Ruiz and J. M. M. Senovilla, Phys. Rev. D45, 1995 (1992).

[13] J. A. S. Lima and M. A. S. Nobre, CQG 7, 399 (1990); J. A. S. Lima and J Tiomno, CQG 6, L93 (1989).

[14] R. A. Sussman and D. Pavon, Phys. Rev. D60, 104023 (1999); R. A. Sussman, I. Quiros and O. M. Gonzalez, Gen. Rel. Grav. 37, 2117 (2005).

[15] J. W. Moffat, JCAP 0605, 001 (2006).

[16] R. A. Vanderveld, E. Eanna E. Flanagan and I. Wasserman, Phys. Rev. D74, 023506 (2006). [17] R. C. Santos, J. V. Cunha and J. A. S. Lima, Phys. Rev. D77, 023519 (2008); R. C. Santos and J. A. S. Lima, Phys. Rev. D77, 083505 (2008).

[18] T. Padmanabhan, Phys. Rep. 380, 235 (2003); P. J. E. Peebles and B. Ratra, Rev. Mod. Phys.

75, 559 (2003); J. A. S. Lima, Braz. J. Phys. 34, 194 (2004); V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D 15, 2105 (2006).

[19] W. Chen and Y-S. Wu, Phys. Rev. D 41, 695 (1990); J. C. Carvalho, J. A. S. Lima, and I.

Waga, Phys. Rev. D 46, 2404 (1992); I. Waga, Astrophys. J. 414, 436 (1993); J . A. S. Lima and J. M. F. Maia, Phys. Rev. D49, 5597 (1994); J. M. F. Maia and J. A. S. Lima, Phys. Rev. D65, 083513 (2002), astro-ph/0112091; I. L. Shapiro, J. Sola, and H. Stefancic, J. Cosmol. Astropart. Phys. 01 (2005) 012; E. Elizalde, S. Nojiri, S. D. Odintsov, and P. Wang, Phys. Rev. D 71, 103504 (2005); J. S. Alcaniz and J. A. S. Lima, Phys. Rev. D 72, 063516 (2005); S. H. Pereira and J. A. S. Lima, Phys. Lett. B669, 266 (2008); J. A. S. Lima, J. F. Jesus, J. V. Cunha, ApJL 690, L85 (2009), arXiv:0709.2195 [astro-ph].

[20] S. Capozziello and M. Francaviglia, Gen. Relativ. Gravit. 40, 357 (2008); T. P. Sotiriou, F(R) Theories of Gravity, arXiv:0805.1726[gr-qc].

[21] S. Capozziello, S. Nojiri, S.D. Odintsov and A. Troisi, Phys. Lett. B 639, 135 (2006); A. W.

Brookfield, C. van de Bruck and L.M.H. Hall, Phys. Rev. D 74, 064028 (2006); L. Amendola, R. Gannouji, D. Polarski and S. Tsujikawa, Phys. Rev. D 75, 083504 (2007); L. Amendola, D. Polarski and S. Tsujikawa, Int. J. Mod. Phys. D 16, 1555 (2007); W. Hu and I. Sawicki, Phys. Rev. D 76, 064004 (2007); B. Li, J.D. Barrow and D.F. Mota, Phys. Rev. D 76, 104047 (2007); J. Santos, J. S. Alcaniz, M. J. Reboucas and F. C. Carvalho, Phys. Rev. D 76, 083513 (2007); J. Santos, J. S. Alcaniz, F. C. Carvalho, N. Pires, Phys. Lett. B669, 14 (2008).

[22] J. D. Barrow and J. Stein-Schabes, Phys. Lett. 103A, 315 (1984); S. Kluske and H. -J.

Schmidt, Astron. Nachr. bf 5, 337 (1996).

[23] J. A. S. Lima and J. Tiomno, Gen. Rel. Grav. 20, 1019 (1988). [24] R. A. Sussman, CQG 9, 1891 (1992).

[25] A. Krasinski, Inhomogeneous Cosmological Models, Cambridge University Press (1997). [26] D. A. Szafron, J. Math. Phys. 18, 1673 (1977). [27] P. Szekeres, Comm. Math. Phys. 41, 55 (1975).

[28] W. B. Bonnor and N. Tomimura, Mon. Not. R. Astron. Soc. 175, 85 (1976). [29] M. Abramowitz and I. A. Stegun, eds., Handbook of Mathematical Functions (Dover, New York, 1985).