arXiv:0904.0215v1 [gr-qc] 1 Apr 2009

Thermodynamic structure of Lanczos-Lovelock field equations from near-horizon symmetries

Dawood Kothawala^∗ and T. Padmanabhan^† IUCAA, Post Bag 4, Ganeshkhind, Pune - 411 007, India (Dated: April 1, 2009)

It is well known that, for a wide class of spacetimes with horizons, Einstein equations near the horizon can be written as a thermodynamic identity. It is also known that the Einstein tensor acquires a highly symmetric form near static, as well as stationary, horizons. We show that, for generic static spacetimes, this highly symmetric form of the Einstein tensor leads quite naturally and generically to the interpretation of the near-horizon field equations as a thermodynamic identity. We further extend this result to generic static spacetimes in Lanczos-Lovelock gravity, and show that the near-horizon field equations again represent a thermodynamic identity in all these models. These results confirm the conjecture that this thermodynamic perspective of gravity extends far beyond Einstein’s theory.

PACS numbers: 04.62.+v,04.60.-m

I. INTRODUCTION

It is a well established fact that Einstein field equations, near a horizon, can be written as a thermodynamic identity [1, 2]; moreover, the result also extends to spherically symmetric horizons in Lanczos-Lovelock (LL) gravity [3]. This fact lends support to the point of view that gravity is a long wavelength, emergent phenomenon, and gravitational dynamics, at the macroscopic level, is therefore governed by relations which bear resemblance to the equations of thermodynamics [4, 5]. Since we do have operationally well defined notions such as entropy and temperature associated with a wide class of horizons in general relativity, it is natural to expect that the near horizon behaviour of the field equations of gravity might actually be a statement of local thermodynamic equilibrium.

Earlier demonstrations of the thermodynamic structure of gravitational field equations have involved certain assumptions like, for example, that of spherically symmetry, which is somewhat restrictive. The main aim of this paper is to provide a general proof, based on the nearhorizon symmetries of the LL field equations, that near any static horizon, the field equations can be written as T dS − dE = P_⊥dV , where the variations correspond to normal displacement of the horizon.

The paper is structured as follows: In the next section, we review the case of spherically symmetric spacetimes in Einstein gravity to stress the essential ideas involved. In section III A, we define the coordinate system which is suitable to describe the general static spacetime, and also specify its properties and role in subsequent developments. In section III B, we use the near-horizon symmetries of the Einstein tensor to show that the relevant field equations represent a thermodynamic identity; the

∗Electronic address: dawood@iucaa.ernet.in
†Electronic address: paddy@iucaa.ernet.in

result in section II is then easily seen to be a special case of this more general result. In section IV, we extend the analysis of section III B to LL lagrangians, and prove that, even in this case, the near horizon symmetries lead to a thermodynamic interpretation of the field equations. The key equation in this section is Eq. (31), which gives the near horizon structure of the LL tensor. Finally, in sections V and VI, we comment on certain relevant issues related to the physical interpretation of the result, and suggest a couple of possible generalizations.

The metric signature is (−, +, +, . . . , +), and all the fundamental constants such as G, ℏ and c have been set to unity (except when specified otherwise, in section II). Latin indices run from 0-3, whereas Greek indices run from 1-3; also, the capitalized Latin indices stand for the transverse coordinates. To simplify notation, we frequently use dΣ to denote the volume element of the transverse (D − 2)-surface; that is, dΣ = d^{D−2}y √ σ where σ is the determinant of the metric in the space spanned by the (D − 2) transverse coordinates y^A.

II. SPHERICALLY SYMMETRIC SPACETIMES: REVISITED

Consider a static, spherically symmetric spacetime with a horizon, described by the metric:

ds^2 = −f(r)c^2dt^2 + 1 f(r) dr^2 + r^2dΩ^2. (1)

We assume that this spacetime has a horizon at r = a, determined by f(a) = 0 (we assume that f(r) only has simple zeroes), and the surface gravity κ = f^′(a)/2 is finite there. Periodicity in Euclidean time allows us to associate a temperature with the horizon as k_B T = ℏcκ/2π = ℏcf^′(a)/4π. (Even for spacetimes with multiple horizons, this prescription is locally valid for each horizon surface.) The only non-trivial Einstein equation for this metric is rf^′(r) − (1 − f) = (8πG/c^4)P r^2 (where P is the radial pressure); when evaluated at r = a, this equation gives

c^4 G [ 1 2 f^′(a)a − 1 2 ] = 4πP a^2 (2)

Multiplying Eq. (2) by da, and introducing a ℏ factor by hand into an otherwise classical equation, we can rewrite it as ℏcf^′(a) 4π k_B T c^3 Gℏ d ( 1 4 4πa^2 )

dS − 1 2 c^4da G −dE = P d ( 4π 3 a^3 )

P dV (3)

and read off the expressions: S = 1 4L^2_P

(4πa^2) = 1 4 A_H L^2_P

; E = c^4 2G a = c^4 G ( A_H 16π )_{1/2}

where A_H is the horizon area and L^2_P = Gℏ/c^3. Thus, we see that, Einstein equations can be written simply as a thermodynamic identity.

Before proceeding further, we will make couple of comments regarding this result, which are relevant and shall remain valid for our generalization discussed in the rest of the paper: First, the combination T dS is completely classical, and is independent of ℏ; however, T ∝ ℏ and S ∝ 1/ℏ. This is analogous to the situation in classical thermodynamics when compared to statistical mechanics. The T dS in thermodynamics is independent of the Boltzmann’s constant while statistical mechanics will lead to an S ∝ k_B and T ∝ 1/k_B. But since Euclidean periodicity allows us to determine T independently, we can immediately read-off S.

Second, in spite of the superficial similarity, Eq. (3) is different from the conventional first law of black hole thermodynamics, due to the presence of the P dV term. This relation is more in tune with the membrane paradigm [6] for black holes. The difference is easily seen, for example, in the case of Reissner-Nordstrom black hole for which P ≠ 0. If a chargeless particle of mass dM is dropped into a Reissner-Nordstrom blackhole, then an elementary calculation shows that the energy, defined above as E = a/2, changes by dE = (da/2) = (1/2)[a/(a − M)]dM ≠ dM while it is dE + P dV which is precisely equal to dM, making sure T dS = dM. So we need the P dV term to get T dS = dM when a chargeless particle is dropped into a Reissner-Nordstrom blackhole. More generally, if da arises due to changes dM and dQ, it is easy to show that Eq. (3) gives T dS = dM − (Q/a)dQ where the second term arises from the electrostatic contribution from the horizon surface charge as expected in the membrane paradigm.

Our aim in the rest of the paper is to provide a general proof of this relation between gravitational field equations and horizon thermodynamics. We show that the thermodynamic structure arises essentially because of the near-horizon symmetries of the gravitational field equations for general static spacetimes in not only Einstein gravity, but even in Lanczos-Lovelock theory. As we shall see, the generalization involves attaching specific meaning to the variations in the first law, and would lead to the above result (obtained for the spherically symmetric case) as a special case. In order to set the stage for the subsequent analysis, we now rewrite the above result for the spherically symmetric case in a slightly different manner.

As mentioned above, for the spacetimes described by metric (1), we have

G^t = G^r = rf^′ − (1 − f) r^2

We can rewrite the above expression using (i) the transverse metric, dΣ = √ σd^2y = r^2 sin θdθdϕ, (ii) the Ricciscalar, R_‖ = 2/r^2 calculated from the transverse metric σ, and (iii) the field equations to set G^r = 8πT^r_r . Note that, since R^{θϕ}_{θϕ} = (1 − f)/r^2, we have, near the horizon, R_‖ = R^{AB}_{AB} + O(r − a) (where we would like to remind of our notation in which capitalized Latin indices stand for the (D − 2) transverse coordinates). The Einstein equation on the horizon is therefore expressible in the form

f^′(a) 4π √ σ 2r − 1 4 ( 1 4π R_‖ √ σ ) = T^r_r √ σ (4)

Further, since √ σ r = 1 2 ∂ ∂r √ σ (5)

we have, T ∂ ∂r ( 1 4 √ σ ) − 1 4 ( 1 4π R_‖ √ σ ) = T^r_r √ σ (6)

Upon multiplying the above expression by δr dθdϕ, and integrating over the horizon 2-surface, we immediately obtain T ∂ ∂r [∫ 1 4 dΣ ] H δr − [∫ H 1 8π R_‖dΣ ] δr 2 = ∫ H P_rdΣ δr (7)

This is the relation we wanted to establish; as we shall see, Eq. (7) turns out to be quite general, and holds in arbitrary static spacetimes (in four dimensions) with the replacement of r with the affine parameter along the outgoing null geodesics [see Eq. (19)].

Of course, the on-horizon limit in the first term is to be taken after evaluating the derivative with respect to r. Formally, we can define a function S of r as S(r) = ∫ 1 4 dΣ ,

the integral being over a r =constant surface. The derivative of this function at r = a is well defined and finite, while the value of the function itself at r = a is the Bekenstein-Hawking entropy of the black hole.

For the spherically symmetric case we are dealing with, the angular integrations are trivial. In fact, the integral in the second term on the LHS of Eq. (7) gives unity! In general, this integral is one-half the Euler characteristic χ of the horizon 2-surface. When the horizon is a twosphere, χ = 2, and the integral is unity.

III. EINSTEIN EQUATIONS AS A THERMODYNAMIC IDENTITY

A. Background

We shall now set up the coordinate system best suited for the discussion of the general static spacetime, and identify the affine parameter for the outgoing null geodesics near the horizon. We begin with the metric [7]

ds^2 = −N^2dt^2 + dn^2 + σ_{AB} dy^Ady^B (8)

where σ_{AB} (n, y^A) is the transverse metric, and the Killing horizon, generated by the timelike Killing vector field ξ = ∂_t, is approached as N^2 → 0. Near the horizon, N ∼ κn + O(n^3) where κ is the surface gravity. The t = constant part of the metric is written by employing Gaussian normal coordinates for the spatial part of the metric spanned by ( n, y^A ) , n being the normal distance to the horizon. To determine the null geodesics for this spacetime, we rewrite the above metric as

ds^2 = −N^2 ( dt − N^{−1}dn ) ( dt + N^{−1}dn ) + σ_{AB} dy^Ady^B (9) The y^A = const. null geodesics are then given by u = t − ∫ N^{−1}dn = constant

v = t + ∫ N^{−1}dn = constant (10)

The tangent vector of outgoing and ingoing null geodesics are then l = −∇u = ( −1, +N^{−1} ) k = −∇v = ( −1, −N^{−1} ) (11)

As is easy to check, these vectors satisfy the geodesic equation in affinely parametrized form, that is; ∇_ll = 0 = ∇_kk. The affine parameter λ, defined by

l · ∇λ = 1 (12)

can be found by noting that, near the horizon, N ∼ κ n. Using this, we find that, λ ∼ λ_H + 1 2 κ n^2 (13) where λ = λ_H is the location of the horizon. [For k, the affine parameter would be λ_H − (1/2)κn^2.] Note that, N^2l → ξ|_H , which implies, 2κ (λ − λ_H ) l → ξ|_H . In subsequent analysis, the differentials of various geometric quantities (such as entropy) defined on the horizon, which are directly involved in the statement of the first law of thermodynamics, are to be interpreted as variations with respect to the affine parameter along the outgoing null geodesics, i.e., λ. This, of course, is the most natural variation that can be chosen on a null surface.

B. Near-horizon behaviour of Einstein tensor

We will now use the near horizon symmetries of the Einstein tensor to prove that the field equations near the horizon have a thermodynamic interpretation. We begin with the following expression for the on-horizon structure of the Einstein tensor (which is derived in [7]; for the sake of completeness, we give a proof in Appendix A): G^{^ξ}_{^ξ} |_H = G^{^n}_{^n} |_H = 1 2 tr [σ_2] − 1 2 R_‖ (14)

where R_‖ is the Ricci scalar of the on-horizon transverse metric, [σ_H ]_{AB} , and σ_2 is defined by

σ_{AB} = [σ_H (y)]_{AB} + 1 2 [σ_2(y)]_{AB} n^2 + O(n^3)

= [σ_H (y; λ_H )]_{AB} + κ^{−1} [σ_2(y; λ_H )]_{AB} (λ − λ_H )

+O((λ − λ_H )^{3/2}) (15)

where the second expression makes it clear that the onhorizon transverse metric will — in general — depend on the parameter λ_H . (In spherical symmetry, this is in fact the only dependence of the on-horizon transverse metric on parameters such as mass, charge etc.; however, this will not be true in general, as in the case of Kerr spacetime where there is an additional, explicit dependence on the rotation parameter.) The absence of a term linear in n in the above expansion follows from the requirement that the curvature invariants be finite on the horizon [7]. The Einstein tensor components given above are evaluated in an orthonormal tetrad appropriate for a timelike observer moving along the orbit of the Killing vector field generating the Killing horizon. This is denoted by a hat on the indices; for example, ^ξ = (−g_{tt})^{−1/2} ∂_t etc., and −G^{^ξ}_{^ξ} = G_{^ξ ^ξ} = G( ^ξ, ^ξ). Also, the trace operation, tr, is performed using the transverse metric σ_{AB} , but can as well be performed using [σ_H ]_{AB} in the n → 0 limit. The validity of expression (14), with the given Taylor series expansions for N(n, y^A) and σ_{AB} (n, y^A), can be easily checked using a symbolic package such as MAPLE.^1 We will express G^{^ξ}_{^ξ} in terms of the variation of the transverse area with respect to the affine parameter. To do this, consider the variation of the transverse area in the normal direction, with respect to the affine parameter λ, δ_λ √ σ = l^c∂_c √ σ δλ = ( ∂ ∂λ √ σ ) δλ = 1 2 √ σ σ^{AB} ( ∂ ∂λ σ_{AB} ) δλ = 1 2κ √ σ tr [σ_2] δλ (16)

Therefore, we obtain, on multiplying Eq. (14) by δλ, G^{^ξ}_{^ξ} δλ = G^{^n}_{^n} δλ = κ δ_λ √ σ √ σ − 1 2 R_‖ δλ (17)

Re-arranging this expression, we get κ 2π ∂ ∂λ ( 1 4 √ σ ) δλ − { 1 8π R_‖ √ σ } δλ 2 = 1 8π G^{^ξ}_{^ξ} √ σ δλ = 1 8π G^{^n}_{^n} √ σ δλ = T^{^n}_{^n} √ σ δλ (18)

where we have used G^{^ξ}_{^ξ} |_H = G^{^n}_{^n} |_H in the second line and Einstein equation in the third line. Upon multiplying the above expression by d^2y, and integrating over the horizon 2-surface, we immediately obtain T ∂ ∂λ [∫ 1 4 √ σ d^2y ] H δλ − [∫ H 1 8π R_‖ √ σ d^2y ] δλ 2 = ∫ H P_⊥ √ σ d^2y δλ (19)

where we have identified T = κ/2π as the horizon temperature, and used the interpretation of T^{^n}_{^n} as normal pressure, P_⊥, on the horizon. We can therefore interpret F = ∫ H P_⊥ √ σ d^2y (20)

as the the average normal force over the horizon “surface” (in the spirit of membrane paradigm) and F δλ as the

1 While using MAPLE, it is easier to verify Eq. (14) by first asking MAPLE to evaluate R_‖ for a general 2-D metric, add it to the components of the on-horizon Einstein tensor, and then take the limit n → 0; although all the intermediate expressions appear awful, the remainder is easily seen to be tr [σ_2] /2.

virtual work done in displacing the horizon by an affine distance δλ. The above equation can now be written as T δ_λS − δ_λE = F δλ (21) where S = 1 4 ∫ √ σ d^2y (22)

is (a priori) just a function of λ; in particular, the derivative of S with respect to λ is well-defined and finite on the horizon. We only need the expression for S very close to the horizon. The value of S at λ = λ_H ,

S (λ = λ_H ) = 1 4 ∫ H √ σ d^2y (23)

is equal to the Bekenstein-Hawking entropy of the horizon. (We do not attribute any physical significance to the value of S away from the horizon.) We have also identified the energy E associated with the horizon as E = ( χ 2 ) λ_H 2 (24)

where χ is the Euler characteristic of a 2-dimensional compact^2 manifold M_2 [which in this case would be the horizon 2-surface], given by

χ (M_2) = 1 4π ∫ M_2

R d[vol] (25)

Some comments are in order regarding the expression for E: First, we have set the arbitrary integration constant in Eq. (24) to zero. With this choice, we have chosen the affine parameter such that E → 0 as λ_H → 0; that is, if one considers a class of static spacetimes parametrized by λ_H , then our choice implies that E vanishes when λ_H = 0 (In the simple context of Schwarschild metric, for example, we have λ_H = 2M and this condition says that the energy vanishes when M = 0). In general, any non-trivial solution of the field equations with a horizon will depend on several parameters, say {α_i} (for e.g., the mass M and charge Q in case of the Reissner-Nordstrom solution). The parameter λ_H which fixes the horizon location will be a function of these parameters, i.e., λ_H = λ_H ({α_i}. Our choice for E is therefore equivalent to demanding that λ_H ({0}) = 0 so that E goes to zero when there is no horizon. This fixes the choice of the additive constant in the affine parameter which we mentioned before.

Second point, which is more important, is that our particular identification of E is fixed by the choice of the affine parameter along the outgoing null geodesics (see Eqs. (11)). In particular, this brings out the significance of the radial coordinate r in spherically symmetric and

2 If the manifold has a boundary, then the expression for Euler characteristic will have additional boundary terms.

stationary spacetimes; in either case, r is the affine parameter along the outgoing null geodesics.

As is evident, these comments will also apply to the LL case discussed in the next section. To clarify these points further, let us consider the spherically symmetric case with a compact horizon, where λ = r, and χ = 2. We obtain E = r_H /2, r_H being the horizon radius, which matches with the standard expression for quasilocal energy for such spacetimes obtained previously. In general, for a compact, simply connected horizon 2-surface, χ = 2 (since any such manifold is homeomorphic to a 2-sphere), and we have, E = λ_H /2. Therefore, for spherically symmetric black holes, since P_⊥ = P_r is independent of the transverse coordinates (θ, ϕ), we obtain T δS − δE = P_rδV (26) where, now, δS = 2πr_H δr_H , δE = δr_H /2, P_r = T^r_r (r)|_{r=rH} , δV = 4πr^2_H δr_H and T is the standard Hawking temperature. We therefore recover the result mentioned in section II. As we shall see, exactly similar structure emerges for the near-horizon field equations of LL gravity as well.

IV. GENERALIZATION TO LANCZOS-LOVELOCK GRAVITY

We now turn attention to the more general case of LL lagrangians, and show that the near horizon structure of the field equations represent a thermodynamic identity even in this case.

The m^{th} order LL lagrangian in D−dimensions is given by (we will use the notations of [3] throughout this section)

L^{(D)}_m = 1 16π 1 2^m δ^{a1b1 ...ambm} c_1d_1...c_md_m R c_1d_1 a_1b_1 · · · R c_md_m a_mb_m (27)

A general LL action is given by linear combination of L^{(D)}m for different m’s, with arbitrary constant coefficients, say c_m’s. The equations of motion are given by

E^a_b = ∑ m c_mE^a_{b(m)} = 1 2 T^a_b , where

E^i_{j(m)} = − 1 2 1 16π 1 2^m δ^{ia1 b1...ambm} jc_1 d_1...c_md_m R c_1d_1 a_1 b_1 · · · R c_md_m a_mb_m = 1 16π m 2^m δ^{a1b1 ...ambm} j d_1...c_md_m R id_1 a_1 b_1 · · · R c_md_m a_mb_m − 1 2 δ^i_j L_m (28)

The equivalence of the two expressions given above can be easily established, see Appendix B. We shall prove our result for a given m, and drop the subscript on E^i_{j(m)} henceforth; the result for any linear combination follows immediately.

It is possible to analyze the near horizon symmetries of the equations of motion using the Taylor series for N(n, y^A) and σ_{AB} (n, y^A) (which depend only on the finiteness of the curvature invariants as n → 0); see Appendix C for a brief discussion on this. We begin with the t − t component of the field equations, and, following an analysis similar to the one leading to Eq. (30) of [3], we arrive at,

E^{^ξ}_{^ξ} = E^t_t = 1 16π m 2^m

[σ_2]_{CB} σ^{CA}E^B_A − 1 2 L^{(D−2)} m + O(n) (29)

where E^B_A = δ^{BA1...Bm−1} AC_1...D_{m−1} (D−2)RC1D1 A_1B_1 · · · (D−2)RCm−1Dm−1 A_{m−1}B_{m−1} (30)

In Appendix C, we show that E^{ξ̂}_{ξ̂} = E^{^n}_{^n} on the horizon. Therefore, we have

E^{^ξ}_{^ξ} |_H = E^{^n}_{^n} |_H = 1 16π m 2^m

[σ_2]_{CB} σ^{CA}E^B_A − 1 2 L^{(D−2)} m (31)

which generalizes Eq. (14) to general LL lagrangians. We now again use the Taylor series expansion (15), and the affine parameter λ, to obtain δ_λσ_{AB} = δλ κ [σ_2]_{AB} + O[(λ − λ_H )^{1/2} δλ] (32)

Using this, we obtain 2E^{^ξ}_{^ξ} √ σ δλ = T ( 1 8 m 2^{m−1} ) E^{BC} δ_λσ_{BC} √ σ − L^{(D−2)} m √ σ δλ + O[(λ − λ_H )^{1/2} δλ] (33)

where we have introduced the Hawking temperature, T , in the last expression. We can now show that the factor multiplying T is directly related to the variation of the following quantity, the variation being evaluated at λ = λ_H : S = 4πm ∫ dΣ L^{(D−2)} m−1 (34)

We simply note that the variation of the above expression must give equations of motion for the (m − 1)^{th} order LL term in (D − 2) dimensions. (The variation would also produce surface terms, which would not contribute when evaluated at λ = λ_H because the horizon is a compact surface with no boundary.) We have: δ_λS = −4πm ∫ H dΣ E^{′BC} δ_λσ_{BC} (35)

where we have evaluated the variation on λ = λ_H . Noting that the lagrangian is L^{(D−2)} m−1 = 1 16π 1 2^{(m−1)} δ^{A1 B1...Bm−1} C_1D_1 ...D_{m−1} · · · (D−2)RCm−1Dm−1 A_{m−1}B_{m−1}

and using the first of Eqs. (28), we see that E^{′B}_C = − 1 2 1 16π 1 2^{(m−1)}

E^B_C (36)

Therefore, we obtain δ_λS = 1 8 m 2^{(m−1)} ∫ H dΣ E^{BC} δ_λσ_{BC} (37)

which is precisely the integral of the factor multiplying T in Eq. (33). As mentioned above, S defined in Eq. (34) is a function of λ, and its derivative with respect to λ is well defined and finite on the horizon. The expression for S, evaluated at λ = λ_H ,

S (λ = λ_H ) = 4πm ∫ H dΣ L^{(D−2)}_{m−1} (38)

is what we shall interpret as the entropy of the horizon. (As mentioned before, S has no physical significance away from the horizon.)^3

Multiplying Eq. (33) by d^{(D−2)}y, integrating over the horizon surface, and taking the n → 0 limit, we now see that it can be written as T δ_λS − ∫ H dΣ L^{(D−2)}_m δλ = ∫ H dΣ T^{^ξ}_{^ξ} δλ = ∫ H dΣ T^{^n}_{^n} δλ = ∫ H dΣ P_⊥ δλ (39)

where we have used the field equations E^{^ξ}_{^ξ} = (1/2)T^{^ξ}_{^ξ}

in the first equality, and the relation E^{^ξ}_{^ξ} |_H = E^{^n}_{^n} |_H in the second equality. This equation now has the desired form of the first law of thermodynamics, provided: (i) We identify the quantity S, defined by Eq. (38) as the entropy of horizons in LL gravity; indeed, exactly the same expression for entropy has been obtained in the literature using independent methods, see e.g, ref.[8]. (ii) We also identify the second term on LHS as δ_λE; this leads to the definition of E to be E = ∫_λ δλ ∫ H dΣ L^{(D−2)}_m (40)

where the λ → λ_H limit must be taken after the integral is done (therefore, we need to know the detailed form of

3 As an aside, we would also like to point out the following fact;

when D = 2m, that is, when the corresponding LL action is the Euler characteristic of the full D-dimensional manifold, then D − 2 = 2(m − 1), and we see from Eq. (38) that S is proportional to the Euler characteristic of the (D − 2)-dimensional horizon surface, determined by L^{(D−2)}_{m−1} ; therefore, S is just a constant number. For example, the Gauss-Bonnet term (m = 2) in D = 4 will contribute a constant additive term to the standard Bekenstein-Hawking entropy.

L^{(D−2)} m as a function of λ to calculate this explicitly). For D = 2(m + 1), the integral over H above is related to the Euler characteristic of the horizon, in which case E ∝ λ_H (where we have set the arbitrary integration constant to zero). For m = 2, D = 4, this reduces to the expression obtained earlier in the case of Einstein gravity.

Let us briefly comment on the general form of E for spherically symmetric spacetimes for general LL lagrangians, with horizon at r = r_H , and λ = r. In this case, L^{(D−2)}m ∼ (1/λ^2)^m and √ σ ∼ λ^{D−2}. The integrand therefore scales as λ^{(D−2)−2m}. Integrating the RHS of Eq. (40), and taking the λ → λ_H limit after integration, we see that E ∼ λ^{(D−2)−2m+1}

H . As mentioned above, for D = 2(m + 1), E ∼ λ_H . In fact, in the case of spherically symmetric spacetimes in LL theory, the above expression can be formally shown to be exactly equivalent to the one derived by others (see [3], and also Ref. [16] therein).

As far as we are aware, no general expression for energy in LL theory exists in the literature, and ours could be thought of as first such definition which appears to be reasonable from physical point of view. The expression clearly deserves further investigation.

Putting all this together, we see that, for generic static spacetimes in LL gravity, the field equations can be written as a thermodynamic identity: T δ_λS − δ_λE = F δλ (41) thereby showing that the thermodynamic relations are far more general than Einstein field equations.

V. SOME COMMENTS ON THE RESULT

It must be emphasized that, in the above derivation, we had no choice whatsoever in the expressions for S and E. Once we have identified the work term, F δλ, we must choose the factor multiplying T on the left hand side as δ_λS, and the remaining term as −δ_λE. Note that, the near-horizon structure implies P_⊥ √ σδλ = −T^a_b ξ^bl_a √ σ δλ, so that the work term is uniquely identified. Hence the fact that the expressions obtained for S and E by this procedure match exactly with the known expressions for spherically symmetric horizons is nontrivial. In particular, the general expression for energy for arbitrary static spacetimes has a simple geometric expression, and deserves further study.

Finally, we would like to clarify the difference between the first law of thermodynamics as obtained above, and the usual first law of black hole mechanics. In the conventional case, one obtains the first law by varying the parameters in a specific solution to the field equations. Our result above shows that the field equations governing the dynamics of gravity themselves have a thermodynamic structure, and can be uniquely (see the discussion in the preceding paragraph) written in the form of the first law of thermodynamics. In general, the first law we have obtained would be different from the conventional first law of black hole mechanics, although, as described in section II, these match in the case of spherical symmetry (the reason can be traced back to the fact that the transverse metric in spherical symmetry does not depend on the parameters in the metric). Because of the specific meaning we have attached to the differentials in the first law, the variations we are dealing with are best looked upon as arising due to virtual displacement of the horizon.

VI. DISCUSSION

It has been well known, for quite some time now, that the gravitational field equations near the horizon can be written as a thermodynamic identity; this fact has been demonstrated by a large number of specific examples [2, 3]. Our present work can be considered as a formal proof of this intriguing connection between gravitational dynamics and horizon thermodynamics, for general, static spacetimes. In the above analysis, we have only demonstrated that the t − n part of the field equations can be so written. However, this is the only relevant part since the horizon is located at t = constant, n = 0; more formally, the observers who perceive the t = constant, n = 0 surface as a horizon are those moving along the orbits of the Killing vector field generating the horizon. The statement we have proved is, in fact, that the relations E(^n, ^n) |_H = E( ^ξ, ^ξ) |_H (42) E( ^ξ, ^ξ) = 1 2 T ( ^ξ, ^ξ) (43) with ^ξ · ^ξ = −1 = −^n · ^n, represent a thermodynamic identity. There would, of course, exist different class of observers with different horizons, and so long as the background is static, the above statement must be true for all of them. Imposing this then leads to the full field equations, E_{ab} = (1/2)T_{ab}. Moreover, since we have related the full gravitational field equations to the thermodynamics of horizons, this indicates an essentially holographic nature of gravitational dynamics, with classical symmetries near the horizon, along with the first law of thermodynamics, governing the entire gravitational dynamics [10]. In addition to obtaining the standard field equations, such an approach also leads to a quantisation condition on entropy [11] which reduces to quantisation of areas at the lowest order. Indeed, there is a much more formal and general way of obtaining the field equations of Lanczos-Lovelock gravity by taking the thermodynamic interpretation as a starting point, and using normals to null surfaces as the relevant degrees of freedom [12].

Recently, it was shown in [13] that for any diffeomorphism invariant theory, the local thermodynamic relation T dS = dE holds provided one interprets S as a suitable Noether current associated with diffeomorphism invariance, and defined off-shell; this is important since one must not use quantities defined on-shell while trying to “derive” the field equations. The arguments presented in [13] apply to any diffeomorphism invariant theory, whereas our result in this paper relies heavily on the near-horizon symmetries of the field tensor. Although a direct connection between the two is not immediately apparent (particularly, our expression for dE is different, and we have an additional P dV term in the first law), it would be interesting to see whether our arguments can be generalised to any diffeomorphism invariant theory, in the light of the results in [13].

At a deeper level, these results suggest that it is necessary to abandon the usual picture of treating the metric as the fundamental dynamical degrees of freedom of the theory and treat[4] it as providing a coarse grained description of the spacetime at macroscopic scales, somewhat like the density of a solid — which has no meaning at atomic scales. The unknown, microscopic degrees of freedom of spacetime (which should be analogous to the atoms in the case of solids), should normally play a role only when spacetime is probed at Planck scales (which would be analogous to the lattice spacing of a solid [15]). So we normally expect the microscopic structure of spacetime to manifest itself only at Planck scales or near singularities of the classical theory. However, in a manner which is not fully understood, the horizons — which block information from certain classes of observers — link [16] certain aspects of microscopic physics with the bulk dynamics, just as thermodynamics can provide a link between statistical mechanics and (zero temperature) dynamics of a solid. The reason is probably related to the fact that horizons lead to infinite redshift, which probes virtual high energy processes; it is, however, difficult to establish this claim in mathematical terms. This aspect, as to why horizons act as window to microphysics of spacetime, is worth investigating further.

Finally, we would like to mention two immediate possible extensions of the proof given here: (i) stationary, non-static spacetimes, and (ii) time-dependent spacetimes with horizons. In the case of stationary, non-static horizons, one needs to have a clear notion of quantities such as normal pressure [since the intrinsic horizon geometry is non-trivial]. However, it has been shown that the Einstein equations can indeed be expressed as a thermodynamic identity in the specific case of Kerr-Newman black hole (see the last reference in [2]). Combining this with the general analysis in the second reference in [7], one expects an analogous result to exist for the stationary, non-static case as well. For the time-dependent case, determining the near horizon form of the field equations itself would be more involved. Apart from this, there are certain conceptual issues such as the notion of temperature, which must be addressed. However, it must still be possible to operationally define a temperature (at least in some quasi-static sense), and see how far the near horizon symmetries still conspire to give a thermodynamic structure to the field equations.

ACKNOWLEDGEMENTS

The authors would like to thank Aseem Paranjape for comments on the manuscript. DK is supported by a Fellowship from the Council of Scientific & Industrial Research (CSIR), India.

APPENDIX A: NEAR-HORIZON SYMMETRIES OF THE EINSTEIN TENSOR

In this appendix, we briefly outline the proof of Eq. (14). We begin with the following expressions for the decomposition of the Riemann tensor for the metric (8) [see, for example, section 21.5 and Exercise 21.9 of [9]].

R^t_{μνρ} = 0 R_{μtνt} = NN_{|μν} R^μ_{νρσ} =^{(3)}R^μ_{νρσ} (A1) and (3)R_{ABCD} =^{(2)}R_{ABCD} − (K_{AC} K_{BD} − K_{AD}K_{BC} ) (3)R_{nBCD} = K_{AC:B} − K_{AB:C} (A2)

Here, | and : are the covariant derivatives compatible with the induced metric on {t = constant} and {t = constant, n = constant} surfaces respectively, and K_{AB} = −(1/2)∂_nσ_{AB} is the extrinsic curvature of the {t = constant, n = constant} 2-surface as embedded in the {t = constant} surface. These expressions lead to

R^{nA}_{nB} = σ^{AC} [ ∂_nK_{CB} + ( K^2 ) BC ] R^{tA}_{tB} = σ^{AC} [ − N_{:CB} − K_{CB} ∂_nN N ] (A3)

Using the relevant Taylor series expansions, we obtain

∂_ntrK|_{n=0} = − 1 2 tr[σ_2] (A4)

which gives, correct to O(n^2),

R^{nA}_{nA} = − 1 2 tr[σ_2] = R^{tA}_{tA} (A5) and R^{AB}_{CD} =^{(2)}R^{AB}_{CD} + O(n^2)

which implies

R^{AB}_{AB} = R_‖ + O(n^2) (A6)

Finally, we use the following general expression for the Einstein tensor (see, for example, [9], section 14.2, pp. 344):

G^t = − ( R^{nA}_{nA} + 1 2 R^{AB}_{AB} )

G^n = − ( R^{tA}_{tA} + 1 2 R^{AB}_{AB} ) (A7)

Plugging in the above expressions for the Riemann tensor, and finally taking the limit n → 0, we immediately obtain Eq. (14). (Note that, with the up-down components, G^{^ξ}_{^ξ} = G^t.) One can go further and analyze, in the same way, the remaining components of the Einstein tensor; the final result is [7]

E^â_{b̂} |_H =

E_⊥ 0 0 0 E_⊥ 0

0 0 E_‖^Â_{B̂}

(A8)

where E^â_{b̂} |_H = (16π)^{−1} G^â_{b̂} |_H .

APPENDIX B: EQUIVALENCE OF THE TWO EXPRESSIONS IN EQS. (28)

We need to prove the equality; [ δ^i_j δ^{a1b1 ...ambm} c_1d_1...c_md_m − 2m δ i c_1 δ a_1b_1 ...a_mb_m jd_1...c_md_m ] R^{c1d1}_{a1 b1} · · · R^{cmdm}_{ambm} = δ^{ia1 b1 ...ambm} jc_1 d_1...c_md_m R c_1d_1 a_1 b_1 · · · R c_md_m a_mb_m (B1)

This is most easily done by noting that the alternating tensor on the RHS of Eq. (B1) can be written as a determinant:

δ^{ia1 b1 ...ambm} jc_1 d_1...c_md_m = det

δ^i_j δ^i_{c1} · · · δ^i_{dm} δ^{a1}_j . . δ^{a1 b1...ambm} c_1d_1...c_md_m δ^{bm}_j (B2)

The first term on the LHS of Eq. (B1) therefore comes from the multiplication of δ^i_j with the lower right block of the above matrix. The remaining terms in the determinant can be grouped as − [ δ^i_{ck} δ^{a1 b1 ··· ambm} jc_1 d_1···d_{k−1}d_k ···c_md_m − δ i d_k δ a_1 b_1 ··· a_mb_m jc_1 d_1···c_k c_{k+1}···c_md_m ] (B3)

where 1 ≤ k ≤ m. Since this whole determinant is multiplied by the product of curvature tensors, only the piece antisymmetric in the pair {c_k, d_k} will be picked up, producing a factor of 2 for each pair {c_k, d_k}. Further, each of the m such pairs contribute the same amount due to the symmetries of the alternating tensor and the curvature tensor. This gives another factor of m, so that the contribution of the remaining terms in the above determinant becomes equal to 2m times the contribution of any particular term, say the term corresponding to the pair {c_1, d_1}. Noting the overall minus sign in (B3), we obtain the second term on the LHS of Eq. (B1), thereby proving the desired result.

APPENDIX C: NEAR-HORIZON SYMMETRIES OF THE LANCZOS-LOVELOCK FIELD EQUATIONS

One can do an analysis similar to that outlined in Appendix A and obtain the near-horizon symmetries of the LL field equations. The full result, which we state without proof (the proof involves a bit of combinatorics), turns out to be the same as Eq. (A8) [14]. However, in this Appendix, we shall only prove the identity E^{ξ̂}_{ξ̂} = E^{^n}_{^n} |_H , which is directly relevant for our purpose.

Using the first equality in Eq. (28), it is easy to deduce the form of E^k_k (no summation over k). The alternating determinant simplifies upon using δ^k = 1, and the fact that none of the other indices can be k due to total antisymmetry. Therefore, we are left with

E^k_k = − 1 2 L_m { k } (C1)

where L_m { k } denotes terms which do not contain k at all. We now specialise to k = n. The RHS can be further split depending on the number of occurences of the index t, as

E^n_n = − 1 2 [ L_m {n, t} + L_m {n, 2t} + L_m { n, t }] (C2)

The first set on the RHS contains terms like R^{tD}_{AB} which are identically zero (see first of Eqs. (A1)), while the last set is the same as appears in E^t_t . So we only have to prove that L_m {n, 2t} = L_m { t, 2n } . The set L_m {n, 2t} will have two t’s appearing either on different factors of R^{ab}_{cd}, which would again vanish identically for the same reason as the first set, or it can have the two t’s appearing on the same factor, which would contribute L_m {n, 2t} = 4m × 1 16π 1 2^m δ^{tB1 ...AmBm} tD_1 ...C_mD_m R tD_1 tB_1 · · · R C_mD_m A_mB_m = 4m × 1 16π 1 2^m δ^{B1 ...AmBm} D_1 ...C_mD_m R tD_1 tB_1 · · · R C_mD_m A_mB_m (C3)

Using Eqs. (A3), we see that L_m {n, 2t} = L_m { t, 2n } + O(n^2). Therefore, E^n_n = E^t_t + O(n^2), and the equality holds on the horizon.

[1] T. Padmanabhan, Class. Quantum Grav. 19, 5387 (2002) [gr-qc/0204019]; Phys. Rept., 406, 49, (2005),[grqc/0311036]; AIP Conf.Proc., 861, 179, (2006) [astroph/0603114].

[2] See, for example, M. Akbar, R. G. Cai [hep-th/0609128, gr-qc/0612089]; R. G. Cai, L. M. Cao [gr-qc/0611071, hep-th/0612144]; T. Padmanabhan, Gen. Rel. Grav. 34, 2029 (2002) [gr-qc/0205090]; D. Kothawala, S. Sarkar, T. Padmanabhan, Phys. Letts. B652, 338-342 (2007) [grqc/0701002]; Ahmad Sheykhi, Bin Wang, Rong-Gen Cai [hep-th/0701198, hep-th/0701261].

[3] A. Paranjape, S. Sarkar and T. Padmanabhan, Phys.

Rev. D 74, 104015, (2006) [hep-th/0607240]. [4] Such an idea has a long history: A. D. Sakharov, Sov.

Phys. Dokl., 12, 1040 (1968); T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995); T. Padmanabhan, Mod. Phys. Lett. A 17, 1147 (2002)[hep-th/0205278]; Int.Jour.Mod.Phys. D 13, 2293-2298 (2004), [gr-qc/0408051]; 18, 2903 (2003) [hep-th/0302068]; Gen. Rel. Grav.,34 2029 (2002) [gr-qc/0205090]; Class.Quan.Grav., 21, 4485 (2004) [gr-qc/0308070]; G.E. Volovik, Phys.Rept., 351, 195 (2001); M. Visser, Mod.Phys.Lett. A17 (2002) 977 [grqc/0204062]; C. Barcelo et al., Int.J.Mod.Phys. D10 (2001) 799 [gr-qc/0106002]; G.E. Volovik, gr-qc/0604062; G. E. Volovik, The universe in a helium droplet, (Oxford University Press, 2003); Chao-Guang Huang, Jia- Rui Sun,gr-qc/0701078; J.Makela, gr-qc/0701128; B.L. Hu, gr-qc/0503067 and references therein.

[5] For a recent summary of these ideas, see: T. Padmanabhan, Gen. Rel. Grav. 40, 2031-2036 (2008), T. Padmanabhan, Adv. Sci. Lett., 2, 174183 (2009) [arXiv:0807.2356] and the references therein.

[6] Kip Thorne et.al (Eds.), Black Holes : The Membrane Paradigm, Yale University Press (1986).

[7] A. J. M. Medved, D. Martin, M. Visser, Class. Quantum Grav. 21, 3111 (2004); Phys. Rev., D. 70, 024009 (2004).

[8] Jacobson T. and Myers R. C., Phys. Rev. Lett. 70, 3684 (1993). That the same expression is obtained using the Noether charge approach of Wald, was demonstrated in; T. Clunan, S. Ross, D. Smith, Class. Quantum Grav. 21, 3447 (2004).

[9] C. Misner, K. Thorne, J. Wheeler, Gravitation, Freeman and Co. (1973).

[10] The holographic structure of a large class of gravitational lagrangians has been explored in detail in; A. Mukhopadhyay, T. Padmanabhan, Phys. Rev. D 74, 124023 (2006).

[11] D. Kothawala, T. Padmanabhan, Sudipta Sarkar, Phys.

Rev., D78, 104018 (2008) [arXiv:0807.1481] [12] T. Padmanabhan, Gen. Rel. Grav. 40, 529-564 (2008);

T. Padmanabhan, A. Paranjape, Phys. Rev. D 75, 064004 (2007).

[13] T. Padmanabhan, Entropy density of spacetime and thermodynamic interpretation of field equations of gravity in any diffeomorphism invariant theory, [arXiv:0903.1254].

[14] This fact, which generalizes the result of the first reference in [7] to LL gravity, depends on the specific way in which the LL lagrangians are constructed; an arbitrary higher derivative theory might not, in general, have such symmetries.

[15] H. S. Snyder Phys. Rev., 71, 38 (1947); B. S. De- Witt, Phys. Rev. Lett., 13, 114 (1964); T. Yoneya Prog. Theor. Phys., 56, 1310 (1976); T. Padmanabhan Ann. Phys. (N.Y.), 165, 38 (1985); Class. Quantum Grav. 4, L107 (1987); A. Ashtekar et al., Phys. Rev. Lett., 69, 237 (1992 ); T. Padmanabhan Phys. Rev. Lett. 78, 1854 (1997) [hep-th/9608182]; Phys. Rev. D 57, 6206 (1998); K.Srinivasan et al., Phys.

Rev. D 58 044009 (1998) [gr-qc/9710104]; X.Calmet et al.,Phys.Rev.Lett.93:211101,(2004);hep-th/0505144; M. Fontanini et al. Phys.Lett. B 633, 627 (2006) hepth/0509090. For a review, see L.J. Garay, Int. J. Mod. Phys. A10, 145 (1995).

[16] See e.g.,T.Padmanabhan, Phys. Rev. Letts.,81,4297 (1998)[hep-th/9801015]; Phys. Rev. D 59, 124012 (1999) [hep-th/9801138] and references therein.