arXiv:0903.3765v2 [hep-th] 25 Mar 2009

Finite temperature Casimir effect for massive scalar field in spacetime with extra dimensions

L.P. Teo^∗ Faculty of Information Technology, Multimedia University, Jalan Multimedia, Cyberjaya, 63100, Selangor Darul Ehsan, Malaysia.

We compute the finite temperature Casimir energy for massive scalar field with general curvature coupling subject to Dirichlet or Neumann boundary conditions on the walls of a closed cylinder with arbitrary cross section, located in a background spacetime of the form M^{d1 +1} × N^n, where M^{d1+1} is the (d1 + 1)-dimensional Minkowski spacetime and N^n is an n-dimensional internal manifold. The Casimir energy is regularized using the criteria that it should vanish in the infinite mass limit. The Casimir force acting on a piston moving freely inside the closed cylinder is derived and it is shown that it is independent of the regularization procedure. By letting one of the chambers of the cylinder divided by the piston to be infinitely long, we obtain the Casimir force acting on two parallel plates embedded in the cylinder. It is shown that if both the plates assume Dirichlet or Neumann boundary conditions, the strength of the Casimir force is reduced by the increase in mass. Under certain conditions, the passage from massless to massive will change the nature of the force from long range to short range. Other properties of the Casimir force such as its sign, its behavior at low and high temperature, and its behavior at small and large plate separations, are found to be similar to the massless case. Explicit exact formulas and asymptotic behaviors of the Casimir force at different limits are derived. The Casimir force when one plate assumes Dirichlet boundary condition and one plate assumes Neumann boundary condition is also derived and shown to be repulsive.

PACS numbers: 03.70.+k, 11.10.Kk Keywords: Casimir effect, finite temperature, extra dimensions, massive scalar field, asymptotic behavior.

I. INTRODUCTION

In the endeavor to solve some fundamental problems in physics, such as the unification of fundamental forces and the dark energy and cosmological constant problem, it has been proposed that we should consider higher dimensional spacetime. For example, string theory [1] predicts that we live in spacetime of ten or eleven dimensions, where the extra six or seven space dimensions are curled up to a tiny invisible compact manifold. Therefore, there is a strong motivation to study physics in spacetimes with extra dimensions. Since Casimir effect is a fundamental quantum effect, the influence of extra dimensions on Casimir effect becomes an important issue. The Casimir effect in spacetime with extra dimensions was considered in the works [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. The role of Casimir effect in stabilizing extra dimensions was discussed in [18, 19, 20, 21, 22, 23, 24]. The possible role of Casimir effect as cosmological constant responsible for the observed dark energy was considered in [10, 25, 26, 27, 28, 29, 30]. In [4, 5], the Casimir effect for massless scalar field in Kaluza-Klein spacetime of the form M^{3+1} × N^n, where M^{3+1} is the (3 + 1)-dimensional Minkowski spacetime and N^n is an n-dimensional internal manifold, was considered in the piston setting. In [14, 15], we extended the results of [4, 5] and considered the finite temperature correction to the Casimir effect. In the work [16], the Casimir effect due to massive scalar field with general curvature coupling constant subject to Robin boundary conditions in spacetime of the form M^{d1+1} × N^n, where M^{d1+1} is the (d_1 + 1)- dimensional Minskowski spacetime, was considered. In this paper, we generalize the work of [16] by taking into account the temperature correction. However, we restrict ourselves to only consider either Dirichlet or Neumann boundary conditions, or combinations of these two conditions. We study in detail both the effect of the mass and the temperature corrections to the Casimir effect.

We begin by computing the Casimir energy using exponential cut-off method when the massive scalar field is confined in a cylinder of arbitrary cross section in the background spacetime. Since a field should not have quantum fluctuations in the infinite mass limit [31], we impose the condition that the Casimir energy should vanish when the mass approaches infinity. We show that this condition allows us to regularize the Casimir energy and explicit formula of the regularized Casimir energy is given. We then consider the Casimir force in the piston setting [32] –

∗Electronic address: lpteo@mmu.edu.my

a piston dividing a closed cylinder into two chambers – which becomes fashionable nowadays. It is observed that the regularization procedure actually does not affect the Casimir force that acts on the piston. More precisely, the Casimir force acting on the piston is the same whether we compute it using the cut-off dependent Casimir energy before regularization or the regularized Casimir energy. The piston approach can be considered as the correct regularization procedure for computing Casimir force between two parallel plates [4]. From the results for piston, we deduce the formula for the Casimir force acting on a pair of parallel plates embedded orthogonally in an infinitely long cylinder [33]. By taking the limit where the cross section of the cylinder is infinitely large, we obtain the finite temperature Casimir force density acting on a pair of infinite parallel plates in a (d_1 + 1)-dimensional macroscopic Minkowski spacetime, with the presence of an n-dimensional internal manifold. An advantage of our approach is that we obtain a formula for the Casimir force acting on a pair of parallel plates embedded in an infinitely long cylinder as a series over elementary functions, which enables us to derive some properties of the Casimir force easily. It is shown that the Casimir force is attractive if both the plates assume Dirichlet boundary conditions or both plates assume Neumann boundary conditions. Moreover, the magnitude of the Casimir force is always a decreasing function of the plate separation a and the mass m. The latter supports the assumption that quantum fluctuations vanish in the infinite mass limit. In the case where the surrounding cylinder assumes Neumann boundary conditions, we show that taking the massless limit will change the nature of the Casimir force from short range to long range. For the influence of the internal manifold, it is shown that the Casimir force is enhanced in the presence of extra dimensions. A stronger result shows that the Casimir force is an increasing function of the size of the internal manifold. By passing to the limit of infinite parallel plates, all these properties are preserved, although some of them is not obvious from the formulas for the case of infinite parallel plates.

Besides the properties of the Casimir force, we derive explicit formulas for the asymptotic behaviors of the Casimir force in different limits, such as low and high temperature, small plate separation, small mass and large cross section. It is shown that when the plate separation is small, the Casimir force is dominated by terms that are independent of mass. This shows that the effect of mass is less significant if the plate separation is small. On the other hand, the leading order term of the Casimir force is linear in temperature in the high temperature regime. In the case that the size of the internal manifold is comparable to the plate separations, the behavior of the Casimir force is quite complicated and it depends strongly on the geometry of the internal manifold.

Although we assume that the macroscopic spacetime is Minkowskian, the results of this paper can be easily generalized to the case where the macroscopic spacetime is also curved. By setting the size of the internal manifold to be zero, one can obtain the corresponding results for spacetime without extra dimensions.

Throughout this paper, we use the units where ℏ = c = k_B = 1 except for the figures.

II. BASIC FORMALISM

We consider a background (d + 1)-dimensional spacetime of the form M^{d1+1} × N^n, where M^{d1+1} is the (d_1 + 1)- dimensional Minkowski spacetime, N^n is an n-dimensional internal space, which is assumed to be a compact connected manifold without boundary and d = d_1 + n. Let the spacetime metric be given by ds^2 =g_{μν} dx^μdx^ν = η_{αβ} dx^αdx^β − G_{ab}dy^ady^b, μ, ν =0, 1, . . . , d; α, β = 0, 1, . . . , d_1; a, b = 1, . . . , n, where η_{αβ} = diag (1, −1, . . . , −1), y^a = x^{d1 +a} for a = 1, . . . , n and G_{ab}dy^ady^b is a Riemannian metric on N^n. In this article, we are interested in studying the finite temperature Casimir effect for a massive scalar field φ(x) satisfying the equation of motion ( 1 √ |g| ∂_μ √ |g|g^{μν} ∂_ν + m^2 + ξR ) φ(x) = 0, (1)

where R is the scalar curvature of the background spacetime and ξ is a coupling constant — ξ = 0 corresponds to minimal coupling and ξ = (d − 1)/4d corresponds to conformal coupling. We assume that the field φ(x) is confined in a cylinder of the form cyl = [0, L] × Ω × N^n, and satisfies Dirichlet or Neumann boundary conditions on the boundary of the cylinder. Here Ω is a simply connected domain in R^{d1 −1}.

If the field φ(x) satisfies Dirichlet boundary conditions, the eigenfunctions satisfying (1) are given by φ_{k,j,l}(x) = e^{−iωk,j,lt} sin πkx^1 L ϕ_{D;j} (x^2, . . . , x^{d1} )Φ_l(y), (2) where k, j ∈ N, l ∈ Ñ = N ∪ {0}. The function ϕ_{D;j} (x^2, . . . , x^{d1} ) is an eigenfunction of the Laplace operator with Dirichlet boundary conditions on Ω, i.e., − d_1∑

i=2 ∂^2 ∂(x^i)^2 ϕ_{D;j} (x^2, . . . , x^{d1} ) =ω^2_{Ω,D;j} ϕ_{D;j} (x^2, . . . , x^{d1} ),

ϕ_{D;j} |_{∂Ω} =0.

The function Φ_l(y) is an eigenfunction of the operator −Δ_G − ξR_G = − √ G^{−1}∂_a √ GG^{ab}∂_b − ξR_G, (R_G = −R is the scalar curvature of the metric G_{ab}dy^ady^b) on N^n with eigenvalue ω^2_{N ;l}, i.e.,

− (Δ_G + ξR_G) Φ_l(y) = ω^2_{N ;l}Φ_l(y). The eigenfrequency ω_{k,j,l} is given by ω_{k,j,l} = √( πk L )_2

+ ω^2_{Ω,D;j} + ω^2_{N ;l} + m^2.

Since Ω is simply connected, the eigenvalues ω^2_{Ω,D;j} are all nonzero. For Neumann boundary conditions, the eigenfunctions are φ_{k,j,l}(x) = e^{−iωk,j,lt} cos πkx^1 L ϕ_{N;j} (x^2, . . . , x^{d1} )Φ_l(y), (3)

where k, j, l ∈ Ñ = N ∪ {0}. The function ϕ_{N;j} (x^2, . . . , x^{d1} ) is an eigenfunction of the Laplace operator with Neumann boundary conditions on Ω, i.e., − d_1∑

i=2 ∂^2 ∂(x^i)^2 ϕ_{N;j} (x^2, . . . , x^{d1} ) =ω^2_{Ω,N;j} ϕ_{N;j} (x^2, . . . , x^{d1} ), ∂ϕ_{N;j} ∂n | | | |_{∂Ω} =0,

where n is a unit vector perpendicular to ∂Ω. By convention, ϕ_{N;0}(x^2, . . . , x^{d1} ) is the constant function with zero eigenvalue. For the eigenvalues ω^2_{N ;l}, we assume that ω^2_{N ;l} ≥ 0 and there are exactly κ of them that are equal to zero.

The boundary conditions considered above are homogeneous boundary conditions. In the following, we are going to consider the Casimir force for parallel plates and also Casimir force in the piston setup. In these scenarios, we will also consider mixed boundary conditions. We consider two cases. For the first case, we assume that the field φ(x) satisfies Dirichlet boundary conditions on the wall [0, L] × ∂Ω × N^n and the wall x^1 = 0, and Neumann boundary condition on the wall x^1 = L. The eigenfunctions are obtained from (2) by replacing the function sin^{πkx}_L by sin^π(^{k− 12} )^x_L . For the second type, we interchange the roles of Dirichlet and Neumann on the boundaries. In this case, the eigenfunctions are obtained from (3) by replacing cos^{πkx}_L by cos^π(^{k+ 12} )^x_L .

Before ending this section, we define the variables R and r by R = Vol(Ω)^{1/(d1−1)} and r = Vol(N )^{1/n} which have the dimension of length to measure the size of the domain Ω and the internal manifold N^n. Throughout this article, we assume that the size r of the internal manifold is smaller than any measurable length in the (d_1 + 1)-dimensional Minkowski spacetime. The re-scaled variables ω^′_{Ω,∗;j} =Rω_{Ω,∗;j} , ∗ = D or N, ω^′_{N ;l} =rω_{N ;l}, are dimensionless variables and are invariant under the re-scaling of the domain Ω and the manifold N^n.

III. THE CASIMIR ENERGY

A. Zero temperature Casimir energy

At zero temperature, the Casimir energy is defined naively as the sum of zero point energies:

E^{T =0}_{Cas} (L) = 1 2 ∑ ω_{k,j,l}.

To take into account the homogeneous and mixed boundary conditions, we let

ω_{k,j,l} =ω_{k,j,l}(α, ∗; m) = √( π(k + α) L )_2 + ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2, k ∈ Ñ , j ∈ J_∗, l ∈ Ñ , where α = 1 for homogeneous Dirichlet boundary conditions, α = 0 for homogeneous Neumann boundary conditions and α = 1/2 for mixed boundary conditions; ∗ = D (resp. ∗ = N) when φ(x) assume Dirichlet (resp. Neumann) boundary conditions on the component [0, L] × ∂Ω × N^n of the boundary of the cylinder; J_D = N and J_N = Ñ . Using exponential cut-off regularization, we define the cut-off dependent energy as

E^{T =0}_{Cas} (L; λ) = 1 2 ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 ω_{k,j,l}e^{−λωk,j,l} .

Using the same method as the massless case [15], we find that up to the term λ^0, the small-λ expansion of E^{T =0}_{Cas} (L; λ) is given by

E^{T =0}_{Cas} (L; λ) = d−1∑ i=0 Γ(d + 1 − i) Γ (_{d−i} 2 ) c_{cyl,α,∗;i}(m)λ^{i−d−1} − ψ(1) − log λ 2 √ π c_{cyl,α,∗;d+1}(m) + 1 2 FP_{s=−} 1_2 ζ_{cyl,α,∗}(s; m), (4)

where c_{cyl,α,∗;i}(m) are the heat kernel coefficients defined so that ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 e^{−tω2k,j,l} = M−1∑ i=0 c_{cyl,α,∗;i}(m)t^{i−d2} + O ( t^{M −d2} ) as t → 0^+, (5)

ζ_{cyl,α,∗}(s; m) is the zeta function ζ_{cyl,α,∗}(s; m) = ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 ω^{−2s}_{k,j,l},

and the finite part of a meromorphic function f(z) with at most simple pole at a point z = z_0 is defined by

FP_{z=z0} f(z) = lim_{z→z0} ( f(z) − Res_{z=z0} f(z) z − z_0 ) . As λ → 0^+, we see from (4) that the divergent part of the Casimir energy contains divergence of order log λ and λ^{−i}, i = 2, . . . , d + 1, with coefficients depending on the coefficients c_{cyl,α,∗;i}(m), which can be expressed in terms of L, m and the geometric invariants of the manifolds Ω and N^n. In particular, the leading divergence

Γ(d + 1) Γ (_d 2 ) c_{cyl,α,∗;0}(m)λ^{−d−1} = Γ(d + 1) Γ (_d 2 ) LVol(Ω)Vol(N^n)

2^dπ^d2 λ^{−d−1} is called the bulk divergence and is usually subtracted away in the definition of Casimir energy. The other divergences are called hypersurface divergences and regularization is required to remove these divergences. A conventional method, known as zeta regularization [34], set all the hypersurface divergences to zero and define the regularized zero temperature Casimir energy to be

E^{regζ ,T =0}

Cas (L) = 1 2 FP_{s=−} 1_2 ζ_{cyl,α,∗}(s; m) + 1 2 log μ^2Res_{s=−} 1_2 ζ_{cyl,α,∗}(s; m) = 1 2 FP_{s=−} 1_2 ζ_{cyl,α,∗}(s; m) − log μ 2 √ π c_{cyl,α,∗;d+1}(m), (6)

where μ is a normalization constant with dimension length^{−1}. This is tantamount to subtracting the divergent terms d−1∑ i=0 Γ(d + 1 − i) Γ (_{d−i} 2 ) c_{cyl,α,∗;i}(m)λ^{i−d−1} − ψ(1) − log(λμ) 2 √ π c_{cyl,α,∗;d+1}(m) (7) from the cut-off dependent Casimir energy (4) and set λ = 0. However, for massive scalar fields, this definition is not sufficient. Since a field should not have quantum fluctuations in the limit of infinite mass [31], it is natural to require the regularized Casimir energy E^{reg}_{Cas} to vanish when the mass m approaches infinity, i.e.,

E^{reg}_{Cas}^{m→∞} −−−−→ 0. To satisfy this condition, one need to extract the leading behavior of the Casimir energy in (4) or (6) when the mass is large and subtract away those terms that give nontrivial limits when the mass tends to infinity. Using the fact that ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 e^{−tω2k,j,l} = ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 e^{−tm2} exp { −t ([ π(k + α) L ]_2

+ ω^2_{Ω,∗,j} + ω^2_{N ,l} )} , it is easy to show that the heat kernel coefficients c_{cyl,α,∗;i}(m), i = 0, 1, 2, . . . at any mass can be expressed as a polynomial in m^2 with coefficients in terms of the heat kernel coefficients c_{cyl,α,∗;d+1}(0) when m = 0. More precisely,

c_{cyl,α,∗;i}(m) = [^i_2 ]∑ j=0 (−1)^j j! c_{cyl,α,∗;i−2j} (0)m^{2j} . Therefore, the divergent part of the Casimir energy (7) can be expressed as a polynomial in m^2. As a result, it has to be subtracted away in the regularization procedure and therefore do not contribute to the regularized Casimir energy. For the regular part of the Casimir energy given by (6), the second term that proportional to c_{cyl,α,∗;d+1}(m) would not contribute to the regularized Casimir energy for the same reason above. For the term (1/2)FP_{s=−} 1_2 ζ_{cyl,α,∗}(s; m), we write the zeta function ζ_{cyl,α,∗}(s; m) as the Mellin transform of a heat kernel ζ_{cyl,α,∗}(s; m) = 1 Γ(s) ∫_∞ 0 t^{s−1} ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 e^{−tω2k,j,l} dt. Define

K̃(t) =^∞ ∑ k=0 ∑ j∈J_∗ ∞∑ l=0 exp { −t ([ π(k + α) L ]_2

+ ω^2_{Ω,∗,j} + ω^2_{N ,l} )} − d+1∑ i=0 c_{cyl,α,∗;i}(0)t^{i−d2} . Then

K̃(t) =O (t) as t → 0^+, K̃(t) = O ( t^{12} ) as t → ∞, and we find that ζ_{cyl,α,∗}(s; m) = 1 Γ(s) ∫_∞ 0 t^{s−1}e^{−tm2} (_{d+1} ∑ i=0 c_{cyl,α,∗;i}(0)t^{i−d2} + K̃(t) ) dt

= d+1∑ i=0 Γ ( s +^{i−d}_2 ) Γ(s) c_{cyl,α,∗;i}(0)m^{−2s−i+d} + 1 Γ(s) ∫_∞ 0 t^{s−1}e^{−tm2}K̃(t)dt gives an analytic continuation of ζ_{cyl,α,∗}(s; m) into the domain Re s > −1. Putting s = −1/2, we find that 1 2 FP_{s=−} 1_2 ζ_{cyl,α,∗}(s; m) = ψ ( −^1_2 ) + log m^2 4 √ π c_{cyl,α,∗;d+1}(m) + D(m) − 1 4 √ π ∫_∞ 0 t^{− 32} e^{−tm2}K̃(t)dt, (8) where

D(m) = − 1 4 √ π d+1∑ i=0 c_{cyl,α,∗;d+1−i}(0)m^iFP_{s=−} i_2 Γ(s).

Therefore, as m → ∞, 1 2 FP_{s=−} 1_2 ζ_{cyl,α,∗}(s; m) = ψ ( −^1_2 ) + log m^2 4 √ π c_{cyl,α,∗;d+1}(m) + D(m) + o(1).

This implies that to obtain the regularized Casimir energy that vanishes when m → ∞, we should subtract away the term d−1∑ i=0 Γ(d + 1 − i) Γ (_{d−i} 2 ) c_{cyl,α,∗;i}(m)λ^{i−d−1} + ψ ( −^1_2 ) − 2ψ(1) + log[λm]^2 4 √ π c_{cyl,α,∗;d+1}(m) + D(m) (9)

from the cut-off dependent Casimir energy (4) or subtract away the term ψ ( −^1_2 ) + log (m/μ)^2 4 √ π c_{cyl,α,∗;d+1}(m) + D(m)

from the zeta regularized Casimir energy (6). From (8), we then find that the regularized Casimir energy is given by

E^{reg,T =0}

Cas (L) = 1 2 FP_{s=−} 1_2 ζ_{cyl,α,∗}(s; m) − ψ ( −^1_2 ) + log m^2 4 √ π c_{cyl,α,∗;d+1}(m) − D(m) = − 1 4 √ π ∫_∞ 0 t^{− 32} e^{−tm2}K̃(t)dt. (10)

To study the behavior of the regularized Casimir energy with respect to the variation of the plate separation L, we use the fact that for α = 0, 1/2, 1, ∞∑ k=0 e^{−t π} 2 (k+α)2

L2 = 1 2 ∞∑ k=−∞ e^{−t π} 2(k+α)2

L2 + 1 2 − α = L 2 √ π ∞∑ k=−∞ t^{− 12} e^{2πikα}e^{− k2 L2t} + 1 2 − α. (11) This implies that ζ_{cyl,α,∗}(s; m) = 1 Γ(s) ∫_∞ 0 t^{s−1} ∑ j∈J_∗ ∞∑ l=0 e^{−t(ω2Ω,∗,j +ω2N ;l+m2)} { L 2 √ π ∞∑ k=−∞ t^{− 12} e^{2πikα}e^{− k2 L2t} + 1 2 − α } dt

= ( 1 2 − α ) ζ_{Ω×N ,∗}(s; m) + L 2 √ π Γ ( s −^1_2 ) Γ(s) ζ_{Ω×N ,∗} ( s − 1 2 ; m )

+ 2L √ πΓ(s) ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 e^{2πikα} kL √ ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2

s−^1_2

K_{s−} 1_2 ( 2kL √ ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2 ) ,

(12)

where K_ν (z) is the modified Bessel function of second kind, and ζ_{Ω×N ,∗}(s; m) = ∑ j∈J_∗ ∞∑ l=0 ( ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2 )_{−s} .

As a result, we have

E^{reg,T =0}

Cas (L) = 1 − 2α 4 FP_{s=−} 1_2 ζ_{Ω×N ,∗}(s; m) + L 8π { ψ ( − 1 2 ) Res_{s=−1} (Γ(s)ζ_{Ω×N ,∗}(s)) − FP_{s=−1} (Γ(s)ζ_{Ω×N ,∗}(s)) }

− ψ ( −^1_2 ) + log m^2 4 √ π c_{cyl,α,∗;d+1}(m) − D(m) − 1 2π ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 e^{2πikα} √ ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2 k K_1 ( 2kL √ ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2 ) . (13)

Using (11), we also have ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 e^{−tω2k,j,l} = ( L 2 √ π t^{− 12} + 1 2 − α + e.d. ) ∑ j∈J_∗ ∞∑ l=0 e^{−t}(^{ω2Ω,∗,j +ω2N ,l+m2})

= ( L 2 √ π t^{− 12} + 1 2 − α + e.d. ) (_{M−1}∑ i=0 c_{Ω×N ,∗;i}(m)t^{i−d+12} + O ( t^{M −d+12} ) ) as t → 0^+, where e.d. is the exponentially decay terms, and c_{Ω×N ,∗;i}(m) are heat kernel coefficients for an elliptic operator on Ω × N . This implies that c_{cyl,α,∗;i}(m) = L 2 √ π c_{Ω×N ,∗;i}(m) + ( 1 2 − α ) c_{Ω×N ,∗;i−1}(m). (14) Therefore, we read from (13) that the regularized Casimir energy can be written as a linear polynomial in L, plus a term that decays exponentially as L approaches infinity, i.e.,

E^{reg,T =0}

Cas (L) = Σ_0 + Σ_1L − 1 2π ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 e^{2πikα} √ ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2 k K_1 ( 2kL √ ω^2_{Ω,∗,j} + ω^2_{N ;l} + m^2 ) . (15)

B. Finite temperature Casimir energy

Now we take into account the temperature correction to the Casimir energy given by T ∑ log ( 1 − e^{−ωk,j,l/T} ) . (16)

This summation is finite and no regularization is required. Therefore, the cut-off dependent finite temperature Casimir energy is defined as

E_{Cas}(L; λ) = 1 2 ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 ω_{k,j,l}e^{−λωk,j,l} + T ∑ log ( 1 − e^{−ωk,j,l/T} ) .

It is well known that this can be computed in terms of the finite temperature zeta function given by ζ_{cyl,α,∗;T} (s; m) = ∞∑ k=0 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=−∞ e^{−t}(^{ω2k,j,l+(2πpT )2} ).

More precisely (see [15]),

E_{Cas}(L; λ) = d−1∑ i=0 Γ(d + 1 − i) Γ (_{d−i} 2 ) c_{cyl,α,∗;i}(m)λ^{i−d−1} + log[λμ] − ψ(1) − log 2 + 1 2 √ π c_{cyl,α,∗;d+1}(m) − T 2 ( ζ^′_{cyl,α,∗;T} (0; m) + log[μ^2]ζ_{cyl,α,∗;T} (0; m) ) . (17)

For the regularization, we observe that the temperature correction to the Casimir energy (16) vanishes when the mass m approach infinity. Therefore, the large-m leading behavior of the cut-off dependent finite temperature Casimir energy (17) is the same as the large-m leading behavior of the cut-off dependent zero temperature Casimir energy given by (9). After subtracting away these large-m non-vanishing terms, we find that the regularized finite temperature Casimir energy is given by

E^{reg}_{Cas}(L) = − T 2 ( ζ^′_{cyl,α,∗;T} (0; m) + log[μ^2]ζ_{cyl,α,∗;T} (0; m) ) − log [_m μ ]_2

+ ψ(1) 4 √ π c_{cyl,α,∗;d+1}(m) − D(m). (18)

As a remark, in the zeta regularization scheme, the regularized finite temperature Casimir energy is defined as

E^{regζ}_{Cas} (L) = − T 2 ( ζ^′_{cyl,α,∗;T} (0; m) + log[μ^2]ζ_{cyl,α,∗;T} (0; m) ) . (19)

This expression does not go to zero as the mass m approaches infinity. However, if we subtract away from (19) the large-m leading terms that give nontrivial limits, we would obtain (18). We would like to remark that although the expression (18) for the regularized Casimir energy is derived for the case where the field is confined within a cylindrical cavity, this formula is in fact valid for an arbitrary closed cavity. Similarly, the formula for the regularized Casimir energy at zero temperature given by (10) is also valid for any closed cavity. We would also like to point out that the high temperature expansion of the zeta regularized finite temperature Casimir energy for massive scalar field in manifolds with boundaries have been obtained in [35, 36, 37, 38, 39].

Using the same method as in the derivation of (12) (see [15]), we find that

ζ_{cyl,α,∗;T} (0; m) = c_{cyl,α,∗;d+1}(m) 2 √ πT ,

ζ^′_{cyl,α,∗;T} (0; m) =Λ_0 + Λ_1L + ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=−∞ e^{2πikα} k exp ( −2kL √ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 ) , where Λ_0 and Λ_1 are independent of L, and Λ_1 is given by

Λ_1 = − ψ(1) 4πT c_{Ω×N ,∗;d+1}(m) + 1 4πT FP_{s=−1} {Γ(s)ζ_{Ω×N} (s; m)}

+ 2 π ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=1

√ ω^2_{Ω,∗;j} + ω^2_{N ;l} + m^2 p K_1 p √ ω^2_{Ω,∗;j} + ω^2_{N ;l} + m^2 T .

Together with (14), we find that the regularized Casimir energy (18) can be expressed as the sum of a linear polynomial in L plus a term that decays exponentially as L approaches infinity, i.e.,

E^{reg}_{Cas}(L) = Σ̃_0 + Σ̃_1L − T 2 ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=−∞ e^{2πikα} k exp ( −2kL √ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 ) , (20)

where

Σ̃_1 = 1 8π d+1∑ i=0 [ FP_{s=−} i_2 Γ(s) ] c_{Ω×N ,∗;d+1−i}(0)m^i − 1 8π { FP_{s=−1} {Γ(s)ζ_{Ω×N} (s; m)} + log[m^2]c_{Ω×N ,∗;d+1}(m) }

− T π ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=1

√ ω^2_{Ω,∗;j} + ω^2_{N ;l} + m^2 p K_1 p √ ω^2_{Ω,∗;j} + ω^2_{N ;l} + m^2 T . (21)

Before ending this section, we would like to comment that it is easy to deduce from the results above that the Casimir energy for mixed boundary conditions (α = 1/2)) are related to the Casimir energy for homogeneous boundary conditions (α = 0 or 1) by

E_{Cas} ( L; α = 1 2 , ∗ = D ) =E_{Cas} (2L; α = 1, ∗ = D) − E_{Cas} (L; α = 1, ∗ = D) ,

E_{Cas} ( L; α = 1 2 , ∗ = N ) =E_{Cas} (2L; α = 0, ∗ = N) − E_{Cas} (L; α = 0, ∗ = N) .

(22)

C. Special Case

Here we consider the special case where the cross section of the cylinder Ω is a rectangular region [0, L_2]×. . .×[0, L_{d1} ] and the internal manifold N^n is an n-torus T^n – a product of n circles with radius r_1, . . . , r_n respectively. Notice that the scalar curvature of the torus T^n is zero. The spectrum ω^2_{Ω,∗;j} of the Laplace operator with Dirichlet or Neumann boundary conditions on Ω is given by ( πj_2 L_2

)_2 + . . . + ( πj_{d1} L_{d1} )_2 , j = (j_2, . . . , j_{d1} ) ∈ { N^{d1 −1}, if ∗ = D, Ñd1 −1, if ∗ = N, and the spectrum ω^2_{N ;l} of the Laplace operator on T^n is given by ( l_1 r_1

)_2 + . . . + ( l_n r_n )_2 , l = (l_1, . . . , l_n) ∈ Z^n.

For simplicity, we only consider the cases where α = 0 or 1, i.e., all the walls of the rectangular cavity [0, L_1] × . . . × [0, L_{d1} ] assume Dirichlet boundary conditions or all the walls assume Neumann boundary conditions. The results for the case where α = 1/2 can be obtained from the results for α = 0 or 1 by (22). For the finite temperature Casimir energy inside the cavity [0, L_1] × [0, L_2] × . . . × [0, L_{d1} ] × T^n given by (17), we have

c_{cyl,D/N;i}(m) = [^i_2 ]∑ j=0 (−1)^j j! m^{2j} c_{cyl,D/N;i−2j} , (23)

where c_{cyl,D/N;i} = (∓1)^i

2^{d1} π^{d1 −i−n}2 [_n ∏ l=1 r_l ] S_{d1−i}, 0 ≤ i ≤ d_1, and S_j = ∑ 1≤σ_1 <...<σ_j ≤d_1 L_{σ1} . . . L_{σj}

is the (hyper)-surface area of j-dimensional hyperplanes. For i ≥ d_1 + 1, c_{cyl,D/N;i} = 0. The finite temperature zeta function ζ_{cyl,D/N;T} (m) can be written as a sum of inhomogeneous Epstein zeta function, i.e.,

ζ_{cyl,D/N;T} (s; m) = 2^{−d1} d_1∑

i=0 (∓1)^{d1−i} ∑ 1≤σ_1<...<σ_i ≤d_1 Z_{i+n+1} ( s; π L_{σ1} , . . . , π L_{σi} , 1 r_1 , . . . , 1 r_n , 2πT ; m ) ,

where

Z_j (s; a_1, . . . , a_j ; m) = ∑ (k_1 ,...,k_j )∈Z^j 1 ([k_1a_1]^2 + . . . + [k_j a_j ]^2 + m^2)^s .

The properties of the inhomogeneous Epstein zeta function Z_j (s; c_1, . . . , c_j ; m) has been discussed quite extensively (see e.g. [40, 41, 42, 43]). In particular, we obtain from [44] that if j is even,

Z_j (0; a_1, . . . , a_j ; m) =

(−1)^{j2} (_j 2 ) ! π^{j2} m^j [∏_j i=1 a_i ] ,

Z^′_j (0; a_1, . . . , a_j ; m) =

(−1)^{j2} (_j 2 ) ! π^{j2} m^j [∏_j i=1 a_i ] ( − log m^2 + ψ ( j + 2 2 ) − ψ(1) )

+ 2m^{j2} [∏_j i=1 a_i ] ∑ (k_1 ,...,k_j )∈Z^j\{0} (_j ∑ i=1 [ k_i a_i ]_2)^{− j}4 K j_2 2πm j∑ i=1 [ k_i a_i ]_2 ;

(24)

and if j is odd,

Z_j (0; a_1, . . . , a_j ; m) =0,

Z^′_j (0; a_1, . . . , a_j ; m) = π^{j2} m^j [∏_j i=1 a_i ] Γ ( − j 2 ) + 2m^{j2} [∏_j i=1 c_i ] ∑ (k_1 ,...,k_j )∈Z^j\{0} (_j ∑ i=1 [ k_i c_i ]_2)^{− j}4 K j_2 2πm j∑ i=1 [ k_i c_i ]_2 . (25)

Notice that the heat kernel coefficients (23) are non-vanishing when m → ∞. Therefore, they are subtracted away to obtain a regularized Casimir energy that vanishes when m → ∞. On the other hand, we obtain from (24) and (25) that − T 2 ( ζ^′_{cyl,D/N;T} (0; m) + log[μ^2]ζ_{cyl,D/N;T} (0; m) ) = P + E^{reg}_{Cas;D/N} (L_1),

FIG. 1: A movable piston inside a closed cylinder divides the cylinder into two chambers.

where P is the large-m non-vanishing term and E^{reg}_{Cas;D/N} (L_1) is the regularized Casimir energy given by

E^{reg}_{Cas;D/N} (L_1) = − [ ∏_n l=1 r_l] 2^{d1+1}

d_1∑

i=0 (∓1)^{d1−i} π^{i+1−n}2 m^{i+n+12} ∑ 1≤σ_1 <...<σ_i ≤d_1 i∏ j=1 L_{σj} ∑ (k_{σ1} ,...,k_{σi} ,l_1 ,...,l_n,p)∈Z^{i+n+1}\{0}

× i∑ j=1 [ L_{σj} k_{σj} ]_2 + n∑ j=1 [πr_j l_j ]^2 + [ p 2T ]_2

−^{i+n+1}_4

K i+n+1_2 2m i ∑ j=1 [ L_{σj} k_{σj} ]_2 + n∑ j=1 [πr_j l_j ]^2 + [ p 2T ]_2 . (26)

For massive scalar field with Neumann boundary conditions, the regularized Casimir energy is negative.

The terms with p = 0 in (26) give the zero temperature Casimir energy. The sum of the terms with σ_1 ≥ 2 corresponds to the term Σ̃_0 in (20) which is independent of L_1. The sum of the terms with σ_1 = 1 and k_{σ1} = k_1 = 0 corresponds to the term Σ̃_1 in (20) which is proportional to L_1. The rest of the terms decay exponentially when L_1 → ∞. By applying the formula ∫_∞ 0 t^{z−1} exp ( − β^2 t − tγ^2 ) dt = 2 ( β γ )_z K_z(2βγ) and the formula ∞∑ k=−∞ exp ( −tk^2 ) = √ πt^{− 12} ∞∑ k=−∞ exp ( − π^2k^2 t ) , (27)

we can rewrite the regularized Casimir energy E^{reg}_{Cas}(L) (26) in the compact form (20).

IV. THE CASIMIR FORCE

A. The Casimir force acting on a piston embedded in a closed cylinder or on two parallel plates embedded in an infinitely long cylinder

To find the Casimir force acting on the walls of the cylinder, one need to take into account the Casimir energy of the outside region, which is not easy to compute. However, there is a setup closely related to the cylinder where the Casimir force can be computed. As in [32], one consider a freely moving piston (see FIG. 1) dividing the cylinder into two chambers: the left chamber [0, a] × Ω × N^n and the right chamber [a, L] × Ω × N^n. In this case, the Casimir energy of the region outside the cylinder does not have any effect on the piston. The Casimir force acting on the piston is the sum of the Casimir forces arise from the variations of the Casimir energies in the left and right chambers:

F_{Cas}(a; L) = − ∂ ∂a (E_{Cas}(a) + E_{Cas}(L − a)) . (28)

From (20), we find that the contribution to the (regularized) Casimir force from the left chamber is given by

F^{reg, left}

Cas (a) = −Σ̃_1 − (−1)^{2α}T ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=−∞

√ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 exp ( 2a √ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 ) − (−1)^{2α}

, (29)

where Σ̃_1 is a term independent of a given by (21). The contribution to the (regularized) Casimir force from the right chamber is negative the contribution from the left chamber, with a replaced by L − a. As a result, the term Σ̃_1 cancels out and we find that the Casimir force acting on the piston is given by

F_{Cas}(a; L) = F^∞_{Cas}(a) − F^∞_{Cas}(L − a), (30)

where

F^∞_{Cas}(a) = −(−1)^{2α}T ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=−∞

√ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 exp ( 2a √ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 ) − (−1)^{2α}

(31)

can be interpreted as the limit of the Casimir force when the right chamber is infinitely long.

Since the difference between the cut-off dependent Casimir energy (17) and the regularized Casimir energy (20) is given by (9), which by (14) is a linear function in L, this implies that we will obtain the same result for the Casimir force whether we use the Casimir energy before or after regularization. In other words, the Casimir force acting on the piston is independent of the regularization procedure employed.

It is easy to deduce from (31) that the Casimir force for α = 1/2 is related to the Casimir force for α = 0 or 1 by

F_{Cas} ( a; L; α = 1 2 ; ∗ = D/N ) = 2F_{Cas} (2a; 2L; α = 1/0, ∗ = D/N) − F_{Cas} (a; L; α = 1/0, ∗ = D/N) , (32)

which also follows from (22).

The expression (31) is negative if α = 0 or 1 and positive if α = 1/2. Moreover, its absolute value is a monotonically decreasing function of a. Therefore, if the quantum field assumes either Dirichlet or Neumann boundary conditions on both the piston and the walls of the cylinder, the Casimir force acting on the piston is an attractive force tending to pull the piston towards the closer wall. If the quantum field assumes Dirichlet (resp. Neumann) boundary conditions on the piston and Neumann (resp. Dirichlet) boundary conditions on the walls of the cylinder, then the Casimir force acting on the piston is a repulsive force tending to restore the piston to its equilibrium position x^1 = L/2. In both cases, the magnitude of the Casimir force increases as the piston is moving away from the equilibrium position.

Eq. (31) can also be interpreted as the Casimir force acting on two parallel plates embedded in an infinitely long cylinder with cross section Ω × N^n. It shows that the Casimir force between the plates is attractive if the field assumes the same boundary conditions on the plates and is repulsive if the the field assumes different boundary conditions on the plates, regardless of the boundary conditions assumed on the surrounding transversal wall. Writing ω_{Ω,∗;j} = ω^′_{Ω,∗;j} /R and ω_{N ;l} = ω^′_{N ;l}/r, eq. (31) shows that when a/r or a/R or am is large, the magnitude of the Casimir force decays exponentially. At high temperature T , eq. (31) shows that the leading term of the Casimir force is given by a term linear in T :

F^{∞,T ≫1} Cas (a) ∼ −(−1)^{2α}T ∑ j∈J_∗ ∞∑ l=0

√ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 exp ( 2a √ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 ) − (−1)^{2α}

, (33)

and the remaining term decays exponentially. Notice that if we consider the contribution to the Casimir force from the left chamber (29), then the result (A1) of Appendix A shows that when T ≫ 1,

F^{reg, left}

Cas (a) ∼ 1 4π d−1∑ i=0 Γ ( i + 2 2 ) ζ_R(i + 2)c_{Ω×N ,∗;d−1−i}(m)(2T )^{i+2} + O(T ). (34)

We observe that in general, there are terms of order T^2, T^3, . . . , T^{d+1}. In particular, the leading term is

F^{reg, left}

Cas (a) ∼

2^{d−1}Γ

(_{d+1} 2 ) ζ_R(d + 1) π c_{Ω×N ,∗;0}(m)T^{d+1} = Γ (_{d+1} 2 ) ζ_R(d + 1)

π^{d+1}2

Vol(Ω × N )T^{d+1}, which is the Stefan-Boltzmann term. Usually this term is subtracted away in the regularization of the Casimir energy since it can be interpreted as the contribution to the vacuum energy in the absence of boundaries. However, besides the limiting case of infinite parallel plates, there are still terms with order T^2, . . . , T^d. Nevertheless, since these terms are independent of a, they cancel the corresponding contributions from the right chamber and the high temperature leading term of the Casimir force acting on the piston is a term linear in T given by (33). This is usually called the classical term [45, 46, 47, 48] due to the absence of the Planck constant ℏ in this term. In a recent work on Casimir effect of electromagnetic field in three dimensional ideal metal rectangular box [49], it has been argued that the terms of order T^2, . . . , T^{d+1} have to be subtracted away in order to be consistent with thermodynamics. Here we find that in the piston scenario, such terms are naturally absent due to the cancelation between the two sides of the plate.

For the low temperature asymptotic expansion of the Casimir force, we use the formula

(−1)^{2α−1} √ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 exp ( 2a √ ω^2_{Ω,∗,j} + ω^2_{N ,l} + m^2 + (2πpT )^2 ) − (−1)^{2α} = 1 2 √ π ∂ ∂a { a ∫_∞ 0 t^{− 12} ∞∑ k=1 e^{2πikα} exp { − 1 t ( ω^2_{Ω,∗;j} + ω^2_{N ,l} + [2πpT ]^2 + m^2 ) − tk^2a^2 } dt } (35)

and the formula (27). These give

F^∞_{Cas}(a) = 1 4π ∂ ∂a { a ∫_∞ 0 ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=−∞ e^{2πikα} exp { − ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 t − t ( [ka]^2 + [ p 2T ]_2) } dt }

= 1 2π ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=−∞ e^{2πikα} { ω^{2Ω,∗;j} + ω^{2N ,l} + m^2 [ka]^2 + [_p 2T ]_2 K1 ( 2 √ ( ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ) ( [ka]^2 + [ p 2T ]_2) )

− 2k^2a^2 ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2

[ka]^2 + [_p 2T ]_2 K2 ( 2 √ ( ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ) ( [ka]^2 + [ p 2T ]_2) )} . (36)

In the zero temperature limit, we obtain the zero temperature Casimir force from the terms with p = 0:

F^{∞,T =0} Cas (a) = 1 2π ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 e^{2πikα} { √ ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ka K_1 ( 2ka √ ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 )

− 2 ( ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ) K_2 ( 2ka √ ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ) } , (37)

which can also be derived directly from eq. (15). The temperature correction to the Casimir force is the sum of the terms with p ≠ 0 in (36). It goes to zero exponentially fast when T → 0. Using the identity K_2(z) = K_0(z)+2K_1(z)/z, we can rewrite the zero temperature Casimir force (37) as

F^{∞,T =0} Cas (a) = − 1 2π ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 e^{2πikα} { √ ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ka K_1 ( 2ka √ ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 )

+ 2 ( ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ) K_0 ( 2ka √ ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ) } , (38)

which shows manifestly that the zero temperature Casimir force is attractive if α = 0 or 1 and is repulsive if α = 1/2.

For the behavior of the Casimir force with respect to the variation of mass, we observe that the function x → x e^x − 1

is a decreasing function. Therefore the magnitude of the Casimir force acting between a pair of parallel plates embedded in an infinitely long cylinder (of arbitrarcy cross section) is a decreasing function of m when α = 0 or 1. In other words, for a pair of parallel plates with identical boundary conditions, the increase in mass reduces the Casimir effect. This property cannot be obviously inferred from the expressions for the zero temperature Casimir force given by (37) or (38). We see here the advantage of considering the Casimir force at any finite temperature. It enables us to derive some properties of the Casimir force from the expression (31), which cannot be derived directly from the expression for zero temperature Casimir force (37) or (38).

For a pair of parallel plates with mixed boundary conditions or when α = 1/2, the situation is different. The function x → x e^x + 1

is increasing when x ∈ [0, 1.2785] and decreasing for x ≥ 1.2785. Therefore, when the mass increases, the magnitude of the Casimir force may first increase and then decrease exponentially.

Notice that when the mass m decreases to zero, (31) naively shows that the Casimir force tends to the Casimir force for massless scalar fields [15]. To be more careful, we need to discuss the cases where the field assumes Dirichlet boundary conditions and Neumann boundary conditions on the surrounding walls [0, L] × ∂Ω × N^n separately. If the field assumes Dirichlet boundary conditions on the wall [0, L] × ∂Ω × N^n, then the Dirichlet eigenvalues ω^2_{Ω,D;j} are all nonzero. In this case, we can immediately set m = 0 in (31) and obtain the Casimir force for massless scalar field. However, if the field assumes Neumann boundary conditions on the wall [0, L] × ∂Ω × N^n, there is exactly one zero Neumann eigenvalue ω^2_{Ω,N;0}. In this case, there are κ pairs of (j, l) such that ω^2_{Ω,N;j} + ω^2_{N ;l} = 0. Separating the sum over (j, l) ∈ J_N × Ñ in (31) as a sum over those (j, l) with ω^2_{Ω,N;j} + ω^2_{N ;l} = 0 and those (j, l) with ω^2_{Ω,N;j} + ω^2_{N ;l} ≠ 0, we find that the we can immediately set m = 0 in the latter sum to obtain the contribution of the modes with ω^2_{Ω,N;j} + ω^2_{N ;l} ≠ 0 to the Casimir force due to massless scalar field. For the sum over (j, l) with ω^2_{Ω,N;j} + ω^2_{N ;l} = 0 given by −(−1)^{2α}κT ∞∑ p=−∞ √ m^2 + (2πpT )^2 exp ( 2a √ m^2 + (2πpT )^2 ) − (−1)^{2α}

, (39)

we have to be careful when taking the massless limit for the term with p = 0. Using the fact that x e^x − 1

= 1 + O(x), x e^x + 1

= O(x) as x → 0,

we find that the massless limit of (39) is given by κ { −|2α − 1| T 2a + 4πT^2 ∞∑ p=1 (−1)^{2α−1}p exp(4πpT a) − (−1)^{2α} } . (40)

Except for the factor κ, this is the finite temperature Casimir force between a pair of parallel plates in (1+1)- dimensional Minkowski spacetime due to massless scalar field with Dirichlet or Neumann boundary conditions on both plates (for α = 0 or 1) and with Dirichlet boundary condition on one plate and Neumann boundary condition on the other plate (for α = 1/2) (see [50]). As in [50], the Casimir force due to the modes with ω^2_{Ω,N;j} + ω^2_{N ;l} = 0 (40) has an alternative expression given by κ ( − π 24a^2 − πT^2 6 + π a^2 ∞∑ k=1 k exp (_{πk} T a ) − 1 ) , if α = 0, 1; (41) and

κ π 48a^2 − πT^2 6 + π a^2 ∞∑ k=1 k +^1_2 exp (_π (k+^1_2 ) T a ) − 1 , if α = 1 2 . (42)

The first term in (41) and (42) give the respective zero temperature Casimir force. Notice that in contrast to the massive case where the force decays exponentially, they decay in the order 1/a^2 when a is large. This is a long range force which is the subject of study in the context of electromagnetic fields in the recent work [51]. At finite temperature, (40) shows that this long range force is present if and only if α ≠ 1/2, i.e., if and only if the boundary conditions assumed on the two plates and the walls of the cylinder are both Neumann conditions. In this case, the long range force is of order T/a. From this analysis, we find that long range force may exist only in the massless case when Neumann boundary conditions are assumed on the wall of the cylinder and the two plates or when the temperature is zero and Dirichlet boundary conditions are assumed on the two plates. The transition from massless to massive field will change the nature of the force from long range to short range.

To investigate the dependence of the Casimir force F^∞_{Cas}(a) on the size R of the cross section Ω, we rewrite ω_{Ω,∗;j} as ω^′_{Ω,∗;j} /R, where the re-scaled frequency ω^′_{Ω,∗;j} is independent of the size R of the cross section Ω. Using the same argument about the dependence of the Casimir force on mass, we see that if α = 0 or 1, the Casimir force increases when the size R increases. The asymptotic behaviors of the Casimir force when the plate separation a is much smaller than the size R of the cross section Ω is derived in Appendix B. We read from (B2) and (B5) that if a ≪ R, then if aT ≫ 1,

F^∞_{Cas}(a) ∼ T a √ π d_1−1∑

i=0 c_{Ω/R,∗;i} ( R a )_{d1−i−1 ∞}∑ k=1 ∞∑ l=0 ∞∑ p=−∞ e^{2πikα} { a √ ω^2_{N ;l} + (2πpT )^2 + m^2 k d1−i 2

× K d_1−i_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 + m^2 ) − 2 ( a √ ω^2_{N ;l} + (2πpT )^2 + m^2

)^d1^{+2−i}_2 k^{d1−2−i}2 × K d_1+2−i_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 + m^2 ) } + O (( R a )_{−1}) ,

(43)

and if aT ≪ 1,

F^∞_{Cas}(a) ∼ − 1 a^2 d_1−1∑

i=0 c_{Ω/R,∗;i} ( R a )_{d1−1−i} { 1 2π ∞∑ k=1 e^{2πikα} ∞∑ l=0 [ (d_1 − i) a √ ω^2_{N ;l} + m^2 k d1 +1−i 2 K d_1+1−i_2 ( 2ka √ ω^2_{N ;l} + m^2 )

+ 2 ( a √ ω^2_{N ;l} + m^2

)^d1^{+3−i}_2 k^{d1−1−i}2 K d_1−1−i_2 ( 2ka √ ω^2_{N ;l} + m^2 ) ] − 2^{d1−i2} π^{32} (aT )^{d1−i−22} ∞∑ k=0 ∞∑ l=0 ∞∑ p=1 (k + α)^2

× ( √ [π(k + α)]^2 + (aω_{N ;l})^2 + (am)^2 p )^d1^{−i−2}_2 K d_1−i−2_2 ( p T a √ [π(k + α)]^2 + (aω_{N ;l})^2 + (am)^2 )

+ (2aT )^{d1−i+12} 2π ∞∑ l=0 ∞∑ p=1 a √ ω^2_{N ;l} + m^2 p d1−i+1 2 K d_1−i+1_2 ( p T √ ω^2_{N ;l} + m^2 ) } + O (( R a )_{−1}) . (44)

Here c_{Ω/R,∗;i} are the heat kernel coefficients of the Laplace operator with Dirichlet (∗ = D) or Neumann (∗ = N) boundary conditions on Ω/R. Notice that when r ≪ a ≪ R, the large–R non-vanishing terms of the Casimir force can be written as a polynomial of order d_1 − 1 in R with coefficients depending on the geometric invariants c_{Ω,∗;i} of Ω, and Bessel series that depend on the geometry of the internal manifold N^n, and the plate separation a. From these expressions, it is easy to read that if the mass m is also very large, the Casimir force decays exponentially. In the case the mass m is small, or more precisely if am ≪ 1 ≪ Rm, we obtain from (B4) and (B6) that if α = 0 or 1,

F^∞_{Cas}(a) ∼ κT 2 √ πa [^{d1}_2 ]∑ j=1 c_{Ω/R,∗;d1−2j} ( R a )_{2j−1} { 1 2 (−1)^j j! (am)^{2j} ( log ( am 2π )_2

+ 2 − ψ (j + 1) − ψ(1) )

+ √ π j−1∑ q=0 (−1)^q q! (am)^{2q} (2q − 2j + 1)π^{2j−2q−1}Γ ( −j + 1 2 + q ) ζ_R(−2j + 1 + 2q) } + κT 2 √ πa [^{d1−1}_2 ]∑ j=0 c_{Ω/R,∗;d1−2j−1} ( R a )_{2j}

× { − √ π (−1)^j j! (am)^{2j} − 1 2 Γ ( −j − 1 2 ) (am)^{2j+1} + √ π j−1∑ q=0 (−1)^q q! (am)^{2q} (2q − 2j)π^{2j−2q} Γ (−j + q) ζ_R(−2j + 2q) }

15

+ T √ πa d_1−1∑

i=0 c_{Ω,∗;i} ( R a )_{d1−1−i d1+1−i}∑ q=0 (−1)^q q! (am)^{2q} ∞∑ k=1 ∑ (l,p)∈Ñ×Z ω^2_{N ;l}+(2πpT )^2≠0

{ a √ ω^2_{N ;l} + (2πpT )^2 k d1−i−2q 2

× K d_1−i−2q_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 ) − 2 ( a √ ω^2_{N ;l} + (2πpT )^2

)^d1^{+2−i−2q}_2 k^{d1−2−i−2q}2 K d_1+2−i−2q_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 ) } ,

(45)

if aT ≫ 1; and

F^∞_{Cas}(a) ∼ κ 4πa^2 [^{d1+1}_2 ]∑ j=1 c_{Ω/R,∗;d1+1−2j} ( R a )_{2j−2} { 1 2 (−1)^j j! (am)^{2j} ( log (am 2π )_2

+ 2 − ψ (j + 1) − ψ(1) )

+ √ π j−1∑ q=0 (−1)^q q! (am)^{2q} (2q − 2j + 1)π^{2j−2q−1}Γ ( −j + 1 2 + q ) ζ_R(−2j + 1 + 2q) } + κ 4πa^2 [^{d1}_2 ]∑ j=0 c_{Ω/R,∗;d1−2j} ( R a )_{2j−1}

× { − √ π (−1)^j j! (am)^{2j} − 1 2 Γ ( −j − 1 2 ) (am)^{2j+1} + √ π j−1∑ q=0 (−1)^q q! (am)^{2q} (2q − 2j)π^{2j−2q} Γ (−j + q) ζ_R(−2j + 2q) }

− 1 2πa^2 d_1−1∑

i=0 c_{Ω,∗;i} ( R a )_{d1−1−i d1+1−i}∑ q=0 (−1)^q q! (am)^{2q} ∞∑ k=1 ∑ l∈Ñ ω^2_{N ,l}≠0

{ (d_1 − i − 2q) ( ω_{N ;l} k )^d1^{+1−i−2q}_2

K d_1+1−i−2q_2 (2kaω_{N ;l})

+ 2 ω^{d1+3−i−2q2} N ;l k^{d1−1−i−2q}2 K d_1−1−i−2q_2 (2kaω_{N ;l}) }

(46)

if T = 0. The omitted terms goes to zero when am → 0 or R/a → ∞. Notice that these asymptotic behaviors contain logarithmic terms in am which goes to zero when the mass m approaches zero. In the massless case, we have

F^∞_{Cas}(a; m = 0) ∼ − κT 2 √ π d_1−2∑

i=0 c_{Ω,∗;i} a^{d1−i} (d_1 − i − 1)Γ ( d_1 − i 2 ) ζ_R(d_1 − i) − κT 2 c_{Ω,∗;d1−1} a + O(a^0), as r ≪ a → 0^+

if aT ≫ 1; and

F^∞_{Cas}(a; m = 0) ∼ − κ 4π d_1−1∑

i=0 c_{Ω,∗;i} a^{d1−i+1} (d_1 −i)Γ ( d_1 − i + 1 2 ) ζ_R(d_1 −i+1)− κ 4 √ π c_{Ω,∗;d1} a +O(a^0), as r ≪ a → 0^+

if aT ≪ 1. From (45) and (46), we find that when m is small, then as a → 0^+, the leading order term of the Casimir force is given by

F^∞_{Cas}(a) ∼ −(d_1 − 1)Γ ( d_1 2 ) ζ_R(d_1)

Vol(Ω) (4π)^{d1}2 κT a^{d1+1} , if aT ≫ 1, and F^∞_{Cas}(a) ∼ −d_1Γ ( d_1 + 1 2 ) ζ_R(d_1 + 1)

Vol(Ω) (4π)^{d1+1}2 κ a^{d1} , if aT ≪ 1, respectively, which are independent of the mass m. This shows that when am ≪ 1, the mass correction to the Casimir force is not significant.

If d_1 = 3 and α = 0 or 1, (45) and (46) give respectively

F^∞_{Cas}(a) ∼κT { − c_{Ω/R,∗;0}R^2 2a^3 ζ_R(3) − π^{32} c_{Ω/R,∗;1}R 12a^2 − c_{Ω/R,∗;2} 2a + m^2c_{Ω/R,∗;0}R^2 2a − m^2c_{Ω/R,∗;1}R 4 √ π log(am)^2 } + O(a^0)

as r ≪ a → 0^+ (47) if T ≫ 1, and

F^∞_{Cas}(a) ∼ κ { − π^3c_{Ω/R,∗;0}R^2

120a^4 − c_{Ω/R,∗;1}R 4 √ πa^3 ζ_R(3) − πc_{Ω/R,∗;2} 24a^2 + m^2c_{Ω/R,∗;1}R 4 √ πa − c_{Ω/R,∗;2} 8π m^2 log(am)^2 + m^4c_{Ω/R,∗;0}R^2 16π log(am)^2 } + O(a^0) as r ≪ a → 0^+,

(48)

if T ≪ 1. If α = 1/2, similar computation gives

F^∞_{Cas}(a) ∼κT { 3c_{Ω/R,∗;0}R^2 8a^3 ζ_R(3) + π^{32} c_{Ω/R,∗;1}R 24a^2 − m^2c_{Ω/R,∗;1}R 4 √ π log(am)^2 } + O(a^0) as r ≪ a → 0^+

if T ≫ 1, and

F^∞_{Cas}(a) ∼ κ { 7π^3c_{Ω/R,∗;0}R^2 960a^4 + 3c_{Ω/R,∗;1}R 16 √ πa^3 ζ_R(3) + πc_{Ω/R,∗;2} 48a^2 − c_{Ω/R,∗;2} 8π m^2 log(am)^2 + m^4c_{Ω/R,∗;0} 16π log(am)^2 } + O(a^0) as r ≪ a → 0^+,

if T ≪ 1. When d_1 = 3 and Ω = [0, L_2] × [0, L_3] is a rectangle, (48) gives the correct behavior of the Casimir force when a ≪ 1 which was derived in [44].

In (46), we only give the asymptotic behavior of the zero temperature Casimir force when am ≪ 1 ≪ Rm. At finite low temperature, the behavior of the thermal correction depends on the relative strength of the temperature T and mass m. If T ≪ m, the thermal correction term can be expanded in a power series of m^2 plus an exponentially suppressed term. If T ≫ m, then the thermal correction term can be written as a sum of a power series in m^2 as in the case of T ≪ m and the term (B7), which contains logarithmic terms of m/T .

For the influence of the extra dimensions, we rewrite ω_{N ;l} as ω^′_{N ;l}/r, where the re-scaled frequency ω^′_{N ;l} is independent of the size r of the extra dimensions N^n. We find from each of the formulas and asymptotic expansions for the Casimir force F^∞_{Cas}(a) derived above that, as the size r is very small compared to the plate separation a, the terms with nonzero ω^2_{N ;l} contribute Casimir force that are exponentially small. In the limit the internal manifold N^n vanishes, i.e. r → 0^+, only the κ terms corresponding to ω^2_{N ;l} = 0 remain and they give κ times the Casimir force in (d_1 + 1)-dimensional Minkowski spacetime. In other words, if κ = 0, the Casimir force goes to zero in the limit of vanishing internal space. This is definitely not a desired physical situation. The situation that is of physical interest is the recovery of the Casimir force in (d_1 + 1)-dimensional Minskowski spacetime in the limit of vanishing extra dimensions, or equivalently κ = 1. This happens in particular when N^n has zero scalar curvature or when ξ = 0 (minimal coupling) and N^n is connected. In this case, (31) shows that the presence of extra dimensions enhances the Casimir effect. In case α = 0 or 1, the expression (31) shows that the magnitude of the Casimir force becomes larger when the size of the internal manifold r is larger.

When the size r of the internal manifold N^n becomes comparable to the plate separation a, the correction to the Casimir force in (d_1 + 1)-dimensional Minskowki spacetime due to the extra dimensions (i.e. the contributions from the terms with ω^2_{N ;l} ≠ 0) can become substantial and it depends on the geometry of the internal manifold N^n.

B. The Casimir force density acting on a pair of parallel plates

In this section, we consider the limit where the size R of the cross section Ω goes to infinity, which is tantamount to two parallel plates in a (d_1 + 1)-dimensional Minkowski spacetime M^{d1+1}, with an n-dimensional internal manifold compactified to N^n at every point of M^{d1+1}. In this case, we should consider the Casimir force density F^‖_{Cas}(a) on the plates x^1 = 0 and x^1 = a which is defined as the limit

F^‖_{Cas}(a) = lim_{R→∞}

F^∞_{Cas}(a) Vol(Ω)

= lim_{R→∞}

F^∞_{Cas}(a) R^{d1−1} . From (43) and (44), we observe that when R is large, the leading term of F^∞_{Cas}(a) is of order R^{d1−1} coming from the term with i = 0. All the remaining terms are of order smaller than R^{d1−1}. Using the fact that c_{Ω/R,∗;0} = 1/(2 √ π)^{d1−1}, we obtain immediately the following high and low temperature expansions for the Casimir force density F^‖_{Cas}(a):

F^‖_{Cas}(a) = 1 2^{d1−1}π^{d1}2 T a^{d1} ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ e^{2πikα} a √ ω^2_{N ;l} + (2πpT )^2 + m^2 k d1 2 K d_{12} ( 2ka √ ω^2_{N ;l} + (2πpT )^2 + m^2 )

− 1 2^{d1−2}π^{d1}2 T a^{d1} ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ e^{2πikα} ( a √ ω^2_{N ;l} + (2πpT )^2 + m^2

)^d1^{+2}_2

k^{d1−2}2

K d_1+2_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 + m^2 ) ,

F^‖_{Cas}(a) = − d_1 2^{d1} π^{d1+1}2 a^{d1+1} ∞∑ k=1 ∞∑ l=0 e^{2πikα} a √ ω^2_{N ;l} + m^2 k d1+1 2 K d_1+1_2 ( 2ka √ ω^2_{N ;l} + m^2 ) − 1 2^{d1−1}π^{d1+1}2 a^{d1+1}

× ∞∑ k=1 ∞∑ l=0 e^{2πikα} ( a √ ω^2_{N ;l} + m^2

)^d1^{+3}_2

k^{d1−1}2

K d_1−1_2 ( 2ka √ ω^2_{N ;l} + m^2 ) + (aT )^{d1−22} 2^{d1−2}2 π^{d1−4}2 a^{d1+1} ∞∑ k=0 ∞∑ l=0 ∞∑ p=1 × (k + α)^2 ( √ (π[k + α])^2 + (aω_{N ;l})^2 + (am)^2 p )^d1^{−2}_2

K d_1−2_2 ( p T a √ (π[k + α])^2 + (aω_{N ;l})^2 + (am)^2 )

− (aT )^{d1+12} 2^{d1−1}2 π^{d1 +1}2 a^{d1+1} ∞∑ l=0 ∞∑ p=1 a √ ω^2_{N ;l} + m^2 p d1+1 2 K d_1+1_2 ( p T √ ω^2_{N ;l} + m^2 ) . (49) The first two terms in (49) give the zero temperature Casimir force density and it agrees with the result obtained in [16]. Notice that since the Casimir force density F^‖_{Cas}(a) is derived as a limit of the Casimir force F^∞_{Cas}(a), it follows that for a pair of infinite parallel plates with Dirichlet or Neumann boundary conditions on both plates, the Casimir force is attractive. For a pair of infinite parallel plates with Dirichlet boundary condition on one plate and Neumann boundary condition on the other plate, the Casimir force is repulsive. For either homogeneous or mixed boundary conditions, the magnitude of the Casimir force is a decreasing function of the plate separation a, but it is enhanced by the presence of the extra dimensions. If both the plates assume the same (Dirichlet or Neumann) boundary conditions, the Casimir force density F^‖_{Cas}(a) is also a decreasing function of mass. In the high temperature regime, the leading term of the Casimir force is linear in temperature. In the low temperature regime, the Casimir effect is dominated by the zero temperature term. As is shown in Appendix B, the behavior of the thermal correction is rather complicated and it depends on the relative strength of T and m. If T ≪ m, the thermal correction term to the Casimir force density is exponentially suppressed. However, if m ≪ T ≪ 1, we find from (B7) that the leading behavior of the thermal correction term is − κ (4π)^{d1+1}2 { 2^{d1+1} d1−2 2∑ q=0 (−1)^q q! ( m 2 )_{2q} Γ ( 1 + d_1 − 2q 2 ) ζ_R(1 + d_1 − 2q)T^{d1+1−2q}

+ (−1)^{d12} (_{d1} 2 ) ! √ πT m^{d1} ( − log (m T )_2 + ψ ( d_1 + 2 2 ) − ψ(1) ) − 1 2 Γ ( − d_1 + 1 2 ) m^{d1+1} } , if d_1 is even;

− κ (4π)^{d1+1}2 { 2^{d1+1} d1−1 2∑ q=0 (−1)^q q! ( m 2 )_{2q} Γ ( 1 + d_1 − 2q 2 ) ζ_R(1 + d_1 − 2q)T^{d1+1−2q}

+ √ πΓ ( − d_1 2 ) T m^{d1} + 1 2 (−1)^{d1+12} m^{d1+1} (_{d1+1} 2 ) ! ( log ( m 4πT )_2 − ψ ( d_1 + 3 2 ) − ψ(1) )} , if d_1 is odd.

In the limit when the mass m goes to zero, this shows that the leading order term of the temperature correction to the Casimir force density acting on a pair of parallel plates is − κ π^{d1 +1}2 Γ ( d_1 + 1 2 ) ζ_R(d_1 + 1)T^{d1+1}. (50)

This is in contrast to the case where the area of the cross section is finite, in which case the thermal correction term to the Casimir force is exponentially small when the temperature is low.

C. Special Case

Here we consider the special case as in section III C, where the cross section of the cylinder Ω is a rectangular region [0, L_2] × . . . × [0, L_{d1} ] and the internal manifold N^n is an n-torus T^n – a product of n circles with radius r_1, . . . , r_n respectively. For simplicity, we only consider the Casimir force F^∞_{Cas}(a) acting on a rectangular piston moving freely inside a semi-infinite long rectangular box when both the piston and the walls of the rectangular box assume the same (Dirichlet or Neumann) boundary conditions. The result for the case where they assume different boundary conditions can be obtained using (32). From (26) and (29), we find that the left closed chamber contributes the Casimir force

F^{left}_{Cas}(a; D/N) = −Σ̃_1 − T ∑ j∈N^{d1−1}/Ñ^{d1−1} ∑ l∈Z^n ∞∑ p=−∞

√ ∑_{d1} i=2 (_{πji} L_i )_2 + ∑_n i=1 (_{li} r_i )_2

+ m^2 + (2πpT )^2 exp ( 2a √ ∑_{d1} i=2 (_{πji} L_i )_2 + ∑_n i=1 (_{li} r_i )_2

+ m^2 + (2πpT )^2 ) − 1 ,

and the right infinitely long chamber contributes

F^{right}_{Cas} (D/N) = Σ̃_1 = − [ ∏_n l=1 r_l] 2^{d1+1} d_1−1∑

i=0 (∓1)^{d1−i−1} π^{i−n+2}2 m^{i+n+22} ∑ 2≤σ_1 <...<σ_i ≤d_1 i∏ j=1 L_{σj} ∑ (k_{σ1} ,...,k_{σi} ,l_1,...,l_n,p)∈Z^{i+n+1}\{0}

× i∑ j=1 [ L_{σj} k_{σj} ]_2 + n∑ j=1 [πr_j l_j ]^2 + [ p 2T ]_2

−^{i+n+2}_4

K i+n+2_2 2m i ∑ j=1 [ L_{σj} k_{σj} ]_2 + n∑ j=1 [πr_j l_j ]^2 + [ p 2T ]_2 . (51)

For Neumann boundary conditions, it is obvious that Σ̃_1 is negative. Using (27), we can rewrite Σ̃_1 in the form (21), where the terms with p = 0 in (51) are the T -independent terms correspond to the first two terms in (21). As is shown in Appendix A, when T is large, Σ̃_1 is negative and dominated by a term proportional T^{d+1}. Therefore, when T is large, there is a large repulsive force due to the vacuum fluctuations of the scalar field in the left chamber that tend to push the piston away from the closed end of the rectangular box. However, the vacuum fluctuations of the field in the right chamber give rise to a larger force in the opposite direction. The sum of these two forces is

F^∞_{Cas}(a; D/N) = −T ∑ j∈N^d1^{−1}/Ñ^d1^{−1} ∑ l∈Z^n ∞∑ p=−∞

√ ∑_{d1} i=2 (_{πji} L_i )_2 + ∑_n i=1 (_{li} r_i )_2

+ m^2 + (2πpT )^2 exp ( 2a √ ∑_{d1} i=2 (_{πji} L_i )_2 + ∑_n i=1 (_{li} r_i )_2

+ m^2 + (2πpT )^2 ) − 1 , (52)

which tends to move the piston towards the closed end of the rectangular box. The expression (52) shows that the Casimir force F^∞_{Cas}(a; D/N) is exponentially small when any of the parameters a, m, T is large or any of the parameters L_2, . . . , L_{d1} , r_1, . . . , r_n is small. There are a few alternative expressions for the Casimir force F^∞_{Cas}(a; D/N) which can be used to study the behaviors of the Casimir force at other limits. Using the formula (36), we find that if a and m are large and L_2, . . . , L_{d1} , r_1, . . . , r_n, T are small, the Casimir force can be computed using the formula

F^∞_{Cas}(a; D/N) = 1 2π ∞∑ k=1 ∑ j∈N^{d1−1}/Ñ^{d1−1} ∑ l∈Z^n ∞∑ p=−∞

× { ∑_{d1} i=2 (_{πji} L_i )_2 + ∑_n i=1 (_{li} r_i )_2

+ m^2

[ka]^2 + [_p 2T ]_2 K1 2 (_{d1} ∑ i=2 ( πj_i L_i )_2 + n∑ i=1 ( l_i r_i )_2

+ m^2 ) ( [ka]^2 + [ p 2T ]_2)

− 2k^2a^2 ∑_{d1} i=2 (_{πji} L_i )_2 + ∑_n i=1 (_{li} r_i )_2

+ m^2

[ka]^2 + [_p 2T ]_2 K2 2 (_{d1} ∑ i=2 ( πj_i L_i )_2 + n∑ i=1 ( l_i r_i )_2

+ m^2 ) ( [ka]^2 + [ p 2T ]_2) } .

In the zero temperature limit, we find that the zero temperature Casimir force is given by

F^∞_{Cas}(a; T = 0; D/N)

= 1 2π ∞∑ k=1 ∑ j∈N^{d1−1}/Ñ^{d1−1} ∑ l∈Z^n { √ ∑_{d1} i=2 (_{πji} L_i )_2 + ∑_n i=1 (_{li} r_i )_2

+ m^2 ka K_1 2ka d^1∑ i=2 ( πj_i L_i )_2 + n∑ i=1 ( l_i r_i )_2 + m^2

− 2 (_{d1} ∑ i=2 ( πj_i L_i )_2 + n∑ i=1 ( l_i r_i )_2

+ m^2 ) K_2 2ka d^1∑ i=2 ( πj_i L_i )_2 + n∑ i=1 ( l_i r_i )_2

+ m^2 } .

This expression shows that the zero temperature Casimir force is exponentially small when any of the parameters a, m is large or any of the parameters L_2, . . . , L_{d1} , r_1, . . . , r_n is small. For the situation that we are more interested in, i.e., the case where r_i ≪ a ≪ L_j , 1 ≤ i ≤ n, 2 ≤ j ≤ d_1, the Casimir force F^∞_{Cas}(a; D/N) can be written as the sum of two terms, where the first term − T 2^{d1−1} d_1−1∑

i=0 (∓1)^{d1−1−i} S̃_i π^{i+1}2 ∞∑ k=1 ∑ l∈Z^n ∞∑ p=−∞

× { i √ ∑_n j=1 (_{lj} r_j )_2

+ (2πpT )^2 + m^2 ka

i+1 2 K i+1_2 2ka n∑ j=1 ( l_j r_j )_2

+ (2πpT )^2 + m^2

+ 2 ( ∑_n j=1 (_{lj} r_j )_2

+ (2πpT )^2 + m^2

) i+3_4

(ka)^{i−1}2 K i−1_2 2ka n∑ j=1 ( l_j r_j )_2

+ (2πpT )^2 + m^2 }

(53)

is the dominating term, and the second term

− T 2^{d1} d_1−1∑

i=0 (∓1)^{d1−1−i} π^{i+1}2 ∑ l∈Z^n ∞∑ p=−∞ ∑ 2≤σ_1 <...<σ_i ≤d_1 i∏ j=1 L_{σj} ∑ (k_{σ1} ,...,k_{σi} )∈Z^i\{0}

× { ∑_n j=1 (_{lj} r_j )_2

+ (2πpT )^2 + m^2 ∑_i j=1[k_{σj} L_{σj} ]^2

i+1 4 K i+1_2 2 n∑ j=1 ( l_j r_j )_2

+ (2πpT )^2 + m^2 i∑ j=1 [k_{σj} L_{σj} ]^2

− 4π^{52} a^3 ∞∑ k_1 =1

k^2_1 (_{πk1} a )_2 + ∑_n j=1 (_{lj} r_j )_2

+ (2πpT )^2 + m^2 ∑_i j=1[k_{σj} L_{σj} ]^2

i−2 4

× K i−2_2 2 ( πk_1 a )_2 + n∑ j=1 ( l_j r_j )_2

+ (2πpT )^2 + m^2 i∑ j=1 [k_{σj} L_{σj} ]^2 }

(54)

decays exponentially when the area of the cross section L_2 . . . L_{d1} is large. The term S̃_i in (53) is equal to the sum

S̃_i = ∑ 2≤σ_1 <...<σ_i ≤d_1 i∏ j=1 L_{σj} .

The expressions (53) and (54) are suitable for investigating the high temperature behavior. The high temperature leading term is linear in T , which is equal to the sum of the terms with p = 0. At low temperature, we have the following alternative expressions for (53) and (54):

− 1 2^{d1} d_1−1∑

i=0 (∓1)^{d1−1−i} S̃_i π^{i+2}2 ∑ l∈Z^n { − ∞∑ k=1

√ ∑_n j=1 (_{lj} r_j )_2

+ m^2 ka

i+2 2 K i+2_2 2ka n∑ j=1 ( l_j r_j )_2 + m^2

+ 2 ∞∑ k=1

( ∑_n j=1 (_{lj} r_j )_2

+ m^2

) i+4_4

(ka)^i2

K i+4_2 2ka n∑ j=1 ( l_j r_j )_2

+ m^2

+ (2T )^{i+2}2 ∞∑ p=1

√ ∑_n j=1 (_{lj} r_j )_2

+ m^2 p

i+2 2

× K i+2_2 p T n∑ j=1 ( l_j r_j )_2

+ m^2 − 4π 5 2 (2T )^{i−12} a^3 ∞∑ p=1 ∞∑ k=1 k^2 √ (_{πk} a )_2 + ∑_n j=1 (_{lj} r_j )_2

+ m^2 p

i−1 2

× K i−1_2 p T ( πk a )_2 + n∑ j=1 ( l_j r_j )_2

+ m^2 }

(55)

and

− 1 2^{d1+1} d_1−1∑

i=0 (∓1)^{d1−1−i} π^{i+2}2 ∑ l∈Z^n ∞∑ p=−∞ ∑ 2≤σ_1<...<σ_i≤d_1 i∏ j=1 L_{σj} ∑ (k_{σ1} ,...,k_{σi} )∈Z^i\{0} { ∑_n j=1 (_{lj} r_j )_2

+ m^2 (_p 2T )_2 + ∑_i j=1[k_{σj} L_{σj} ]^2

i+2 4

× K i+2_2 2 n∑ j=1 ( l_j r_j )_2

+ m^2 ( p 2T )_2 + i∑ j=1 [k_{σj} L_{σj} ]^2 − 4π^{52} a^3 ∞∑ k_1 =1 (_{πk1} a )_2 + ∑_n j=1 (_{lj} r_j )_2

+ m^2 (_p 2T )_2 + ∑_i j=1[k_{σj} L_{σj} ]^2

i−1 4

× K i−1_2 2 ( πk_1 a )_2 + n∑ j=1 ( l_j r_j )_2

+ m^2 ( p 2T )_2 + i∑ j=1 [k_{σj} L_{σj} ]^2 } . (56)

The p = 0 in (55) and (56) give the zero temperature Casimir force. In the limit the cross section is large, i.e. L_i → ∞ for i = 2, . . . , d_1, we find from the term with i = d_1 − 1 in (53) and (55) that the Casimir force density acting on a pair of infinite parallel plates is given by

F^‖_{Cas}(a)

= − T 2^{d1−1}π^{d1}2 ∞∑ k=1 ∑ l∈Z^n ∞∑ p=−∞ { (d_1 − 1) √ ∑_n j=1 (_{lj} r_j )_2

+ (2πpT )^2 + m^2 ka

d1 2 K d_{12} 2ka n∑ j=1 ( l_j r_j )_2

+ (2πpT )^2 + m^2

+ 2 ( ∑_n j=1 (_{lj} r_j )_2

+ (2πpT )^2 + m^2

)^d1^{+2}_4

(ka)^{d1−2}2

K d_1−2_2 2ka n∑ j=1 ( l_j r_j )_2

+ (2πpT )^2 + m^2 } ,

or alternatively

F^‖_{Cas}(a) = − 1 2^{d1} π^{d1+1}2 ∑ l∈Z^n { − ∞∑ k=1

√ ∑_n j=1 (_{lj} r_j )_2

+ m^2 ka

d1+1 2 K d_1+1_2 2ka n∑ j=1 ( l_j r_j )_2

+ m^2

FIG. 2: The Casimir force F^∞_{Cas}(a) as a function of r/a for different values of m and T .

FIG. 3: The Casimir force F^∞_{Cas} (a) as a function of temperature for different values of r/a and m.

+ 2 ∞∑ k=1

( ∑_n j=1 (_{lj} r_j )_2

+ m^2

)^d1^{+3}_4

(ka)^{d1−1}2

K d_1+3_2 2ka n∑ j=1 ( l_j r_j )_2 + m^2

+ (2T )^{d1+1}2 ∞∑ p=1

√ ∑_n j=1 (_{lj} r_j )_2 + m^2 p

d1+1 2

× K d_1+1_2 p T n∑ j=1 ( l_j r_j )_2

+ m^2 − 4π 5 2 (2T )^{d1−22} a^3 ∞∑ p=1 ∞∑ k=1

√ (_{πk1} a )_2 + ∑_n j=1 (_{lj} r_j )_2 + m^2 p

d1−2 2

× K d_1−2_2 p T ( πk_1 a )_2 + n∑ j=1 ( l_j r_j )_2

+ m^2 } .

In Figures 2, 3 and 4, we show graphically the behavior of the Casimir force F^∞_{Cas}(a) acting on two parallel plates embedded in an infinitely long rectangular cylinder in a (4 + 1)-dimensional background spacetime with an extra dimension curled up to a circle of radius r. We assume that the massive scalar field is subjected to Dirichlet boundary conditions on the walls of the cylinder and the two plates. Figure 2 shows the variations of the Casimir force as a

FIG. 4: The Casimir force F^∞_{Cas}(a) as a function of mass for different values of r/a and T .

function of the size r of the extra dimension, or more precisely, the ratio of the size r to the plate separation a. It shows that the magnitude of the Casimir force is increased if the size of the extra dimension is increased. When r/a > 0.4, the existence of extra dimension can contribute substantially to the Casimir force. Figure 3 shows that the magnitude of the Casimir force is an increasing function of temperature. For a = 6μm, the graph shows that the Casimir force depends linearly on temperature when T > 200K. Figure 4 shows that the magnitude of the Casimir force decreases when the mass m increases.

V. CONCLUSION

In this paper, we have investigated the Casimir effect for massive scalar field with general curvature coupling in (d+1)-dimensional spacetime with n = d−d_1 extra dimensions. We consider the cases that the field assumes Dirichlet or Neumann boundary conditions on two parallel plates embedded in an infinitely long cylinder. We derive a general expression for the regularized Casimir energy that vanish in the infinite mass limit. A lots of the properties of the Casimir force are similar to the massless case. In particular, if the field assumes Dirichlet or Neumann boundary conditions on both plates, then the Casimir force acting on the plates are attractive. If the field assumes Dirichlet boundary condition on one plate and Neumann boundary condition on the other plate, then the Casimir force is repulsive. Passing from massless to massive, we find that the strength of the Casimir force is reduced if both plates assume the same boundary conditions.

For the influence of the extra dimensions, we find that the presence of extra dimensions enhances the Casimir effect. When the size of the internal manifold shrinks to zero, one obtains the Casimir force in the (d_1 + 1)-dimensional spacetime if an only if a certain elliptic operator on the internal manifold has exactly one zero mode. This happens in particular in the case of minimal coupling or zero scalar curvature.

For the extension of this work, it would be interesting to consider the general case of Robin boundary conditions as in [16]. This will be important for considering the finite temperature Casimir effect in the braneworld model especially for the radion field stabilization mechanism, as has been shown in [16] for the zero temperature case. The work along this direction will be reported elsewhere.

Acknowledgments

This project is funded by Ministry of Science, Technology and Innovation, Malaysia under e-Science fund 06-02-01- SF0080.

APPENDIX A: HIGH TEMPERATURE ASYMPTOTIC BEHAVIOR OF Σ̃1

In this section, we consider the asymptotic behavior of Σ̃_1 (21) at high temperature. The first two terms in (21) are independent of T . For the third term, we have

− T π ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=1

√ ω^2_{Ω,∗;j} + ω^2_{N ;l} + m^2 p K_1 p √ ω^2_{Ω,∗;j} + ω^2_{N ;l} + m^2 T = − 1 4π ∫_∞ 0 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=1 exp { − ω^2_{Ω,∗;j} + ω^2_{N ;l} + m^2 t − tp^2 4T^2 } dt

= − 1 4π ∫_∞ 0 ∞∑ p=1 exp { − tp^2 4T^2 } 1 2πi ∫_{c+i∞} c−i∞ Γ(z)t^zζ_{Ω×N ,∗}(z; m)dzdt

= − 1 4π 1 2πi ∫_{c+i∞} c−i∞ Γ(z)Γ(z + 1)(2T )^{2z+2}ζ_R(2z + 2)ζ_{Ω×N ,∗}(z; m)dz

∼ − 1 4π d−1∑ i=0 Γ ( i + 2 2 ) ζ_R(i + 2)c_{Ω×N ,∗;d−1−i}(m)(2T )^{i+2} + O(T ).

(A1)

APPENDIX B: THE ASYMPTOTIC BEHAVIOR OF THE CASIMIR FORCE F^∞_{Cas}(a) IN DIFFERENT LIMITS

In this section, we derive the asymptotic behavior of the Casimir force F^∞_{Cas}(a) in different limits. We only consider the case where α = 0 or 1. The case α = 1/2 can be derived analogously.

First we consider the asymptotic behavior when r < a < R. In the high temperature regime, it follows from (35) that

F^∞_{Cas}(a) = T 2 √ π ∂ ∂a { a ∫_∞ 0 t^{− 12} 1 2πi ∫_{c+i∞} c−i∞ Γ(z)t^zζ_{Ω,∗}(z) ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ exp ( − ω^2_{N ;l} + (2πpT )^2 + m^2 t − tk^2a^2 ) dzdt }

∼ T 2 √ π ∞∑ i=0 c_{Ω,∗;i} ∂ ∂a { a ∫_∞ 0 t^{d1−i2 −1} ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ exp ( − ω^2_{N ;l} + (2πpT )^2 + m^2 t − tk^2a^2 ) dt } , (B1)

where ζ_{Ω,∗}(z) is the zeta function

ζ_{Ω,∗}(s) = ∑ j∈J_∗ ω^{−2s}_{Ω,∗,j} , and c_{Ω,∗;i} is the heat kernel coefficient of the Laplace operator with Dirichlet/Neumann boundary conditions on Ω, i.e., ∑ j∈J_∗ e^{−tω2Ω,∗;j} = M−1∑ i=0 c_{Ω,∗;i}t^{i−d1 +12} + O ( t^{M −d1+12} ) as t → 0^+.

In terms of the measure R of the size of Ω, c_{Ω,∗;i} = R^{d1−i−1}c_{Ω/R,∗;i} ∝ R^{d1−i−1}. Therefore when r < a < R,

F^∞_{Cas}(a)

∼ T a √ π M−1∑ i=0 c_{Ω/R,∗;i} ( R a )_{d1−i−1 ∞}∑ k=1 ∞∑ l=0 ∞∑ p=−∞ { a √ ω^2_{N ;l} + (2πpT )^2 + m^2 k d1−i 2 K d_1−i_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 + m^2 )

− 2 ( a √ ω^2_{N ;l} + (2πpT )^2 + m^2

)^d1^{+2−i}_2 k^{d1−2−i}2 K d_1+2−i_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 + m^2 ) } + O (( R a )_{d1−M−1}) . (B2)

This expansion only gives the behavior when am ≫ 1. For the expansion when am ≪ 1, we go back to (B1) and consider the expansion of

T(i; a) = ∂ ∂a { a ∫_∞ 0 t^{d1−i2 −1} ∞∑ k=1 ∞∑ l=0 ∞∑ p=−∞ exp ( − ω^2_{N ;l} + (2πpT )^2 + m^2 t − tk^2a^2 ) dt } (B3)

when am ≪ 1. Recall that there are κ zero eigenvalues ω^2_{N ;l}. We write (B3) as the sum of T_1(i; a) and T_2(i; a), where

T_1(i; a) = κ ∂ ∂a { a ∫_∞ 0 t^{− i+2−d12} ∞∑ k=1 exp ( − m^2 t − tk^2a^2 ) dt }

and

T_2(i; a) = ∂ ∂a a ∫_∞ 0 t^{d1−i2 −1} ∞∑ k=1 ∑ (l,p)∈Ñ×Z ω^2_{N ;l}+(2πpT )^2 ≠0 exp ( − ω^2_{N ;l} + (2πpT )^2 + m^2 t − tk^2a^2 ) dt .

For the term T_2(i; a), we can use the Taylor expansion of e^{−m2/t} to write

T_2(i; a) = ∞∑ q=0 (−1)^q q! m^{2q} ∂ ∂a a ∫_∞ 0 t^{d1−i2 −q−1} ∞∑ k=1 ∑ (l,p)∈Ñ×Z ω^2_{N ;l}+(2πpT )^2 ≠0 exp ( − ω^2_{N ;l} + (2πpT )^2 t − tk^2a^2 ) dt

=2a^{i−d1} ∞∑ q=0 (−1)^q q! (am)^{2q} { a √ ω^2_{N ;l} + (2πpT )^2 k d1−i−2q 2 K d_1−i−2q_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 )

− 2 ( a √ ω^2_{N ;l} + (2πpT )^2

)^d1^{+2−i−2q}_2 (k)^{d1 −2−i−2q}2 K d_1+2−i−2q_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 ) } . For T_1(i; a), notice that when s is large enough, and am ≪ 1,

P(s; a) = ∫_∞ 0 t^{−s} ∞∑ k=1 exp ( − m^2 t − tk^2a^2 ) dt = ∫_∞ 0 t^{s−2} ∞∑ k=1 exp ( −tm^2 − k^2a^2 t ) dt

= − 1 2 Γ(s − 1)m^{−2s+2} + √ π 2a ∫_∞ 0 t^{s− 32} ∞∑ k=−∞ exp ( −tm^2 − tπ^2k^2

a^2 ) dt

= − 1 2 Γ(s − 1)m^{−2s+2} + √ π 2a Γ ( s − 1 2 ) m^{−2s+1} + √ π a ∞∑ q=0 (−1)^q q! m^{2q} Γ ( s − 1 2 + q ) ζ_R(2s − 1 + 2q) (π a )_{−2s+1−2q} . By analytic continuation, this formula holds for all s. If s > 1, we can put in directly the value of s in each of the terms. For s ≤ 1, we have for j = 0, 1, 2, . . .,

P (1 − j; a) = 1 2 (−1)^j j! m^{2j} ( log ( am 2π )_2

− ψ (j + 1) − ψ(1) ) + √ π 2a Γ ( −j + 1 2 ) m^{2j−1} + √ π a ∑ q∈Ñ q≠j (−1)^q q! m^{2q} Γ ( −j + 1 2 + q ) ζ_R(−2j + 1 + 2q) (π a )_{2j−1−2q} ,

25 P ( 1 2 − j; a ) = √ π 2a (−1)^j j! m^{2j} ( − log (2am)^2 + ψ (j + 1) − ψ(1) ) − 1 2 Γ ( −j − 1 2 ) m^{2j+1} + √ π a ∑ q∈Ñ q≠j (−1)^q q! m^{2q} Γ (−j + q) ζ_R(−2j + 2q) (π a )_{2j−2q} .

Therefore, when r < a < R and am ≪ 1 ≪ Rm, the Casimir force F^∞_{Cas}(a) has the asymptotic expansion

F^∞_{Cas}(a) ∼ κT 2 √ πa [^{d1}_2 ]∑ j=0 c_{Ω/R,∗;d1−2j} ( R a )_{2j−1} { 1 2 (−1)^j j! (am)^{2j} ( log ( am 2π )_2

+ 2 − ψ (j + 1) − ψ(1) ) + √ π ∑ q∈Ñ q≠j (−1)^q q! (am)^{2q}

× (2q − 2j + 1)π^{2j−2q−1}Γ ( −j + 1 2 + q ) ζ_R(−2j + 1 + 2q) } + κT 2 √ πa [^{d1 −1}_2 ]∑ j=0 c_{Ω/R,∗;d1−2j−1} ( R a )_{2j} { − √ π (−1)^j j! (am)^{2j}

− 1 2 Γ ( −j − 1 2 ) (am)^{2j+1} + √ π ∑ q∈Ñ q≠j (−1)^q q! (am)^{2q} (2q − 2j)π^{2j−2q} Γ (−j + q) ζ_R(−2j + 2q) } + κT 2 √ πa ∞∑ i=d_1+1

× c_{Ω/R,∗;i} ( R a )_{d1−1−i} { − 1 2 Γ (_{i−d1} 2 ) (am)^{i−d1} + √ π ∞∑ q=0 (−1)^q q! (am)^{2q} (i − d_1 + 1 + 2q) π^{i−d1+1+2q} Γ ( i − d_1 + 1 + 2q 2 ) ζ_R (i − d_1 + 1 + 2q) }

+ T √ πa ∞∑ i=0 c_{Ω,∗;i} ( R a )_{d1−1−i ∞}∑ q=0 (−1)^q q! (am)^{2q} ∞∑ k=1 ∑ (l,p)∈Ñ×Z ω^2_{N ;l}+(2πpT )^2 ≠0

{ a √ ω^2_{N ;l} + (2πpT )^2 k d1−i−2q 2

× K d_1−i−2q_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 ) − 2 ( a √ ω^2_{N ;l} + (2πpT )^2

)^d1^{+2−i−2q}_2 k^{d1−2−i−2q}2 K d_1+2−i−2q_2 ( 2ka √ ω^2_{N ;l} + (2πpT )^2 ) } . (B4)

In the low temperature regime, we use (11) to transform (36) to

F^∞_{Cas}(a) = 1 4π ∂ ∂a { a ∫_∞ 0 ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 exp { − ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 t − tk^2a^2 } dt

+ 2 √ π ∫_∞ 0 t^{− 12} ∞∑ k=1 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=1 exp { − 1 t ([ πk a ]_2

+ ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 ) − t ( p 2T )_2 } dt }

− 1 4π ∫_∞ 0 ∑ j∈J_∗ ∞∑ l=0 ∞∑ p=1 exp { − ω^2_{Ω,∗;j} + ω^2_{N ,l} + m^2 t − t ( p 2T )_2 } dt.

Using the same method as we derive (B2), we find that

F^∞_{Cas}(a) ∼ ∞∑ i=0 c_{Ω/R,∗;i}R^{d1−1−i} { 1 4π ∂ ∂a [ a ∫_∞ 0 t^{d1−1−i2} ∞∑ k=1 ∞∑ l=0 exp { − ω^2_{N ,l} + m^2 t − tk^2a^2 } dt

+ 2 √ π ∫_∞ 0 t^{d1−i−22} ∞∑ k=1 ∞∑ l=0 ∞∑ p=1 exp { − 1 t ([ πk a ]_2

+ ω^2_{N ,l} + m^2 ) − t ( p 2T )_2 } dt ]

− 1 4π ∫_∞ 0 t^{d1−1−i2} ∞∑ l=0 ∞∑ p=1 exp { − ω^2_{N ,l} + m^2 t − t ( p 2T )_2 } dt }

26

= − 1 a^2 ∞∑ i=0 c_{Ω/R,∗;i} ( R a )_{d1−1−i} { 1 2π ∞∑ k=1 ∞∑ l=0 [ (d_1 − i) a √ ω^2_{N ;l} + m^2 k d1+1−i 2 K d_1+1−i_2 ( 2ka √ ω^2_{N ;l} + m^2 )

+ 2 ( a √ ω^2_{N ;l} + m^2

)^d1^{+3−i}_2 k^{d1−1−i}2 K d_1−1−i_2 ( 2ka √ ω^2_{N ;l} + m^2 ) ] − 2^{d1−i2} π^{32} (aT )^{d1−i−22} ∞∑ k=1 ∞∑ l=0 ∞∑ p=1 k^2

× ( √ (πk)^2 + (aω_{N ;l})^2 + (am)^2 p )^d1^{−i−2}_2 K d_1−i−2_2 ( p T a √ (πk)^2 + (aω_{N ;l})^2 + (am)^2 )

+ (2aT )^{d1−i+12} 2π ∞∑ l=0 ∞∑ p=1 a √ ω^2_{N ;l} + m^2 p d1−i+1 2 K d_1−i+1_2 ( p T √ ω^2_{N ;l} + m^2 )} .

(B5)

In case T = 0 and am ≪ 1 ≪ Rm, F^{∞,T =0} Cas (a) ∼ κ 4πa^2 [^{d1+1}_2 ]∑ j=0 c_{Ω/R,∗;d1+1−2j} ( R a )_{2j−2} { 1 2 (−1)^j j! (am)^{2j} ( log ( am 2π )_2

+ 2 − ψ (j + 1) − ψ(1) ) + √ π ∑ q∈Ñ q≠j (−1)^q q! (am)^{2q}

× (2q − 2j + 1)π^{2j−2q−1}Γ ( −j + 1 2 + q ) ζ_R(−2j + 1 + 2q) } + κ 4πa^2 [^{d1}_2 ]∑ j=0 c_{Ω/R,∗;d1−2j} ( R a )_{2j−1} { − √ π (−1)^j j! (am)^{2j}

− 1 2 Γ ( −j − 1 2 ) (am)^{2j+1} + √ π ∑ q∈Ñ q≠j (−1)^q q! (am)^{2q} (2q − 2j)π^{2j−2q} Γ (−j + q) ζ_R(−2j + 2q) } + κ 4πa^2 ∞∑ i=d_1+2

× c_{Ω/R,∗;i} ( R a )_{d1−1−i} { − 1 2 Γ (_{i−1−d1} 2 ) (am)^{i−1−d1} + √ π ∞∑ q=0 (−1)^q q! (am)^{2q} (i − d_1 + 2q) π^{i−d1+2q} Γ ( i − d_1 + 2q 2 ) ζ_R (i − d_1 + 2q) }

− 1 2πa^2 ∞∑ i=0 c_{Ω,∗;i} ( R a )_{d1−1−i ∞}∑ q=0 (−1)^q q! (am)^{2q} ∞∑ k=1 ∑ l∈Ñ ω^2_{N ,l}≠0

{ (d_1 − i − 2q) (ω_{N ;l} k )^d1^{+1−i−2q}_2 K d_1+1−i−2q_2 (2kaω_{N ;l})

+ 2 ω^{d1+3−i−2q2} N ;l k^{d1−1−i−2q}2 K d_1−1−i−2q_2 (2kaω_{N ;l}) } . (B6)

For the temperature correction terms, it can also be written as a power series in m^2 if T < m. However, if m ≪ T , we have a contribution

− κm^2 4π [^{d1+1}_2 ]∑ j=0 c_{Ω/R,∗;d1+1−2j} (Rm)^{2j−2} { 1 2 (−1)^j j! ( log ( m 4πT )_2

− ψ (j + 1) − ψ(1) ) + √ πΓ ( −j + 1 2 ) T m

+ 2 √ π ∑ q∈Ñ q≠j (−1)^q q! Γ ( −j + 1 2 + q ) ζ_R(−2j + 1 + 2q) (2π)^{2j−1−2q} ( m T )_{2q−2j} } − κm^2 4π [^{d1}_2 ]∑ j=0 c_{Ω/R,∗;d1−2j} (Rm)^{2j−1}

× { √ π (−1)^j j! T m ( − log (m T )_2

+ ψ (j + 1) − ψ(1) ) − 1 2 Γ ( −j − 1 2 ) + 2 √ π ∑ q∈Ñ q≠j (−1)^q q!

27 × Γ (−j + q) ζ_R(−2j + 2q) (2π)^{2j−2q} ( m T )_{2q−2j−1} } − κm^2 4π ∞∑ i=d_1+2 c_{Ω/R,∗;i}(Rm)^{d1−1−i} { − 1 2 Γ ( i − d_1 − 1 2 )

+ √ πΓ ( i − d_1 2 ) T m + 2 √ π ∞∑ q=0 (−1)^q q! Γ ( i − d_1 + 2q 2 ) ζ_R(i − d_1 + 2q) (2π)^{d1−i−2q} ( m T )_{i−d1+2q−1} } (B7)

coming from the terms with ω^2_{N ;l} = 0 in the last term of (B5). It contains logarithmic terms of m/T .

[1] J. Polchinski, String Theory, Cambridge Monographs on Mathematical Physics (1998).

[2] H. B. Cheng, The asymptotic behavior of Casimir force in the presence of compactified universal extra dimensions, Phys.

Lett. B 643 (2006), 311.

[3] H. B. Cheng, The Casimir force on a piston in the spacetime with extra compactified dimensions, Phys. Lett. B 668 (2008), 72. [4] S. A. Fulling and K. Kirsten, Comment on: The Casimir force on a piston in the spacetime with extra compactified dimensions [Phys. Lett. B 668 (2008) 72], Phys. Lett. B 671 (2009), 179.

[5] K. Kirsten and S. A. Fulling, Kaluza-Klein models as pistons, arXiv: 0901.1902, to appear in Phys. Rev. D. [6] M. Frank, I. Turan and L. Ziegler, Casimir force in Randall-Sundrum models, Phys. Rev. D 76 (2007), 015008. [7] R. Linares, H. A. Morales-Técotl and O. Pedraza, Casimir force for a scalar field in warped brane worlds, Phys. Rev. D 77 (2008), 066012.

[8] M. Frank, N. Saad and I. Turan, Casimir force in Randall-Sundrum models with q + 1 dimensions, Phys. Rev. D 78, 055014.

[9] K. Poppenhaeger, S. Hossenfelder, S. Hofmann and M. Bleicher, The Casimir effect in the presence of compactified universal extra dimensions, Phys. Lett. B 582 (2004), 1.

[10] L. Perivolaropoulos, Vacuum energy, the cosmological constant, and compact extra dimensions: Constraints from Casimir effect experiments , Phys. Rev. D 77 (2008), 107301.

[11] F. Pascoal, L. F. A. Oliveira, F. S. S. Rosa and C. Farina, Estimate for the size of the compactification radius of a one extra dimension universe, Braz. J. Phys. 38 (2008), 581.

[12] A. Edery and V. N. Marachevsky, Compact dimensions and the Casimir effect: the Proca connection, JHEP 0812 (2008), 035.

[13] C. Ccapa Ttira, C. D.Fosco, A. P. C. Malbouisson, I. Roditi, Quantum effects in QED3+1 with an extra compactified dimension, arXiv: 0812.4746.

[14] L. P. Teo, Finite temperature Casimir effect in spacetime with extra compactified dimensions, Phys. Lett. B. 672 (2009), 190–195.

[15] L.P. Teo, Finite Temperature Casimir Effect in Kaluza-Klein Spacetime, arXiv:0901.2195.

[16] E. Elizalde, S.D. Odintsov and A. A. Saharian, Repulsive Casimir effect from extra dimensions and Robin boundary conditions: from branes to pistons, arXiv:0902.0717, to appear in Phys. Rev. D.

[17] A. A. Saharian, Casimir densities in brane models with compact internal spaces, arXiv: 0811.4301. [18] F. S. Accetta, Finite-temperature instability for compactification, Phys. Rev. D 34 (1986), 1798. [19] W. D. Goldberger and I. Z. Rothstein, Quantum stabilization of compactified AdS5, Phys. Lett. B 491 (2000), 339. [20] S. Nam, Casimir force in compact noncommutative extra dimensions and radius stabilization, JHEP 0010 (2000), 044. [21] W. H. Huang, Finite-temperature Casimir effect on the radius stabilization of noncommutative torus, JHEP 0011 (2000), 041.

[22] E. Ponton and E. Poppitz, Casimir energy and radius stabilization in five and six dimensional orbifolds, JHEP 0106 (2001), 019.

[23] R. Hofmann, P. Kanti and M. Pospelov, (De)stabilization of an extra dimension due to a Casimir force, Phys. Rev. D 63 (2001), 124020.

[24] W. H. Huang, Casimir effect on the radius stabilization of the noncommutative torus, Phys. Lett. B 497 (2001), 317. [25] E. Elizalde, Matching the observational value of the cosmological constant, Phys. Lett. B 516 (2001), 143. [26] C. L. Gardner, Primordial inflation and present-day cosmological constant from extra dimensions, Phys. Lett. B 524 (2002), 21. [27] K. A. Milton, Dark energy as evidence for extra dimensions, Grav. Cosmol. 9 (2003), 66.

[28] M. R. Setare, Stress-energy tensor for parallel plate on background of conformally flat brane-world geometries and cosmological constant problem, Eur. Phys. J. C 38 (2004), 373.

[29] G. Mahajan, S. Sarkar and T. Padmanabhan, Casimir effect confronts cosmological constant, Phys. Lett. B 641 (2006), 6. [30] M. Doran and J. Jaeckel, What measurable zero point fluctuations can(not) tell us about the dark energy, JCAP 0608 (2006), 010.

[31] M. Bordag, U. Mohideen and V. M. Mostepanenko, New developments in the Casimir effect, Phys. Rep. 353 (2001), 1. [32] R. M. Cavalcanti, Casimir force on a piston, Phys. Rev. D 69 (2004), 065015. [33] V. N. Marachevsky, Casimir interaction of two plates inside a cylinder, Phys. Rev. D 75 (2007), 085019. [34] Steven K. Blau, Matt Visser, and Andreas Wipf, Zeta functions and the Casimir energy, Nucl. Phys. B 310 (1988), 163.

[35] J.S. Dowker and G. Kennedy, Finite Temperature and Boundary Effects in Static Space-Times, J. Phys. A 11 (1978), 895. [36] J. S. Dowker, Finite temperature and vacuum effects in higher dimensions, Class. Quantum Grav. 1 (1984), 359. [37] J.S. Dowker and J.P. Schofield, Chemical Potentials In Curved Space, Nucl. Phys. B 327 (1989), 267. [38] K. Kirsten, Grand thermodynamic potential in a static space-time with boundary, Class. Quantum Grav. 8 (1991), 2239. [39] K. Kirsten, Casimir effect at finite temperature, J. Phys. A: Math. Gen. 24 (1991), 3281. [40] E. Elizalde, A very simple computation of the Casimir effect , Nuovo Cimento B 104 (1989), 685. [41] K. Kirsten, Inhomogeneous multidimensional Epstein zeta functions, J. Math. Phys. 32 (1991), 3008. [42] E. Elizalde, An extension of the Chowla-Selberg formula useful in quantizing with the Wheeler-DeWitt equation, J. Phys.

A 27 (1994), 3775.

[43] E. Elizalde, Multidimensional extension of the generalized Chowla-Selberg formula, Comm. Math. Phys. 198 (1998), 83. [44] S. C. Lim and L. P. Teo, Three dimensional Casimir piston for massive scalar fields, arXiv: hep-th:0807.3613. [45] J. Feinberg, A. Mann and M. Revzen, Casimir effect: The classical limit, Ann. Phys. 288 (2001), 103. [46] I. Klich, J. Feinberg, A. Mann A and M. Revzen, Casimir energy of a dilute dielectric ball with uniform velocity of light at finite temperature, Phys. Rev. D 62 (2000), 045017.

[47] M. Schaden and L. Spruch, Classical Casimir effect: The interaction of ideal parallel walls at a finite temperature, Phys.

Rev. A 65 (2002), 034101.

[48] A. Scardicchio and R.L. Jaffe, Casimir effects: An optical approach II. Local observables and thermal corrections, Nucl.

Phys. B 743 (2006), 249.

[49] B. Geyer, G. L. Klimchitskaya and V. M. Mostepanenko, Thermal Casimir effect in ideal metal rectangular boxes, Euro.

Phys. J. C. 57 (2008), 823.

[50] S. C. Lim and L. P. Teo, arXiv: hep-th:0808.0047, to appear in Eur. Phys. J. C.

[51] E. Álvarez and F. D. Mazzitelli, Long range Casimir force induced by transverse electrogmanetic modes, Phys. Rev. D 79 (2009), 045019.