arXiv:0903.3532v1 [gr-qc] 20 Mar 2009

STRUCTURE AND EVOLUTION OF SELF–GRAVITATING OBJECTS AND THE ORTHOGONAL SPLITTING OF THE RIEMANN TENSOR

L. Herrera^{1∗†}, J. Ospino^{2‡}, A. Di Prisco^{1§}E. Fuenmayor^{1 ¶} and O. Troconis^{1‖}

1Escuela de Física, Facultad de Ciencias, Universidad Central de Venezuela, Caracas, Venezuela.

2Area de Física Teórica, Facultad de Ciencias, Universidad de Salamanca, 37008 Salamanca, España.

March 23, 2009

∗Postal address: Apartado 80793, Caracas 1080A, Venezuela. †e-mail: laherrera@cantv.net.ve ‡e-mail: jhozcra@usal.es §e-mail: adiprisc@fisica.ciens.ucv.ve ¶e-mail: efuenma@fisica.ciens.ucv.ve ‖e-mail:otroconis@fisica.ciens.ucv.ve

Abstract

The full set of equations governing the structure and the evolution of self–gravitating spherically symmetric dissipative fluids with anisotropic stresses, is written down in terms of five scalar quantities obtained from the orthogonal splitting of the Riemann tensor, in the context of general relativity. It is shown that these scalars are directly related to fundamental properties of the fluid distribution, such as: energy density, energy density inhomogeneity, local anisotropy of pressure, dissipative flux and the active gravitational mass. It is also shown that in the static case, all possible solutions to Einstein equations may be expressed explicitly through these scalars. Some solutions are exhibited to illustrate this point.

1 INTRODUCTION

The gravitational collapse of massive stars, and its resulting remanent (neutron star or black hole) represent one of the few observable scenarios where general relativity is expected to play a relevant role. Therefore, a detailed description of gravitational collapse and the modelling of the structure of compact objects under a variety of conditions, remain among the most interesting problems that general relativity has to deal with. This fact explains the great attraction that these problems exert on the community of the relativists. Starting with the seminal papers by Oppenheimer and Snyder [1] and Oppeheimer and Volkoff [2], a long list of works has been presented trying to provide models of evolving gravitating spheres and compact objects (just as a sample, and without the pretension of being exhaustive, see [3]–[26] and references therein).

Motivated by the above arguments, we present in this work a study on self–gravitating relativistic fluids in terms of a set of scalars obtained from the orthogonal splitting of the Riemann tensor. As we shall see these scalars have a distinct physical meaning and appear to be particularly well suited for the description of self–gravitating fluids.

We shall assume our system to be spherically symmetric. This is a common assumption in the study of self–gravitating compact objects, since deviations from spherical symmetry are likely to be incidental rather than basic features of the process involved (see however the discussion in [27]–[29]).

For sake of generality we shall further assume the fluid to be locally anisotropic (principal stresses unequal) and dissipative.

The assumption of local anisotropy of pressure, which seems to be very sensible to describe matter distribution under a variety of circumstances, has been proved to be very useful in the study of relativistic compact objects and related problems (see [30] for a comprehensive review until 1997, and [31]–[72] and references therein, for more recent developments).

On the other hand, it is already an established fact, that gravitational collapse is a highly dissipative process (see [73], [74], [75] and references therein). This dissipation is required to account for the very large (negative) binding energy of the resulting compact object (of the order of −10^{53}erg).

In fact, it seems that the only plausible mechanism to carry away the bulk of the binding energy of the collapsing star, leading to a neutron star or black hole, is neutrino emission [76].

As usual, we shall describe dissipation in two limiting cases. The first case (diffusion) applies whenever the mean free path of particles responsible for the propagation of energy is very small as compared with the typical length of the object. For example, for a main sequence star as the sun, the mean free path of photons at the center, is of the order of 2 cm. Also, the mean free path of trapped neutrinos in compact cores of densities about 10^{12} g. cm^{−3} becomes smaller than the size of the stellar core [77, 78]. Furthermore, the observational data collected from supernova 1987A indicates that the regime of radiation transport prevailing during the emission process, is closer to the diffusion approximation than to the free streaming limit [79]. In this case, it is assumed that the energy flux of radiation, as that of thermal conduction, is proportional to the gradient of temperature.

The second case (free streaming), applies when the mean free path of particles transporting energy is larger than (or equal to) the typical length of the object. Since this condition may hold for a large number of stellar scenarios, it is advisable to include simultaneously both limiting cases of radiative transport, diffusion and free streaming, allowing for describing a wide range of situations.

In the next section we shall introduce the relevant physical variables and deploy the equations for describing a dissipative self–gravitating locally anisotropic fluid.

As mentioned before, a fundamental role in our study will be played by a set of scalars derived from the orthogonal splitting of the Riemann tensor. Such a splitting and the ensuing variables, are presented in Section III. In Section IV the physical meaning of the above mentioned scalars is discussed, and in Section V a general method to obtain all static anisotropic solutions in terms of those scalars, is presented.

Finally the results are discussed in the last section.

2 THE GENERAL FORMALISM

In this section we shall present the physical variables and the relevant equations for describing a dissipative self–gravitating locally anisotropic fluid. Here we shall closely follow the program outlined in [75], thus we refer the reader to that article for more details.

2.1 Einstein equations

We consider spherically symmetric distributions of collapsing fluid, which for the sake of completeness we assume to be locally anisotropic, undergoing dissipation in the form of heat flow (diffusion limit) and/or free streaming radiation (free streaming limit), bounded by a spherical surface Σ. The line element is given in Schwarzschild–like (non–comoving) coordinates by ds^2 = e^ν dt^2 − e^λdr^2 − r^2 ( dθ^2 + sin^2 θdϕ^2 ) , (1)

where ν(t, r) and λ(t, r) are functions of their arguments. We number the coordinates: x^0 = t; x^1 = r; x^2 = θ; x^3 = ϕ. The metric (1) has to satisfy Einstein field equations

G^ν_μ = κT^ν_μ , (2) with κ = 8π and which in our case read [3]:

−κT^0_0 = − 1 r^2

+ e^{−λ}( 1 r^2 − λ^′ r ), (3)

−κT^1_1 = − 1 r^2

+ e^{−λ}( 1 r^2 + ν^′ r ), (4)

−κT^2_2 = −κT^3_3 = − e^{−ν} 4 (2λ̈ + λ̇(λ̇ − ν̇)) + e^{−λ} 4 (2ν^{′′} + ν^{′2} − λ^′ν^′ + 2 ν^′ − λ^′ r ), (5)

−κT_{10} = − λ̇ r , (6)

where dots and primes stand for partial differentiation with respect to t and r, respectively. In order to give physical significance to the T^μ_ν components we apply the Bondi approach [3].

Thus, following Bondi, let us introduce purely locally Minkowski coordinates (τ, x, y, z)

dτ = e^{ν/2}dt ; dx = e^{λ/2}dr ; dy = rdθ ; dz = r sin θdϕ.

Then, denoting the Minkowski components of the energy tensor by a bar, we have

T̄^0_0 = T^0_0 ; T̄^1_1 = T^1_1 ; T̄^2_2 = T^2_2 ; T̄^3_3 = T^3_3 ; T̄_{01} = e^{−(ν+λ)/2}T_{01}.

Next, we suppose that when viewed by an observer moving relative to these coordinates with proper velocity ω in the radial direction, the physical content of space consists of an anisotropic fluid of energy density ρ, radial pressure P_r, tangential pressure P_⊥, radial heat flux q and unpolarized radiation of energy density ϵ traveling in the radial direction. Thus, when viewed by this (comoving with the fluid) observer the covariant energy–momentum tensor in Minkowski coordinates is ρ + ϵ −q − ϵ 0 0 −q − ϵ P_r + ϵ 0 0 0 0 P_⊥ 0 0 0 0 P_⊥ .

Then a Lorentz transformation gives

T^0_0 = T̄^0_0 = ρ + P_rω^2 1 − ω^2 + 2ωq 1 − ω^2 + ϵ(1 + ω) 1 − ω , (7)

T^1_1 = T̄^1_1 = −

P_r + ρω^2 1 − ω^2 − 2ωq 1 − ω^2 − ϵ(1 + ω) 1 − ω , (8)

T^2_2 = T^3_3 = T̄^2_2 = T̄^3_3 = −P_⊥, (9)

T_{01} = e^{ν+λ2} T̄_{01} = −

(ρ + P_r)ωe^{ν+λ}2 1 − ω^2 − qe^{λ+ν}2 1 − ω^2

(1 + ω^2) − e^{λ+ν}2 ϵ(1 + ω) 1 − ω . (10)

Note that the coordinate velocity in the (t, r, θ, ϕ) system, dr/dt, is related to ω by ω = dr dt e^{(λ−ν)/2}. (11) Feeding back (7–10) into (3–6), we get the field equations in the form

ρ + P_rω^2 1 − ω^2 + 2ωq 1 − ω^2 + ϵ(1 + ω) 1 − ω = − 1 κ { − 1 r^2 + e^{−λ} ( 1 r^2 − λ^′ r )} , (12)

P_r + ρω^2 1 − ω^2 + 2ωq 1 − ω^2 + ϵ(1 + ω) 1 − ω = − 1 κ { 1 r^2 − e^{−λ} ( 1 r^2 + ν^′ r )} , (13)

P_⊥ = − 1 κ { e^{−ν} 4 ( 2λ̈ + λ̇(λ̇ − ν̇) )

− e^{−λ} 4 ( 2ν^{′′} + ν^{′2} − λ^′ν^′ + 2 ν^′ − λ^′ r )} , (14)

(ρ + P_r)ωe^{λ+ν}2 1 − ω^2 + qe^{λ+ν}2 1 − ω^2

(1 + ω^2) + e^{λ+ν}2 ϵ(1 + ω) 1 − ω = − λ̇ κr . (15)

Next, the four–velocity vector is defined as

u^α = ( e^{− ν}2 (1 − ω^2)^{1/2} , ωe^{− λ}2 (1 − ω^2)^{1/2}

, 0, 0), (16)

from which we can calculate the four acceleration, a^α = u^α_{;β}u^β

ωa_1 = −a_0e^{λ−ν2} = − ω 1 − ω^2 [ ( ωω^′ 1 − ω^2 + ν^′ 2 ) + e^{λ−ν2} ( ωλ̇ 2 + ω̇ 1 − ω^2 ) ] , (17)

the shear tensor σ_{μν} and the expansion Θ

σ_{μν} = u_{μ;ν} + u_{ν;μ} − u_μa_ν − u_ν a_μ − 2 3 Θh_{μν} , (18)

with

h_{μν} = g_{μν} − u_μu_ν Θ = u^μ_{;μ}, (19)

Θ = e^{−ν/2} 2 (1 − ω^2)^{1/2} ( λ̇ + 2ωω̇ 1 − ω^2 ) + e^{−λ/2} 2 (1 − ω^2)^{1/2} ( ων^′ + 2ω^′ 1 − ω^2 + 4ω r ) , (20) σ_{11} = − 2 3 (1 − ω^2)^{3/2} [ e^λe^{−ν/2} ( λ̇ + 2ωω̇ 1 − ω^2 ) + e^{λ/2} ( ων^′ + 2ω^′ 1 − ω^2 − 2ω r )] , (21)

σ_{22} = − e^{−λ}r^2 (1 − ω^2) 2 σ_{11}, (22)

σ_{33} = − e^{−λ}r^2 (1 − ω^2) 2 sin^2 θσ_{11}, (23)

σ_{00} = ω^2e^{−λ}e^ν σ_{11}, (24) σ_{01} = −ωe^{(ν−λ)/2}σ_{11}. (25) We may write the shear tensor also as σ_{αβ} = 1 2 σ(s_αs_β + 1 3 h_{αβ} ), (26)

with

σ = − 1 (1 − ω^2)^{1/2} [ e^{− ν2} (λ̇ + 2ωω̇ 1 − ω^2

) + e^{− λ2} (ων^′ + 2ω^′ 1 − ω^2 − 2ω r ) ] , (27)

and s^μ being defined by

s^μ = ( ωe^{− ν}2 (1 − ω^2)^{1/2} , e^{− λ}2 (1 − ω^2)^{1/2}

, 0, 0), (28)

with the properties s^μu_μ = 0, s^μs_μ = −1.

It will be convenient to write the energy–momentum tensor (7)-(10) as:

T^μ_ν = ρ̃u^μu_ν − P̂ h^μ_ν + Π^μ_ν + q̃(s^μu_ν + s_ν u^μ), (29)

with Π^μ_ν = Π(s^μs_ν + 1 3 h^μ_ν ), q̃^μ = q̃s^μ,

P̂ =

P̃_r + 2P_⊥ 3 , ρ̃ = ρ + ϵ, P̃_r = P_r + ϵ, q̃ = q + ϵ, Π = P̃_r − P_⊥.

For the exterior of the fluid distribution, the spacetime is that of Vaidya, given by

ds^2 = ( 1 − 2M(u) R ) du^2 + 2dudR − R^2 ( dθ^2 + sin^2 θdϕ^2 ) , (30)

where u is a coordinate related to the retarded time, such that u = constant is (asymptotically) a null cone open to the future and R is a null coordinate (g_{RR} = 0).

The two coordinate systems (t, r, θ, ϕ) and (u, R, θ, ϕ) are related at the boundary surface by u = t − r − 2M ln ( r 2M − 1 ) , (31)

R = r. (32) In order to match smoothly the two metrics above on the boundary surface r = r_Σ(t), we require the continuity of the first and the second fundamental forms across that surface, yielding (see [15] for details)

e^{νΣ} = 1 − 2M R_Σ

, (33)

e^{−λΣ} = 1 − 2M R_Σ

, (34)

[P_r]_Σ = [q]_Σ , (35) where, from now on, subscript Σ indicates that the quantity is evaluated on the boundary surface Σ, and (35) expresses the discontinuity of the radial pressure in the presence of heat flow, which is a well known result [80].

Eqs. (33), (34), and (35) are the necessary and sufficient conditions for a smooth matching of the two metrics (1) and (30) on Σ.

2.2 The Riemann and the Weyl tensor

We know that the Riemann tensor may be expressed through the Weyl tensor C^ρ_{αβμ}, the Ricci tensor R_{αβ} and the scalar curvature R, as: R^ρ_{αβμ} = C^ρ_{αβμ} + 1 2 R^ρ_βg_{αμ} − 1 2 R_{αβ} δ^ρ_μ + 1 2 R_{αμ}δ^ρ_β − 1 2 R^ρ_μg_{αβ} − 1 6 R(δ^ρ_β g_{αμ} − g_{αβ}δ^ρ_μ). (36) In the spherically symmetric case, the magnetic part of the Weyl tensor vanishes and we can express the Weyl tensor in terms of its electric part (E_{αβ} = C_{αγβδ}u^γ u^δ) as C_{μνκλ} = (g_{μναβ} g_{κλγδ} − η_{μναβ} η_{κλγδ})u^αu^γ E^{βδ}, (37) with g_{μναβ} = g_{μα}g_{νβ} − g_{μβ}g_{να}, and η_{μναβ} denoting the Levi–Civita tensor. Observe that E_{αβ} may also be writen as

E_{αβ} = E(s_αs_β + 1 3 h_{αβ}), (38)

with E = e^{−ν} 4 [ λ̈ + λ̇(λ̇ − ν̇) 2 ]

− e^{−λ} 4 [ ν^{′′} + ν^{′2} − λ^′ν^′ 2 − ν^′ − λ^′ r + 2(1 − e^λ) r^2 ] , (39)

satisfying the following properties:

E^α_α = 0, E_{αγ} = E_{(αγ)}, E_{αγ} u^γ = 0. (40)

2.3 The mass function and the Tolman mass

Here we shall introduce the two most commonly used definitions for the mass of a sphere interior to the surface Σ, as well as some interesting relationships between them and the Weyl tensor. These will be used later to provide physical meaning to the five scalars quantities which will be derived from the orthogonal splitting of the Riemann tensor.

2.3.1 The mass function For the line element (1) the mass function m is defined by:

R^3_{232} = 1 − e^{−λ} = 2m r . (41) Then, using (2), (36) and (38) we may write 3m r^3 = κ 2 ρ̃ + κ 2 (P_⊥ − P̃_r) + E. (42) Observe that from (3) and (41) the mass function may also be writen as m = κ 2 ∫_r 0 r^2T^0_0 dr. (43) Another interesting relationship for the mass function may be obtained as follows. From field equations (12)–(14), and (36), (38) and (43) we get m = κ 6 r^3 ( T^0_0 + T^1_1 − T^2_2 ) + r^3E 3 . (44) Next, differentiating (44) with respect to r and using (43) it follows ( r^3E 3 )_′ = − κ 6 r^3 ( T^0_0 )_′ + κ 6 [ r^3 ( T^2_2 − T^1_1 )]_′ , (45) and integrating E = − κ 2r^3 ∫_r 0 r^3 ( T^0_0 )_′ dr + κ 2 ( T^2_2 − T^1_1 ) . (46) Finally, inserting (46) into (44) we obtain m(r, t) = κ 6 r^3T^0_0 − κ 6 ∫_r 0 r^3 ( T^0_0 )_′ dr. (47) Now, there are three specific situations when T^0_0 = ρ̃ and T^2_2 − T^1_1 = Π, namely:

• In the static regime, i.e. when ω as well as all time derivatives vanish. • In the quasi–static regime, where (see [15]) ω^2 ≈ ω̇ ≈ ν̈ ≈ λ̈ ≈ ν̇λ̇ ≈ λ̇^2 ≈ 0 (48)

• Immediately after the system departs from equilibrium, i.e. on a time scale of the order of (or smaller than) the hydrostatic time, in which case ω ≈ λ̇ ≈ ν̇ ≈ 0; ω̇ ≠ 0.

Thus in the three cases above, (46) and (47) become E = − κ 2r^3 ∫_r 0 r^3 (ρ̃)^′ dr + κ 2 Π, (49)

m(r, t) = κ 6 r^3ρ̃ − κ 6 ∫_r 0 r^3 (ρ̃)^′ dr. (50)

The first of these equations relates the Weyl tensor to two fundamental physical properties of the fluid distribution, namely: density inhomogeneity and local anisotropy of pressure. The second one expresses the mass function in terms of its value in the case of a homogeneous energy density distribution, plus the change induced by density inhomogeneity.

2.3.2 Tolman mass

An alternative definition to describe the energy content of a fluid sphere was proposed by Tolman many years ago. The Tolman mass for a spherically symmetric distribution of matter is given by (eq.(24) in [81])

m_T = κ 2 ∫_{rΣ} 0 r^2e^{(ν+λ)/2} ( T^0_0 − T^1_1 − 2T^2_2 ) dr + 1 2 ∫_{rΣ} 0 r^2e^{(ν+λ)/2} ∂ ∂t ( ∂L ∂ [∂ (g^{αβ} √ −g) /∂t] ) g^{αβ}dr, (51) where L denotes the usual gravitational Lagrangian density (eq.(10) in [81]). Although Tolman’s formula was introduced as a measure of the total energy of the system, with no commitment to its localization, we shall define the mass within a sphere of radius r, completely inside Σ, as

m_T = κ 2 ∫_r 0 r^2e^{(ν+λ)/2} ( T^0_0 − T^1_1 − 2T^2_2 ) dr + 1 2 ∫_r 0 r^2e^{(ν+λ)/2} ∂ ∂t ( ∂L ∂ [∂ (g^{αβ} √ −g) /∂t] ) g^{αβ}dr. (52)

This extension of the global concept of energy to a local level [82] is suggested by the conspicuous role played by m_T as the “active gravitational mass”, which will be exhibited below.

Now, it can be shown after some lengthy calculations (see [83] for details) that

m_T = e^{(ν+λ)/2} [ m(r, t) − κ 2 r^3T^1_1 ] . (53)

Replacing T^1_1 by (4) and m by (41), one also finds m_T = e^{(ν−λ)/2} ν^′ r^2 2 . (54)

This last equation brings out the physical meaning of m_T as the active gravitational mass. Indeed, as it follows from (17), the gravitational acceleration (a = −s^ν a_ν ) of a test particle, instantaneously at rest in a static gravitational field, is given by (see also [84]) a = e^{−λ/2} ν^′ 2 = e^{−ν/2}m_T r^2

. (55)

Another expression for m_T , which appears to be more suitable for the discussion in Sec.IV may be obtained as follows. Taking the r-derivative of (54) (see [83] for details, but notice some minor misprints in eqs.(31) and (38) in that reference as well as slight changes in notation) and using (44), (53), and field equations, we obtain

rm^′_T − 3m_T = e^{(ν+λ)/2}r^3 [ κ 2 ( T^1_1 − T^2_2 ) − E ]

+ e^{(λ−ν)/2}r^3 2 ( λ̈ + λ̇2 2 − λ̇ν̇ 2 ) , (56)

which can be formally integrated to give

m_T = (m_T )_Σ ( r r_Σ

)_3

− r^3 ∫_{rΣ} r e^{(ν+λ)/2} r [ κ 2 ( T^1_1 − T^2_2 ) − E ] dr

− r^3 ∫_{rΣ} r e^{(λ−ν)/2} 2r ( λ̈ + λ̇2 2 − λ̇ν̇ 2 ) dr, (57) or, using (46)

m_T = (m_T )_Σ ( r r_Σ

)_3

− r^3 ∫_{rΣ} r e^{(ν+λ)/2} [κ r ( T^1_1 − T^2_2 ) + 1 r^4 ∫_r 0 κ 2 r̃^3(T^0_0 )^′dr̃ ] dr − r^3 ∫_{rΣ} r e^{(λ−ν)/2} 2r ( λ̈ + λ̇2 2 − λ̇ν̇ 2 ) dr. (58) For the three cases considered above (i.e. the static regime, the quasi– static regime, and immediately after the system departs from equilibrium) we have T^0_0 = ρ̃ and T^2_2 − T^1_1 = Π. Thus, in any of these cases, (58) expresses the Tolman mass of a sphere of radius r interior to Σ, in terms of its value in the case of a homogeneous energy density and locally isotropic fluid in equilibrium (first term), plus the change induced by density inhomogeneity and local anisotropy (second term), plus changes derived from the fact that the system is not in equilibrium (last term). For a discussion on this last term see [83].We shall, come back to this expression in Sec.IV.

The important point to stress here is that the second integral in (57) (or (58)) describes the contribution of density inhomogeneity and local anisotropy of pressure to the Tolman mass. It is also worth noticing that when the system is evaluated immediately after its departure from equilibrium, the value of ω remains unchanged. Therefore the physical meaning of m_T , as the active gravitational mass obtained for the static (and quasi-static) case, may be safely extrapolated to the non-static case within that (hydrostatic) timescale.

2.4 Structure and evolution equations

As shown in [75] the following set of equations may be derived to describe the self–gravitating fluid:

ρ̃^∗ + (ρ̃ + P̃_r)θ = 2 3 (θ + σ 2 )Π − q̃^† − 2q̃(a + s^1 r ), (59)

P̃^†_r + (ρ̃ + P̃_r)a + 2s^1 r Π = q̃ 3 (σ − 4θ) − q̃^∗, (60)

θ^∗ + θ^2 3 + σ^2 6 − a^† − a^2 − 2as^1 r = − κ 2 (ρ̃ + 3P̃_r) + κΠ, (61)

( σ 2 + θ)^† = − 3σs^1 2r + 3κ 2 q̃, (62)

E + κ 2 Π = −a^† − a^2 − σ^∗ 2 − θσ 3 + as^1 r + σ^2 12 , (63)

( κ 2 P̃_r + 3m

r^3

)(θ + σ 2 ) + (E − κ 2 Π + κ 2 ρ̃)^∗ = − 3κs^1 2r q̃, (64)

(E + κ 2 ρ̃ − κ 2 Π)^† =

3s^1 r ( κ 2 Π − E) + κ 2 q̃( σ 2 + θ), (65) 3m r^3 = κ 2 ρ̃ + κ 2 (P_⊥ − P̃_r) + E, (66)

with f^† = f_{,α}s^α, f^∗ = f_{,α}u^α, a^α = as^α, and σ 2 + θ = 3ωs^1 r . (67)

These equations are not independent and, of course, provide no more information than the one contained in Einstein equations, however we present them all, since depending on the problem under consideration, it may be more advantageous using one set instead of the other.

The first two equations comes from the “conservation” equations T^μ_{ν;μ} = 0. Equations (61) (Raychaudhuri equation) and (62) are derived from the Ricci identitities, whereas equation (63) is a consequence of (2), (36) and Ricci identities. The next two equations follow from the Bianchi identities writen in terms of the Weyl tensor (see [75] for details). Finally, (66) is just (42).

We shall next present the orthogonal splitting of the Riemann tensor, and express it in terms of the variables considered so far.

3 THE ORTHOGONAL SPLITTING OF THE RIEMANN TENSOR

The orthogonal splitting of the Riemann tensor was first considered by Bel [85], here we shall follow closely (with some changes) the notation in [86].

Thus following Bel, let us introduce the following tensors: Y_{αβ} = R_{αγβδ} u^γ u^δ, (68) Z_{αβ} =^∗ R_{αγβδ} u^γ u^δ = 1 2 η_{αγϵρ}R^{ϵρ}_{βδ}u^γ u^δ, (69) X_{αβ} =^∗ R^∗_{αγβδ} u^γu^δ = 1 2 η^{ϵρ}_{αγ} R^∗_{ϵρβδ}u^γ u^δ, (70) with R^∗_{αβγδ} =^1_2 η_{ϵργδ}R^{ϵρ}_{αβ} .

It can be shown that the Riemann tensor can be expressed through these tensors in what is called the orthogonal splitting of the Riemann tensor (see [86] for details). Now, instead of using the explicit form of the splitting of Riemann tensor (eq.(4.6) in [86]), we shall proceed as follows.

Using the Einstein equations we may write (36) as

R^{αγ}_{βδ} = C^{αγ}_{βδ} + 2κT^{[α}_{[β}δ^{γ]}_{δ]} + κT ( 1 3 δ^α_{[β}δ^γ_{δ]} − δ^{[α}_{[β}δ^{γ]}_{δ]}), (71)

then feeding back (29) into (71) we split the Riemann tensor as R^{αγ}_{βδ} = R^{αγ}_{(I) βδ} + R^{αγ}_{(II) βδ} + R^{αγ}_{(III) βδ}, (72) where

R^{αγ}_{(I) βδ} = 2κρ̃u^{[α}u_{[β}δ^{γ]}_{δ]} − 2κP̂ h^{[α}_{[β}δ^{γ]}_{δ]} + κ(ρ̃ − 3P̂ )(^1_3 δ^α_{[β}δ^γ_{δ]} − δ^{[α}_{[β}δ^{γ]}_{δ]})

R^{αγ}_{(II) βδ} = 2κ(Π^{[α}_{[β}δ^{γ]}_{δ]} + q̃s^{[α}u_{[β}δ^{γ]}_{δ]} + q̃u^{[α}s_{[β}δ^{γ]}_{δ]}) R^{αγ}_{(III) βδ} = 4u^{[α}u_{[β}E^{γ]}_{δ]} − ϵ^{αγ}_μϵ_{βδν} E^{μν} (73) with ϵ_{αγβ} = u^μη_{μαγβ} , ϵ_{αγβ} u^β = 0, (74) and where the vanishing, due to the spherical symmetry, of the magnetic part of the Weyl tensor (H_{αβ} =^∗ C_{αγβδ}u^γ u^δ) has been used.

From (74) it follows that ϵ^{μγν} ϵ_{ναβ} = u^σu^ρη^{μγν}_ρ η_{σναβ} , producing

ϵ^{μγν} ϵ_{ναβ} = δ^γ_αh^μ_β − δ^μ_αh^γ_β + u_α(u^μδ^γ_β − δ^μ_β u^γ ), (75)

or, contracting α with μ in (75) ϵ^{μγν} ϵ_{νμβ} = −2h^γ_β. (76) Using the results above, we can now find the explicit expressions for the three tensors Y_{αβ}, Z_{αβ} and X_{αβ} in terms of the physical variables, we obtain Y_{αβ} = κ 6 (ρ̃ + 3P̂ )h_{αβ} + κ 2 Π_{αβ} + E_{αβ} , (77) Z_{αβ} = κ 2 q̃s^μϵ_{αμβ} , (78) and X_{αβ} = κ 3 ρ̃h_{αβ} + κ 2 Π_{αβ} − E_{αβ}. (79)

From the above, we can obtain expressions for two quantities endowed with a profound physical meaning (see [86] , [87], [88] and references therein). They appear in the orthogonal splitting of the Bel tensor [89]. One of them is the Bel superenergy, defined by

W̄ = 1 2 (X^{αβ}X_{αβ} + Y^{αβ}Y_{αβ} ) + Z^{αβ}Z_{αβ}, (80)

the other is the super–Poynting vector, defined as

P̄_α = ϵ_{αβγ} (Y^γ_δ Z^{βδ} − X^γ_δ Z^{δβ} ). (81)

Similar quantities may also be defined from the orthogonal splitting of the Bel–Robinson tensor [90]. However it should be noticed that due to the vanishing of the magnetic part of the Weyl tensor in the spherically symmetric case, the super–Poynting vector associated to the Bel–Robinson tensor vanishes. Also, in the conformally flat case the superenergy associated to the Bel–Robinson tensor vanishes. In other words, these two definitions cover a much wider range of situations, when defined from the Bel tensor. Of course, in vacuum both set of definitions coincide. Then, from (80) and (81), using (77, 78, 79) we find

W̄ = κ^2 24 (5ρ̃^2 + 6ρ̃P̂ + 9P̂^2 + 4Π^2) + 2 3 E^2 + κ^2 2 q̃^2, (82)

P̄_α = κ^2 2 q̃(ρ̃ + P̃_r)s_α. (83)

Observe that the superenergy associated to the Bel–Robinson tensor (W ), which is defined by W = E^{αβ} E_{αβ}, (84) (assuming the magnetic part of the Weyl tensor vanishes, as it happens in our case), takes the form W = 2 3 E^2. (85)

Combining (85) with (82) we found

W̄ − W = κ^2 24 (5ρ̃^2 + 6ρ̃P̂ + 9P̂^2 + 4Π^2) + κ^2 2 q̃^2. (86)

It is also worth noticing that the super–Poynting vector vanishes if and only if there is not dissipative flux. This fact clearly illustrates the physical meaning of this vector, and fully justifies its name.

3.1 Five relevant scalars

We shall now derive five scalars quantities (hereafter referred to as structure scalars), in terms of which we shall write our equations (59)–(66).

Let us first observe that tensors X_{αβ} and Y_{αβ} can be splitted in terms of their traces and the corresponding trace–free tensor, i.e. X_{αβ} = 1 3 T rXh_{αβ} + X_{<αβ>}, (87) with T rX = X^α_α and, X_{<αβ>} = h^μ_αh^ν_β (X_{μν} − 1 3 T rXh_{μν} ). (88)

From (79) we have T rX ≡ X_T = κρ̃, (89) and X_{<αβ>} = X_{T F} (s_αs_β + h_{αβ} 3 ), (90)

where X_{T F} ≡ ( κΠ 2 − E). (91)

In a similar way we obtain T rY ≡ Y_T = κ 2 (ρ̃ + 3P̃_r − 2Π), (92) and Y_{<αβ>} = Y_{T F} (s_αs_β + h_{αβ} 3 ), (93)

with Y_{T F} ≡ ( κΠ 2 + E). (94)

Finally a fifth scalar may be defined from (78) as Z = √ Z_{αβ}Z^{αβ} = κ √ 2 q̃. (95)

From the above it follows that local anisotropy of pressure is determined by X_{T F} and Y_{T F} by κΠ = X_{T F} + Y_{T F} . (96) We can now rewrite equations (59)-(66) in terms of our five structure scalars (X_T , X_{T F} , Y_T , Y_{T F} , Z): κ 2 ρ̃^∗ + 1 3 (X_T +Y_T +X_{T F} +Y_{T F} )θ = 1 3 (θ+ σ 2 )(X_{T F} +Y_{T F} )− √ 2( Z^† 2 +aZ + s^1 r Z), (97) κ 2 P̃^†_r + 1 3 (X_T + Y_T + X_{T F} + Y_{T F} )a + s^1 r (X_{T F} + Y_{T F} ) = √ 2 3 ( σ 2 − 2θ)Z − √ 2 Z^∗ 2 , (98) θ^∗ + 1 3 θ^2 + σ^2 6 − a^† − a^2 − 2 r as^1 = −Y_T , (99)

( σ 2 + θ)^† = − 3σs^1 2r + 3 √ 2 2 Z (100)

a^† + a^2 + σ^∗ 2 + 1 3 θσ − a r s^1 − 1 12 σ^2 = −Y_{T F} , (101)

1 3 [(Y_T + Y_{T F} ) − 2X_{T F} + X_T ] (θ + 1 2 σ) + ( X_T 2 − X_{T F} )^∗ = − 3 2r s^1 √ 2Z, (102)

( κ 2 ρ̃ − X_{T F} )^† =

3s^1 r X_{T F} + √ 2 2 Z( σ 2 + θ), (103) 3m r^3 = X_T 2 − X_{T F} . (104)

Whereas for the Bel superenergy and the super–Poynting vector we find

W̄ = 1 6 (X^2_T + Y^2_T ) + 1 3 (X^2_{T F} + Y^2_{T F} ) + Z^2, (105) and P̄_α = √ 2 3 Z(X_T + Y_T + X_{T F} + Y_{T F} )s_α. (106)

3.2 On the physical meaning of the structure scalars

Let us now focus on the physical meaning of the scalars introduced in the previous subsection.

The physical meaning of X_T and Z is evident and does not require further clarification.

Let us now consider X_{T F} . From (103) it follows that in the absence of dissipation (Z = 0), (using the regular center condition),

ρ̃^† = 0 ⇔ X_{T F} = 0. (107)

In other words, in the absence of dissipation, X_{T F} controls inhomogeneities in the energy density.

The role of density inhomogeneities in the collapse of dust [91] and in particular in the formation of naked singularities [92]–[99], has been extensively discussed in the literature.

In the non–dissipative locally isotropic case, we obtain from (103), ρ̃^† = 0 ⇔ E = 0. This link between the Weyl tensor and energy density inhomogeneity and the fact that tidal forces tend to make the gravitating fluid more inhomogeneous as the evolution proceeds, led Penrose to propose a gravitational arrow of time in terms of the Weyl tensor [100] (see also [101] and references therein).

However, the fact that such a relationship is no longer valid in the presence of local anisotropy of the pressure and/or dissipative processes, already discussed in [75], explains its failure in scenarios where the above-mentioned factors are present [102].

Here we see that the single scalar X_{T F} (in the absence of dissipation) controls density inhomogeneities, and therefore should be the fundamental ingredient in the definition of a gravitational arrow of time. If dissipative processes are present, the scalar Z should be incorporated into that definition.

To establish the physical meaning of Y_T and Y_{T F} let us get back to equations (57), using (94) (for the three cases considered in 2.3.1) we get

m_T = (m_T )_Σ ( r r_Σ

)_3

+ r^3 ∫_{rΣ} r e^{(ν+λ)/2} r Y_{T F} dr − r^3 ∫_{rΣ} r e^{(λ−ν)/2} 2r λ̈dr. (108) Comparing the above expression with (58) we see that Y_{T F} describes the influence of the local anisotropy of pressure and density inhomogeneity on the Tolman mass. It is also worth recalling that Y_{T F} , together with X_{T F} , determines the local anisotropy of the fluid distribution.

Finally, observe that for a system in equilibrium or quasi–equilibrium, the Tolman mass (52) becomes

m_T = κ 2 ∫_r 0 r^2e^{(ν+λ)/2} ( T^0_0 − T^1_1 − 2T^2_2 ) dr, (109) which for those two regimes may be written as

m_T = ∫_r 0 r^2e^{(ν+λ)/2}Y_T dr. (110)

Thus Y_T appears to be proportional to the Tolman mass “density” for systems in equilibrium or quasi–equilibrium.

4 ALL STATIC ANISOTROPIC SPHERES

In this section we shall restrict ourselves to static sytems. We shall see how the metric corresponding to any static anisotropic sphere can be expressed in terms of the structure scalars. We shall explore three possible alternatives.

4.1 First alternative

From (41) and (104) it follows at once that

e^{−λ} = 1 − 2 3 r^2( 1 2 X_T − X_{T F} ). (111)

Next, using (99) and (101) in the static case, we may write a = r 3s^1

(Y_{T F} + Y_T ). (112)

On the other hand we have in the static case a = e^{− λ2} ν^′ 2 , s^1 = e^{− λ2} , (113)

where (17) and (28) have been used. Feeding back (113) into (112), and integrating we obtain e^ν = Ce ∫_{2r} 3 YT F +YT 1− 2r 2 3 ( 1 2 XT −XT F ) dr , (114)

where C is a constant of integration easily obtained from (33).

Then, using (118) and (114), the line element (1) in the static case may be writen as ds^2 = Ce ∫_{2r} 3 YT F +YT 1− 2r 2 3 ( 1 2 XT −XT F ) dr dt^2− 1 1 −^2_3 r^2(^1_2 X_T − X_{T F} ) dr^2−r^2(dθ^2+sin^2 θdϕ^2).

(115) Thus we see that all possible spacetimes generated by static anisotropic fluids, are fully determined by two scalars, namely: Y_{T F} +Y_T and^1_2 X_T −X_{T F} .

4.2 Second alternative

Alternatively we may proceed as follows. From (43), (89) and (104) we obtain m(r) = r^3 3 ( m^′ r^2 − X_{T F} ) , (116)

which after integration produces

m(r) = r^3 (∫ X_{T F} r dr + c_1 ) . (117)

Or, using (41)

e^{−λ} = 1 − 2r^2 (∫ X_{T F} r dr + c_1 ) , (118)

where the constant of integration c_1 may be easily calculated from (34).

Next, the field equation (4) in the static case may be writen as κ 2 P_r = 1 2 e^{−λ} − 1 r^2 + e^{−λ} ν^′ 2r , (119)

or, using (41), (92), (94), (112) and (113) κ 2 P_r + m r^3 = e^{−λ} ν^′ 2r = Y_h, (120)

with Y_h = 1 3 (Y_T + Y_{T F} ). (121)

We can now integrate (120) to obtain

e^ν = c_2e ∫_{2rYh} 1−2r2( ∫_{XT Fr dr+c1)} dr , (122) where the constant of integration c_2 may be obtained from (33). Thus using (118) and (122), the line element (1) in the static case may be writen as

ds^2 = c_2e ∫_{2rYh} 1−2r2( ∫_{XT Fr dr+c1)} dr dt^2− 1 1 − 2r^2( ∫_{XT F} r dr + c_1) dr^2−r^2(dθ^2+sin^2 θdϕ^2),

(123) allowing the representation of all possible metrics in terms of two scalar functions, Y_h and X_{T F} .

4.3 Third alternative

In the two previous alternatives we have seen that all line elements corresponding to an anisotropic fluid may be determined by two scalars. However in both cases these two scalars are a combination of four (alternative I) or three (alternative II) of our structure scalars. Here we shall present a third alternative, which allows for describing any line element in terms of only two structure scalars, namely X_{T F} and Y_{T F} .

Now, in the static case we may write from (39), E = − e^{−λ} 2 [ ν^{′′} 2 + ( ν^′ 2 )^2 + ν^′ 2 (− λ^′ 2 − 1 r ) + λ^′ 2r + 1 − e^λ r^2 ] , (124)

then introducing new variables y = e^{−λ}; ν^′ 2 = u^′ u , (125)

(124) becomes

y^′ + 2y u^{′′} −^{u′}_r +^u_{r2} u^′ −^u_r = 2u(1 − 2r^2E)

r^2(u^′ −^u_r )

, (126)

which after integration yields y = e^− ∫_{k(r)dr} ( ∫ e ∫_{k(r)dr} f(r)dr + C_1), (127)

with k(r) = 2 d dr [ ln(u^′ − u r ) ] , f(r) = 2u(1 − 2r^2E) r^2(u^′ −^u_r ) , and where C_1 is a constant of integration easily obtained from the junction conditions.

Then, getting back to original variables, (127) becomes ν^′ 2 − 1 r = e^λ2 r √ (1 − 2r^2E) + e^{−ν} r^2C_1 + e^{−ν} r^2 ∫ (2r^2E)^′ e^ν r^2 dr. (128) Next let us introduce the new variable z by,

e^ν = e^2 ∫_{zdr} r^2

, (129) producing z(r) = ν^′ 2 + 1 r . (130)

Using (129) and (130) in (128) we get a a link between E and z

z(r) = 2 r + e^λ2 r (1 − 2r^2E) + r^4e^− ∫_{2z(r)dr} C_1 + r^4e^− ∫_{2z(r)dr} ∫ (2r^2E)^′ e ∫_{2z(r)dr} r^4 dr. (131) Next, from field equations (4) and (5) it follows κΠ = e^{−λ} [ − ν^{′′} 2 − ( ν^′ 2 )^2 + ν^′ 2r + 1 r^2 ] + e^{−λ} λ^′ 2 ( ν^′ 2 + 1 r ) − 1 r^2

, (132)

which in terms of the variables z and y introduced above, becomes

y^′ + y( 2z^′ z + 2z − 6 r + 4 r^2z

) = − 2 z ( 1 r^2

+ κΠ). (133)

Integrating (133) we obtain for λ:

e^{λ(r)} = z^2(r)e

∫_{( 4} r2z(r) +2z(r))dr r^6(−2

∫_{z(r)(1+κΠ(r)r}2_{)e}

∫_{( 4} r2z(r) +2z(r))dr r^8 dr + C)

, (134)

where C is a constant of integration.

In terms of X_{T F} and Y_{T F} , equations (131) and (134) may be writen as:

z(r) = 2 r + e^λ2 r [1 − r^2(Y_{T F} − X_{T F} )] + r^4e^− ∫_{2z(r)dr} (C_1 + ∫ [r^2(Y_{T F} − X_{T F} )]^′ e ∫_{2z(r)dr} r^4 dr, (135) and e^{λ(r)} = z^2(r)e

∫_{( 4} r2z(r) +2z(r))dr r^6(−2 ∫_{z(r)[1+(XT F +YT F )r}2_{]e} ∫_{( 4} r2z(r) +2z(r))dr r^8 dr + C)

. (136)

Thus, given X_{T F} and Y_{T F} and using (136) in (135) we obtain z, which by virtue of (129) allows to find ν. Then using z in (136) determines λ.

This approach is essentially equivalent to the method for obtaining static anisotropic solutions presented in [68] (see also [103]).

As a simple example let us consider all conformally flat anisotropic fluids. Conformal flatness implies Y_{T F} = X_{T F} . Feeding back this condition into (135) we obtain for z z = 2 r + e^λ2 r tanh(

∫ e^λ2 r dr). (137)

In order to specify a single solution we have to provide another condition on our scalars. Thus for example, if we assume further the energy density to be constant, then X_{T F} = 0 implying Y_{T F} = 0, leading to the well known Schwarzschild interior solution.

5 CONCLUSIONS

We have presented a systematic study of spherically symmetric self–gravitating relativistic fluids, based on scalars functions derived from the orthogonal splitting of the Riemann tensor. In the most general case (dissipative and anisotropic fluid) we have five scalars, which reduce to two, in the case of dissipationless dust and static anisotropic fluids, and to one for static isotropic fluids.

The motivation to present such a study and to consider further these scalars in the study of self–gravitating objects stems from their distinct physical meaning. As we have seen, two of them (X_T and Z) define the energy density and the dissipative flux, respectively. In the absence of dissipation, X_{T F} controls the inhomogeneity of energy density and therefore is the relevant quantity in any definition of a gravitational arrow of time a la Penrose. Of course, in the dissipative case Z must also enter into that definition.

The two scalars Y_{T F} and Y_T are related in a conspicuous way to the Tolman mass. On the one hand Y_{T F} describes the influence of, both, energy density inhomogeneity and local anisotropy of pressure, on the Tolman mass. On the other hand Y_T acts as a Tolman mass density. It is worth noticing that these two scalars are the only ones that appear in the “kinematical” equations (99) and (101). Also observe that Z is the only structure scalar appearing in (100).

In the static case, Einstein equations reduce to three ordinary differential equations for five variables (ρ, P_r, P_⊥, ν, λ), implying that any specific solution is determined by two scalar functions. This was illustrated in the three subsections above. Furthermore, these two scalars functions may be X_{T F} and Y_{T F} as shown in the third alternative developped in subsection 4.3. This brings out further the physical relevance of the structure scalars.

6 Acknowledgements

J.O acknowledge financial assistance under grant BFM2003-02121 (M.C.T. Spain).

References

[1] J. Oppenheimer and H. Snyder, Phys. Rev. 56, 455 (1939). [2] J. Oppenheimer and G. Volkoff, Phys. Rev. 55, 374 (1939). [3] H. Bondi, Proc. R. Soc. London A281, 39 (1964). [4] C. W. Misner and D. H. Sharp, Phys. Rev. 136, B571 (1964). [5] C. W. Misner, Phys. Rev. 137, B1360 (1965). [6] M. May and R. White, Phys. Rev. 141, 1232 (1966). [7] J. Wilson, Astrophys. J. 163, 209 (1971).

[8] A. Burrows and J. Lattimer, Astrophys. J. 307, 178 (1986). [9] R. Adams, B. Cary and J. Cohen, Astrophys. Space Sci. 155, 271 (1989). [10] W. B. Bonnor, A. Oliveira and N. O. Santos, Phys. Rep. 181, 269 (1989). [11] M. Govender, S. Maharaj and R. Maartens, Class.Quantum Grav. 15, 323 (1998).

[12] D. Schafer and H. Goenner,Gen.Rel.Grav. 32, 2119 (2000). [13] M. Govender, R. Maartens and S. Maharaj, Phys.Lett.A 283, 71 (2001).

[14] S. Wagh et al., Class. Quantum Grav. 18, 2147 (2001). [15] L. Herrera, W. Barreto, A. Di Prisco and N. O. Santos, Phys. Rev. D 65,104004 (2002).

[16] P. Nogueira and R. Chan, Int.J. Mod. Phys. D 13, 1727,(2004). [17] J. Macher and J. Schaffner-Bielich, Eur. J. Phys. 26, 341 (2005). [18] I. Sagert, M. Hempel, C. Greinert and J. Schaffner-Bielich, Eur. J. Phys.

27, 577 (2006).

[19] B. C.Tewari, Astrophys. Space. Sci. 306, 273 (2006). [20] N. Naidu, M. Govender and K. Govinder, Int. J. Mod. Phys. D 15, 1053 (2006).

[21] R. Goswami, arXiv: 0707.1122.

[22] P. Joshi and R. Goswami, arXiv: 0711.0426.

[23] S. Misthry, S. Maharaj and P. Leach, Math. Meth. App. Sci. 31, 363 (2008).

[24] S. Rajah and S. Maharaj, J. Math. Phys. 49, 012501 (2008). [25] G. Pinheiro and R. Chan, Gen. Rel. Grav 40, 2149 (2008). [26] F. Fayos, and R. Torres, Class. Quantum Grav. 25, 175009 (2008). [27] L. Herrera, A. Di Prisco and J. Martínez, Astr.Space Sci. 277, 447 (2001).

[28] L. Herrera, A. Di Prisco and E. Fuenmayor, Class. Quantum Grav. 20, 1125 (2003).

[29] L. Herrera, Int. J. Mod. Phys. D 17, 557 (2008). [30] L. Herrera and N. O. Santos, Phys. Rep. 286, 53 (1997). [31] E. Corchero, Class.Quantum Grav. 15, 3645 (1998). [32] E. Corchero, Astr.Space Sci. 259, 31 (1998).

[33] H. Bondi, Mon.Not.R.Astr.Soc. 302, 337 (1999).

[34] H. Hernández, L. Núñez and U. Percoco, Class.Quantum Grav. 16, 897 (1999).

[35] T. Harko and M. Mak, J.Math. Phys. 41, 4752 (2000). [36] A. Das and S. Kloster, Phys.Rev.D 62, 104002 (2000). [37] S. Jhingan and G. Magli, Phys. Rev.D 61, 124006 (2000). [38] L. Herrera, A. Di Prisco, J. Ospino and E. Fuenmayor,J.Math.Phys. 42, 2129 (2001).

[39] L. Herrera, J. Martín and J. Ospino, J.Math.Phys 43, 4889 (2002). [40] J. Krisch and E. Glass, J.Math.Phys. 43,1509 (2002). [41] E. Corchero, Class.Quantum Grav. 19, 417 (2002). [42] T. Harko and M. Mak, Ann. Phys. (Leipzig) 11, 3 (2002). [43] M. Mak, P. Dobson, and T. Harko, Int.J.Modern Phys.D 11, 207 (2002). [44] R. Goswami and P. Joshi, Class.Quantum.Grav. 19, 5229 (2002). [45] K. Devi and M. Gleiser, Gen.Rel.Grav. 34, 1793 (2002). [46] R. Giambo, Class.Quantum.Grav. 19, 4399 (2002). [47] M. Mak and T. Harko, Chinese J.Astron.Astroph. 2, 248 (2002). [48] M. Mak and T. Harko, Proc.Roy.Soc.(London) 459, 393 (2003). [49] K. Devi and M. Gleiser, Gen.Rel.Grav. 35, 1793 (2003). [50] A. Pérez Martínez, H. P. Rojas and H. M. Cuesta, Eur. Phys. J. C 29, 111 (2003).

[51] A. Fuzfa, Class.Quantum Grav. 20, 4753 (2003).

[52] C. Cattoen, T. Faber and M. Visser, Class.Quantum Grav. 22, 4189 (2005).

[53] A. DeBenedictis, D. Horvat, S. Ilijic, S. Kloster and K. Viswanathan, Class.Quantum.Grav. 23, 2303 (2006).

[54] G. Bohmer and T. Harko, Class.Quantum Grav. 23, 6479 (2006). [55] A. Coley and N. Pelavas, Phys. Rev. D 74, 087301 (2006). [56] W. Barreto, B. Rodríguez, L. Rosales and O. Serrano, Gen. Rel. Grav.

39, 23 (2007).

[57] M. Esculpi, M. Malaver and E. Aloma, Gen. Rel. Grav. 39, 633 (2007). [58] G. Khadekar and S. Tade, Astr.Space.Sci. 310, 41(2007). [59] G. Bohmer and T. Harko, Mon. Not. R. Astron. Soc. 379, 393 (2007). [60] S. Karmakar, S. Mukherjee, R. Sharma and S. Maharaj, Pramana J.

68, 881 (2007).

[61] H. Abreu, H. Hernández and L. A. Núñez,Class. Quantum Grav. 24, 4631 (2007).

[62] R. Sharma and S. Maharaj, J. Astrophys. Astron. 28,133 (2007). [63] G. Brodin and M. Marklund,Phys.Rev.E 76, 055403 (2007). [64] T. Bandyopadhyay and S. Chakraborty, Mod. Phys. Lett. A 22, 2839 (2007).

[65] N. Naidu and M.Govender, J. Astroph. Astron. 28,167 (2007). [66] A. Coley and N. Pelavas, Phys. Rev. D 75, 043506 (2007). [67] S. Kandalkar and S. Gawande, Astrophys. Space.Sci. 315, 87 (2008). [68] L. Herrera, J. Ospino and A. Di Prisco, Phys.Rev. D 77, 027502 (2008). [69] R. Sussman, arXiv:0801.3324v4. [70] S. Viaggiu, arXiv:0810.2209.

[71] H.Andreasson, J. Diff. Eq. 245, 2243 (2008).

[72] A. Pérez Martínez., H. P. Rojas. and H. M. Cuesta, Int. J. Mod. Phys.

D 17, 2107(2008).

[73] L. Herrera and N. O. Santos, Phys. Rev. D 70, 084004 (2004). [74] A. Mitra, Phys. Rev. D 74, 024010 (2006).

[75] L. Herrera, A. Di Prisco, J. Martín, J. Ospino, N. O. Santos and O.

Troconis, Phys. Rev. D 69, 084026 (2004).

[76] D. Kazanas and D. Schramm, Sources of Gravitational Radiation, L.

Smarr ed., (Cambridge University Press, Cambridge, 1979). [77] W. D. Arnett, Astrophys. J. 218, 815 (1977). [78] D. Kazanas, Astrophys. J. 222, L109 (1978). [79] J. Lattimer, Nucl. Phys. A478, 199 (1988). [80] N.O. Santos,Mon. Not. R. Astron. Soc. 216, 403 (1985). [81] R. Tolman, Phys. Rev. 35, 875 (1930).

[82] F. I. Cooperstock, R. Sarracino and S. Bayin, J. Phys. A 14, 181 (1981). [83] L. Herrera, A. Di Prisco, J. Hernández-Pastora, and N. O. Santos, Phys.

Lett. A 237, 113 (1998).

[84] Ø. Grøn, Phys. Rev. D 31, 2129 (1985). [85] L. Bel, Ann. Inst. H Poincaré 17, 37 (1961). [86] A. García–Parrado Gomez Lobo, arXiv:0707.1475v2. [87] J, M. Senovilla, Class. Quantum Grav. 17, 2799 (2000). [88] L. Herrera, A. Di Prisco and J. Carot, Phys. Rev. D 76, 044012 (2007). [89] L. Bel, C. R. Acad. Sci. Paris 248, 1297, (1959).

[90] L. Bel, C. R. Acad. Sci. Paris 247, 1094 (1958); Cah. de Phys. 16, 59 (1962); Gen. Rel. Grav. 32, 2047 (2000).

[91] F. Mena and R. Tavakol, Class. Quantum Grav. 16, 435 (1999). [92] D. M. Eardley and L. Smarr, Phys.Rev. D 19, 2239 (1979). [93] D. Christodoulou, Commun. Math. Phys. 93, 171 (1984). [94] R. P. A. C. Newman Class. Quantum Grav. 3, 527 (1986). [95] B. Waugh and K. Lake, Phys.Rev. D 38, 1315 (1988). [96] I. Dwivedi and P. Joshi, Class. Quantum Grav. 9, L69 (1992). [97] P. S. Joshi and I.H. Dwivedi, Phys.Rev. D 47, 5357 (1993). [98] T. P. Singh and P. Joshi, Class. Quantum Grav. 13, 559 (1996). [99] P. Joshi, N. Dadhich and R. Maartens, gr-qc/0109051. [100] R. Penrose, General Relativity, An Einstein Centenary Survey, Ed. S.

W. Hawking and W. Israel (Cambridge: Cambridge University Press) p. 581–638 (1979).

[101] J. Wainwright, Gen. Rel. Grav. 16, 657 (1984); S. W. Goode and J.

Wainwright, Class. Quantum Grav. 2, 99 (1985); W. B. Bonnor, Phys. Lett. 112A, 26 (1985).

[102] W. B. Bonnor, Phys. Lett. 122A, 305 (1987); S. W. Goode, A. Coley and J. Wainwright, Class. Quantum Grav. 9, 445 (1992); N. Pelavas and K. Lake, gr-qc/9811085.

[103] K. Lake, Phys. Rev. Lett. 92, 051101 (2004)