arXiv:0903.4644v1 [hep-th] 26 Mar 2009

Noname manuscript No. (will be inserted by the editor)

Dinesh Singh · Nader Mobed

Is There an Observable Limit to Lorentz Invariance at the Compton Wavelength Scale?

Essay written for the Gravity Research Foundation 2009 Awards for Essays on Gravitation

March 26, 2009

Abstract The possibility of a frame-induced violation of Lorentz invariance due to non-inertial spin- 1/2 particle motion is explored in detail for muon decay while in orbit near the event horizon of a microscopic Kerr black hole. It is explicitly shown that kinematic and curvature contributions to the muon’s decay spectrum—in the absence of any unforeseen processes due to quantum gravity—lead to its stabilization at the muon’s Compton wavelength scale. This example is emblematic of the search for unambiguous indicators to critically assess current and future approaches to quantum gravity research.

Keywords spin-1/2 particles in curved space-time · Fermi normal co-ordinates · muon decay · Casmir properties

PACS 04.60.Bc · 04.62.+v · 11.30.Cp · 13.35.Bv

1 Introduction

Despite several decades of concerted effort, finding an acceptable theory of quantum gravity remains an elusive goal. While string theory and loop quantum gravity—only two of many distinct approaches available [1]—provide interesting but conflicting theoretical perspectives on the subject, it is the complete lack of reliable observational evidence that remains the primary source of the problem. Instead, there is a strong reliance on mathematical and philosophical assumptions to provide direction, of which the following are commonly accepted:

D. Singh Department of Physics University of Regina Regina, Saskatchewan S4S 0A2, Canada

Tel.: +1-306-585-4681 Fax: +1-306-585-5659

E-mail: dinesh.singh@uregina.ca

N. Mobed Department of Physics University of Regina Regina, Saskatchewan S4S 0A2, Canada

Tel.: +1-306-585-4359 Fax: +1-306-585-5659

E-mail: nader.mobed@uregina.ca

1. Lorentz invariance symmetry is satisfied for all length scales involving quantum phenomena, including the Planck length l_P = √ h̄G/c^3 ≈ 1.616 × 10^{−33} cm; and 2. Observations of quantum gravity only occur at the Planck scale.

Given the lack of available data, it seems useful to take a more indirect approach towards solving the quantum gravity problem. For instance, consider the fact that the intrinsic properties of elementary particles are categorized in accordance with the Poincaré symmetry group, a well-defined feature of quantum field theory in flat space-time. However, when generalizing to quantum field theory in curved space-time, it is understood that the particle concept loses meaning, due to the lack of a unique vacuum state that is heavily reliant on Poincaré symmetry [2]. Since there are broad implications for adopting this viewpoint, it is very important to ascertain whether the implicit assumptions built into this approach are well-founded.

To address this question, a recent investigation [3] critically examines the applicability of the Poincaré group to single-particle state quantum systems while in non-inertial motion. This approach specifically involves the Pauli-Lubanski four-vector W for spin-1/2 particles in flat space-time, but with the canonical momentum generators P in curvilinear co-ordinate form to best reflect the symmetries of an elementary particle’s classical worldline. A surprising consequence is that the scalar operator W · W , normally identified as a Casimir invariant for particle spin, is actually frame-dependent due to an additive term coupling the Pauli spin operator σ with a Hermitian three-vector called the noninertial dipole operator [3,4,5], in the form R^î = (_i 2h̄ ) ϵ^{îĵk̂}[P_ĵ, P_{k̂}]. If r is defined as the local radius of curvature for the particle’s trajectory with respect to a fixed laboratory frame [3], it is shown that R ∼ |P |/r. Assuming fixed momentum, it is clear that R → 0 as r → ∞, while R = 0 identically for strictly inertial motion expressed via local Cartesian co-ordinates. Furthermore, when R is applied to studying muon decay in a circular storage ring [3], it is shown that non-inertial motion can stabilize the muon indefinitely when r approaches the muon’s Compton wavelength scale.

If it is shown that a similar prediction occurs for a computation performed in a curved space-time background [6], then this is a remarkable statement that provides an important clue about the intersection between quantum mechanics and gravitation at a length scale over twenty orders of magnitude larger than the Planck scale, whose consequences have to be taken seriously. The purpose of this paper is to explore modifications of the muon decay rate while in circular motion around a microscopic Kerr black hole described in terms of Fermi normal co-ordinates, using the spin-1/2 particle Pauli-Lubanski vector in curvilinear co-ordinates where the frame-based contribution due to R appears. It is shown that the presence of space-time curvature enhances the stabilization of the muon, particularly when the muon’s orbital radius approaches the Compton wavelength scale, with interesting consequences to follow. For this paper, geometric units of G = c = 1 are assumed, where the curvature tensors follow the symmetry conventions of Misner, Thorne, and Wheeler [7], but with −2 metric signature. As well, the flat space-time gamma matrices follow the conventions given by Itzykson and Zuber [8].

2 Covariant Dirac Equation in Fermi Normal Co-ordinates

Consider the covariant Dirac equation [6]

[iγ^μ(X) (∂_μ + i Γ_μ(X)) − m/h̄] ψ(X) = 0 (1)

for a spin-1/2 particle of mass m, where X^μ = ( T, X^j ) is the Fermi normal co-ordinate system defined in a local neighbourhood about the spin-1/2 particle’s worldline parametrized by proper time T , where X^j is the Cartesian spatial co-ordinate orthogonal to the worldline, ∂_μ =^∂_{∂X μ} , and Γ_μ(X) is the spin connection. The gamma matrices {γ^μ(X)} satisfy {γ^μ(X), γ^ν (X)} = 2 g^{μν}_F (X), where the space-time metric is described in terms of ds^2 =^F g_{μν} (X) dX^μ dX^ν by

F g_{00}(X) = 1 −^F R_{l00m}(T ) X^l X^m + · · · , (2)

F g_{0j} (X) = − 2 3 F R_{l0jm}(T ) X^l X^m + · · · , (3) F g_{ij} (X) = η_{ij} − 1 3 F R_{lijm}(T ) X^l X^m + · · · , (4) where η_{μν} is the Minkowski metric, and^F R_{μαβν} (T ) is the projection of the Riemann tensor onto the Fermi frame. The metric can be expressed in terms of orthonormal vierbeins {ē^μ_{α̂}(X)} and inverse vierbeins { ē^{α̂}_μ(X) } projected from a local Lorentz frame defined by co-ordinates with hatted indices, such that^F g_{μν} (X) = η_{α̂β̂} ē^{α̂}_μ(X) ē^{β̂}_ν (X).

It is straightforward to express (1) in curvilinear co-ordinate form. To begin, assume that X^j = X^j (u^1, u^2, u^3), where u^j is the curvilinear spatial co-ordinate. Then the Fermi normal co-ordinate system takes the form U^μ, where U^0 = T and U^j = u^j . A corresponding set of orthonormal vierbeins is then obtained, where e^β_{α̂}(U) =^{∂U β}_{∂X α} ē^α_{α̂}(X) and e^{α̂}_β (U) =^{∂X α}_{∂U β} ē^{α̂}_α(X). Upon projecting onto the local Lorentz frame, (1) in curvilinear co-ordinates is expressed as [ iγ^{μ̂} ( ^∇_{μ̂} + i Γ_{μ̂}(U) ) − m/h̄ ] ψ(U) = 0 , (5)

where ^∇_{μ̂} = ∇_{μ̂} + i Γ̂_{μ̂}(U) is the covariant derivative operator defined with respect to Minkowski space-time in curvilinear co-ordinate form, with ∇_{^0} ≡^∂_{∂T} and ∇_ĵ ≡^1_{λ(ĵ) (u)}^∂_{∂uĵ} , where λ^{(ĵ)}(u) is the dimensional scale function and Γ̂_{μ̂}(U) is the corresponding spin connection. From (5), it follows that [ γ^{μ̂} (P_{μ̂} − h̄ Γ_{μ̂}(U)) − m ] ψ(U) = 0 , (6)

where

P_{μ̂} = p_{μ̂} + Ω_{μ̂} (7)

is the momentum operator in curvilinear co-ordinates, in terms of

p_{μ̂} = ih̄ ∇_{μ̂} , (8)

Ω_{μ̂} = ih̄ [ ∇_{μ̂} ln ( λ^{(^1)}(u) λ^{(^2)}(u) λ^{(^3)}(u) )_{1/2}] . (9)

By now defining D_{μ̂} = P_{μ̂} − h̄ Γ_{μ̂} and making use of the identity [9]

γ^{μ̂} γ^{ν̂} γ^{ρ̂} = η^{ν̂ρ̂} γ^{μ̂} − 2 γ^{[ν̂} η^{ρ̂]μ̂} − i γ^5 γ^{σ̂} ε^{μ̂ν̂ρ̂}_{σ̂} , (10)

where ε^{μ̂ν̂ρ̂σ̂} is the Levi-Civita symbol with ε^{^0^1^2^3} = 1, it is shown that

D_{μ̂} = P_{μ̂} − h̄ ( γ^5 Γ̄^{(C)}_{μ̂} − i Γ̄^{(S)}_{μ̂} ) , (11)

Γ̄^{(C)}_{μ̂} = 1 2 ε^{^0l̂m̂}_{μ̂}^F R_{lm0k}(T ) X^k , (12)

Γ̄^{(S)}_{^0} = 1 12 F R^m_{jmk,0}(T ) X^j X^k , (13)

Γ̄^{(S)}_ĵ = − 1 2 F R_{j00m}(T ) X^m , (14)

where the “C” refers to the chiral-dependent part of the spin connection and the “S” denotes the symmetric part under chiral symmetry.

3 Violation of Casimir Invariance for Spin-1/2 Particles

Given the Pauli-Lubanski vector in the local Lorentz frame [6]

W^{μ̂} = − 1 4 ε^{μ̂}_{α̂β̂γ̂} σ^{α̂β̂} D^{γ̂} , (15) where σ^{α̂β̂} =^i_2 [ γ^{α̂} , γ^{β̂} ] , it is straightforward to show that while m^2_0 = P^{α̂} P_{α̂} is a Lorentz invariant for momentum, the corresponding quantity for spin is not. That is,

W^{α̂} W_{α̂} = − 3 4 [ m^2_0 + h̄^2 6 (_F R^{α̂}_{α̂} ) ] + h̄ 2 (σ · R) − h̄ 4 σ^{α̂β̂} Q_{α̂β̂} + 3 2 h̄ ( γ^5 Γ̄^{(C)}_{α̂} − i Γ̄^{(S)}_{α̂} ) P^{α̂} + 3 4 h̄^2 ∇^{α̂} ( Γ̄^{(S)}_{α̂} + i γ^5 Γ̄^{(C)}_{α̂} ) (16)

in the presence of a curved space-time background, where

R^{k̂} = i 2h̄ ε^{^0îĵk̂} [P_î, P_ĵ] | | | F R_{μ̂ν̂α̂β̂} →0 = ε^{^0îĵk̂} ( ∇_î ln λ^{(j)} ) P_ĵ (17)

is the non-inertial dipole operator,

Q_{α̂β̂} = 2 ( ē^σ_{[α̂} ē^γ_{β̂]} − δ^σ_{[α̂} δ^γ_{β̂]} ) ( ∇_{σ̂} ln λ^{(γ)} ) P_{γ̂} + C^{μ̂}_{α̂β̂} P_{μ̂} , (18) and C^{μ̂}_{α̂β̂} = 2 ē^{μ̂}_σ ( ∇_λ ē^σ_{[α̂} ) ē^λ_{β̂]} (19)

is the object of anholonomicity in the local Lorentz frame, with both (18) and (19) exclusively firstorder in^F R_{μ̂ν̂α̂β̂}. Clearly, (16) reduces to its flat space-time counterpart in the absence of external gravitational fields [3], with the non-inertial dipole interaction due to (17).

It is important to emphasize that P^{α̂} P_{α̂} and W^{α̂} W_{α̂} are not the “Casimir invariants” for the Poincaré group in curvilinear co-ordinates, since neither operator commutes with all the generators of the Lie algebra associated with the Poincaré group, a defining property of Casimir invariance [10].

4 Muon Decay Near a Microscopic Kerr Black Hole

While the expression (16) is interesting by itself, a fuller appreciation comes when the Pauli-Lubanski vector is applied to a specific physical process, whose spectrum may reveal interesting observations worth exploring in greater detail. This is evident for the example of muon decay while orbiting a microscopic Kerr black hole in the equatorial plane near its event horizon. Consider the reaction μ^− → e^− + ν̄_e + ν_μ in a gravitational background. Then the associated matrix element is [3,6]

|M|^2 =

G^2_F 2 L^{(μ)}_{μ̂ν̂} M^{μ̂ν̂}_{(e)} , (20)

L^{μ̂ν̂}_{(μ)} = Tr [ /p_{νμ} γ^{μ̂} ( /D_μ + m_μ γ^5 /n_μ ) γ^{ν̂} ( 1 − γ^5 )] , (21)

M^{μ̂ν̂}_{(e)} = Tr [( /D_e + m_e γ^5 /n_e ) γ^{μ̂} /p_{νe} γ^{ν̂} ( 1 − γ^5 )] , (22)

where n^{μ̂} is the polarization vector for the charged lepton, satisfying n^{μ̂} D_{μ̂} = 0. In flat space-time, the polarization vector is n^{(0)}_{μ̂} =^E_{m0|}P_| P_{μ̂} −^{m0}_|P_| δ^{^0}_{μ̂}, where E = |P^{^0}|. Though tedious, it is straightforward

to show that /n = [ /n^{(S,Re)} + i /n^{(S,Im)} ] + γ^5 [ /n^{(C,Re)} + i /n^{(C,Im)} ] , where

n^{(S,Re)} μ̂ ≈ n^{(0)}_{μ̂} + 4h̄ E m^3_0|P | δ^{^0}_{[μ̂} δ^ĵ_{ν̂]} R_ĵ P^{ν̂} − h̄^2 E m^3_0|P | ( ∇^{ν̂} Q_{μ̂ν̂} ) , (23) n^{(S,Im)} μ̂ ≈ 2h̄^2 E m^3_0|P | δ^{^0}_{[μ̂} δ^ĵ_{ν̂]} ( ∇^{ν̂} R_ĵ ) + h̄ E m_0|P | Γ̄^{(S)}_{μ̂} − 4h̄ m_0|P | [ δ^{^0}_{μ̂} ( Γ̄^{λ̂}_{(S)} P_{λ̂} ) + 1 2 ε^{^0α̂β̂}_{μ̂} Γ̄^{(C)}_{α̂} P_{β̂} ]

− 2h̄ m^2_0 n^{(0)}_{ν̂} [ δ^{ν̂}_{μ̂} ( Γ̄^{λ̂}_{(S)} P_{λ̂} ) + ε^{ν̂α̂β̂}_{μ̂} Γ̄^{(C)}_{α̂} P_{β̂} ]

+ h̄ E m^3_0|P | [ 2 ( Γ̄^{λ̂}_{(S)} P_{λ̂} ) P_{μ̂} − h̄^2 4 ∇_{μ̂} (_F R^{α̂}_{α̂} ) ]

+ 2h̄ E m^3_0|P |

Q_{μ̂ν̂} P^{ν̂} , (24)

n^{(C,Re)} μ̂ ≈ − h̄^2 E m^3_0|P | ε^{σ̂α̂β̂}_{μ̂} δ^{^0}_{[α̂} δ^ĵ_{β̂]} (∇_{σ̂} R_ĵ) + 3h̄ E m_0|P | Γ̄^{(C)}_{μ̂} − 2h̄ m_0|P | δ^{^0}_{μ̂} ( Γ̄^{λ̂}_{(C)} P_{λ̂} )

− 2h̄ E m^3_0|P | [ η_{μ̂ν̂} ( Γ̄^{λ̂}_{(S)} P_{λ̂} ) + 2 Γ̄^{(C)}_{[μ̂} P_{ν̂]} ] P^{ν̂} , (25)

n^{(C,Im)} μ̂ ≈ − h̄^2 E 2m^3_0|P | ε^{σ̂α̂β̂}_{μ̂} ( ∇_{σ̂} Q_{α̂β̂} ) , (26)

to leading order in curvature. Substitution of (21)–(26) into (20) leads to |M|^2 = 32 G^2_F ( P^{α̂}_{νe} D̄^μ_{α̂} ) ( P^{β̂}_{νμ} D̄^e^_β ) , where D̄_{α̂} = P_{α̂} − h̄ ( Γ̄^{(C)}_{α̂} − i Γ̄^{(S)}_{α̂} ) + m_0 ( n^{(C)}_{α̂} − n^{(S)}_{α̂} ) . Formally, the gravitational and R-dependent contributions to the muon decay rate are additive corrections to Γ_0 ≈ G^2_F m^5_μ/(192 π^3) ≈ 2.965 × 10^{−16} MeV [3]. This becomes evident when applied to circular motion around a microscopic Kerr black hole of mass M = 2 × 10^{−11} cm [6], about an order of magnitude larger than the muon’s Compton wavelength of 1.18 × 10^{−12} cm. Suppose that the black hole’s spin angular momentum is a with −M ≤ a ≤ M and α ≡ a/r_0, where r_0 is the radius of the muon’s orbit prior to decay. Then for the innermost (photon) orbits of r_{0+} = M and r_{0−} = −4M for co-rotating and counter-rotating black holes, respectively, it follows that −1/4 ≤ α ≤ 1 and

r_0 = 9M [ α + √ α^2 + 3 (1 − N^2_0 ) ]_{−2} , (27)

where N_0 ≥ 0 is the separation away from the innermost circular orbit.

Computing in terms of the muon’s local rest frame and assuming N_0 = 10^{−2}, Figure 1 displays the Michel spectrum of the muon decay Γ̂ (x) = dΓ/dx as a function of the outgoing electron’s energy fraction x and in units of Γ_0. Comparison between Fig. 1(a) and Fig. 1(b) clearly shows that a 1% reduction in α from the extremal black hole condition α = 1 (r_0 ∼ M) reveals an extreme sensitivity of the Michel spectrum due to small variations in curvature. It is self-evident that, in the absence of curvature, the non-inertial dipole operator R introduces a noticeable correction to the flat space-time Michel spectrum, indicating a prediction that may be potentially observable via precision measurements of muon decay for large values of x under suitable experimental conditions. As well, the curvature contribution to the muon decay spectrum shows a reduction of the decay rate that grows smaller as r_0 → 0, indicating stabilization of the muon in the absence of unforeseen physical effects due to a truly quantum mechanical theory of gravity.

PSfrag replacements

(a) (M = 2 × 10^{−11} cm, α = 1)

PSfrag replacements

(b) (M = 2 × 10^{−11} cm, α = 0.99)

Fig. 1 Michel spectrum with contributions due to curvature and R for M = 2 × 10^{−11} cm and r0 ∼ M. It is clear from comparing Figs. 1(a) and 1(b) that both curvature variations and non-inertial effects can strongly influence the shape of the plots in relation to the flat space-time contribution.

5 Conclusion

This paper shows that an exploration of the Pauli-Lubanski vector for spin-1/2 particles in general motion while in a curved space-time background leads to the prediction of Lorentz invariance violation at the Compton wavelength scale, with interesting and potentially observable consequences for muon decay. The result presented here is consistent with other evidence [11] of emergent and previously unanticipated phenomena occurring at the Compton wavelength scale due to this combination of general relativity and quantum mechanics. If more fundamental approaches towards quantum gravity are to be deemed viable, they will need to properly account for this type of phenomenon, should it become observable in the near future.

References

1. L. Smolin, Three Roads to Quantum Gravity, (Basic Books 2001).

2. N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space, (Cambridge University Press 1982). 3. D. Singh and N. Mobed, Class. Quantum Grav. 24, 2453 (2007). 4. D. Singh, Phys. Rev. D 71, 105003 (2005).

5. D. Singh, N. Mobed, and G. Papini, J. Phys. A 37, 8329 (2004). 6. D. Singh and N. Mobed, Phys. Rev. D 79, 024026 (2009).

7. C.W. Misner, K.S. Thorne, and J.A. Wheeler, Gravitation (W.H. Freeman and Company 1973). 8. C. Itzykson and J-B. Zuber, Quantum Field Theory (McGraw-Hill 1980).

9. I.J.R. Aitchison and A.J.G. Hey, Gauge Theories in Particle Physics - Volume II: QCD and the Electroweak Theory, 3rd Edition (IOP Publishing 2004).

10. D. Singh and N. Mobed, arXiv.org:0902.0629 [hep-th]. 11. K. Rosquist, Class. Quantum Grav. 23, 3111 (2006).