arXiv:0903.5264v3 [hep-th] 30 Oct 2009

Null Energy Condition Violation and Classical Stability in the Bianchi I Metric

I. Ya. Aref’eva^{1∗}, N. V. Bulatov^{2†}, L. V. Joukovskaya^{3‡}, S. Yu. Vernov^{4§}

1Steklov Mathematical Institute, Russian Academy of Sciences,

Gubkina str. 8, 119991, Moscow, Russia 2Department of Quantum Statistics and Field Theory, Faculty of Physics,

Moscow State University, Leninskie Gory 1, 119991, Moscow, Russia, 3Centre for Theoretical Cosmology, DAMTP, CMS, University of Cambridge,

Wilberforce Road, CB3 0WA, Cambridge, United Kingdom 4Skobeltsyn Institute of Nuclear Physics, Moscow State University,

Leninskie Gory 1, 119991, Moscow, Russia

Abstract The stability of isotropic cosmological solutions in the Bianchi I model is considered.

We prove that the stability of isotropic solutions in the Bianchi I metric for a positive Hubble parameter follows from their stability in the Friedmann–Robertson–Walker metric. This result is applied to models inspired by string field theory, which violate the null energy condition. Examples of stable isotropic solutions are presented. We also consider the k-essence model and analyse the stability of solutions of the form Φ(t) = t.

1 Introduction

Field theories which violate the null energy condition (NEC) are of interest for the solution of the cosmological singularity problem [1, 2, 3] and for models of dark energy with the equation of state parameter w < −1 (see [4]–[14] and references therein). Generally speaking, models that violate the NEC have ghosts, and therefore are unstable and physically unacceptable.

However, the possibility of the existence of dark energy with w < −1 on the one hand^1 and the cosmological singularity problem on the other hand encourage the investigation of

∗arefeva@mi.ras.ru †nick bulatov@mail.ru ‡l.joukovskaya@damtp.cam.ac.uk §svernov@theory.sinp.msu.ru 1This possibility is not excluded experimentally [15], see [16, 17] for reviews of dynamical dark energy models.

models which violate the NEC. It is almost clear that such a possibility can be realized within an effective theory, while the fundamental theory should be stable and admit quantization. From this point of view the NEC violation might be a property of a model that approximates the fundamental theory and describes some particular features of the fundamental theory. With the lack of quantum gravity, we can just trust string theory or deal with an effective theory admitting the UV completion.

There have been several attempts to realize these scenarios [18, 19, 20]. The ghost condensation model [18, 21, 22, 23] proposed to describe a wide class of cosmological perturbations has a ghost in the perturbative vacuum and has no ghost in the ghost condensation phase within an effective theory. The new ekpyrotic scenario [20, 24, 25, 26] is a development of the ekpyrotic [27] and the cyclic scenarios [2, 28], and it attempts to solve the singularity problem, among others, by involving violation of the NEC. Nonlocal cosmological models [19, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38] inspired by the string field theory (SFT) [39, 40, 41] admit a regime with w < −1.

All of these models possess higher derivatives terms, which produce well-known problems with quantum instability [42, 43]. Several attempts to solve these problems have been recently performed [44, 26]. A physical idea that could solve the problems is that the instabilities do not have enough time to fully develop. A mathematical one is that dangerous terms can be treated as corrections valued only at small energies below the physical cut-off. This approach implies the possibility to construct a UV completion of the theory, and this assumption requires detailed analysis.

The NEC plays an important role in classical general relativity, in particular, in the consideration of black holes and cosmological singularities [1, 3].

The NEC violating models can admit classically stable solutions in the Friedmann– Robertson–Walker (FRW) cosmology. In particular, there are classically stable solutions for self-interacting ghost models with minimal coupling to gravity. Moreover, there exists an attractor behavior (for details about attractor solutions for inhomogeneous cosmological models, see [45]) in a class of the phantom cosmological models [46, 47, 48]. One can study the stability of the FRW metric, specifying a form of fluctuations. It is interesting to know whether these solutions are stable under the deformation of the FRW metric to an anisotropic one, for example, to the Bianchi I metric. In comparison with general fluctuations we can get an explicit form of solutions in the Bianchi I metric, which can probably clarify some nontrivial issues of theories with NEC violation.

Stability of isotropic solutions in the Bianchi models [49, 50, 51] (see also [52]) has been considered in inflationary models (see [53, 54] and references therein for details of anisotropic slow-roll inflation). Assuming that the energy conditions are satisfied, it has been proved that all initially expanding Bianchi models except type IX approach the de Sitter space-time [55] (see also [56, 57, 58, 59]). The Wald theorem [55] shows that for space-time of Bianchi types I–VIII with a positive cosmological constant and matter satisfying the dominant and strong energy conditions, solutions which exist globally in the future have certain asymptotic properties at t → ∞. It is interesting to consider a similar question in the case of phantom cosmology [47, 60, 48] and string inspired models [19, 30, 34, 36, 61, 62], as well as in the case of the ghost condensation models [18] or their modifications [26].

The Bianchi universe models [49, 50, 51] are spatially homogeneous anisotropic cosmological models. There are strong limits on anisotropic models from observations [63, 64]. Anisotropic spatially homogeneous fluctuations have to be strongly suppressed, and models developing large anisotropy should be discarded as early or late cosmological models.

In this paper we consider the stability of isotropic solutions in the Bianchi I metric in the presence of phantom scalar fields. There are two classes of models whose stability we analyse in this paper. The first class includes the one phantom scalar field models of dark energy, which admit exact kink-type or lump-type solutions [60, 30]. For this class of models we also analyse the stability with respect to small fluctuations of the initial value of the cold dark matter energy density (compare with [46]). The second class includes models with a scalar field ϕ, which have exact solutions ϕ ∼ t, for example, the k-essence models [65, 66, 67, 68], in particular, ghost condensate models [18, 21, 26].

For both classes of models we prove that the stability of the solutions in the Bianchi I metric is equivalent to the stability of the corresponding solutions in the FRW metric. The stability of a kink or lump solution in the FRW metric means the stability of the fixed point that the solution tends to. Using the Lyapunov theorem [69, 70] we find conditions under which the fixed point and the corresponding kink (or lump) solution are stable. In these cases the necessary condition for the exact solution’s stability is boundedness of the first corrections for the positive time semiaxis. When we can not use this theorem we check the boundedness of the first corrections to the exact solutions explicitly.

The paper is organized as follows. In Section 2 we deal with an arbitrary N-component scalar potential model and a k-essence model in the Bianchi I metric. We also review the Lyapunov theorem and other important statement about stability. In Section 3 we consider the stability of solutions which tend to an isolated fixed point in one-field models with the cold dark matter (CDM). We find sufficient conditions for the stability of such solutions in the FRW and Bianchi I metrics. In Section 4 we find the connection between the first order corrections in the FRW and Bianchi I metrics for N-field models. The corresponding result for the k-essence model is presented in Section 5. In Section 6 we present examples of stable isotropic kink and lump solutions in SFT inspired cosmological models. We also analyse the first order corrections for solutions, which are proportional to time. In Section 7 we make a conclusion and propose directions for further investigations.

2 Setup

2.1 The Bianchi I cosmological model with scalar and phantom scalar fields and the CDM

Let us start with a cosmological model with N scalar fields ϕ_1, ϕ_2, . . . , ϕ_N in the Bianchi I metric ds^2 = − dt^2 + a^2_1(t)dx^2_1 + a^2(t)dx^2 + a^2_3(t)dx^2_3. (1)

The action is S = ∫ d^4x √ −g ( R 16πG_N − N∑ k=1 C_k 2 g^{μν} ∂_μϕ_k∂_ν ϕ_k − V (ϕ_1, . . . , ϕ_N ) − Λ ) , (2) where the potential V is a twice continuously differentiable function, G_N is the Newtonian gravitational constant, Λ is a cosmological constant, and C_k are nonzero real numbers. The sign of C_k defines whether field ϕ_k is the phantom field (C_k < 0) or the ordinary scalar field (C_k > 0).

The Einstein equations have the following form:

H_1H_2 + H_1H_3 + H_2H_3 = 8πG_N ϱ, (3)

Ḣ_2 + H^2_2 + Ḣ_3 + H^2_3 + H_2H_3 = − 8πG_N p, (4) Ḣ_1 + H^2_1 + Ḣ_2 + H^2_2 + H_1H_2 = − 8πG_N p, (5) Ḣ_1 + H^2_1 + Ḣ_3 + H^2_3 + H_1H_3 = − 8πG_N p, (6)

where ϱ = N∑ k=1 C_k 2 ϕ̇^2_k + V (ϕ_1, . . . , ϕ_N ) + Λ + ρ_m, (7)

p = N∑ k=1 C_k 2 ϕ̇^2_k − V (ϕ_1, . . . , ϕ_N ) − Λ, (8)

H_1 = ȧ_1 a_1

, H_2 = ȧ_2 a_2

, H_3 = ȧ_3 a_3 (9) and a dot denotes a time derivative.

Note that we couple, in a minimal way, pressureless matter (the CDM) with the energy density ρ_m to our model. The equation for the CDM energy density is as follows:

ρ̇_m = − (H_1 + H_2 + H_3)ρ_m. (10)

Introducing ψ_k = ϕ̇_k we obtain from action (2) the following equations:

ϕ̇_k = ψ_k, ψ̇_k = − (H_1 + H_2 + H_3)ψ_k − 1 C_k V^′_{ϕk} , (11)

where V^′_{ϕk} ≡^{∂V}_{∂ϕk} , k = 1, 2, . . . , N. Thus we get the system of 2N + 4 first order differential equations and one constraint (3).

It is convenient to express the initial variables a_i in terms of new variables a and β_i (we use notations from [71]), subject to the following constraint:

β_1 + β_2 + β_3 = 0. (12)

One has the following relations

a_i(t) = a(t)e^{βi(t)}, hence, a(t) = (a_1(t)a_2(t)a_3(t))^{1/3}, (13)

H_i ≡ H + β̇_i, and H = 1 3 (H_1 + H_2 + H_3), (14) where H ≡ ȧ/a. To obtain (14) we have used the following consequence of (12): β̇_1 + β̇_2 + β̇_3 = 0. (15) Note that β_i are not components of a vector and, therefore, are not subjected to the Einstein summation rule. In the case of the FRW metric all β_i are equal to zero and H is the Hubble parameter. Following [50, 71] (see also [52]) we introduce the shear σ^2 ≡ β̇^2_1 + β̇^2_2 + β̇^2_3 . (16) It is useful to write equations (3)–(6), (10) and (11) in terms of new variables.

Using relation (15) we can write equation (3) as follows

3H^2 − 1 2 σ^2 = 8πG_N ϱ. (17) Summing equations (4)–(6) one can obtain

2Ḣ + 3H^2 + 1 2 σ^2 = − 8πG_N p. (18) Therefore Ḣ + 3H^2 = 4πG_N (ϱ − p). (19) Note that equations (10) and (11) in new variables, ϕ̇_k = ψ_k, ψ̇_k = − 3Hψ_k − 1 C_k V^′_{ϕk} , (20)

ρ̇_m = − 3Hρ_m, (21) as well as equation (19), look like the corresponding equations in the FRW metric.

Subtracting (4) from (5) we obtain Ḣ_1 + H^2_1 − Ḣ_3 − H^2_3 + H_2(H_1 − H_3) = 0. (22) In terms of H and β_i equation (22) takes the form β̈_1 + 3Hβ̇_1 = β̈_3 + 3Hβ̇_3. (23) Using (23) and (15) we obtain the following equations β̈_i = − 3Hβ̇_i, (24) d dt ( σ^2 ) = − 6Hσ^2. (25) Functions H(t) and σ^2(t) together with ϕ_k(t) and ρ_m(t) can be obtained from equations (18)–(21) and (25). If H(t) is known, then β_i can be trivially obtained from (24). We show in the next section that functions H(t), β̇_i(t), and σ^2(t) are very suitable to analyse the stability of isotropic solutions in the Bianchi I metric.

2.2 k-essence model in the Bianchi I metric

Let us consider the k-essence cosmological model, which is described by the action S = ∫ d^4x √ −g ( R 16πG_N − P(Φ, X) − Λ ) , (26)

where X ≡ − g^{μν} ∂_μΦ∂_ν Φ. (27) The pressure P(Φ, X) is of the form [18, 20] P(Φ, X) = 1 2 (p_q(Φ) − ϱ_q(Φ)) + 1 2 (p_q(Φ) + ϱ_q(Φ))X + 1 2 M^4(Φ)(X − 1)^2. (28)

Here p_q(Φ), ϱ_q(Φ), and M^4(Φ) are arbitrary functions of Φ. The energy density is

E(Φ, X) = (p_q(Φ) + ϱ_q(Φ))X + 2M^4(Φ)(X^2 − X) − P(Φ, X). (29)

In the Bianchi I metric for Φ, depending only on time, we have X = Φ̇^2. The Einstein equations are

H_1H_2 + H_1H_3 + H_2H_3 = 8πG_N (E + Λ), (30) Ḣ_2 + H^2_2 + Ḣ_3 + H^2_3 + H_2H_3 = − 8πG_N (P − Λ), (31) Ḣ_1 + H^2_1 + Ḣ_2 + H^2_2 + H_1H_2 = − 8πG_N (P − Λ), (32) Ḣ_1 + H^3_1 + Ḣ_3 + H^2_3 + H_1H_3 = − 8πG_N (P − Λ). (33)

From action (26) we also obtain the second order differential equation for the k-essence field Φ, which represents a consequence of system (30)–(33). Indeed, we differentiate (30) with respect to t and obtain

(Ḣ_2 + Ḣ_3)H_1 + (Ḣ_1 + Ḣ_3)H_2 + (Ḣ_1 + Ḣ_2)H_3 = 8πG_NĖ. (34) Using (30)–(33) to exclude Ḣ_i, we transform this equation into the following form:

Ė = − (H_1 + H_2 + H_3) (E + P) . (35)

Substituting explicit forms of E and P, we obtain ( 2T_q + M^4(3Φ̇^2 − 1) ) Φ̈ = − T ′_qΦ̇2 − V ′_q − 2M 3M ′ ( 3Φ̇^4 − 2Φ̇^2 − 1 ) − − 2(H_1 + H_2 + H_3)Φ̇ ( T_q + 2M^4(Φ̇^2 − 1) ) , (36)

where a prime denotes a derivative with respect to Φ,

V_q(Φ) ≡ 1 2 (ϱ_q(Φ) − p_q(Φ)), T_q(Φ) ≡ 1 2 (p_q(Φ) + ϱ_q(Φ)). (37)

The k-essence model has one important property. For any real differentiable function H_0(t), there exist such real differentiable functions ϱ_q(Φ) and p_q(Φ) that the functions H_i(t) = H_0(t) and Φ(t) = t solve system (30)–(33) and, therefore, equation (36). Indeed at Φ(t) = t,

E = ϱ_q(Φ) = ϱ_q(t), P = p_q(Φ) = p_q(t). (38)

So, one can obtain from (30)–(33)

ϱ_q(t) = 3 8πG_N H^2_0 (t) − Λ, p_q(t) = − ϱ_q(t) − 1 4πG_N Ḣ(t). (39)

Substituting the obtained ϱ_q(Φ) and p_q(Φ) in (28), we see that the system (30)–(33) has a particular solution H_i(t) = H_0(t) and Φ(t) = t.

Bianchi–type models I–VIII coupled to k-essence matter representing dark energy and other matter which satisfies the strong and dominant energy conditions have been considered in [72]. A general criterion for isotropization of these models has been derived [72]. In this paper we do not assume that the energy conditions are satisfied when considering k-essence models in the Bianchi I metric.

2.3 A few known facts about stability

Let us remember a few facts about the stability [69, 70, 73] of solutions for a general system of the first order autonomic equations

ẏ_k = F_k(y), k = 1, 2, . . . , N. (40)

By definition a solution (a trajectory) y_0(t) is attractive (stable) if

‖ỹ(t) − y_0(t)‖ → 0 at t → ∞ (41)

for all solutions ỹ(t) that start close enough to y_0(t).

If all solutions of the dynamical system that start out near a fixed (equilibrium) point y_f , F_k(y_f ) = 0, k = 1, 2, . . . , N (42)

stay near y_f forever, then y_f is a Lyapunov stable point. If all solutions that start out near the equilibrium point y_f converge to y_f , then the fixed point y_f is an asymptotically stable one. Asymptotic stability of fixed point means that solutions that start close enough to the equilibrium not only remain close enough but also eventually converge to the equilibrium. A solution y_0(t) of (40), which tends to the fixed point y_f , is attractive if and only if the point y_f is asymptotically stable.

The Lyapunov theorem [69, 70] states that to prove the stability of fixed point y_f of nonlinear system (40) it is sufficient to prove the stability of this fixed point for the corresponding linearized system ẏ = Ay, A_{ik} = ∂F_i(y) ∂y_k |_{y=yf} . (43)

The stability of the linear system means that real parts of all solutions of the characteristic equation det ( ∂F ∂y − λI ) |_{y=yf} = 0

are negative.

In the case of a hyperbolic fixed point, i.e. the case when the Jacobian matrix of F at the fixed point does not have eigenvalues with zero real parts, one can use the Hartman– Grobman theorem [74, 75, 76]. This theorem reduces the study of the system of the first order nonlinear equations near the hyperbolic fixed point to the study of the behavior of its linearization near the origin.

The case with pure imaginary eigenvalues of the Jacobian matrix of F at the fixed point requires a more specific treatment [76].

3 Stability of isolated fixed points and kink-type solutions in one-field models with the CDM

Let us consider the gravitational model with one scalar field ϕ and an arbitrary potential V (ϕ), described by action (2) at N = 1. Equations (19) and (20) for one-field models are as follows Ḣ = − 3H^2 + 8πG_N (V (ϕ) + Λ), ϕ̇ = ψ, ψ̇ = − 3Hψ − 1 C V^′_ϕ. (44)

This system of three first order equations is valid in the Bianchi I metric as well as in the FRW one. Different initial values of σ^2 in (17) specify these different cases.

Let us define I = 3 8πG_N H^2 − C 2 ψ^2 − V (ϕ) − Λ. (45)

From system (44) it is follows that the function I should be a solution of the following equation:

İ = − 6HI. (46)

If the case H(t) ≡ 0 is excluded, then I is an integral of motion of (44) if and only if I = 0. From (17) we see that I = 1 16πG_N σ^2, (47)

so, I is an integral of motion only at σ^2 = 0, i.e. in the FRW metric. From (46) and (47) it follows that equation (25) is a consequence of (44).

We are interested in the stability of kink and lump solutions, namely, we consider such solutions in which the Hubble parameter tends to a finite value at t → +∞. In this case ϕ(t) tends to a finite value as well. Thus, there exists a fixed point y_f ≡ (H_f , ϕ_f , ψ_f ), which corresponds to t = +∞. We consider the stability of isotropic solutions only, so σ^2_f = 0 and β̇_{if} = 0. It is easy to see that

ψ_f = 0, V^′_ϕ(ϕ_f ) = 0, H^2_f = 8 3 πG_N ( Λ + V (ϕ_f ) ) . (48)

To analyse the stability of y_f , we present solutions as follows:

H = H_f + εh(t) + O(ε^2) (49a)

ϕ = ϕ_f + εφ(t) + O(ε^2) (49b) ψ = εχ(t) + O(ε^2), (49c) β̇_i = εζ_i(t) + O(ε^2), (49d)

where ε is a small parameter. To first order in ε we obtain the following system of equations:

ḣ(t) = − 6H_f h(t), (50a)

φ̇(t) = χ(t), (50b) χ̇(t) = − 3H_f χ(t) − 1 C V^{′′}_ϕ (ϕ_f )φ. (50c)

Equation (50a) has the solution h(t) = b_0e^{−6Hf t}, (51) where b_0 is a constant.

From (50b)–(50c) we obtain the following solutions: • at V^{′′}_ϕ ( ϕ_f ) ≠ 0 and V^{′′}_ϕ ( ϕ_f ) ≠ 9C 4 H^2_f ,

φ(t) = D_1e^{−3}(^{Hf +} √_{H2f − 49C V ′′ϕ (ϕf )} )t/2 + D_2e−3(H_f − √_{H2f − 49C V ′′ϕ (ϕf )} )t/2, (52)

• at V^{′′}_ϕ ( ϕ_f ) = 9C 4 H^2_f , φ(t) = e^{−3Hf t/2}(D_1 + D_2t), (53) • at V^{′′}_ϕ ( ϕ_f ) = 0, φ(t) = D̃_1 − 1 3H_f D_2e^{−3Hf t}, (54)

where D̃_1, D_1, and D_2 are arbitrary constants.

Using the Lyapunov theorem we state that fixed point y_f is asymptotically stable and, therefore, the exact kink-type or lump-type solution y_0(t) is stable if V^{′′}_φ ( ϕ_f ) C > 0 and H_f > 0. (55)

Namely, y_f is

• a stable focus at^{V ′′ϕ} (^{ϕf} )_C >^9_4 H^2_f ,

• a stable node at^9_4 H^2_f >^{V ′′ϕ} (^{ϕf} )_C > 0,

• a stable improper node at V^{′′}_ϕ ( ϕ_f ) =^{9C}_4 H^2_f .

From (24) we obtain

ζ_i(t) = C_ie^{−3Hf t}, (56) where C_i are constants. If H_f > 0, then ζ_i and σ^2 tend to zero at t → ∞. Thus the obtained conditions (55) are sufficient to prove the stability of isotropic fixed points both in the Bianchi I and in FRW metrics.

At V^{′′}_ϕ (ϕ_f ) = 0 or H_f = 0 we need an additional analysis of stability, because the Lyapunov theorem does not state the correspondence of the behavior of solutions to the initial system (44) and the obtained linear system (50).

At H_f < 0 the fixed point y_f is unstable. Note that both h(t) and ζ_i(t), as well as φ(t), tend to infinity at H_f < 0.

Let us introduce the CDM into our model with a scalar field. Adding to system (44) the CDM energy density ρ_m and the corresponding equation (21), we get

Ḣ = − 3H^2 + 4πG_N (2V (ϕ) + 2Λ + ρ_m) , ϕ̇ = ψ, ψ̇ = − 3Hψ − 1 C V^′_ϕ, ρ̇_m = − 3Hρ_m. (57)

Let us consider the possible fixed points of system (57). From the last equation of this system, it follows that at the fixed point we have either H_f = 0 or ρ_{mf} = 0. Substituting (49) and ρ_m(t) = ρ_{mf} + ερ̃_m(t) + O(ε^2), (58) into the system (57), we obtain the following system in first order to ε:

˙ρ̃_m(t) = − 3H_fρ̃_m(t) − 3ρ_{mf} h(t), (59a)

ḣ(t) = − 6H_f h(t) + 8πG_Nρ̃_m(t), (59b)

φ̇(t) = χ(t), (59c) χ̇(t) = − 3H_f χ(t) − 1 C V^{′′}_ϕ (ϕ_f )φ. (59d)

It is easy to see that the third and fourth equations of (59) coincide with the corresponding equations of system (44). Therefore, the case H_f = 0 can not be analysed by the Lyapunov theorem. Let us prove that condition (55) is sufficient for the stability of fixed points for models with the CDM. First of all, from H_f ≠ 0 it follows that ρ_{mf} = 0. Solving the first and second equations of (59), we obtain

ρ̃_m(t) = b_1e^{−3Hf t}, h(t) = b_0e^{−6Hf t} + b_1 3H_f e^{−3Hf t}, (60) where b_1 is an arbitrary constant.

We come to the conclusion that if conditions (55) are satisfied, then the solution, which is stable in the model without the CDM, is stable with respect to the CDM energy density fluctuations as well.

4 Connections between the first order corrections to isotropic solutions in the FRW and Bianchi I metrics

In the previous section we studied one-field models and the first corrections near a fixed point. In this section we consider the first corrections of an arbitrary isotropic solution.

We consider an N-field cosmological model, which is described by action (2) and the Einstein equations (4)–(11). In this section we do not assume that the isotropic solution tends to a fixed point. We do not prove the stability of solutions, we only analyse the first corrections in the FRW and Bianchi I metrics. To apply the Lyapunov theorem it was convenient to consider functions H and β̇_i instead of H_i. In this section we return to functions H_i.

To study the stability of this solution, we present solutions whose initial conditions are close to the isotropic one, in the following form:

H_i(t) = H_0(t) + εh_i(t) + O(ε^2), (61) ϕ_k(t) = ϕ_{0k}(t) + εφ_k(t) + O(ε^2), (62) ψ_k(t) = ψ_{0k}(t) + εχ_k(t) + O(ε^2), (63) ρ_m(t) = ρ_{m0}(t) + ερ̃_m(t) + O(ε^2), (64)

where i = 1, 2, 3 and k = 1, . . . , N. From (3)–(11) we obtain to zero order in ε the system of Einstein equations and equations of motion in the FRW metric. To first order in ε we have the following system:

φ̇_k = χ_k, (65)

χ̇_k = − (h_1 + h_2 + h_3)ψ_{0k} − 3H_0χ_k − 1 C_k N∑ m=1 V^{′′}_{ϕkϕm} (ϕ_0) φ_m, (66)

˙ρ̃_m = − (h_1 + h_2 + h_3)ρ_{m0} − 3H_0ρ̃_m, (67)

ḣ_1 + ḣ_2 = − 3H_0(h_1 + h_2) + 8πG_N^N ∑ k=1 ( V^′_{ϕk} (ϕ_0) φ_k − C_kϕ̇_{0k}χ_k ) , (68)

ḣ_1 + ḣ_3 = − 3H_0(h_1 + h_3) + 8πG_N^N ∑ k=1 ( V^′_{ϕk} (ϕ_0) φ_k − C_kϕ̇_{0k}χ_k ) , (69)

ḣ_2 + ḣ_3 = − 3H_0(h_2 + h_3) + 8πG_N^N ∑ k=1 ( V^′_{ϕk} (ϕ_0) φ_k − C_kϕ̇_{0k}χ_k ) . (70)

From equations (68)–(70) we get

ḣ_1(t) − ḣ_2(t) + 3H_0(t)(h_1(t) − h_2(t)) = 0, (71) ḣ_1(t) − ḣ_3(t) + 3H_0(t)(h_1(t) − h_3(t)) = 0, (72)

and we also have

H_0(h_1 + h_2 + h_3) = 4πG_N N∑ k=1 ( C_kϕ̇_{0k}φ̇_k + V^′_{ϕk} (ϕ_0) φ_k ) . (73)

Theorem 1

Let H_0(t) be a smooth function bounded at all finite values of time and ∞∫ 0 H_0(τ)dτ be

bounded from below, in other words, this integral is equal to either a finite number or plus infinity. Functions h_1(t), h_2(t), h_3(t), ρ̃_m(t), and φ_k(t), which are solutions of (65)–(70), are bounded if and only if isotropic solutions, namely, solutions, which satisfy the condition h_1(t) = h_2(t) = h_3(t), are bounded.

Proof. It is trivial that if the full set of solutions includes only boundary functions, then any subset which satisfies an additional condition includes only boundary functions. Let us prove that the boundedness of isotropic solutions is not only a necessary condition, but also a sufficient one.

From equations (71) and (72) we obtain:

h_1(t)−h_2(t) = (h_1(0)−h_2(0))e^{−3} t∫ 0 H_0(τ )dτ , h_1(t)−h_3(t) = (h_1(0)−h_3(0))e^{−3} t∫ 0 H_0(τ )dτ . (74)

So we obtain that if the integral t∫ 0 H_0(τ)dτ is uniformly bounded from below, then

anisotropy is bounded at all t. Note that in the most of cosmological models H_0(t) > 0 for all t > 0 and the anisotropy tends to zero at t → ∞.

Using (74), one can express h_2(t) and h_3(t) via h_1(t) and reduce system (68)–(70) to one equation. System (65)–(70) takes the following form:

2H_0 ( 3h_1 − C_0e^{−3} t∫ 0 H_0(τ )dτ ) = 8πG_N (_N ∑ k=1 C_kϕ̇_{0k}φ̇_k + N∑ k=1 V^′_{ϕk} (ϕ_0) φ_k ) , (75)

2ḣ_1 + 6H_0h_1 = 8πG_N (_N ∑ k=1 V^′_{ϕk} (ϕ_0) φ_k − N∑ k=1 C_kϕ̇_{0k}φ̇_k ) , (76)

where C_0 = 2h_1(0) − h_2(0) − h_3(0).

Let us introduce a new function,

h_0(t) ≡ h_1(t) −

C_0 3 e^{−3} t∫ 0 H_0(τ )dτ . (77)

It is easy to check that 3h_0(t) = h_1(t) + h_2(t) + h_3(t). (78) System (75)–(76) in terms of h_0 and φ_k coincides with the system of equations (65)–(70) with h_1(t) = h_2(t) = h_3(t) = h_0(t). In other words, we obtain that the functions φ_k(t) in the Bianchi I and FRW metrics are the same. Functions h_1(t), h_2(t), and h_3(t) differ from the correction for the Hubble parameter h_0(t) on a finite value. Thus the theorem is proven.

Note that Theorem 1 connects the stability properties of the FRW and Bianchi I metrics not only for solutions which tend to a fixed point, but also for solutions which tend to infinity at t → ∞. Examples of such solutions in the cosmological models are presented in Sections 5 and 6.

5 Stability of solutions in the k-essence model in the Bianchi I metric

5.1 First order corrections

Let us consider the first order corrections in the k-essence model. Substituting

E = E_0 + εE_1 + O(ε^2), P = P_0 + εP_1 + O(ε^2), (79)

in (30)–(33) and expanding (61) to first order in ε, we obtain the following system:

2H_0(ḣ_1 + ḣ_2 + ḣ_3) = 8πG_N E_1, (80) ḣ_1 + ḣ_2 = − 3H_0(h_1 + h_2) − 8πG_N P_1, (81) ḣ_1 + ḣ_3 = − 3H_0(h_1 + h_3) − 8πG_N P_1, (82) ḣ_2 + ḣ_3 = − 3H_0(h_2 + h_3) − 8πG_N P_1. (83)

It is easy to see that equations (71) and (72) can be obtained from (81)–(83), therefore, formula (74) is valid for solutions of system (80)–(83). So, it is useful to introduce h_0 by formula (77). Because of (78) we obtain that system (80)–(83) in terms of h_0, E_1, and P_1 coincides with the corresponding equations in the FRW metric, so if H_0 satisfies the conditions of Theorem 1, then solutions of (80)–(83) are bounded if and only if isotropic solutions, namely, solutions which satisfy the condition h_1(t) = h_2(t) = h_3(t), are bounded. This means that it is sufficient to calculate the first order corrections for the given background solutions in the FRW metric to describe their behavior in the Bianchi I metric.

5.2 Example

Let us consider the following example:

ϱ_q(Φ) = C_1 + BΦ^2, p_q(Φ) = C_2 − BΦ^2, M(Φ) = M_0, (84)

where B, C_1, C_2, and M_0 are constants. The Friedmann equations are

3H^2 = 8πG_N (E + Λ), (85) Ḣ = − 4πG_N (E + P). (86)

One can check that the following exact solution exists:

Φ_0(t) = t, H_0(t) = − 4πG_N (C_1 + C_2)t, (87) if C_1 = − Λ, B = 6πG_N (C_1 + C_2)^2. (88)

Let us analyse the stability of the exact solution,

Φ = Φ_0(t) + εΨ(t), H = H_0(t) + εh(t). (89)

The equations for the first order fluctuations,

ḣ(t) = − 8πG_N (C_1 + C_2 + 2M^4)Ψ̇(t), (90)

Ψ̇(t) = − 12πG_N t(C^1 + C^2) (C_2 + C_1 + 4M^4) [ (C_1 + C_2)Ψ(t) + 2m^2_ph(t) ] , (91)

have the following general solution:

h(t) = d_1e^{6πGN (C1+C2)t2} + d_2, (92)

Ψ(t) = − 1 8πG_N ( d_1 C_2 + C_1 + 2M^4_0 e^{6πGN (C1+C2)t2} + 2d_2 C_1 + C_2 ) , (93)

where d_1 and d_2 are arbitrary numbers.

If C_1 + C_2 < 0, then H_0 > 0 at t > 0 and the exact solution is stable in the sense that the first corrections are bounded functions. Similar solutions, obtained from the SFT inspired model, are considered in Subsection 6.5.

6 Examples of isotropic stable solutions in the SFT inspired models

6.1 String field theory inspired cosmological models

An interest in cosmological models coming from open string field theories [19] is caused by a possibility to get solutions rolling from a perturbative vacuum to the true one. When all other massive fields are integrated out by means of equations of motion, the open string tachyon acquires a nontrivial potential with a nonperturbative minimum. For the open fermionic NSR string with the GSO− sector [40] in a reasonable approximation, one gets the Mexican hat potential for the tachyon field (see [41] for a review). Rolling of the tachyon from the unstable perturbative extremum towards this minimum describes, according to the Sen conjecture [41], the transition of an unstable D-brane to a true vacuum. In fact one gets a nonlocal potential with a string scale as a parameter of nonlocality. After a suitable field redefinition the potential becomes local, meanwhile, the kinetic term becomes nonlocal. This nonstandard kinetic term has a so-called phantomlike behavior and can be approximated by a phantom kinetic term. Rolling solutions are particular examples of kink-type solutions.

It is also interesting to study lump-type solutions, which in particular have no time singularity. In was advocated in [30, 31] that such solutions are also available in the SFT inspired models.

In this section we consider the stability of the kink-type and lump-type solutions for the SFT inspired cosmological models [60, 30, 36] under perturbations in the Bianchi I metric.

In [60, 30] we have considered the SFT inspired phantom models with high degree polynomial potentials. We consider the stability of the obtained exact solutions in the next two subsections.

In [36] we have considered a nonlocal cosmological model with quadratic potential and obtained that exact solutions of this model are solutions of local models with quadratic or zero potential. In Subsections 6.4 and 6.5 we analyse the stability of these solutions in massless and massive cases correspondingly. The exact solutions in the massive case are similar to solutions (87) in the k-essence model.

In the examples we use a dimensionless parameter m^2_p ∼ M^2_p = 1/(8πG_N ). The coefficient of proportionality arises when we construct effective cosmological models from the original SFT action (see [60, 30, 36] for details). For convenience, we write the Einstein equations for the SFT inspired cosmological models in the following form:

Ḣ = − 3 2 H^2 − 1 2m^2_p ( Cψ^2 2 − V (ϕ) − Λ ) , ϕ̇ = ψ, ψ̇ = − 3Hψ − 1 C V^′_ϕ(ϕ). (94)

We also have 3m^2_pH^2 − C 2 ϕ^2 − V (ϕ) = Λ. (95)

6.2 Model with a kink solution and the sixth degree potential

An exact solution to the Friedmann equations with a string inspired phantom scalar matter field has been constructed in [60] (see also [46]). The notable features of the model are a phantom sign of the kinetic term (C = −1) and a special polynomial form of the effective tachyon potential: V (ϕ) = 1 2 ( 1 − ϕ^2

)_2 + 1 12m^2_p ϕ^2 ( 3 − ϕ^2

)_2 . (96)

Note that this potential has been used in the string gas cosmology [8]. System (94) has the following exact kink-type solution [60]:

ϕ_0(t) = tanh(t), H_0(t) = 1 2m^2_p tanh(t) ( 1 − 1 3 tanh(t)^2 ) . (97)

Let us analyse the stability of this solution. At t → ∞ solution (97) tends to a fixed point, H_f = 1 3m^2_p

, ϕ_f = 1. (98)

It is easy to see that

V^′_ϕ(1) = 0, V^{′′}_{ϕϕ}(1) = 2 ( 2 − 1 m^2_p ) . (99)

Using (55), we obtain that solution (97) is attractive in the Bianchi I metric at m^2_p < 1/2. Note that this solution is stable with respect to small fluctuations of the initial value of the CDM energy density as well.

In [60] we have showed that the first corrections φ(t) and h(t) satisfy the following system:

ḣ = 1

m^2_p ( 1 − tanh(t)^2 ) φ̇, φ̇ = ( 3 − 4m^2_p + 4(m^2_p − 1) tanh(t)^2 + tanh(t)^4 ) tanh(t) 2m^2_p (1 − tanh(t)^2) φ − − (3 − tanh(t)^2) tanh(t) 1 − tanh(t)^2 h, (100)

and have the following explicit form:

φ(t) = 2m^2_pC_1 ( 1 − tanh(t)^2 ) + + 2m^2_pC_2

2J(t) + (cosh(2t) − 1)(cosh(t))^{2− 1m2p} e

(_1

2m2p(cosh(2t)+1) ) cosh(2t) + 1 , h(t) = C_1 ( 1 − tanh(t)^2

)_2 − 4m^2_pC_2J(t) (cosh(2t) + 1)^2 , (101)

where C_1 and C_2 are arbitrary constants, J(t) = ∫_t 0 sinh (τ) (cosh(τ))^{1−1/m2p} ( 2 ( 2m^2_p − 1 ) cosh(τ)^2 − 1 ) e^{14m2p cosh(τ )2} dτ.

It is easy to see that if m^2_p > 1/2 then at C_2 ≠ 0 the function φ(t) tends to infinity as t → ∞ and, therefore, solution (97) is not stable. At m^2_p = 1/2 we obtain from (101) that h(t) = ( tanh(t)^2 − 1

)_2 (C_1 − C_2J_2) , φ(t) = − ( tanh(t)^2 − 1 ) (C_1 − C_2J_2) − 1 2 C_2e^{− tanh(t)2 /2},

where J_2 = ∫_t 0 e^{− tanh(τ )2 /2} tanh(τ)dτ . Thus, φ(t) and h(t) are bounded functions at m^2_p = 1/2.

The functions h_i have the form

h_i(t) = h(t) + C̃_i e^−

tanh2(t) 4m2p (1 − tanh2(t))1/(2m 2 p) , (102)

where C̃_i are real constants, i = 1, 2, 3, which satisfy the following relation: C̃_1 + C̃_2 + C̃_3 = 0. (103)

We conclude that exact solutions obtained in [60] are stable in the Bianchi I metric at m^2_p < 1/2 and unstable at m^2_p > 1/2. The case of m^2_p = 1/2 needs a more detailed analysis. The first corrections are bounded.

6.3 Model with a lump solution

In the previous subsection kink solutions were considered. In this subsection we consider the stability of a lump solution in the model [30] which is motivated by a description of D-brane decay within the string field theory framework. We take the one-field cosmological model with the potential V (ϕ) = 2(1 − ϕ)ϕ^2 −

4(ϕ − 1)^3(2 + 3ϕ)^2 75m^2_p

(104)

and C = −1. The Friedmann equations (94) have the following exact solution [30]:

ϕ_0 = sech^2(t), (105a)

H_0 =

2(3 + 2 cosh(t)^2) tanh^3(t) 15m^2_p cosh(t)^2

. (105b)

At t → ∞ solution (105) tends to a fixed point:

H_f = 4 15m^2_p

, ϕ_f = 0. (106)

It is easy to see that V^′_ϕ(0) = 0, V^{′′}_{ϕϕ}(0) = 4 ( 1 − 2 5m^2_p ) . (107)

Using (55), we obtain that solution (105) is attractive in the Bianchi I metric at m^2_p < 2/5. In [30] the authors consider a model without the CDM, at the same time, the results of Section 2 show that solution (105) is stable with respect to small fluctuations of the initial value of the CDM energy density as well.

Let us perturb the Friedmann equations in the standard way,

H = H_0(t) + ϵh(t), ϕ = ϕ_0(t) + ϵφ(t). (108)

To first order in ϵ we have the following system of equations:

ḣ + 2 m^2_p sech^2(t) tanh^2(t)φ̇ = 0, 1 m^2_p ( 4 5 (4 + cosh(2t)) sech^2(t) tanh^3(t)h + (6 sech^4(t) − 4 sech^2(t))φ ) − − 4(2 + 3 sech^2(t))^2 25m^2_p

(tanh^4(t) − 2 tanh^6(t))φ + 2 sech^2(t) tanh(t)φ̇ = 0.

(109)

System (109) has the following solutions: φ = 1 2 sinh(t) cosh^3(t) ( 5C_2m^2_p cosh(t)^( −4+30m2p 5m2p )e (_{2 cosh2(t)−3}

10m2p cosh4(t) ) − 2C_1 cosh^2(t) −

− 2C_2 ∫ 1 sinh^3(t)

(−15m^2_p cosh^4(t) + 10m^2_p cosh^6(t) + 8 cosh^2(t) − 6 − 4 cosh^6(t) + 2 cosh^4(t))×

× cosh(t)^( −4+5m2p 5m2p )e (_{2 cosh2(t)−3}

10m2p cosh4(t) ) (cosh^2(t) − m^2_p)dt + 2C_1 ) ,

h = 16(cosh(2t) − 1) cosh(6t) + 6cosh(4t) + 15 cosh(2t) + 10 ( C_1 + C_2 ∫ cosh(t)^( −4+5m2p 5m2p )e (_{2 cosh2(t)−3}

10m2p cosh4(t) ) sinh^3(t) × ×[−15m^2_p cosh^4(t) + 10m^2_p cosh^6(t) + 8 cosh^2(t) − 6 − 4 cosh^6(t) + 2 cosh^4(t)]dt ) . Using (105b) we get

h_i = h + C̃_i cosh(t)^{− 45m2p} e

sinh(t)2(3+cosh(t)2)

10m2p cosh(t)4 , (110)

where C̃_i are arbitrary real constants which satisfy (103).

It is easy to verify that h(t) and h_i(t) are bounded functions for any values of the parameters. Taking into account that

lim_{t−>∞} exp ( 2 cosh^2(t) − 3 10m^2_p cosh^4(t) ) = 1, (111)

we obtain that φ is bounded at m^2_p ⩽ 2/5 and unbounded at m^2_p > 2/5. The stability in the case of m^2_p = 2/5 cannot be analysed without using high order corrections.

In the examples considered in this and the previous subsections, the potentials depend on m^2_p, which results in the fact that extrema of potentials are either minima, maxima, or inflection points. In the next two examples we consider the opposite case, when potentials do not depend on m^2_p.

6.4 Model with a massless phantom field

At present nonlocal cosmological models are being studied very actively [19], [30]–[38]. In this and the next subsections we consider the stability of solutions of local models which correspond to the nonlocal model with a quadratic potential. These solutions have been presented in [36], where the method of localizing the nonlocal model with a quadratic potential has been proposed.

Let us consider the one-field model with zero potential, V (ϕ) = 0. From the Friedmann equations (94) we obtain

3H^2 = C 2m^2_p ϕ̇^2 + Λ m^2_p

, (112) Ḣ = − C 2m^2_p ϕ̇^2. (113)

At Λ > 0 and C < 0 there are the following real solutions:

ϕ_0(t) = ± √ − 2m^2_p 3C arctan ( sinh (√ 3Λ m^2_p

(t − t_0) )) + C_1,

H_0(t) = √ Λ 3m^2_p tanh (√ 3Λ m^2_p

(t − t_0) ) , (114) where t_0 and C_1 are arbitrary real constants.

Let us consider the stability of the solution (H_0, ϕ_0). Substituting H_0 and ϕ_0 into (61)– (62), to first order in ε we obtain

φ(t) = ± 2m^2_p √ 2e^2 √_{3m2pΛ(t−t0 )/m2p} √ −CΛ ( e^2 √_{3m2pΛ(t−t0 )/m2p} + 1 )C_3 + C_2,

h(t) = 2C_3

cosh ( 2 √_{3m2pΛ} m^2_p (t − t0) ) + 1 , (115)

where C_2 and C_3 are arbitrary real constants. It is obvious, that functions h(t) and φ(t) are bounded. In the Bianchi I metric we have

h_i(t) = h(t) + C̃_i

1 − tanh^2 (√ 3m^2_pΛ m^2_p

(t − t_0) ) , (116)

where real constants C̃_i, i = 1, 2, 3, satisfy the following relation:

C̃_1 + C̃_2 + C̃_3 = 0. (117)

Thus, we have obtained that the kink-type solutions (114) in the Bianchi I metric have the bounded first corrections.

6.5 Model with a quadratic potential and the cosmological constant

Let us consider the model of a scalar field with a quadratic potential and the cosmological constant. In this case the Friedmann equations are

H^2 = 8πG_N 3 ( C 2 ϕ̇^2 + B 2 ϕ^2 + Λ ) , (118)

Ḣ = − 4πG_N Cϕ̇^2, (119)

where C and B are arbitrary nonzero real numbers.

System (118)–(119) has the following particular solutions:

H_0(t) = k_1t, ϕ_0(t) = k_2t, (120)

where k_1 = − B 3C , k^2 = B 12πG_N C^2

. (121)

From (121) it follows that the function ϕ is real if and only if B > 0. The above-mentioned solutions exist only if Λ = − B 24πG_N C . (122)

To analyse the stability of these exact solutions, we substitute

H(t) = k_1t + εh(t) (123) and ϕ(t) = k_2t + εφ(t). (124) in (118) and (119).

To first order in ε we obtain the following system of equations: φ̇(t) = − Bt C ( φ(t) + 1 4πG_N Ck_2 h(t) ) , (125)

ḣ(t) = − 8πG_N Ck_2φ̇(t). (126)

Solutions of (125)–(126) are h(t) = D̃_1e^{B2C t2} + D̃_2, (127) φ(t) = − 1 8πCG_N k_2 ( 2D̃_1 + D̃_2e^{B2C t2} ) , (128)

where D̃_1 and D̃_2 are arbitrary constants,

k_2 = ± √ B 12πG_N C^2

. (129)

Therefore, the functions h(t) and φ(t) are bounded at C/B < 0. Real solutions exist only if B > 0, and hence, C < 0. We come to the conclusion that solution (120) can be stable (the first corrections are bounded) only if C < 0, in other words, ϕ(t) is a phantom scalar field. In this case H_0(t) > 0 at t > 0, hence h_i are bounded as well. Indeed,

h_i(t) = h(t) + C̃_ie^{−3} t∫ 0 H_0(τ )dτ = (D̃_1 + C̃_i)e^{B2C t2} + D̃_2, (130)

are bounded. Constants C̃_i satisfy the relation (103).

7 Conclusion

We have analysed the stability of isotropic solutions for the models with NEC violation in the Bianchi I metric.

In our paper for the one-field model with the CDM we used the Lyapunov theorem and found sufficient conditions for stability of kink-type and lump-type solutions both in the FRW metric and in the Bianchi I metric. The obtained results allow us to prove that the exact solutions, found in string inspired phantom models [60, 30], are stable. A generalization of this result to two-field models, for example, quintom models, requires further studies and will be considered in future investigations.

We found the explicit form of the connection between h_1(t), h_2(t), and h_3(t), which define metric perturbations in the Bianchi I metric, and h_0, which defines perturbations in the FRW metric. We have proved that fluctuations for the fields and the CDM energy density in both metric are the same. In particular, for H_0 ⩾ 0 the boundedness of h_0 is a sufficient and necessary condition for the boundedness of h_1(t), h_2(t), and h_3(t). This result is valid for both N-field and k-essence models.

Note that linear-in-time solutions for the simple models with a quadratic potential, which have been considered in Subsection 6.5, are stable with respect to the first corrections only in the phantom case (which corresponds to H > 0). It means that NEC violation does not lead to the instability in this sense. It gives us an intuitive reason to expect that more complicated NEC violated models can also have stable isotropic solutions. This expectation has been confirmed in the models considered in Section 6.

To conclude, our results are for the NEC violated models. If energy conditions are satisfied, then results, similar to those obtained in Section 4, are consequences of the Wald theorem [55] and its generalizations [56, 57, 58, 59].

Our study of the stability of isotropic solutions for the models with NEC violation in the Bianchi I metric shows that the NEC is not a necessary condition for classical stability of isotropic solutions. Because of strong limits on anisotropic models from observations [63, 64], cosmological models developing large anisotropy should be discarded. In this paper we have shown that the models [30, 36, 60] have stable isotropic solutions and that large anisotropy does not appear in these models.

Acknowledgements

The authors are grateful to Alexei A. Starobinsky for drawing their attention to the stability problem of isotropic solutions in the Bianchi metrics, in particular, in the Bianchi I metric. L.J. would like to thank D. Mulryne and D. Wesley for useful discussions.

I.A., N.B. and S.V. are supported in part by a state contract from the Russian Federal Agency for Science and Innovations No. 02.740.11.5057. I.A. and S.V. are supported in part by RFBR grant No. 08-01-00798 and by the Russian Ministry of Education and Science though grant No. NSh-795.2008.1 (I.A.) and No. NSh-1456.2008.2 (S.V.). L.J. acknowledges the support of the Centre for Theoretical Cosmology, in Cambridge.

References

[1] S.W. Hawking and G.F.R. Ellis, The Large Scale Structure of space-time, Cambridge University Press, Cambridge, England, 1973.

[2] P.J. Steinhardt and N. Turok, Cosmic evolution in a cyclic universe, Phys. Rev. D 65 (2002) 126003, hep-th/0111098

[3] M. Gasperini and G. Veneziano, The Pre-big bang scenario in string cosmology, Phys.

Rept. 373 (2003) 1–212, hep-th/0207130

[4] R.R. Caldwell, A Phantom Menace? Cosmological consequences of a dark energy component with super-negative equation of state, Phys. Lett. B 545 (2002) 23–29, astro-ph/9908168

[5] S.M. Carroll, M. Hoffman, and M. Trodden, Can the dark energy equation-of-state parameter w be less than −1?, Phys. Rev. D 68 (2003) 023509, astro-ph/0301273

[6] J.M. Cline, S. Jeon, and G.D. Moore, The phantom menaced: Constraints on low-energy effective ghosts, Phys. Rev. D 70 (2004) 043543, hep-ph/0311312.

[7] S.D.H. Hsu, A. Jenkins, and M.B. Wise, Gradient instability for w < −1, Phys. Lett.

B 597 (2004) 270, astro-ph/0406043.

[8] B. McInnes, The Phantom divide in string gas cosmology, Nucl.Phys. B 718 (2005) 55–82, hep-th/0502209

[9] R.V. Buniy, S.D.H. Hsu, and B.M. Murray, The null energy condition and instability, Phys. Rev. D74 (2006) 063518, hep-th/0606091

[10] G.W. Gibbons, Phantom Matter and the Cosmological Constant, hep-th/0302199

[11] S. Nojiri and S.D. Odintsov, Quantum deSitter cosmology and phantom matter, Phys.

Lett. B 562 (2003) 147–152, hep-th/0303117;

S. Nojiri and S.D. Odintsov, deSitter brane universeinduced by phantom and quantum effects, Phys. Lett. B 565 (2003) 1–9, hep-th/0304131

[12] R.R. Caldwell, M. Kamionkowski, and N.N. Weinberg, Phantom Energy and Cosmic Doomsday, Phys. Rev. Lett. 91 (2003) 071301; astro-ph/0302506

[13] V.K. Onemli and R.P. Woodard, Super-Acceleration from Massless, Minimally Coupled φ^4, Class. Quant. Grav. 19 (2002) 4607–4626; gr-qc/0204065;

V.K. Onemli and R.P. Woodard, Quantum effects can render w < −1 on cosmological scales, Phys. Rev. D 70 (2004) 107301, gr-qc/0406098

[14] S.M. Carroll, A. De Felice, and M. Trodden, Can we be tricked into thinking that w is less than −1?, Phys. Rev. D 71 (2005) 023525, astro-ph/0408081

[15] A.G. Riess et al. [Supernova Search Team collaboration], Type Ia Supernova Discoveries at z > 1 From the Hubble Space Telescope: Evidence for Past Deceleration and Constraints on Dark Energy Evolution, Astrophys. J. 607 (2004) 665–687, astro-ph/0402512;

M. Tegmark et al. [SDSS collaboration], The 3D power spectrum of galaxies from the SDS, Astroph. J. 606 (2004) 702–740, astro-ph/0310725;

E. Komatsu, et al. [WMAP collaboration], Five-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation, Astrophys. J. Suppl. 180

(2009) 330–376, arXiv:0803.0547;

P. Astier et al., The Supernova Legacy Survey: Measurement of Ω_M , Ω_Λ and w from the First Year Data Set, Astron. Astrophys. 447 (2006) 31–48, astro-ph/0510447; Shirley Ho, Chr. M. Hirata, N. Padmanabhan, U. Seljak, N. Bahcall, Correlation of CMB with large-scale structure: I. ISW Tomography and Cosmological Implications, Phys. Rev. D 78 (2008) 043519, arXiv:0801.0642;

W.M. Wood-Vasey et al. [ESSENCE Collaboration], Observational Constraints on the Nature of the Dark Energy: First Cosmological Results from the ESSENCE Supernova Survey, Astrophys. J. 666 (2007) 694–715, astro-ph/0701041;

D. Baumann et al. [CMBPol Study Team Collaboration], CMBPol Mission Concept Study: Probing Inflation with CMB Polarization, AIP Conf. Proc. 1141 (2009) 10–120, arXiv:0811.3919

[16] E.J. Copeland, M. Sami, and Sh. Tsujikawa, Dynamics of dark energy, Int. J. Mod.

Phys. D 15 (2006) 1753–1936, hep-th/0603057

[17] A. Albrecht et al., Report of the Dark Energy Task Force, astro-ph/0609591

[18] N. Arkani-Hamed, H.C. Cheng, M.A. Luty, and Sh. Mukohyama, Ghost condensation and a consistent infrared modification of gravity, JHEP 0405 (2004) 074, hep-th/0312099 N. Arkani-Hamed, P. Creminelli, Sh. Mukohyama, and M. Zaldarriaga, Ghost Inflation, JCAP 0404 (2004) 001, hep-th/0312100

[19] I.Ya. Aref’eva, Nonlocal String Tachyon as a Model for Cosmological Dark Energy, AIP Conf. Proc. 826 (2006) 301–311, astro-ph/0410443;

I.Ya. Aref’eva, Stringy Model of Cosmological Dark Energy, AIP Conf. Proc. 957 (2007) 297–300, arXiv:0710.3017

[20] P. Creminelli, M.A. Luty, A. Nicolis, and L. Senatore, Starting the universe: Stable violation of the null energy condition and non-standard cosmologies, JHEP 0612 (2006) 080, hep-th/0606090

[21] S. Mukohyama, Accelerating universe and cosmological perturbation in the ghost condensate, JCAP 0610 (2006) 011, hep-th/0607181

[22] C. Cheung, P. Creminelli, A.L. Fitzpatrick, J. Kaplan, and L. Senatore, The Effective Field Theory of Inflation, JHEP 0803 (2008) 014, arXiv:0709.0293

[23] P. Creminelli and L. Senatore, A smooth bouncing cosmology with scale invariant spectrum, JCAP 0711 (2007) 010, hep-th/0702165

[24] E.I. Buchbinder, J. Khoury, and B.A. Ovrut, New Ekpyrotic Cosmology, Phys. Rev. D 76 (2007) 123503, hep-th/0702154

[25] E.I. Buchbinder, J. Khoury, and B.A. Ovrut, On the Initial Conditions in New Ekpyrotic Cosmology, JHEP 0711 (2007) 076, arXiv:0706.3903

[26] P. Creminelli, G. D’Amico, J. Norena, and F. Vernizzi, The Effective Theory of Quintessence: the w < −1 Side Unveiled, JCAP 0902 (2009) 018, arXiv:0811.0827

[27] J. Khoury, B.A. Ovrut, P.J. Steinhardt, and N. Turok, The ekpyrotic universe: Colliding branes and the origin of the hot big bang, Phys. Rev. D 64 (2001) 123522, hep-th/0103239

[28] N. Turok, B. Craps, and T. Hertog, From Big Crunch to Big Bang with AdS/CFT, arXiv:0711.1824

[29] I.Ya. Aref’eva, L.V. Joukovskaya, and A.S. Koshelev, Time evolution in superstring field theory on nonBPS brane. 1. Rolling tachyon and energy momentum conservation, JHEP 0309 (2003) 012, hep-th/0301137

[30] I.Ya. Aref’eva and L.V. Joukovskaya, Time Lumps in Nonlocal Stringy Models and Cosmological Applications, JHEP 0510 (2005) 087, hep-th/0504200

[31] G. Calcagni, Cosmological tachyon from cubic string field theory, JHEP 0605 (2006) 012, hep-th/0512259;

G. Calcagni, M. Montobbio, and G. Nardelli, Route to nonlocal cosmology, Phys. Rev. D 76 (2007) 126001, arXiv:0705.3043

[32] N. Barnaby, T. Biswas, and J.M. Cline, p-adic Inflation, JHEP 0704 (2007) 056, hep-th/0612230

[33] A.S. Koshelev, Non-local SFT Tachyon and Cosmology, JHEP 0704 (2007) 029, hep-th/0701103

[34] I.Ya. Aref’eva, L.V. Joukovskaya, and S.Yu. Vernov, Bouncing and Accelerating Solutions in Nonlocal Stringy Models JHEP 0707 (2007) 087, hep-th/0701184

[35] L.V. Joukovskaya, Dynamics in nonlocal cosmological models derived from string field theory Phys. Rev. D 76 (2007) 105007, arXiv:0707.1545;

L. Joukovskaya, Rolling tachyon in nonlocal cosmology AIP Conf. Proc. 957 (2007) 325–328, arXiv:0710.0404;

L.V. Joukovskaya, Dynamics with Infinitely Many Time Derivatives in Friedmann– Robertson–Walker Background and Rolling Tachyon, JHEP 0902 (2009) 045, arXiv:0807.2065

[36] I.Ya. Aref’eva, L.V. Joukovskaya, and S.Yu. Vernov, Dynamics in nonlocal linear models in the Friedmann–Robertson–Walker metric, J. Phys. A: Math. Theor. 41 (2008) 304003, arXiv:0711.1364

[37] D.J. Mulryne and N.J. Nunes, Diffusing nonlocal inflation: Solving the field equations as an initial value problem, Phys. Rev. D 78 (2008) 063519, arXiv:0805.0449; D.J. Mulryne and N.J. Nunes, Non-linear non-local Cosmology, AIP Conf. Proc. 1115 (2009) 329–334, arXiv:0810.5471

[38] A.S. Koshelev and S.Yu. Vernov, Cosmological perturbations in SFT inspired non-local scalar field models, arXiv:0903.5176

[39] E. Witten, Interacting field theory of open superstrings, Nucl. Phys. B 276 (1986) 291– 324 [40] I.Ya. Arefeva, D.M. Belov, A.S. Koshelev, and P.B. Medvedev, Tachyon condensation in cubic superstring field theory, Nucl. Phys. B 638 (2002) 3–20, hep-th/0011117

[41] I.Ya. Arefeva, D.M. Belov, A.A. Giryavets, A.S. Koshelev, and P.B. Medvedev, Noncommutative field theories and (super)string field theories, hep-th/0111208

[42] I.Ya. Aref’eva and I.V. Volovich, On the null energy condition and cosmology, Theor.

Math. Phys. 155 (2008) 503–511 [Teor. Mat. Fiz. 155 (2008) 3–12], hep-th/0612098

[43] R. Kallosh, J.U. Kang, A. Linde, and V. Mukhanov, The New Ekpyrotic Ghost, JCAP 0804 (2008) 018, arXiv:0712.2040

[44] S. Weinberg, Effective Field Theory for Inflation, Phys. Rev. D 77 (2008) 123541, arXiv:0804.4291;

J.Z. Simon, Higher derivative Lagrangians, non-locality, problems and solutions, Phys. Rev. D 41 (1990) 3720–3733

[45] A.A. Starobinsky, Isotropization of arbitrary cosmological expansion given an effective cosmological constant, Zh. Eksp. Teor. Fiz. Pis. Red. 37 (1983) 55 (JETP Lett. 37 (1983) 66) V. Muller, H.J. Schmidt, and A.A. Starobinsky, Power-law inflation as an attractor solution for inhomogeneous cosmological models, Class. Quantum Grav. 7 (1990) 1163– 1168

[46] I.Ya. Aref’eva, A.S. Koshelev, and S.Yu. Vernov, Stringy Dark Energy Model with Cold Dark Matter, Phys. Lett. B 628 (2005) 1–10, astro-ph/0505605

[47] Z.-K. Guo, Y.-S. Piao, and Y.-Zh. Zhang, Attractor Behavior of Phantom Cosmology, Phys. Lett. B 594 (2004) 247–251, astro-ph/0404225

[48] R. Lazkoz, G. León, and I. Quiros, Quintom cosmologies with arbitrary potentials, Phys.

Lett. B 649 (2007) 103–110, astro-ph/0701353;

R. Lazkoz, G. León, Quintom cosmologies admitting either tracking or phantom attractors, Phys. Lett. B 638 (2006) 303–309, astro-ph/0602590;

G. León, R. Cardenas, and J.L. Morales, Equilibrium sets in quintom cosmologies: the past asymptotic dynamics, arXiv:0812.0830

[49] L. Bianchi, Memorie di Matematica e di Fisica della Societa Italiana delle Scienze, serie III, Tomo XI (1898) 267–352 (English translation: On the Three-Dimensional Spaces Which Admit a Continuous Group of Motions, Gen. Rel. Grav. 33 (2001) 2171–2253); L. Bianchi, Lezioni sulla teoria dei gruppi continui finiti di tranformazioni, Spoerri Pisa, 1918

[50] G.F.R. Ellis and H. van Elst, Cosmological models (Carge‘se lectures 1998), Proc. the NATO Advanced Study Institute on Theoretical and Observational Cosmology, Cargèse, France, August 17–29, 1998, ed. M. Lachièze-Rey. Boston: Kluwer Academic, 1999. NATO Adv. Study Inst. Ser. C, Math. Phys. Sciences, V. 541, pp. 1–116, gr-qc/9812046

[51] G.F.R. Ellis, The Bianchi models: Then and Now, Gen. Rel. Grav. 38 (2006) 1003

[52] J. Wainwright and G.F.R. Ellis (eds.), Dynamical Systems in Cosmology, Cambridge University Press, Cambridge, England, 1997

[53] C. Germani and A. Kehagias, P-nflation: generating cosmic Inflation with p-forms, JCAP 0903 (2009) 028, arXiv:0902.3667

[54] T.S. Koivisto, D.F. Mota, and C. Pitrou, Inflation from N-Forms and its stability, JHEP 0909 (2009) 092, arXiv:0903.4158

[55] R.M. Wald, Asymptotic behavior of homogeneous cosmological models in the presence of a positive cosmological constant, Phys. Rev. D. 28 (1983) 2118–2120

[56] I. Moss and V. Sahni, Anisotropy in the chaotic inflationary universe, Phys. Lett. B 178 (1986) 159–162.

[57] J. Wainwright and L. Hsu, A dynamical systems approach to Bianchi cosmologies: orthogonal models of class A, Class. Quantum Grav. 6 (1989) 1409–1431 A. Coley, J. Wainwright, and L. Hsu, Qualitative analysis of two-fluid Bianchi cosmologies, Class. Quantum Grav. 9 (1992) 651–665

[58] Yu. Kitada and K. Maeda, Cosmic no-hair theorem in power-law inflation, Phys. Rev.

D 45 (1992) 1416–1419;

Yu. Kitada and K. Maeda, Cosmic no-hair theorem in homogeneous spacetimes. I. Bianchi models, Class. Quantum Grav. 10 (1993) 703–734

[59] A.D. Rendall, Mathematical properties of cosmological models with accelerated expansion, Lect.Notes Phys. 692 (2006) 141–155, gr-qc/0408053

[60] I.Ya. Aref’eva, A.S. Koshelev, and S.Yu. Vernov, Exactly Solvable SFT Inspired Phantom Model, Theor. Math. Phys. 148 (2006) 895–909 [Teor. Mat. Fiz. 148 (2006) 23–41], astro-ph/0412619

[61] I.Ya. Aref’eva, A.S. Koshelev, and S.Yu. Vernov, Crossing the w = −1 barrier in the D3-brane dark energy model, Phys. Rev. D 72 (2005) 064017, astro-ph/0507067

[62] S.Yu. Vernov, Construction of Exact Solutions in Two-Fields Models and the Crossing of the Cosmological Constant Barrier, Theor. Math. Phys. 155 (2008) 544–556 [Teor. Mat. Fiz. 155 (2008) 47–61], astro-ph/0612487

[63] J.D. Barrow, Cosmological Limits on Slightly Skew Stresses, Phys. Rev. D 55 (1997) 7451–7460, gr-qc/9701038

[64] A. Bernui, B. Mota, M.J. Reboucas, and R. Tavakol, Mapping large-scale anisotropy in the WMAP data, Astron. Astrophys. 464 (2007) 479–485

[65] C. Armendariz-Picon, V. Mukhanov, and P.J. Steinhardt, Essentials of k-essence, Phys.

Rev. D 63 (2001) 103510, astro-ph/0006373 E. Babichev, V. Mukhanov, and A. Vikman, k-Essence, superluminal propagation, causality and emergent geometry, JHEP 0802 (2008) 101, arXiv:0708.0561

[66] M. Malquarti, E.J. Copeland, A.R. Liddle, and M. Trodden, A new view of k-essence, Phys. Rev. D 67 (2003) 123503, astro-ph/0302279

[67] J.M. Aguirregabiria, L.P. Chimento, and R. Lazkoz, Phantom k-essence cosmologies, Phys. Rev. D 70 (2004) 023509, astro-ph/0403157 L.P. Chimento and M. Forte, Anisotropic k-essence cosmologies, Phys. Rev. D 73 (2006) 063502, astro-ph/0510726

[68] A.A. Sen, Reconstructing K-essence, JCAP 0603 (2006) 010, astro-ph/0512406

[69] A.M. Lyapunov, Stability of Motion, Academic Press, New-York and London, 1966 (in English); A.M. Lyapunov, General Problem of Stability of Motion, GITTL, Moscow– Leningrad, 1950 (in Russian)

[70] L.S. Pontryagin, Ordinary Differential Equations, Adiwes International Series in Mathematics. Addison-Wesley Publishing Company, London–Paris, 1962 (in English), ”Nauka”, Moscow, 1982 (in Russian)

[71] T.S. Pereira, C. Pitrou, and J.-Ph. Uzan, Theory of cosmological perturbations in an anisotropic universe, JCAP 0709 (2007) 006, arXiv:0707.0736

[72] A.D. Rendall, Dynamics of k-essence, Class. Quant. Grav. 23 (2006) 1557–1570, gr-qc/0511158

[73] I.G. Petrovsky, Lectures on Ordinary Differential Equations, M.: Nauka, 1970

[74] D.M. Grobman, Homeomorphisms of systems of differential equations, Dokl. Akad.

Nauk SSSR 128 (1959) 880–881

[75] P. Hartman, A lemma in the theory of structural stability of differential equations, Proc.

A.M.S. 11 (1960) 610–620;

P. Hartman, On local homeomorphisms of Euclidean spaces, Bol. Soc. Math. Mexicana 5 (1960) 220–241;

P. Hartman, Ordinary Differential Equations, J. Wiley & Sons, New York, 1964

[76] V.I. Arnol’d and Yu.S. Ilyashenko, Ordinary differential equations, Itogi Nauki i Tekhniki. Ser. Sovrem. Probl. Mat. Fund. Napr., Vol. 1, VINITI, Moscow, 1985