arXiv:0903.3723v5 [gr-qc] 27 Apr 2009

On Hawking Radiation as Tunneling Phenomenon with Dissipation Effect

Haryanto M. Siahaan St. Aloysius School, Jalan Batununggal Indah II/30, Bandung 40266, West Java, Indonesia^∗ Abstract

In this letter, we derive the Hawking temperature in the tunneling method by considering the system is open to the environment. This consideration yields the temperature which is higher than the standard one. The correction of temperatures depends on spectral density of bath oscillators which is responsible for dissipation effect in our analysis.

Keywords: Hawking radiation, tunneling method, dissipation effect.

PACS numbers: 04.70.Dy ; 03.65.Sq

∗Electronic address: anto˙102@students.itb.ac.id

Hawking radiation demonstrates connection among gravity, quantum theory, and thermodynamics interpretation of black hole mechanics [1]-[3]. Semi-classical method in the quantum tunneling picture in deriving Hawking temperature has been introduced by Volovik in [4] and also [5]. He used the analogy between superfluidity and Hawking radiation. Earlier of this method was applied to the Unruh effect (and its condensed matter analogs) [6]. It was also applied to Zeldovich-Starobinskii effect (quantum tunneling from the ergosurface of rotating black hole) and to its condensed matter analogs in [7]. The details can be found in [8].

The semiclassical tunneling approaches have been developed for the astronomical black holes by Parikh–Wilczek and Padmanabhan et. al., i.e. null geodesic [9] and complex paths [10]–[12] methods. The methods have been being active research topics in the past decade, e.g. [13]-[19], and even to cosmology, e.g. [22]. Recently, the authors of [20] have unified the tunneling formalism and anomaly method through chirality and used the tunneling formalism to derive the black body spectrum at [21]. The main idea of these methods is outgoing probability (emission rate) calculation of a particle from inside of black hole horizon to infinity along classically forbidden trajectory. Then one can equalize it with the Boltzman factor to get the corresponding Hawking temperature.

Since we are discussing about tunneling process where the energy of outgoing particle is less than the potential that will be tunneled, the corresponding action of particle will become complex. Emission rate of this outgoing particle is given by

Γ ∼ exp (−2ImS) (1)

Understanding tunneled particle as the phenomenon of quantum systems open to environment can be formidable challenge. The particle, for instance, can exchange energy with the surrounding medium. This leads to dissipation effect to the tunneling process [23]-[24]. It is clear that the consideration of dissipation effect for tunneled particle in Hawking radiation would give a correction to the corresponding Hawking temperature. This idea will be worked out via null geodesic method [9]. We use the Caldeira-Leggett (CL) model [24] to describe open quantum system where the Hamiltonian contains system, bath, and coupling between them (system-bath).

We start by writing the Hamiltonian in CL model

H = H_S + H_B + H_{S−B} (2)

where[32]

H_S = p^2 2m + V (r) , (3)

H_B = N∑ n=1 ( p^2_n 2m_n + m_n 2 ω^2_nx^2_n ) , (4) and H_{S−B} = −r N∑ n=1 c_nx_n + r^2 N∑ n=1 c^2_n 2m_nω^2_n

. (5)

(r, p) and (x_n, p_n) are both pairs of coordinate and its conjugate momentum respectively, i.e. p = mṙ and p_n = m_nẋ_n. We have used the notation ȧ ≡ da/dt and variables r, x_n, m, ω_n, and m_n denote the radial coordinate of tunneled particle, coordinate of bath harmonic oscillators (will be shortened by b.h.o. from now on), mass of particle, frequency and mass of b.h.o. respectively. Without loss of generality, one also can choose [24] the coupling constant between system and bath c_n as the following

c_n = m_nω^2_n. (6)

In the Hamiltonian (2), we use directly the momentum p with subscript r to denote that we are working in radial coordinate that is suitable with our later analysis on 2-dimensional black hole. The system without coupling may have certain equilibrium positions which usually will be shifted if one couples it to other degrees of freedom. In this letter, we consider that both coordinates r and x_n are in equilibrium. It is possible by setting ∂H ∂x_n = 0. (7)

This condition ensures that the minimum of Hamiltonian would be determined only by the bare potential V (r), i.e. ∂H/∂r = ∂V (r)/∂r. Condition (6) yields a relation between system and bath coordinate which can be read as

x_n = c_n m_nω^2_n r. (8) The last equation therefore simply means that in equilibrium, system and bath coordinates fulfill a certain relation[33]. Furthermore, relation (7) would lead us to an expression dp_n dp = c_n mω^2_n , (9)

which will be useful in our later calculation.

In the null radial geodesic method, we get the dynamic of particle ṙ from the null geodesic condition ds^2 = dΩ^2 = 0 for general metric

ds^2 = −f (r) dt^2 + g (r)^{−1} dr^2 + r^2dΩ^2 (10) with time like Killing vector. dΩ^2 denotes the metric for 2-sphere. To remove the singularity at the horizon, r = r_h i.e. f (r_h) = g (r_h) = 0, one can perform the transformation (see [15]) dt → dt − √ 1 − g (r) f (r) g (r) dr. (11) By this transformation, one get the metric that can be read as

ds^2 = −f (r) dt^2 + 2f (r) √ 1 − g (r) f (r) g (r) dtdr + dr^2 + r^2dΩ^2 (12)

which is known as Painleve coordinates. The approximation of ṙ can be obtained by expanding f (r) and g (r) near horizon, r_h, and the result can be written as the following ṙ ≃ 1 2 √ f^′ (r_h) g^′ (r_h) (r − r_h) . (13)

We have used the notation a^′ ≡ da/dr in (13). The last expression tells us that the dynamic of outgoing particle from inside of horizon to infinity is governed by the geometry of the black hole.

Now, we focus on total Hamiltonian as expressed in (3). One can write dH dp = ∂H ∂p + ∂H ∂p_n dp_n dp . (14)

By combining (14) with the Hamilton equation ṙ = dH/dp (evaluated at r), thus we get the relation dH dp = ṙ ( 1 + N∑ n=1 c^2_n m_nmω^2_n ) . (15)

Since c_n, m_n, and ω_n are microscopic variables, we can present them in spectral density [24] that is written as J (ω) = π N∑ n=1 c^2_n 2m_nω_n δ (ω − ω_n). (16)

By the use of the choice in (6) that yields

J (ω) = π 2 N∑ n=1 m_nω^3_nδ (ω − ω_n), (17)

we can write (15) in a more compact form dH dp = ṙ ( 1 + C m ) , (18)

where C ≡ N∑ n=1 m_n = 2 π ∞∫ 0 J (ω) ω^3 dω.

The mass of particle that is written as m, in (18) could be replaced by ε (energy of outgoing particle) since we are working in natural dimensions where Newton’s constant, velocity of light in the vacuum, and Boltzman constant are unity, i.e. G = c = k_B = 1.

C is a constant that represents the total mass of b.h.o. which is physically assumed to be finite. Also, C can be viewed as the result of interaction between system and bath in our analysis. This term represents the dissipation effect in the quantum tunneling process as the basic mechanism for Hawking radiation in this letter. It depends on spectral density J (ω) which in dissipative quantum analysis plays a role as macroscopic variable. The most frequently used spectral density is the Ohmic one, J (ω) = ηω where η is a constant. Indeed, using this type of spectral density directly into our total mass C would lead to such infinity for low frequency ω. Thus, one can apply the same method to avoid this singularity by introducing the cut off frequency ω_c in the integration, and finally yields a finite total mass as expected. But we will not discussed any further on what kind spectral density that is suitable for Hawking radiation in the tunneling formalism. Our reason is there is no physical data that can be compared. Our aim in this letter is rather to show how to incorporate the dissipation effect in Hawking radiation analysis as open quantum system.

To get the Hawking temperature in this analysis, we start by writing the imaginary action for outgoing particle

ImS = Im r_{out}∫

r_{in} pdr = Im r_{out}∫

r_{in} p∫ 0 dp^′dr = Im r_{out}∫

r_{in} ε∫ 0 dε^′ ṙ (1 + C/m) dr. (19)

We have replaced the infinitesimal Hamiltonian dH in (19) with since the change of energy of system is depend on the energy of outgoing particle. By combining the results in (13) and (18), we can write the imaginary action as has been shown in (19) as the following

ImS = Im r_{out}∫

r_{in} ε∫ 0 2ε^′dε^′dr (ε^′ + C) √ f^′ (r_h) g^′ (r_h) (r − r_h)

. (20)

One can simply perform the dε^′ integration, and for dr integration one can perform such contour integration for upper half complex plane to avoid the singularity at r_h. We consider √ f^′ (r_h) g^′ (r_h) that is generally as a function of black hole mass [34] M would not depend on ε^′. The reason is when the tunneling is going on, the mass of the black hole is still unchanged into M − ε^′.

The result of integration in (20) can be read as

ImS =

2π (ε − C ln (ε + C)) √ f^′ (r_h) g^′ (r_h)

. (21)

Finally, by using the prescription proposed in [9], we can get the Hawking temperature after equating the emission rate as described in (1) with the Boltzman factor, exp (−εℏ/T ). The Hawking temperature as result from our analysis can be written as

T_H = ℏ √ f^′ (r_h) g^′ (r_h) 4π (1 − (C/ε) ln (ε + C))

. (22)

A modification of particle action for emission rate expression in equation (20) had been performed by several authors [e.g. [13], [30], and [31]]. They used ∮ p_rdr (which is canonically invariant) rather than ∫ p_rdr. This choice yields the value of temperature to be twice the correct one. Indeed, our analysis can also be performed in this scheme.

Our final finding in (22) would indeed change into standard Hawking temperature [13]-[17] for C = 0. The condition C = 0 can be obtained by setting m_n = 0 which means no dissipation source in the Hamiltonian (2), i.e. H = H_S. We find the correction ( 1 − Cε^{−1} ln (ε + C) )_{−1} (23)

for the standard Hawking temperature in the tunneling formalism T_H = (4π)^{−1} ℏ √ f^′ (r_h) g^′ (r_h).

To get a definite positive temperature, a physical condition that must be obeyed for ε and C can be written as the following

ln (ε + C) < ε C . (24)

This condition is physically reasonable. For example, if one consider the correction (23) would be a small valued one, thus ln (ε + C) << C^{−1}ε. This means the total mass of entire b.h.o must be much less than the energy of tunneled particle. This picture is physically acceptable.

Application of open quantum system analysis which rises the dissipation effect to the tunneling processes in condensed matter (such as superconductor, superfluidity, molecular transistors, etc.) has been performed by some authors [29]. Volovik also had shown the close analogy between superfluidity and Hawking radiation [4] [5]. Most realistic black hole will not be in vacuum, but will have some matter around such as from a companion star or interstellar medium. By these hints, we are convinced that (real) Hawking radiation will also exhibit the dissipation effect.

Future investigation that would be interesting to be pursued further is finding the physical reason from the fluctuating metric point of view [25] that is responsible to govern the dissipation effect in tunneling process. In ref. [25], York used physical metric fluctuation as the source of Hawking radiation. The very well known dissipation-fluctuation theorem [26]-[27] perhaps can be used to accommodate the idea. In this letter we just use the model by Caldeira-Leggett in explaining mechanism for transferring energy between tunneled particle with the surrounding environment. Another derivation (but in the same spirit with our analysis) via another semiclassical method for quantum tunneling Hawking radiation (Padmanabhan et. al. [10]) also can be investigated. But perhaps it will need tedious calculation in deriving corresponding effective action for outgoing particle via path integral [23]. Acknowledgements I would like to thank my mentor, Triyanta from THEPI division FMIPA-ITB, for valuable discussions and his supports. It is a pleasure to thank C. -L. Ingold, G. E. Volovik, T. Pilling, D. Singleton, S. Shankaranarayanan, and B. R. Majhi for their correspondences. I am grateful to Elias C. Vagenas for his comments and pointing out some errors in the previous version of this paper. My apology to G. E. Volovik for missing his works ([4]–[8]) in the previous version of this paper.

[1] S. W. Hawking, Comm. Math. Phys. 43, 199 (1975) [2] S. W. Hawking, Phys. Rev. D 13, 191 (1976) [3] J.B. Hartle and S.W. Hawking, Phys. Rev. D 13, 2188 (1976) [4] G.E. Volovik, JETP Lett. 69,705–713 (1999); arXiv:gr-qc/9901077 [5] G.E. Volovik,^3He and Universe parallelism, in ”Topological Defects and the Non-Equilibrium Dynamics of Symmetry Breaking Phase Transitions”, Eds. Y.M. Bunkov and H. Godfrin, Kluwer Academic Publishers, (2000), pp. 353–387; arXiv:cond-mat/9902171.

[6] G.E. Volovik, ”Exotic properties of superfluid^3He”, World Scientific, Singapore, (1992). see Ch. 6.15 [7] A. Calogeracos and G.E. Volovik, JETP Lett. 69, 281–287 (1999); arXiv:cond-mat/9901163 [8] G.E. Volovik, arXiv:0803.3367 [9] M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000) [10] K. Srinivasan and T. Padmanabhan, Phys.Rev. D 60, 024007 (1999) [11] S. Shankaranarayanan, T. Padmanabhan, and K. Srinivasan, Class. Quant. Grav. 19, 2671-2688 (2002) [12] S. Shankaranarayanan, K. Srinivasan, and T. Padmanabhan, Mod. Phys. Letts. A 16, 571-578 (2001) [13] E.T. Akhmedov, V. Akhmedova, and D. Singleton, Phys.Lett. B 642, 124 (2006) [14] A. J. M. Medved and E. C. Vagenas, Mod. Phys. Lett. A 20, 2449 (2005);

Elias C. Vagenas, Nuovo Cim. B 117, 899 (2002); Elias C. Vagenas Phys. Lett. B 503, 399 (2001); Elias C. Vagenas, Mod. Phys. Lett. A 17, 609 (2002); Elias C. Vagenas, Phys. Lett. B 533, 302 (2002);

A. J. M. Medved and Elias C. Vagenas, Mod. Phys. Lett. A 20, 1723 (2005); M. Arzano, A. J. M. Medved, and Elias C. Vagenas, JHEP 0509, 037 (2005).

[15] Elias C. Vagenas, Phys. Lett. B 559, 65 (2003) [16] T. Pilling, Phys. Lett. B 660, 402 (2008) [17] R. Kerner and R. B. Mann, Class. Quant. Grav. 25, 095014 (2008) [18] R. Banerjee and B.R. Majhi, JHEP 0806, 095 (2008) [19] H.M. Siahaan and Triyanta, arXiv:0811.1132 [20] R. Banerjee and B. R. Majhi, Phys. Rev. D 79, 064024 (2009) [21] R. Banerjee and B. R. Majhi, arXiv:0903.0250 [hep-th] [22] Rong-Gen Cai, Li-Ming Cao, and Ya-Peng Hu, arXiv:0809.1554 [hep-th]

Tao Zhu and Ji-Rong Ren, arXiv:0811.4074 [hep-th] [23] A. O. Caldeira and A. J. Leggett, Phys. Rev. Lett. 46, 211 (1981) [24] G. -L. Ingold, Lecture Notes in Physics, quant-ph/0208026, pp. 26-33 [25] J. W. York, Phys. Rev. D 28, 2929 (1983) [26] K. Fujikawa, Phys. Rev. E 57, 5023 (1998) [27] H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951) [28] S. Shankaranarayanan, Phys.Rev. D 67, 084026 (2003) [29] For example, see: Shiro Kawabata, Satoshi Kashiwaya, Yasuhiro Asano, Yukio Tanaka, Takeo Kato, and Alexander A. Golubov, Supercond. Sci. Tech. 20 (2007) S6, cond-mat/0701734 Robert L. Jack, Derek K. K. Lee, and Nigel R. Cooper, Phys. Rev. B 71, 085310 (2005), cond-mat/0409547 Stephan Braig and Karsten Flensberg, Phys. Rev. B 70, 085317 (2004), cond-mat/0401347 [30] B. D. Chowdhury, Pramana 70, 593-612 (2008) [31] E. T. Akhmedov, T. Pilling, and D. Singleton, Int. J. Mod. Phys. D 17, 2453-2458 (2008) V. Akhmedova, T. Pilling, A. de Gill, and D. Singleton, Phys. Lett. B 666, 269-271 (2008) [32] S and B denote system and bath respectively [33] I thank G. -L. Ingold for his explanation on this subject. [34] For Schwarschild black hole, r_h = 2M.