arXiv:0904.0702v1 [hep-ph] 6 Apr 2009

On the discrepancy of the low-x evolution kernels^∗

V.S. Fadin^{a †}, R. Fiore^{b ‡}, A.V. Grabovsky^{a ††}

a Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia Novosibirsk State University, 630090 Novosibirsk, Russia b Dipartimento di Fisica, Università della Calabria, Istituto Nazionale di Fisica Nucleare, Gruppo collegato di Cosenza, Arcavacata di Rende, I-87036 Cosenza, Italy

Abstract

It is shown that in the case of the forward scattering the most part of the difference between the Möbius form of the BFKL kernel and the BK kernel in the next-to-leading order (NLO) can be eliminated by the transformation related to the choice of the energy scale in the representation of scattering amplitudes. Change of the nonforward BFKL kernel under this transformation is derived as well. The functional identity of the forward BFKL kernel in the momentum and Möbius representations in the leading order (LO) is exhibited and its NLO validity in N = 4 supersymmetric Yang-Mills theory is proved.

∗Work supported in part by the RFBR grant 07-02-00953, in part by the RFBR–MSTI grant 06-02-72041, in part by the INTAS grant 05-1000008-8328 and in part by Ministero Italiano dell’Istruzione, dell’Università e della Ricerca.

†e-mail address: FADIN@INP.NSK.SU ‡e-mail address: FIORE@CS.INFN.IT ††e-mail address: A.V.GRABOVSKY@INP.NSK.SU

1 Introduction

The Balitsky-Fadin-Kuraev-Lipatov (BFKL) framework for the description of semihard processes in QCD was developed originally in the momentum representation. In the leading order (LO) it was done in Refs. [1, 2]; the next to leading (NLO) corrections to the kernel of the BFKL equation were obtained in Refs. [3] - [7]. The field of applicability of the BFKL approach is quite wide. It includes scattering processes with arbitrary colour exchange.

For scattering of colourless particles an alternative framework to the description of the semihard processes is the colour dipole model [8]. In contrast to the BFKL approach this model is formulated in the impact parameter space. The equation describing in the LO evolution of scattering amplitudes with energy in this model has a simple non-linear generalization, which is called Balitsky-Kovchegov (BK) equation [9]. The NLO corrections to the kernel of the BK equation in the coordinate space have been calculated recently in Refs. [10] -[12].

These two approaches should give the same predictions in the common area. This requirement is definitely fulfilled in the LO. Indeed, for scattering of colourless particles the LO BFKL kernel can be taken in the Möbius representation, which is invariant with respect to the conformal transformations of the transverse coordinates [13]. In the impact parameter space the Möbius representation of the BFKL kernel coincides with the kernel of the colour dipole model [14] (in Ref. [14] it was called therefore dipole form of the BFKL kernel). Moreover, it was shown [15] that the LO BK equation appears as a special case of the nonlinear evolution equation which sums the fun diagrams for the BFKL Green’s functions in the Möbius representation.

In the NLO one could expect coincidence of the Möbius form of the BFKL kernel and the kernel of the linearized BK equation. However, the situation is not so simple. First of all, the NLO kernels are not unambiguously defined. The ambiguity of the NLO kernels is analogous to the ambiguity on the NLO anomalous dimensions. It is caused by the possibility to redistribute radiative corrections between the kernels and the impact factors. This freedom in the definition of the kernels allows one to reshape the Möbius form of the BFKL kernel in order to prove its equivalence to the BK one [14].

In QCD the NLO kernels consist of two parts: the quark and the gluon ones. The quark part of the BK kernel was found in Refs. [10] and [11]. The Möbius form of the quark part of the BFKL kernel was obtained in Refs. [14] and [16] from the quark contribution to the BFKL kernel calculated in the momentum representation in Ref. [5]. It was proved [14, 16] that with account of the freedom mentioned above this form is equivalent to the quark part of the linearized BK kernel. The Möbius form of the gluon part was obtained in Ref. [17] with use of the gluon correction to the BFKL kernel calculated in Refs. [6] and [7] in the momentum representation. The gluon correction to the BK kernel was found in Ref. [12]. It occured that for the linearized BK equation this correction strongly differs from the Möbius form obtained in Ref. [17].

In this paper we demonstrate that for the case of forward scattering the most part of the difference can be eliminated by the transformation related to the choice of the energy scale in the representation of scattering amplitudes. We also show how the simplest generalizations of this transformation change the nonforward kernel.

The second goal of our work is to exhibit the functional identity of the forward BFKL kernels in the momentum and the Möbius representations and to prove that in the N=4 SUSY Yang- Mills theory this identity remains valid in the NLO. The extension of the BFKL framework to the supersymmetric theories was started in Ref. [18], where the kernel for the forward scattering was found for the N=4 SUSY in the momentum space with the dimension D = 4 + 2ϵ and in the eigenfunction space. This analysis has been recently expanded in Ref. [19], where the nonforward Möbius NLO BFKL kernel was obtained for the SUSY Yang-Mills theories with any N. We continue this line finding the forward kernel in the momentum space for any N, writing it at D = 4, with all singularities cancelled, and demonstrating the functional identity of this kernel to the forward kernel in the Möbius representation for N=4.

Our paper is organized as follows. The next section introduces our notation and gives a brief account of the main results of Ref. [17]. Section 3 goes through different transforms of the kernel which do not change observables. Section 4 shows that the difference between the Möbius form of the BFKL kernel and the kernel of the linearized BK equation can be partially eliminated by the suitable transform. Section 5 demonstrates the functional identity of the forward BFKL kernels in the momentum and Möbius coordinate representations. Section 6 discusses how the generalizations of the transformation obtained in section 4 change the nonforward kernel. Section 7 summarizes the main points of our paper. Appendices describe the details of the calculations.

2 General overview

Our notation is the same as in Refs. [14] and [17]. Thus the Reggeon transverse momenta (and the conjugate coordinates) in initial and final t-channel states are ⃗q^′_i (⃗r^′_i ) and ⃗q_i (⃗r_i), i = 1, 2. The state normalization is ⟨⃗q|⃗q^′⟩ = δ(⃗q − ⃗q^′) , ⟨⃗r|⃗r^′⟩ = δ(⃗r − ⃗r^′) , ⟨⃗r|⃗q⟩ = e^{i⃗q ⃗r} (2π)^{1+ϵ}

. (1)

Here ϵ = (D − 4)/2; D − 2 is the transverse space dimension taken different from 2 to regularize divergences. We will also write for brevity ⃗p_{ij}′ = ⃗p_i − ⃗p^′_j .

The s-channel discontinuities of scattering amplitudes for the processes A + B → A^′ + B^′ have the form − 4i(2π)^{D−2}δ(⃗q_A − ⃗q_B)disc_sA^{A′B′}_{AB} = ⟨A^′Ā| ( s s_0 )^_K 1 ^⃗q 2_1 ^⃗q 2_2 | B̄^′B⟩ . (2)

In this expression s_0 is an appropriate energy scale, K̂ is the BFKL kernel, q_A = p_A′_A, q_B = p_{BB}′ , and

⟨⃗q_1, ⃗q_2|K̂ |⃗q^′_1 , ⃗q^′_2 ⟩ = δ(⃗q_1 + ⃗q_2 − ⃗q^′_1 − ⃗q^′_2 )

K_r(⃗q_1, ⃗q^′_1 ; ⃗q)

⃗q^2_1 ⃗q^2_2

+ δ(⃗q_{22}′ )δ (⃗q_{11}′ ) ( ω ( ⃗q^2_1 ) + ω(⃗q^2_2 ) ) , (3)

with ω(t) being the gluon Regge trajectory, and K̂_r representing real particle production in Reggeon collisions, ⟨⃗q_1, ⃗q_2|B̄^′B⟩ = 4p^−_B δ(⃗q_B − ⃗q_1 − ⃗q_2)Φ_B′_B(⃗q_1, ⃗q_2) , (4) ⟨A^′Ā|⃗q_1, ⃗q_2⟩ = 4p^+_Aδ(⃗q_A − ⃗q_1 − ⃗q_2)Φ_A′_A(⃗q_1, ⃗q_2) , (5) where p^± = (p_0 ±p_z)/ √ 2; the kernel K_r(⃗q_1, ⃗q^′_1 ; ⃗q) and the impact factors Φ are expressed through the Reggeon vertices according to Ref. [20].

The general form of the Möbius (dipole) kernel in the coordinate representation reads [14, 17]:

⟨⃗r_1⃗r_2|K̂_M |⃗r^′_1⃗r^′_2 ⟩ = α_s(μ^2)N_c 2π^2 ∫ d⃗ρ ⃗r_{12}^2 ⃗r^2_{1ρ}⃗r^2_{2ρ} [ δ(⃗r_{11}′ )δ(⃗r_2′_ρ)+δ(⃗r_1′_ρ)δ(⃗r_{22}′ )−δ(⃗r_{11}′ )δ(r_{22}′ ) ] + α^2_s(μ^2)N^2_c 4π^3

× [ δ(⃗r_{11}′ )δ(⃗r_{22}′ ) ∫ d⃗ρ g^0(⃗r_1, ⃗r_2; ⃗ρ) + δ(⃗r_{11}′ )g(⃗r_1, ⃗r_2; ⃗r^′_2 ) + δ(⃗r_{22}′ )g(⃗r_2, ⃗r_1; ⃗r^′_1 ) + 1 π g(⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) ] . (6) Here ⃗r_{iρ} = ⃗r_i − ⃗ρ, and the whole kernel is symmetric with respect to simultaneous 1 ↔ 2 and 1^′ ↔ 2^′ substitution.

The quark contribution to the functions g was calculated in Refs. [14] and [16] and after a suitable transform was shown to coincide with the BK result of Ref. [11]. The gluon contribution to these functions was found in the BFKL approach in Ref. [17] and in the dipole one in Ref. [12]. The latter two results are different.

The BFKL framework gives for the gluon contribution

g^0(⃗r_1, ⃗r_2; ⃗ρ) = −g(⃗r_1, ⃗r_2; ⃗ρ) + 2πζ(3)δ (⃗ρ) , (7)

g(⃗r_1, ⃗r_2; ⃗r^′_2 ) = 11 6 ⃗r^2_{12} ⃗r^2_{22}′ ⃗r^2_{12}′ ln ( ⃗r^2_{12} r^2_μ ) + 11 6 ( 1 ⃗r^2_{22}′ − 1 ⃗r^2_{12}′ ) ln ( ⃗r^2_{22}′ ⃗r^2_{12}′ )

+ 1 2⃗r^2_{22}′ ln ( ⃗r^2_{12}′ ⃗r^2_{22}′ ) ln ( ⃗r^2_{12} ⃗r^2_{12}′ ) − ⃗r^2_{12} 2 ⃗r^2_{22}′⃗r^2_{12}′ ln ( ⃗r^2_{12} ⃗r^2_{22}′ ) ln ( ⃗r^2_{12} ⃗r^2_{12}′ ) , (8)

where ln r^2_μ = −2C − ln μ^2 4 − 3 11 ( 67 9 − 2ζ(2) ) (9) and C = −ψ (1) is the Euler constant; μ is a renormalization scale in the MS-scheme. At once we will emphasize that only the integral of g^0(⃗r_1, ⃗r_2; ρ) contributes to the kernel. Therefore one can write g^0 in various forms, e.g. in our previous papers we used the equalities ∫ d⃗ρ ⃗r^2_{12} ⃗r^2_{1ρ}⃗r^2_{2ρ} ln ( ⃗r^2_{1ρ} ⃗r^2_{12} ) ln ( ⃗r^2_{2ρ} ⃗r^2_{12} ) = ∫ d⃗ρ ⃗r^2_{2ρ} ln ( ⃗r^2_{1ρ} ⃗r^2_{12} ) ln ( ⃗r^2_{1ρ} ⃗r^2_{2ρ} ) = 4πζ(3) (10)

and ∫ d⃗ρ [ ⃗r^2_{12} ⃗r^2_{1ρ}⃗r^2_{2ρ} ln ( ⃗r^2_{1ρ}⃗r^2_{2ρ} ⃗r^4_{12} ) + ( 1 ⃗r^2_{2ρ} − 1 ⃗r^2_{1ρ} ) ln ( ⃗r^2_{1ρ} ⃗r^2_{2ρ} )] = 0, (11)

to reshape it. But anyway g^0(⃗r_1, ⃗r_2; ρ) does not coincide with g(⃗r_1, ⃗r_2; ρ). For the third function g we have

g(⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) = 1 2⃗r^4_1′_2′ ( ⃗r^2_{11}′ ⃗r^2_{22}′ − 2⃗r^2_{12} ⃗r^2_1′_2′ d ln ( ⃗r^2_{12}′ ⃗r^2_{21}′ ⃗r^2_{11}′ ⃗r^2_{22}′ ) − 1 ) + ⃗r^2_{12} ln (_{⃗r 211′} ⃗r^2_{1′2′} ) 2⃗r^2_{11}′ ⃗r^2_{12}′ ⃗r^2_2′ + ln (_{⃗r 212′ ⃗r 221′} ⃗r^2_{11′} ⃗r^2_{22′} ) 4⃗r^2_{11}′ ⃗r^2_2′ ( ⃗r^4_{12} d − ⃗r^2_{12} ⃗r^2_1′_2′ ) + ln (_{⃗r 212 ⃗r 21′2′} ⃗r^2_{11′} ⃗r^2_{2′} ) 2⃗r^2_{12}′⃗r^2_1′ ( ⃗r^2_{12} 2⃗r^2_1′_2′ + 1 2 − ⃗r^2_2′ ⃗r^2_1′_2′ )

+ ⃗r^2_1′ ln (_{⃗r 21′ ⃗r 21′2′} ⃗r^2_{12} ⃗r^2_{11′} ) 2⃗r^2_{11}′ ⃗r^2_2′ ⃗r^2_1′_2′ + ln (_{⃗r 212} ⃗r^2_{1′2′} ) 4⃗r^2_{11}′ ⃗r^2_2′ + ln (_{⃗r 22′} ⃗r^2_{12} ) 2⃗r^2_{11}′ ⃗r^2_{12}′ + ⃗r^2_{12} ln (_{⃗r 212⃗r 21′2′} ⃗r^2_{12′} ⃗r^2_{1′} ) 4⃗r^2_{11}′ ⃗r^2_2′ ⃗r^2_1′_2′ + ln (_{⃗r 212⃗r 21′2′} ⃗r^2_{12′} ⃗r^2_{2′} ) 2⃗r^2_{11}′ ⃗r^2_1′_2′ + ln (_{⃗r 212⃗r 211′} ⃗r^2_{2′} ⃗r^2_{1′2′} ) 2⃗r^2_{12}′ ⃗r^2_1′_2′

+ (1 ↔ 2, 1^′ ↔ 2^′), (12)

where d = ⃗r^2_{12}′ ⃗r^2_{21}′ − ⃗r^2_{11}′ ⃗r^2_{22}′ . (13) The functions g(⃗r_1, ⃗r_2; ⃗r^′_2 ) and g(⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) vanish at ⃗r_1 = ⃗r_2. In Ref. [17] the latter function was presented in a form where this property was obvious. For integration, however, it is more convenient to use the expression (12) .

At the same time the gluon part of the kernel of the linearized BK equation gives [12] :

g^0_{BC} (⃗r_1, ⃗r_2, ⃗ρ) = −g_{BC} (⃗r_1, ⃗r_2, ⃗ρ) , (14) g_{BC} (⃗r_1, ⃗r_2; ⃗r^′_2 ) = 11 6 ⃗r^2_{12} ⃗r^2_{22}′⃗r^2_{12}′ ln ( ⃗r^2_{12} r^2_{μB} ) + 11 6 ( 1 ⃗r^2_{22}′ − 1 ⃗r^2_{12}′ ) ln ( ⃗r^2_{22}′ ⃗r^2_{12}′ )

− ⃗r^2_{12} ⃗r^2_{22}′⃗r^2_{12}′ ln ( ⃗r^2_{12} ⃗r^2_{22}′ ) ln ( ⃗r^2_{12} ⃗r^2_{12}′ ) , (15)

where ln r^2_{μBC} = − ln μ^2 − 3 11 ( 67 9 − 2ζ(2) ) . (16)

g_{BC} (⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) = ln ( ⃗r^2_{12}′⃗r^2_{21}′ ⃗r^2_{11}′⃗r^2_{22}′ ) [ ⃗r^2_{11}′ ⃗r^2_{22}′ + ⃗r^2_{12}′ ⃗r^2_{21}′ − 4⃗r^2_{12}⃗r^2_1′_2′ 2d ⃗r^4_1′_2′ + 1 4⃗r^2_{11}′ ⃗r^2_{22}′ ( ⃗r^4_{12} d − ⃗r^2_{12} ⃗r^2_1′_2′ ) + 1 4⃗r^2_{12}′ ⃗r^2_{21}′ ( ⃗r^4_{12} d + ⃗r^2_{12} ⃗r^2_1′_2′ )] − 1 ⃗r^4_1′_2′

. (17)

3 Ambiguity in the definition of the kernel

To begin with, we are going to discuss the transformations of the kernel which do not affect observables.

First of all, disc_sA^{A′B′}_{AB} in Eq. (2) remains intact if one changes both the kernel and the impact factors via an arbitrary nonsingular operator Ô: K̂ → Ô^{−1}K̂Ô , ⟨A^′Ā| → ⟨A^′Ā|Ô , 1 ^⃗q 2_1 ^⃗q 2_2 | B̄^′B⟩ → Ô^{−1} 1 ^⃗q 2_1 ^⃗q 2_2 | B̄^′B⟩. (18) If the LO kernel is fixed by the requirement that its Möbius form coincides with the kernel of the dipole model, one can shift the NLO contribution using Ô = 1 − Ô, with Ô ∼ α_s, and get

K̂ → K̂ − [K̂^{(B)}, Ô], (19)

where the superscript (B) means the LO kernel. Note that the Möbius form calculated in Refs. [14] and [17] and presented in the previous section corresponds to the kernel obtained by the transformation K̂ → K̂ + α^s 8π β_0[K̂^{(B)}, ln ( ^⃗q^2_1 ^⃗q^2_2 ) ] , (20)

where β_0 is the first coefficient of the beta-function, from the kernel defined in Eq. (3). This transformation simplifies the Möbius form and allows to alter the quark part of this form so that it agrees with the result of Ref. [11].

Secondly, there is a freedom in the energy scale s_0. At first sight, it can lead to an additional ambiguity of the NLO kernel. However, it is not so. Indeed, it was shown [21] that any change of the energy scale can be compensated by the corresponding redefinition of the impact factors. An experienced reader can wonder remembering that in Ref. [3] the scale transformation was associated with the change of the kernel. The matter is that in Ref. [3] one of the impact factors was fixed. Actually, instead of transforming both impact factors one can compensate any change of the scale by transformation of one of the impact factors and the kernel. Evidently, in this case the transformation of the kernel has the form (19) with some specific form of the operator Ô. Let us discuss this question more in detail.

We begin with the case when s_0 depends only on properties of scattering particles. Just this case was supposed in the definition of the kernel and the impact factors in Ref. [20]. Note that s_0 can be taken as a free parameter. This freedom can be used for optimization of perturbative results [22]. A natural choice is s_0 = Q_AQ_B , where Q_A and Q_B are typical virtualities for the impact factors Φ_A′_A and Φ_B′_B correspondingly. Let us consider the transition from such scale to the scale depending on the Reggeon momenta ⃗q_{Ai} and ⃗q_{Bi}, i = 1, 2, in the impact factors Φ_A′_A and Φ_B′_B respectively:

s_0 → f_Af_B, f_A ≡ f_A(⃗q_{Ai}), f_B ≡ f_B (⃗q_{Bi}). (21)

Remind that with the NLO accuracy for any s-independent value c one has

c^{K̂} = 1 + K̂^{(B)} ln c . (22)

Therefore one can write ⟨⃗q_{A1}, ⃗q_{A2}| ( s s_0 )^_K |⃗q_{B1}, ⃗q_{B2}⟩ = ⟨⃗q_{A1}, ⃗q_{A2}|F̂_A ( s f_Af_B )^_K F̂_B|⃗q_{B1}, ⃗q_{B2}⟩, (23) where F̂_A = ( 1 + ln ( f̂_A s^α_0 ) K̂^{(B)} ) , F̂_B = ( 1 + K̂^{(B)} ln ( f̂_A s^β_0 )) , α + β = 1, f̂_A ≡ f_A(^⃗q_i), f̂_B ≡ f_B(^⃗q_i). (24) It means that the discontinuity (2) remains unchanged if the change of the scale (23) is accompanied by the change of the impact factors ⟨A^′Ā| → ⟨A^′Ā|F̂_A, 1 ^⃗q 2_1 ^⃗q 2_2 | B̄^′B⟩ → F̂_B 1 ^⃗q 2_1 ^⃗q 2_2 | B̄^′B⟩. (25) It is possible to leave one of the impact factors (let us take for definiteness ⟨A^′Ā|) invariable changing the kernel. Indeed, F̂_A ( s f_Af_B )^_K F̂^{−1}_A = ( s f_Af_B )^_K′ , K̂^′ = F̂_AK̂F̂^{−1}_A . (26)

Therefore instead of the change (25) one can take K̂ → K̂^′, 1 ^⃗q 2_1 ^⃗q 2_2 | B̄^′B⟩ → F̂_AF̂_B 1 ^⃗q 2_1 ^⃗q 2_2 | B̄^′B⟩, (27) where, with the NLO accuracy,

K̂^′ = K̂ − [ K̂^{(B)}, ln f̂_AK̂^{(B)} ] . (28)

We see that the change of the energy scale can be associated with the transformation of the kernel (19) with the specific Ô.

At last, the Möbius kernel (6) is defined with an accuracy to any function independent of ⃗r_1 or of ⃗r_2 such that after their addition the kernel remains zero at ⃗r_1 = ⃗r_2 [14, 17]. Therefore, one can add to the kernel only the functions which are antisymmetric with respect to the substitution ⃗r^′_1 ↔ ⃗r^′_2 . These functions do not change the symmetric part of the kernel. But this part alone plays a role in the observables. As a result, the third term in the expression (12) in the BFKL kernel, ln (_{⃗r 212′ ⃗r 221′} ⃗r^2_{11′} ⃗r^2_{22′} ) 4⃗r^2_{11}′ ⃗r^2_2′ ( ⃗r^4_{12} d − ⃗r^2_{12} ⃗r^2_1′_2′ ) + (1 ↔ 2, 1^′ ↔ 2^′) (29)

and the term ln ( ⃗r^2_{12}′ ⃗r^2_{21}′ ⃗r^2_{11}′ ⃗r^2_{22}′ ) [ 1 4⃗r^2_{11}′ ⃗r^2_{22}′ ( ⃗r^4_{12} d − ⃗r^2_{12} ⃗r^2_1′_2′ ) + 1 4⃗r^2_{12}′ ⃗r^2_{21}′ ( ⃗r^4_{12} d + ⃗r^2_{12} ⃗r^2_1′_2′ )] (30)

in the BK kernel (17) give the same contribution to the amplitudes.

The ambiguities of the NLO kernels give a hope that the results of Refs. [17] and [12] can be matched.

4 The kernel for forward scattering in gluodynamics

For a start let us find the gluon contribution to the forward Möbius BFKL kernel and compare it to the BK result obtained in Ref. [12]. We define the matrix element of the forward kernel in the momentum representation as ⟨⃗q|K̂|⃗q^′⟩ = ∫ ⟨⃗q,⃗l|K̂ |⃗q^′, −⃗q^′⟩d⃗l. (31)

Next, using the state normalization (1) and the denotation ⃗r_1 = ⃗r + ⃗r_2, ⃗r^′_1 = ⃗r^′ + ⃗r^′_2 , we get at physical value D = 4 ⟨⃗q|K̂|⃗q^′⟩ = ∫ d⃗r 2π d⃗r^′ 2π e^{−i⃗q⃗r+i⃗q ′⃗r ′} ⟨⃗r|K̂|⃗r^′⟩ , (32) where ⟨⃗r|K̂|⃗r^′⟩ = ∫ d⃗r^′_2 ⟨⃗r,⃗0|K̂|⃗r^′ + ⃗r^′_2 , ⃗r^′_2 ⟩ = ∫ ⟨⃗r_1⃗r_2|K̂|⃗r^′_1⃗r^′_2 ⟩δ(⃗r_1′_2′ − ⃗r^′)d⃗r^′_1 d⃗r^′_2 . (33)

The last equality follows from the space uniformity.

Thus, the Möbius form of the BFKL kernel for the forward scattering can be obtained from Eq. (33) using the results of Refs. [14], [16] and [17] for ⟨⃗r_1⃗r_2|K̂_M |⃗r^′_1⃗r^′_2 ⟩. In the case of pure gluodynamics it gives

⟨⃗r|K̂_M | ⃗r^′⟩ = α_s(^{4e−2C}_{⃗r 2} )N_c 2π^2 ∫ d⃗ρ ⃗r^2 (⃗r − ⃗ρ)^2⃗ρ^2 {( 2δ(⃗ρ − ⃗r^′) − δ(⃗r − ⃗r^′) ) [ 1 + α_sN_c 4π ( 67 9 − 2ζ(2)

+ 11 3 ⃗ρ^2 − (⃗r − ⃗ρ)^2 ⃗r^2 ln ( (⃗r − ⃗ρ)^2 ⃗ρ^2 ))] + α_sN_c 4π 3δ(⃗r − ⃗r^′) ln ( (⃗r − ⃗ρ)^2 ⃗r^2 ) ln ( ⃗ρ^2 ⃗r^2 )}

+ α^2_sN^2_c 4π^3 ⃗r^2 ⃗r^{′2} ( f_1(⃗r, ⃗r^′) + f_2(⃗r, ⃗r^′) − 1 (⃗r − ⃗r^′)^2 ln^2 ( ⃗r^2 ⃗r^{′2} )) . (34)

Here α_s( 4e^{−2C} ⃗r^2 ) ≃ α_s(μ^2) ( 1 − α_s(μ^2) 4π 11 3 N_c ln ( 4e^{−2C} ⃗r^2μ^2 )) , (35)

μ is the renormalization scale in the MS-scheme, f_1 (⃗x, ⃗y) = (⃗x^2 − ⃗y^2) (⃗x − ⃗y)^2 (⃗x + ⃗y)^2 [ ln ( ⃗x^2 ⃗y^2 ) ln ( ⃗x^2⃗y^2 (⃗x − ⃗y)^4 (⃗x^2 + ⃗y^2)^4 ) + 2 Li_2 ( − ⃗y^2 ⃗x^2 ) − 2 Li_2 ( − ⃗x^2 ⃗y^2 )]

− ( 1 − (⃗x^2 − ⃗y^2)^2 (⃗x − ⃗y)^2 (⃗x + ⃗y)^2 ) [∫_1 0 − ∫_∞ 1 ] du (⃗x − ⃗yu)^2 ln ( u^2⃗y^2 ⃗x^2 ) , (36)

f_2 (⃗x, ⃗y) = 1 8⃗x^2⃗y^2 { (⃗x ⃗y)^2 ( 1 − 3 2 ( ⃗y^2 ⃗x^2 + ⃗x^2 ⃗y^2 )) + ( ⃗x^2 + ⃗y^2

)_2

− 32⃗x^2⃗y^2 } ∫_∞ 0 dt ln | |^{1+t}_{1−t} | | ⃗y^2 + t^2⃗x^2 + 3 (⃗x ⃗y)^2 − 2⃗x^2⃗y^2 16⃗x^2⃗y^2 ( ln ⃗x^2 ⃗y^2 ( 1 ⃗y^2 − 1 ⃗x^2 ) + 2 ⃗x^2 + 2 ⃗y^2 ) . (37)

The details of the derivation are given in the appendix A.

The result of Ref. [12] for the forward case is ⟨⃗r|K̂_{BC} | ⃗r^′⟩ = α_s(^1_{⃗r 2} )N_c

2π^2 ∫ d⃗ρ ⃗r^2 (⃗r − ⃗ρ)^2⃗ρ^2 ( 2δ(⃗ρ − ⃗r^′) − δ(⃗r − ⃗r^′) ) [ 1 + α_sN_c 4π ( 67 9 − 2ζ(2)

+ 11 3 ⃗ρ^2 − (⃗r − ⃗ρ)^2 ⃗r^2 ln ( (⃗r − ⃗ρ)^2 ⃗ρ^2 ) − 2 ln ( (⃗r − ⃗ρ)^2 ⃗r^2 ) ln ( ⃗ρ^2 ⃗r^2 ))]

+ α^2_s N^2_c 4π^3 ⃗r^2 ⃗r^{′2} (f_1(⃗r, ⃗r^′) + f_2(⃗r, ⃗r^′)) . (38)

It was derived using the relation (33). Note that in the derivation the term

α^2_sN^2_c 4π^3 ⃗r^2 ⃗r^{′2} (f_1(⃗r, ⃗r^′) − f_1(⃗r, −⃗r^′)) was omitted. As we discussed at the end of the previous section, it can be done since this term vanishes at ⃗r^′ ↔ −⃗r^′ (i.e. ⃗r^′_1 ↔ ⃗r^′_2 ).

Thus, for the difference of the forward kernels one has ⟨⃗r|K̂_M − K̂_{BC} | ⃗r^′⟩ = α^2_sN^2_c 4π^3 [ ⃗r^2 (⃗r − ⃗r^′)^2⃗r^{′2} ln ( ⃗r^2 ⃗r^{′2} ) ln ( ⃗r^2⃗r^{′2} (⃗r − ⃗r^′)^4 ) + δ(⃗r − ⃗r^′)2πζ(3) ]

+ α_sN_c 4π 11 3 (C − ln 2) ⟨⃗r|K̂^{(B)}_M | ⃗r^′⟩ , (39)

where ⟨⃗r|K̂^{(B)}_M | ⃗r^′⟩ = α_sN_c 2π^2 ∫ d⃗ρ ⃗r^2 (⃗r − ⃗ρ)^2⃗ρ^2 ( 2δ(⃗ρ − ⃗r^′) − δ(⃗r − ⃗r^′) ) . (40)

The term proportional to 11/3 is related to renormalization (remind that in pure gluodynamics β_0 = 11N_c/3). In our opinion, this term arose because the renormalization scheme used in Ref. [12] is not equivalent to conventional MS-scheme.

It occurs that the term with logarithms can be eliminated by the transformation

K̂ → K̂ + 1 2 [ K̂^{(B)}, ln(^⃗q^2) K̂^{(B)} ] (41)

applied to the forward BFKL kernel. Indeed, the direct calculation given in the appendix B shows that ⟨⃗r| [ K̂^{(B)}, ln(^⃗q^2) K̂^{(B)} ] M |⃗r^′ ⟩ = − α^2_s N^2_c 2π^3 ⃗r^2 (⃗r − ⃗r^′)^2⃗r^{′2} ln ( ⃗r^2 ⃗r^{′2} ) ln ( ⃗r^2⃗r^{′2} (⃗r − ⃗r^′)^4 ) . (42)

Here the subscript M means the Möbius representation (i.e. vanishing of the matrix element at ⃗r = 0). Comparing with Eq. (28) we see that the transformation (41) corresponds to the change of the energy scale at fixed value of one of the impact factors. Actually, the transformation (41) is of the same type as in Ref. [3]: K(⃗q, ⃗q^′) → K(⃗q, ⃗q^′) + 1 2 ∫ d ⃗p K^{(B)}(⃗q, ⃗p) ln ⃗p^2 ⃗q^2 K^{(B)}(⃗p, ⃗q^′). (43)

One can come to the transformation (41) from another side. The difference K̂_M − K̂_{BC} has the same eigenfunctions ⟨⃗r^′|n, γ⟩ ∼ e^{inϕ⃗r ′} ( ⃗r^{′2} )_γ , (44) where ϕ is the azimuthal angle, as the LO dipole kernel. The eigenvalues of the LO dipole kernel coincide with the eigenvalues of the LO BFKL kernel obtained in Ref. [2]: ω_B(n, γ) = α_sN_c π χ(n, γ) , χ(n, γ) = 2ψ(1) − ψ(γ + n 2 ) − ψ(1 − γ + n 2 ) . (45)

It becomes evident if we write the FBKL kernel for the forward scattering as ⟨⃗q|K̂^{(B)}| ⃗q^′⟩ = α_sN_c 2π^2 [ 2⃗q^{′2} (⃗q − ⃗q^′)^2 ⃗q^2 − δ(⃗q − ⃗q^′) ∫ d⃗l ⃗q^2 (⃗q − ⃗l)^2⃗l^2 ] (46)

and compare it with the dipole kernel ⟨⃗r|K̂_d| ⃗r^′⟩ = α_sN_c 2π^2 [ 2⃗r^2 (⃗r − ⃗r^′)^2 ⃗r^{′2} − δ(⃗r − ⃗r^′) ∫ d⃗ρ ⃗r^2 (⃗r − ⃗ρ)^2⃗ρ^2 ] . (47)

It is worthwhile to note here that the kernel (46) differs from the usually used symmetric kernel; the former is obtained from the latter by the transformation K̂ → ^⃗q^{−2}K̂^⃗q^2. For the non-forward case the corresponding transformation is K̂ → (^⃗q^2_1 ^⃗q^2_2 )^{−1/2}K̂(^⃗q^2_1 ^⃗q^2_2 )^{1/2}. Let us stress that just the transformed kernel can be written in the Möbius form ⟨⃗r_1⃗r_2|K̂^{(B)}_M |⃗r^′_1⃗r^′_2 ⟩, which is invariant in regard to the conformal transformations of the transverse coordinates [13] and coincides with the kernel of the colour dipole model ⟨⃗r_1⃗r_2|K̂_d|⃗r^′_1⃗r^′_2 ⟩ [14]. Moreover, because of this coincidence, in the forward case one can see from Eqs. (46) and (47) the functional identity of the LO BFKL kernel in the momentum and Möbius coordinate representations: ⃗q^2⟨⃗q|K̂^{(B)}| ⃗q^′⟩/⃗q^{′2} is represented by the same function as ⃗r^{′2}⟨⃗r|K̂^{(B)}_M | ⃗r^′⟩/⃗r^2.

The eigenvalues ω_B(n, γ) are associated usually with the eigenfunctions e^{inϕ⃗q ′} (⃗q^{′2})^{γ−2} in the momentum space, i.e. e^{inϕ⃗r ′} (⃗r^{′2})^{1−γ} in the coordinate space, so that the eigenvalues for Eq. (44) should be ω_B(n, 1 − γ). On the other hand, from the functional identity of Eqs. (46) and (47) it is clear that the eigenvalues must be the same as for e^{inϕ⃗r ′} (⃗q^{′2})^{γ−2}, i.e. ω_B(n, γ). Both requirements are fulfilled because ω_B(n, γ) = ω_B (n, 1 − γ).

Using the integral (the calculation is discussed in the Appendix C) ∫ d⃗r^′ 2π e^{in(ϕ⃗r ′ −ϕ⃗r)} ( ⃗r^{′2} ⃗r^2 )_γ ⃗r^2 (⃗r − ⃗r^′)^2⃗r^{′2} ln ( ⃗r^2 ⃗r^{′2} ) ln ( ⃗r^2⃗r^{′2} (⃗r − ⃗r^′)^4 ) = 2χ^′ (n, γ) χ (n, γ) , (48)

where χ^′ means derivative over γ, from Eq. (39) we obtain ω_M (n, γ) − ω_{BC} (n, γ) = α^2_s(μ^2)N^2_c 2π^2 [ χ^′ (n, γ) χ (n, γ) + 11 3 (C − ln 2) χ(n, γ) + ζ(3) ] , (49)

where ω_M (n, γ) − ω_{BC} (n, γ) is the eigenvalue of the difference K̂_M − K̂_{BC} corresponding to the eigenfunction e^{inϕ⃗r ′} (⃗r^{′2})^γ . The first term in Eq. (49) can be written as 1 2 ω^′_B (n, γ) ω_B (n, γ) = − 1 2 [ω_B, ∂ ∂γ ω_B ]. (50)

In the space of the eigenfunctions e^{inϕ⃗r ′} (⃗r^{′2})^γ we have K̂^{(B)} = ω_B (n, γ) and ln(^⃗q^2) = −∂/∂γ, so that for the forward scattering we obtain

K̂_M − K̂_{BC} = 1 2 [K̂^{(B)}, ln(^⃗q^2)K̂^{(B)}] + K̂^{(B)} 11 3 α_s(μ^2)N_c 2π (C − ln 2) + α^2_s(μ^2)N^2_c 2π^2 ζ(3). (51)

Evidently, the first term in Eq. (51) is eliminated by the transformation (41). The second one, as it was already pointed out, in our opinion is related to the difference of the renormalization scheme used in Ref. [12] with conventional MS-scheme and can be eliminated by change of the scheme.^1 Unfortunately, we cannot find the transformation suitable to eliminate the third term. We have to add that in the BFKL approach the term with ζ(3) passed through a great number of verifications. In particular, this term is necessary for the fulfillment of the bootstrap relations. Besides, it is confirmed by the calculation of the three-loop anomalous dimensions in Refs. [23] and [24].

For completeness we present here the characteristic function ω_M (n, γ) of the kernel (34), defined by the relation ∫ d⃗r^′⟨⃗r|K̂_M | ⃗r^′⟩e^{inϕ⃗r ′} ( ⃗r^{′2} )_γ = ω_M (n, γ)e^{inϕ⃗r} ( ⃗r^2 )_γ . (52)

1We have to note that in fact this term is present in the difference between the eigenvalues of the NLO BFKL kernel and the linearized forward kernel of Ref. [12]. In the calculation of this difference presented in Ref. [12] this term is erroneously omitted at the transition from Eq. (120) to Eq. (122).

Actually because of running coupling the functions e^{inϕ⃗r ′} (⃗r^{′2})^γ are not eigenfunctions of K̂_M anymore, and ω_M (n, γ) contains ln ⃗r^2. In Eq. (52) it can be replaced by ∂/∂γ. As the result we have ω_M (n, γ) = α_s(μ^2)N_c π χ(n, γ)+ α^2_s(μ^2)N^2_c 4π^2 [ 6ζ (3) − 2Φ (n, γ) − 2Φ (n, 1 − γ) + F (n, γ) − χ^{′′} (n, γ)

+ ( 67 9 − 2ζ(2) ) χ(n, γ) + 11 3 ( χ(n, γ) ( ∂ ∂γ − ln ( 4e^{−2C} μ^2 ) − 2γ γ^2 −^{n2}_4 ) + χ^2(n, γ) 2 − χ^′(n, γ) 2 )] , (53) where Φ (n, γ) =

∫_1 0 dt 1 + t t^{γ−1+n/2} { π^2 12 − 1 2 ψ^′ ( n + 1 2 ) − Li_2 (t) − Li_2 (−t)

− ( ψ (n + 1) + C + ln (1 + t) + ∞∑ k=1 (−t)^k k + n ) ln t − ∞∑ k=1 t^k (k + n)^2 [ 1 − (−1)^k ]} (54) and F (n, γ) = π^2 cos (πγ) sin^2 (πγ) (1 − 2γ) ( γ (1 − γ) (δ_{n,2} + δ_{n,−2}) 2 (3 − 2γ) (1 + 2γ) − { 3γ (1 − γ) + 2 (3 − 2γ) (1 + 2γ) + 3 } δ_{n,0} ) . (55)

The calculation of the integral (52) is discussed in the Appendix C.

As it should be, the function ω_M (n, γ) differs from the corresponding function ω(n, 1 − γ) found in Ref. [18] for the BFKL kernel in the momentum representation only by the terms related with renormalization (i.e. proportional to β_0/N_c = 11/3 for pure gluodynamics). Indeed, if the coupling was not running, ω_M (n, γ) and ω(n, 1 − γ) would be genuine eigenvalues corresponding to the same eigenstate and should coincide. Since ω_M (n, γ) was found using the results of Refs. [14], [16] and [17] and the calculation of ω(n, γ) in Ref. [18] is based on the results of Ref. [3], the relationship between ω_M (n, γ) and ω(n, γ) is the cross-check of all these results. The coincidence of the functions at β_0 = 0 gives a forcible argument in favour of their correctness. Moreover, the terms proportional to β_0/N_c = 11/3 in ω_M (n, γ) can be derived from the corresponding term in ω(n, γ). Let the state |n, γ⟩ be defined by the equality ⟨⃗r|n, γ⟩ = e^{inϕ⃗r} (⃗r^2)^γ ; then, using ∫_{2π} 0 dϕe^{inϕ+ia cos ϕ} = e^{inπ/2}2πJ_n(a) , ∫_∞ 0 dxx^αJ_n(bx) = 2^αb^{−α−1} Γ(^{n+1+α}_2 ) Γ(^{n+1−α}_2 )

, (56)

where J_n is the n-th Bessel function, we have ⟨⃗q|n, γ⟩ = e^{inϕ⃗q} ( ⃗q^2 )_{−1−γ} e^{iπn/2} 2^{2γ+1}Γ(^n_2 + 1 + γ) Γ(^n_2 − γ)

. (57)

The β-dependent terms in ω(n, 1 − γ) are written as α^2_sN_cβ_0R/(4π^2), where

R = − ln ( ⃗q^2 μ^2 ) χ(n, γ) − χ^2(n, γ) 2 + χ^′(n, γ) 2 . (58)

Since

− ln ( ⃗q^2 μ^2 ) χ(n, γ)⟨⃗q|n, γ⟩ = χ(n, γ) ( ln μ^2 + ∂ ∂γ − [ ∂ ∂γ ln ( 2^{2γ+1}Γ(^n_2 + 1 + γ) Γ(^n_2 − γ) )]) ⟨⃗q|n, γ⟩

= χ(n, γ) ( ln μ^2 + ∂ ∂γ − 2 ln 2 + 2C + χ(n, γ) − 2γ γ^2 −^{n2}_4 ) ⟨⃗q|n, γ⟩ , (59) and the Möbius form corresponds to the kernel obtained by the transformation (20), which means ω(n, 1 − γ) → ω(n, 1 − γ) − α^2_sN_c 4π^2 β_0χ^′(n, γ) , (60)

we come to the conclusion that in (52) the β-dependent terms in ω_M (n, γ) can be written in the form

α^2_sN_c 4π^2 β_0 [ χ(n, γ) ( ∂ ∂γ − ln ( 4e^{−2C} μ^2 ) − 2γ γ^2 −^{n2}_4 ) + χ^2(n, γ) 2 − χ^′(n, γ) 2 ] , (61)

which is exactly the same as in Eq. (53).

5 SUSY Yang-Mills forward kernel

The extension of the NLO BFKL kernel to supersymmetric theories was performed in Ref. [18] for the forward case in the momentum representation and in Ref. [19] for the nonforward case in the Möbius coordinate representation. Supersymmetric Yang-Mills theories contain gluons and n_M Majorana fermions in the adjoint representation of the color group. For N–extended SUSY we have n_M = N. For N > 1 besides fermions there are n_S scalar particles; n_S = 2 at N = 2 and n_S = 6 at N = 4. Following Ref. [19] for the Möbius kernel in the SUSY theories we write g_{SUSY} = g_{Gluon} + g_{F ermion} + g_{Scalar}. (62) g^0_{SUSY} (⃗r_1, ⃗r_2; ⃗ρ) = −g_{SUSY} (⃗r_1, ⃗r_2; ⃗ρ) + 2πζ (3) δ (⃗ρ) , (63)

g_{SUSY} (⃗r_1, ⃗r_2; ⃗r^′_2 ) =

⃗r^2_{12} ⃗r^2_{22}′⃗r^2_{12}′ [ 67 18 − ζ(2) − 5n_M + 2n_S 9 + β_0 2N_c ln ( ⃗r^2_{12}μ^2 4e^{−2C} )

+ β_0 2N_c ⃗r^2_{12}′ − ⃗r^2_{22}′ ⃗r^2_{12} ln ( ⃗r^2_{22}′ ⃗r^2_{12}′ ) − 1 2 ln ( ⃗r^2_{12} ⃗r^2_{22}′ ) ln ( ⃗r^2_{12} ⃗r^2_{12}′ ) + ⃗r^2_{12}′ 2⃗r^2_{12} ln ( ⃗r^2_{12}′ ⃗r^2_{22}′ ) ln ( ⃗r^2_{12} ⃗r^2_{12}′ )] , (64)

g_{SUSY} (⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) = 1 2⃗r^4_1′_2′ ( ⃗r^2_{11}′ ⃗r^2_{22}′ − 2⃗r^2_{12} ⃗r^2_1′_2′ d ln ( ⃗r^2_{12}′ ⃗r^2_{21}′ ⃗r^2_{11}′ ⃗r^2_{22}′ ) − 1 ) ( 1 − n_M + n_S 2 )

+ ( (2n_S − 3n_M ) 4⃗r^2_1′_2′

⃗r^2_{12} d + 1 4⃗r^2_{11}′ ⃗r^2_2′ ( ⃗r^4_{12} d − ⃗r^2_{12} ⃗r^2_1′_2′ )) ln ( ⃗r^2_{12}′ ⃗r^2_{21}′ ⃗r^2_{11}′ ⃗r^2_{22}′ )

+ ln (_{⃗r 212} ⃗r^2_{1′2′} ) 4⃗r^2_{11}′ ⃗r^2_2′ + ln (_{⃗r 212 ⃗r 21′2′} ⃗r^2_{11′} ⃗r^2_{2′} ) 2⃗r^2_{12}′ ⃗r^2_1′ ( ⃗r^2_{12} 2⃗r^2_1′_2′ + 1 2 − ⃗r^2_2′ ⃗r^2_1′_2′ ) + ⃗r^2_{12} ln (_{⃗r 212⃗r 21′2′} ⃗r^2_{12′} ⃗r^2_{1′} ) 4⃗r^2_{11}′⃗r^2_2′⃗r^2_1′_2′ + ln (_{⃗r 22′} ⃗r^2_{12} ) 2⃗r^2_{11}′ ⃗r^2_{12}′ + ln (_{⃗r 212⃗r 21′2′} ⃗r^2_{12′} ⃗r^2_{2′} ) 2⃗r^2_{11}′ ⃗r^2_1′_2′ + ln (_{⃗r 212⃗r 211′} ⃗r^2_{2′} ⃗r^2_{1′2′} ) 2⃗r^2_{12}′⃗r^2_1′_2′ + ⃗r^2_{12} ln (_{⃗r 211′} ⃗r^2_{1′2′} ) 2⃗r^2_{11}′ ⃗r^2_{12}′ ⃗r^2_2′ + ⃗r^2_1′ ln (_{⃗r 21′ ⃗r 21′2′} ⃗r^2_{12} ⃗r^2_{11′} ) 2⃗r^2_{11}′⃗r^2_2′⃗r^2_1′_2′

+ (1 ↔ 2, 1^′ ↔ 2^′), d = ⃗r^2_{12}′ ⃗r^2_{21}′ − ⃗r^2_{11}′ ⃗r^2_{22}′ . (65)

One should insert these functions g into the definition of the Möbius kernel in the coordinate representation (6). Using the results of the previous section we can write the forward Möbius kernel in the SUSY case. It reads ⟨⃗r|K̂^{SUSY}_M | ⃗r^′⟩ = α_s(^{4e−2C}_{⃗r 2} )N_c 2π^2 ∫ d⃗ρ ⃗r^2 (⃗r − ⃗ρ)^2⃗ρ^2 {( 2δ(⃗ρ − ⃗r^′) − δ(⃗r − ⃗r^′) ) [ 1 + α_sN_c 4π ( 67 9 −2ζ(2) − 10n_M 9 − 4n_S 9 + β_0 N_c ⃗ρ^2 − (⃗r − ⃗ρ)^2 ⃗r^2 ln ( (⃗r − ⃗ρ)^2 ⃗ρ^2 )] + α_sN_c 4π 3δ(⃗r − ⃗r^′) ln ( ⃗ρ^2 ⃗r^2 )

× ln ( (⃗r − ⃗ρ)^2 ⃗r^2 )} + α^2_sN^2_c 4π^3 ⃗r^2 ⃗r^{′2} ( f_1(⃗r, ⃗r^′) + f^{SUSY}_2 (⃗r, ⃗r^′) − 1 (⃗r − ⃗r^′)^2 ln^2 ( ⃗r^2 ⃗r^{′2} )) , (66)

where f^{SUSY} 2 (⃗r, ⃗r^′) = (1 − n_M + n_S 2 )f_2(⃗r, ⃗r^′) + (2n_S − 3n_M ) ∫_∞ 0 dt ln | |^{1+t}_{1−t} | | ⃗r^{′ 2} + t^2⃗r^2

, (67)

the functions f_1 and f_2 are defined in Eqs. (36), (37),

α_s( 4e^{−2C} ⃗r^2 ) ≃ α_s(μ^2) ( 1 − α_s(μ^2) 4π β_0 ln ( 4e^{−2C} ⃗r^2μ^2 )) , β_0 = ( 11 3 − 2n_M 3 − n_S 6 ) N_c , (68)

μ being the renormalization scale in the MS-scheme.

As it is known, at N = 4 the coupling α_s does not run, so that β_0 = 0. Moreover, it is seen from (67) that f^{SUSY}_2 = 0 in this case. Next, let us express our result in the renormalization scheme which preserves the supersymmetry. This scheme is known as the dimensional reduction and it differs from the MS-scheme in the finite charge renormalization (see Ref. [19]) for details). So we get α_s → α_s ( 1 − α_sN_c 12π ) . (69)

Finally, in the N = 4 case, having β_0 = 0, n_S = 6, n_M = 4, the kernel simplifies to ⟨⃗r|K̂^{N=4}_M | ⃗r^′⟩ = α_sN_c 2π^2 ∫ d⃗ρ ⃗r^2 (⃗r − ⃗ρ)^2⃗ρ^2 ( 2δ(⃗ρ − ⃗r^′) − δ(⃗r − ⃗r^′) ) [ 1 − α_sN_c 2π ζ(2) ]

+ α^2_sN^2_c 4π^3 [ 6πζ(3)δ(⃗r − ⃗r^′) + ⃗r^2 ⃗r^{′2} ( f_1(⃗r, ⃗r^′) − 1 (⃗r − ⃗r^′)^2 ln^2 ( ⃗r^2 ⃗r^{′2} ))] . (70)

Now let us consider the forward BFKL kernel in the momentum space. The explicit form of the kernel can be found for QCD in Ref. [3] and for Yang-Mills theory at N=4 in Ref. [18]. In both cases the kernel is written in the space-time dimension D = 4 + 2ϵ to regularize infrared divergencies. Here we solve two problems. First, we found the explicit form of the kernel for SUSY Yang-Mills with any N. Second, we perform explicitly the cancellation of the infrared divergencies and write the kernel at physical space-time dimension D = 4. It permits us to demonstrate that the functional identity of the forward BFKL kernels in the momentum and Möbius coordinate representations exhibited in the previous section in the LO is preserved in the NLO in the N=4 SUSY case.

To solve the first problem we must change the quark contribution in the kernel of Ref. [3] for the gluino one and add the scalar particle contribution. It is known (see Refs. [18] and [19]) that the gluino contribution to the“real” kernel can be obtained from the quark one by the change of the coefficients, n_f → n_M N_c for the “non-Abelian” (leading at large N_c) part (including the trajectory) and n_f → −n_M N^3_c for the “Abelian” (suppressed at large N_c) part, so that this contribution can be found quite easy. To obtain the scalar contribution is a more subtle task. According to Ref. [19], the scalar contribution also can be divided into “non-Abelian” and “Abelian” parts. Both in the integral representation of the trajectory and in the “non-Abelian” part of the “real” kernel the scalar contribution can be obtained from the corresponding quark contribution by the substitution n_f → n_S N_c and the change of the fermion polarization operator with the scalar one which differs from the former by the factor 1/(4(1+ϵ)). We are interested in the kernel expanded in powers of ϵ. It is clear that since the factor mentioned above depends on ϵ this kernel can be obtained applying substitutions, which are different for the different terms in the expansion of the polarization operator. It is not difficult to see (for details see Ref. [25]) that these substitutions must be 2 3 n_f N_c → n_S 6 , − 10 9 n_f N_c → − 4n_S 9 , 56 27 n_f N_c → 26n_S 27 . (71)

The n-th equality here corresponds to the n-th term in the expansion.

Therefore from Eq. (6) of Ref. [3] for the trajectory (in the MS scheme) we obtain ω ( −⃗q^2 ) = −ḡ^2_μ ( 2 ϵ + 2 ln ⃗q^2 μ^2 ) − ḡ^4_μ [ β_0 N_c ( 1 ϵ^2

− ln^2 ( ⃗q^2 μ^2 ))

+ ( 67 9 − 2ζ (2) − 10 9 n_M − 4n_S 9 ) ( 1 ϵ + 2 ln ( ⃗q^2 μ^2 )) − 404 27 + 2ζ(3) + 56 27 n_M + 26 27 n_S ] , (72)

where g = g_μμ^−ϵ [ 1 + β_0 N_c ḡ^2_μ 2ϵ ] , ḡ^2_μ = g^2_μN_cΓ(1 − ϵ)

(4π)^{2+ϵ}

, β_0 = ( 11 3 − 2 3 n_M − n_S 6 ) . (73)

The “Abelian” part of the scalar contribution to the non-forward kernel is given by Eq. (28) of Ref. [19]. For the forward case, using the Feynman parametrization and performing integration over k_1, for D = 4 (for details see Ref. [25]) we obtain ⟨⃗q|K̂^S_a |⃗q^′⟩ = α^2_sN^2_c 4π^3 n_s 2 1 16⃗q^4 { ( 3(⃗q⃗q^′)^2 − 2⃗q^2⃗q^{′ 2} ) ( 2 ⃗q^2 + 2 ⃗q^{′ 2} − ( 1 ⃗q^2 − 1 ⃗q^{′ 2} )

× ln ( ⃗q^2 ⃗q^{′ 2} )) + [ (⃗q⃗q^′)^2 ( 2 − 3 ⃗q^{′ 2} ⃗q^2 − 3 ⃗q^2 ⃗q^{′ 2} ) + 2 ( ⃗q^2 + ⃗q^{′ 2}

)_2 ] ∫_∞ 0 dt ⃗q^2 + t^2⃗q^{′ 2} ln | | | | 1 + t 1 − t | | | | }

= α^2_sN^2_c 4π^3 n_s 2 ⃗q^{′ 2} ⃗q^2 ( f_2(⃗q, ⃗q^′) + 4 ∫_∞ 0 dt ⃗q^2 + t^2⃗q^{′ 2} ln | | |1 + t 1 − t | | | ) , (74)

where f_2 is defined in Eq. (37). Taking into account that ⟨⃗q|K̂|⃗q^′⟩ differs from the symmetric kernel K(⃗q, ⃗q^′) = K_r⃗(⃗q, ⃗q^′) + 2δ(⃗q − ⃗q^′)ω ( −⃗q^2 ) (75) presented in Ref. [3] by the factor ⃗q^{′ 2}/⃗q^2, for the “real” part we obtain K_r(⃗q, ⃗q^′) = 4 g^2_μ μ^{−2ϵ} π^{1+ϵ}Γ(1 − ϵ) 1 ⃗k 2 + 4g^4_μ μ^{−2ϵ} π^{1+ϵ}Γ(1 − ϵ) × { 1 ⃗k 2 [ β_0 N_cϵ ( 1 − ( ⃗k 2 μ^2 )_ϵ (1 − ϵ^2 π^2 6 ) ) + ( ⃗k 2 μ^2 )_ϵ ( 67 9 − π^2 3 − 10 9 n_M − 4n_S 9

+ϵ ( − 404 27 + 11 3 ζ(2) + 14ζ(3) + 56 27 n_M + 26 27 n_S ) − ln^2 ⃗q^2 ⃗q^{′ 2} )] + f_1 (⃗q_1, ⃗q^′_1 ) + f^{SUSY}_2 (⃗q_1, ⃗q^′_1 ) } , (76) where ⃗k = ⃗q − ⃗q^′, f_1 is defined in Eq. (37) and f^{SUSY}_2 in Eq. (67).

Eqs. (72) and (76) solve the first problem raised in the beginning of this section. But they contain the infrared divergencies which complicate their use. One can cancel the divergencies and write the kernel at physical space-time dimension D = 4 following Refs. [14] and [17] and using the integral representation for the trajectory

ω(−⃗q^2) = − ḡ^2_μ ⃗q^2 π^{1+ϵ}Γ(1 − ϵ) ∫ d^{2+2ϵ}k μ^{−2ϵ} ⃗k 2(⃗k − ⃗q)2 ( 1 + ḡ^2_μf_ω(⃗k, ⃗k − ⃗q) ) . (77)

The quark contribution to f_ω is defined by Eqs. (76) and (77) of Ref. [14]. The gluino and scalar contributions can be obtained from the quark one by the substitutions discussed above. The gluon contribution is given, with the required accuracy, by Eq. (23) of Ref. [17]. As the result, we obtain with this accuracy

f_ω(⃗k_1, ⃗k_2) = β_0 N_cϵ + [ β_0 N_cϵ − 67 9 + 2ζ (2) + 10 9 n_M + 4n_S 9 + ϵ ( 404 27 − 11 3 ζ(2) − 6ζ(3) − 56 27 n_M

− 26 27 n_S )] [(⃗ k^2_{12} μ^2 )_ϵ − ( ⃗k 2_1 μ^2 )_ϵ − ( ⃗k 2_2 μ^2 )_ϵ] − ln ( ⃗k 2_{12} ⃗k 2_1 ) ln ( ⃗k 2_{12} ⃗k 2_2 ) . (78)

Just like Refs. [14] and [17], in the limit ϵ → 0 we introduce the cut-off λ → 0 keeping ϵ ln λ → 0. Then in the regions ⃗k^2 ≤ λ^2 we have f_ω(⃗k, ⃗k − ⃗q) = β_0 N_cϵ − ( ⃗k 2 μ^2 )_ϵ [ β_0 N_cϵ − 67 9 + 2ζ (2) + 10 9 n_M + 4n_S 9 +ϵ ( 404 27 − 11 3 ζ(2) − 6ζ(3) − 56 27 n_M − 26 27 n_S )] (79)

and in the region (⃗k − ⃗q)^2 ≤ λ^2 the same expression with the substitution ⃗k^2 → (⃗k − ⃗q)^2. Comparing Eq. (79) with Eq. (76) we see that, when the kernel K(⃗q, ⃗q^′) in Eq. (75) acts on any function nonsingular at ⃗q = ⃗q^′, the contribution of the region ⃗k^2 ≤ λ^2 in the “real” part cancels almost completely the contributions of the regions ⃗k^2 ≤ λ^2 and (⃗k − ⃗q)^2 ≤ λ^2 in the doubled trajectory ω(−⃗q^2). The only piece which remains uncancelled is 2 ḡ^4_μ π^{1+ϵ}Γ(1 − ϵ) ∫ d^{2+2ϵ}k μ^{−2ϵ} ⃗k 2 16ϵζ(3) ( ⃗k 2 μ^2 )_ϵ θ(λ^2 − ⃗k^2) = 2 α^2_s(μ)N^2_c 2π^2 ζ(3). (80)

Outside the regions ⃗k^2 ≤ λ^2 and (⃗k − ⃗q)^2 ≤ λ^2 one can put ϵ = 0. Thus we come to the representation of the symmetric kernel K(⃗q, ⃗q^′) = α_s(⃗q^2)N_c 2π^2 [ 2 (⃗q − ⃗q^′)^2 − δ(⃗q − ⃗q^′) ∫ d⃗l ⃗q^2 (⃗q − ⃗l)^2⃗l^2 ] [ 1 + α_sN_c 4π ( 67 9 − 2ζ (2) − 10 9 n_M − 4n_S 9 )]

+ α^2_sN^2_c 4π^3 [ 1 (⃗q − ⃗q^′)^2 β_0 N_c ln ( ⃗q^2 (⃗q − ⃗q^′)^2 ) + f_1(⃗q, ⃗q^′) + f^{SUSY}_2 (⃗q, ⃗q^′) − 1 (⃗q − ⃗q^′)^2 ln^2 ( ⃗q^2 ⃗q^{′2} )

+δ(⃗q − ⃗q^′) ( β_0 2N_c ∫ d⃗l ⃗q^2 (⃗q − ⃗l)^2⃗l^2 ln ( (⃗q − ⃗l)^2⃗l^2 ⃗q^4 ) + 6πζ(3) )] , (81)

which solves the second problem: presentation of the kernel in the physical space-time dimension D = 4 with explicit cancellation of the infrared divergencies.

To compare the BFKL kernel in the Möbius representation (66) and in the momentum representation, we have to take into account that the expression (66) corresponds to the kernel obtained from the symmetric one by the transformation (20) with ^⃗q^2_1 = ^⃗q^2_2 = ^⃗q^2 and that ⟨⃗q|K̂|⃗q^′⟩ = ⃗q^{′ 2}K(⃗q, ⃗q^′)⃗q^{−2}, so that ⟨⃗q|K̂|⃗q^′⟩ = α_s(⃗q^2)N_c 2π^2 ∫ d⃗l ⃗q^{′ 2} (⃗q − ⃗l)^2⃗l^2 [ 2δ(⃗q − ⃗l) − δ(⃗q − ⃗q^′) ] [ 1 + α_sN_c 4π ( 67 9 − 2ζ (2)

− 10 9 n_M − 4n_S 9 )] + α^2_sN^2_c 4π^3 ⃗q^{′ 2} ⃗q^2 [ 1 (⃗q − ⃗q^′)^2 β_0 N_c ln ( ⃗q^2 (⃗q − ⃗q^′)^2 ) + f_1(⃗q, ⃗q^′) + f^{SUSY}_2 (⃗q, ⃗q^′)

− 1 (⃗q − ⃗q^′)^2 ln^2 ( ⃗q^2 ⃗q^{′2} ) + δ(⃗q − ⃗q^′) ( β_0 2N_c ∫ d⃗l ⃗q^2 (⃗q − ⃗l)^2⃗l^2 ln ( (⃗q − ⃗l)^2⃗l^2 ⃗q^4 ) + 6πζ(3) )] . (82)

Comparing this expression with Eq. (66) one can see that at β = 0 they are functionally identical up to the normalization factors: ⃗r^{′ 2} ⃗r^2 ⟨⃗r|K̂_M |⃗r^2⟩|_{β0=0} = ⃗q^2 ⃗q^{′2} ⟨⃗q|K̂|⃗q^′⟩_{β0=0} | | | |_{⃗q→⃗r, ⃗q ′→⃗r ′} . (83)

Note that with these normalization factors the kernels are symmetric with respect to ⃗r ↔ ⃗r^′ or ⃗q_1 ↔ ⃗q^′_1 substitution.

Actually the identity relation can be expected, because at β = 0 the kernels ^⃗r^{−2}K̂_M ^⃗r^2 and ^⃗q^2K̂^⃗q^{−2} have the same eigenvalues corresponding to the eigenfunctions connected by the replacement ⃗r ↔ ⃗q.

6 Comparison of the kernels: nonforward case

In this section we present the results of the simplest generalizations for the nonforward case of the transformation used in section 4 for the elimination of the discrepancy between the results of Refs. [17] and [12] for the forward scattering. We start from the commutator [ K̂(B), K̂(B)^1_4 ln (q̂2_1q̂2 ) ] . The calculation of this commutator is described in the appendix B. The result is ( 2π^2 α_sN_c )_2 ⟨⃗r_1, ⃗r_2| [ K̂^{(B)}, K̂^{(B)} 1 4 ln ( q̂^2_1q̂^2 ) ] M |⃗r^′_1, ⃗r^′_2 ⟩

= 1 2 ∫ d⃗ρ ⃗r^2_{12} ⃗r^2_1′_2′ ⃗r^2_{1ρ}⃗r^2_{2ρ} ( (δ (⃗r_{11}′ ) − δ (⃗r_1′_ρ))

(⃗r_{21}′ ⃗r_1′_2′ ) ⃗r^2_{22}′ ln ( ⃗r^2_{21}′ ⃗r^2_1′_2′ ) + δ (⃗r_{11}′ )

(⃗r_1′_2′ ⃗r_1′_ρ) ⃗r^2_2′_ρ ln ( ⃗r^2_1′_ρ ⃗r^2_1′_2′ ))

+⃗r^2_{12} ln (_{⃗r 212′ ⃗r 221′} ⃗r^2_{12}⃗r^2_{1′2′} ) 4⃗r^2_{11}′ ⃗r^2_{22}′ ⃗r^2_1′_2′ + ln (_{⃗r 211′ ⃗r 222′} ⃗r^2_{12}⃗r^2_{1′2′} ) 4⃗r^2_{11}′ ⃗r^2_{21}′ ( 1 ⃗r^2_1′_2′ − 1 ⃗r^2_{22}′ ) + ln (_{⃗r 211′ ⃗r 222′} ⃗r^2_{12′} ⃗r^2_{21′} ) 4⃗r^2_{11}′⃗r^2_1′_2′ ( ⃗r^2_{12}′ ⃗r^2_{22}′ − 1 ) +(1 ↔ 2, 1^′ ↔ 2^′).

(84) The subscript M means that the operator acts in the Möbius representation, i.e. the matrix element (84) vanishes as ⃗r_1 → ⃗r_2. One can see that the above expression has ultraviolet singularities which cancel in the convolution with Möbius impact factors. But the structure of these singularities is different from the structure of singularities in the gluon contribution to the kernel given in Eqs. (7) and (8). Therefore it is obvious that this commutator cannot make g^0 and g(⃗r_1, ⃗r_2, ⃗r^′_2 ) coincident with the corresponding g^0_{BC} and g^0_{BC} (⃗r_1, ⃗r_2, ⃗r^′_2 ). As for g(⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ), we have

g(⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) − g_{BC} (⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) = ln (_{⃗r 212} ⃗r^2_{1′2′} ) 4⃗r^2_{11}′ ⃗r^2_2′ + ln (_{⃗r 212⃗r 21′2′} ⃗r^2_{11′} ⃗r^2_{2′} ) 4⃗r^2_{12}′ ⃗r^2_1′ − ln (_{⃗r 212′ ⃗r 221′} ⃗r^2_{11′} ⃗r^2_{22′} ) 4⃗r^4_1′_2′ + ln (_{⃗r 22′} ⃗r^2_{12} ) 2⃗r^2_{11}′ ⃗r^2_{12}′ + ln (_{⃗r 212⃗r 21′2′} ⃗r^2_{12′} ⃗r^2_{2′} ) 2⃗r^2_{11}′ ⃗r^2_1′_2′ + ln (_{⃗r 212⃗r 211′} ⃗r^2_{2′} ⃗r^2_{1′2′} ) 2⃗r^2_{12}′ ⃗r^2_1′_2′ + ⃗r^2_2′ ln (_{⃗r 211′ ⃗r 22′} ⃗r^2_{12} ⃗r^2_{1′2′} ) 2⃗r^2_{12}′ ⃗r^2_1′ ⃗r^2_1′_2′ + ⃗r^2_1′ ln (_{⃗r 21′ ⃗r 21′2′} ⃗r^2_{12} ⃗r^2_{11′} ) 2⃗r^2_{11}′ ⃗r^2_2′ ⃗r^2_1′_2′ + ⃗r^2_{12} ln (_{⃗r 211′} ⃗r^2_{1′2′} ) 2⃗r^2_{11}′ ⃗r^2_{12}′ ⃗r^2_2′ + ⃗r^2_{12} ln (_{⃗r 212⃗r 21′2′} ⃗r^2_{12′} ⃗r^2_{1′} ) 4⃗r^2_{11}′ ⃗r^2_2′ ⃗r^2_1′_2′ + ⃗r^2_{12} ln (_{⃗r 212 ⃗r 21′2′} ⃗r^2_{11′} ⃗r^2_{2′} ) 4⃗r^2_{12}′ ⃗r^2_1′ ⃗r^2_1′_2′

+ (1 ↔ 2, 1^′ ↔ 2^′) (85)

and again we see that this commutator does not help to eliminate the discrepancy.

Then one can search for a commutator equal to [ K̂(B), K̂(B)^1_4 ln (q̂2_1q̂2 ) ] M in the forward

case but different from it in general. An example of this kind is [ K̂(B),^1_4 ln (q̂2_1q̂2 ) K̂B ] M . Indeed, this commutator coincides with the previous one in the forward case since acting on the eigenfunctions ⟨⃗q|n, γ⟩ ∝ e^{inϕ⃗q} (⃗q^2)^{γ−2} they yield the same result: ⟨⃗q| [ K̂^{(B)}, K̂^{(B)} ln (q̂^2) ] |n, γ⟩ = ∫ d^2l ⟨⃗q|K̂^{(B)} [ K̂^{(B)}, ln (q̂^2) ] |⃗l⟩⟨⃗l|n, γ⟩ = χ (n, γ) χ^′ (n, γ) ⟨⃗q|n, γ⟩ = ⟨⃗q| [ K̂^{(B)}, ln (q̂^2) K̂^{(B)} ] |n, γ⟩. (86) Here we have used the equality (⃗q^2)^γ ln (⃗q^2) = ∂(⃗q^2)^γ /(∂γ) to perform the integration. The coordinate representation of [ K̂(B),^1_4 ln (q̂2_1q̂2 ) K̂(B) ] M is also given in the appendix B and it also fails to resolve the difference between the BFKL and BK kernels. Thus, the simplest generalizations are unable to eliminate the discrepancy in the nonforward case.

7 Summary

In this paper we studied the properties of the next-to-leading BFKL kernel in gluodynamics and SUSY Yang-Mills theories. In particular our study is connected with the discrepancy between the gluon contribution to the BFKL kernel in the Möbius representation found in Ref. [17] and the kernel of the linearized BK equation calculated in Ref. [12].

We analyzed the ambiguity of the next-to-leading kernel, in particular in its connection with the energy scale. Broadly speaking, the ambiguity is related to the rearrangement of the radiative corrections between the kernel and the impact factors, and the one connected with the energy scale is not an exception. It is shown that the change of the energy scale can be associated with the specific form of the general transformation of the NLO kernel discussed in Refs. [14] and [17].

The ambiguity can be used to remove the discrepancy between the results of Refs. [17] and [12]. It was explicitly demonstrated in the case of forward scattering. We found the Möbius kernel for this case and showed that the major part of the difference between this kernel and the corresponding kernel of Ref. [12] can be eliminated by the suitable transformormation which can be associated with the change of the energy scale, so that the difference is reduced to two terms. One of them is proportional to the first coefficient of the β-function. In our opinion, this term is connected with the difference of the renormalization scheme used in Ref. [12] from the conventional MS-scheme. This term can be eliminated by the change of the renormalization scheme. Unfortunately, we cannot eliminate the third term, proportional to ζ(3). In the BFKL approach this term passed through a great number of verifications. It is also confirmed by the calculation of the three-loop anomalous dimensions in Refs. [23] and [24].^2

2When this paper was completed, the article [27] appeared in the web. It is stated in this article that the discussed term appeared in the difference because of the erroneous calculation of the integral in Ref. [12].

We calculated the characteristic function ω_M (n, γ) describing the action of the forward Möbius kernel on the eigenfunctions of the leading order kernel and compared it with the corresponding function of the BFKL kernel in the momentum representation found in Ref. [18]. The forward Möbius kernel was found using the results of Refs. [14], [16] and [17] whereas the calculation of Ref. [18] is based on the results of Ref. [3]. Therefore the comparison serves as the cross-check of the results of these papers. The coincidence of the characteristic functions gives a strong argument in favour of rightness of the used results.

We studied also the forward BFKL kernel in supersymmetric Yang-Mills theories for any N-extended SUSY both in the momentum and in the Möbius coordinate representations and demonstrated the functional identity (up to the normalization factors) of the form of the kernel in these representations for N = 4. We calculated the kernel in the Möbius representation in the impact parameter space using the results of Refs. [14], [16], [17] and[19], and found the kernel for any N in the momentum space using the results of Refs. [3] and [18]. Performing explicit cancellation of the infrared divergencies and writing the kernel at physical space-time dimension D = 4 we demonstrated the functional identity mentioned above, that confirms the correctness of the used result.

At last, we checked how the simplest generalizations of the transformation, used for the elimination of the discrepancy between the results of Refs. [17] and [12] for the forward scattering, work in the general (nonforward) case. Unfortunately, these generalizations are not effective. This does not mean that the transformation eliminating the discrepancy (apart from the difference in the renormalization scheme and in the ζ(3) term) does not exist. Moreover, we hope that it exists; but in this case the generalization from the forward case is more refined than that we used.

Acknowledgment

One of us (V.S.F.) thanks L.N. Lipatov for numerous discussions, the Alexander von Humboldt foundation for the re-invitation, the Dipartimento di Fisica dell’Università della Calabria and the Istituto Nazionale di Fisica Nucleare, Gruppo Collegato di Cosenza, the Universität Hamburg and DESY for their warm hospitality while a part of this work was done.

Appendix A

In the representation (33) for ⟨⃗r|K̂|⃗r^′⟩ only the term with g(⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 ) in ⟨⃗r_1, ⃗r_2|K̂|⃗r^′_1⃗r^′_2 ⟩ requires integration. Let us introduce L(⃗x, ⃗z) = 1 π ∫ g(⃗r_1, ⃗r_2; ⃗r^′_1 , ⃗r^′_2 )δ(⃗r_1′_2′ − ⃗z)d^2r^′_1 d^2r^′_2 (87)

where ⃗r_{12} = ⃗x and g(⃗r_1, ⃗r_2; ⃗r^2_1 , ⃗r^2_2 ) is defined in Eq. (13). Denoting

f_1 (⃗x, ⃗z) = ⃗z^2 ⃗x^2 ∫ d⃗z_1 2π [ ⃗x^4 (⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 − (⃗x − ⃗z_1)^2(⃗z + ⃗z_1)^2 + ⃗x^2 ⃗z^2 ] ln (_{(⃗x−⃗z−⃗z1) 2⃗z 21} (⃗x−⃗z_1)^2(⃗z+⃗z_1)^2 ) ⃗z^2_1 (⃗x − ⃗z − ⃗z_1)^2

(88) and f_2 (⃗x, ⃗z) = 2 ⃗x^2⃗z^2 ∫ d^2⃗z_1 2π ((⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 − 2⃗x^2⃗z^2) ln (_{(⃗x−⃗z1) 2(⃗z+⃗z1) 2} (⃗x−⃗z−⃗z_1)^2⃗z^2_1 ) (⃗x − ⃗z_1)^2(⃗z + ⃗z_1)^2 − (⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 − 1 , (89)

we have L (⃗x, ⃗z) = ⃗x^2 ⃗z^2 f_1 (⃗z, ⃗x) + ⃗x^2 ⃗z^2 f_2 (⃗x, ⃗z)

+ 1 2π ∫ d⃗z_1 ln (_{⃗x 2} ⃗z^2 ) 2(⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 + ln (_{(⃗x−⃗z−⃗z1) 2⃗z 21} ⃗x^2⃗z^2 ) (⃗x − ⃗z_1)^2(⃗z + ⃗z_1)^2 ( ⃗z^2_1 ⃗z^2 − ⃗x^2 2⃗z^2 − 1 2 ) + ln (_{⃗x 2⃗z 2} (⃗x−⃗z_1)^2(⃗z+⃗z_1)^2 ) ⃗x^2 2⃗z^2(⃗x − ⃗z − ⃗z_1)^2⃗z^2_1

+ ln (_{⃗x 2(⃗x−⃗z−⃗z1) 2} ⃗z^2⃗z^2_1 ) ⃗z^2(⃗x − ⃗z_1)^2 + ln (_{⃗z 21} ⃗x^2 ) (⃗x − ⃗z_1)^2(⃗x − ⃗z − ⃗z_1)^2 + ln (_{(⃗x−⃗z−⃗z1) 2} ⃗z^2 ) ⃗x^2 (⃗x − ⃗z_1)^2(⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 + ln (_{⃗z 2(⃗z+⃗z1) 2} ⃗x^2(⃗x−⃗z−⃗z_1)^2 ) (⃗z + ⃗z_1)^2 ⃗z^2(⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 + ln (_{⃗x 2⃗z 2} (⃗x−⃗z_1)^2⃗z^2_1 ) ⃗z^2(⃗x − ⃗z − ⃗z_1)^2 + (⃗z_1 → ⃗x − ⃗z − ⃗z_1) . (90) The function f_1 can be obtained from the integral J_{13} in [?] and [26]. It reads

f_1 (⃗x, ⃗z) = ⃗z^2 ⃗x^2 ∫ d⃗z_1 2π [ ⃗x^4 (⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 − (⃗x − ⃗z_1)^2(⃗z + ⃗z_1)^2 + ⃗x^2 ⃗z^2 ] ln (_{(⃗x−⃗z−⃗z1) 2⃗z 21} (⃗x−⃗z_1)^2(⃗z+⃗z_1)^2 ) ⃗z^2_1 (⃗x − ⃗z − ⃗z_1)^2 = (⃗x^2 − ⃗z^2) (⃗x − ⃗z)^2 (⃗x + ⃗z)^2 [ ln ( ⃗x^2 ⃗z^2 ) ln ( ⃗x^2⃗z^2 (⃗x − ⃗z)^4 (⃗x^2 + ⃗z^2)^4 ) + 2 Li_2 ( − ⃗z^2 ⃗x^2 ) − 2 Li_2 ( − ⃗x^2 ⃗z^2 )]

− ( 1 − (⃗x^2 − ⃗z^2)^2 (⃗x − ⃗z)^2 (⃗x + ⃗z)^2 ) [∫_1 0 − ∫_∞ 1 ] du (⃗x − ⃗zu)^2 ln ( u^2⃗z^2 ⃗x^2 ) . (91)

To find f_2 we use the representation ln (_{ab} cd ) ab − cd = ∫_1 0 du ((1 − u)c + ua)((1 − u)b + ud) , (92)

which permits to integrate over ⃗z_1 using the Feynman parametrization and the dimensional regularization and gives f_2 in the form f_2(⃗x, ⃗z) = 4 ( (⃗x ⃗z)^2 ⃗x^2⃗z^2 + 2 ) J_2 − 2J_{⃗x} − 2J_{⃗z} − 3 2 J_1. (93)

Here

J_1 = ∫ d^{2+2ϵ}⃗z_1 π^{1+ϵ}Γ (1 − ϵ) ln (_{(⃗x−⃗z1) 2(⃗z+⃗z1) 2} (⃗x−⃗z−⃗z_1)^2⃗z^2_1 ) (⃗x − ⃗z_1)^2(⃗z + ⃗z_1)^2 − (⃗x − ⃗z − ⃗z_1)^2⃗z^2_1 = ∫_1 0 du ∫_1 0 dv 1 u(1 − u)⃗z^2 + v(1 − v)⃗x^2

= −2 ∫_∞ 0 dt ln | |^{1−t}_{1+t} | | ⃗z^2 + t^2⃗x^2

, (94) J_{⃗x} = ∫_1 0 du ∫_1 0 dv v(1 − v) u(1 − u)⃗z^2 + v(1 − v)⃗x^2 = − 1 4 (( 1 − ⃗z^2 ⃗x^2 ) ∫_∞ 0 dt ln | |^{1−t}_{1+t} | | ⃗z^2 + t^2⃗x^2 − 2 ⃗x^2 + ln^{⃗x 2}_{⃗z 2} ⃗x^2 ) , (95)

J_2 =

∫_1 0 du ∫_1 0 dv u(1 − u)v(1 − v) u(1 − u)⃗z^2 + v(1 − v)⃗x^2 = − 1 32 [( 1 − 3 2 ( ⃗z^2 ⃗x^2 + ⃗x^2 ⃗z^2 )) ∫_∞ 0 dt ln | |^{1−t}_{1+t} | | ⃗z^2 + t^2⃗x^2 −3 ( 1 ⃗x^2 + 1 ⃗z^2 ) + 3 2 ln ⃗x^2 ⃗z^2 ( 1 ⃗x^2 − 1 ⃗z^2 )] , (96) and J_{⃗z} can be obtained from J_{⃗x} via ⃗x ↔ ⃗z substitution. These integrals can be calculated using their analytical properties. Let us consider J_1 and write it as J_1(⃗x, ⃗z) = 1 ⃗z^2 f(t)|_{t=− ⃗x} 2_{⃗z 2} , f(t) = ∫_1 0 du ∫_1 0 dv 1 u(1 − u) − v(1 − v)t . (97)

Finding the imaginary part of f(t + i0)

Im f(t + i0) = π

∫_1 0 du ∫_1 0 dvδ(u(1 − u) − v(1 − v)t) = 1 √ t ln | | | | 1 + t 1 − t | | | | θ(t) (98)

and restoring f(t) as f(t) = 1 π ∫_∞ 0 Im f(t^′ + i0) t^′ − t dt^′. (99)

we arrive to Eq. (94). The other functions J were calculated in the similar way. Finally we get f_2(⃗x, ⃗z) in the form (37).

Although the whole integral in Eq. (90) converges, the separate terms diverge, so that we use dimensional regularization to calculate them. We need the following integrals: ∫ d^{2+2ϵ}l π^{1+ϵ}Γ (1 − ϵ) 1 l^2(l + p)^2 = 2 ( ln (p^2) +^1_ϵ ) p^2

, (100) ∫ d^{2+2ϵ}l π^{1+ϵ}Γ (1 − ϵ) ln (l^2) (l + p)^2 = 1 2 ln^2 ( p^2 ) + ln (p^2) ϵ + 1 ϵ^2 − π^2 6 , (101)

∫ d^{2+2ϵ}l π^{1+ϵ}Γ (1 − ϵ) ln (_{l2} μ^2 ) l^2(l + p)^2 = − 1 2 ln^2 (p^2) +^{ln}(^{p2})_ϵ +^1_{ϵ2} −^{π2}_6 p^2 − 2 ( ln (p^2) +^1_ϵ ) ln (_{μ2} p^2 ) p^2 , (102) ∫ d^{2+2ϵ}l π^{1+ϵ}Γ (1 − ϵ) ln (_{l2} μ^2 ) (l + p)^2(l + μ)^2 = ( ln(p − μ)^2 +^1_2 ln (_{p2} μ^2 ) +^1_ϵ ) ln (_{p2} μ^2 ) (p − μ)^2

, (103) ∫ d^{2+2ϵ}l π^{1+ϵ}Γ (1 − ϵ) ln (_{l2} μ^2 ) l^2(l + p)^2(l − q)^2 = −^1_2 ln^2 (p^2) −^{ln}(^{p2})_ϵ −^1_{ϵ2} +^{π2}_6 p^2q^2 + ( ln (q^2) +^1_ϵ ) ln (_{q2} μ^2 ) q^2(p + q)^2 − ln (_{(p+q)2}

q^2 ) ln (_{p2q2} μ^4 ) ((p + q)^2 − q^2) 2p^2q^2(p + q)^2 − 2I (p^2, q^2, (p + q)^2) (p^2q^2 − (p q)^2) p^2q^2(p + q)^2 + ( ln (p^2) +^1_ϵ ) ln (_{p2} μ^2 ) p^2 ( 1 q^2 + 1 (p + q)^2 ) + ln (_{(p+q)2}

p^2 ) ln (_{p2q2} μ^4 ) 2q^2(p + q)^2

, (104) ∫ d^{2+2ϵ}l π^{1+ϵ}Γ (1 − ϵ) ln (_{l2} μ^2 ) (l + q)^2 (l + p)^2(l + μ)^2 = 1 2 ln^2 ( μ^2 ) + ln (μ^2) ϵ + 1 ϵ^2 − π^2 6 + (q − p)(p − μ) ln^2 (_{p2} μ^2 ) 2(p − μ)^2

− ln (_{p2μ2} (p−μ)^4 ) (q − p)(p − μ) ln (_{p2} μ^2 ) 2(p − μ)^2 + ( ln(p − μ)^2 +^1_2 ln (_{p2} μ^2 ) +^1_ϵ ) ln (_{p2} μ^2 ) (q − p)^2 (p − μ)^2

+ 2I ( p^2, μ^2, (p − μ)^2 ) ( p(q − p) ((p μ) − μ^2) (p − μ)^2 + ((p μ) − p^2) (q − p)μ (p − μ)^2 ) , (105) ∫ d^{2+2ϵ}l π^{1+ϵ}Γ (1 − ϵ) ln (_{l2} μ^2 ) (l + q)^2 l^2(l + p)^2 = ( 1 2 ln^2 (p^2) +^{ln}(^{p2})_ϵ +^1_{ϵ2} −^{π2}_6 ) (p^2 − q^2)

p^2 − ( ln (p^2) +^1_ϵ ) ln (_{μ2} p^2 ) (q^2 − p^2 + (p − q)^2) p^2

. (106)

The function I, which appears in Eqs. (104) and (105), is given by

I(q^2, p^2, μ^2) =

∫_1 0 dx q^2(1 − x) + p^2x − μ^2x(1 − x) ln ( q^2(1 − x) + p^2x μ^2x(1 − x) ) . (107)

Using the integrals presented above we obtain L (x, z) = x^2 z^2 f_1 (z, x) + x^2 z^2 f_2 (x, z) + ln ( x^2 z^2 ) ln ( (x − z)^2 z^2 ) ( 1 (x − z)^2 − x^2 (x − z)^2z^2 ) . (108)

Adding the contributions of the functions g^0(⃗r_1, ⃗r_2; ⃗ρ) and g(⃗r_1, ⃗r_2; ⃗ρ) we arrive to Eq. (34).

Appendix B

Here we will describe the calculation of the commutators. The commutator necessary to eliminate the energy scale dependent terms in the difference of the forward kernels (39) is [ K̂(B) , ln ( ^⃗q 2 ) K̂(B) ] . We will calculate it in the momentum space via the identity ⟨⃗q| [ K̂^{(B)}, ln ( ^⃗q^2 ) K̂^{(B)} ] |⃗q^′⟩ = ∫ d⃗p⟨⃗q| [ K̂^{(B)}, ln ( ^⃗q^2 )] |⃗p⟩⟨⃗p|K̂^{(B)}|⃗q^′⟩. (109) Taking the LO forward kernel from Eq. (46) we get ⟨⃗q| [ K̂^{(B)}, ln ( ^⃗q^2 )] |⃗p⟩ = α_sN_c π^2 ⃗p^2 (⃗p − ⃗q)^2⃗q^2 ln ( ⃗p^2 ⃗q^2 ) . (110)

Then for the whole commutator (109) in the momentum representation we have ⟨⃗q| [ K̂^{(B)}, ln ( ^⃗q^2 ) K̂^{(B)} ] |⃗q^′⟩ = α^2_sN^2_c 2π^3 ⃗q^{′2} ⃗q^2(⃗q − ⃗q^′)^2 ln ( (⃗q − ⃗q^′)^4 ⃗q^2⃗q^{′2} ) ln ( ⃗q^{′2} ⃗q^2 ) . (111)

Now we will rewrite this result in the coordinate space. Since we need the operator in the Möbius representation, i.e. with the matrix element equal to 0 at ⃗r = 0, we should Fourier transform this expression and subtract from it its value at ⃗r = 0. This subtraction allows us to cancel the singularity at ⃗q = 0 in Eq. (111). To find the Fourier transform it is convenient to rewrite Eq. (111) as ⟨⃗q| [ K̂^{(B)}, ln ( ^⃗q^2 ) K̂^{(B)} ] |⃗q^′⟩ = α^2_s N^2_c 2π^3 ( 1 ⃗q^2 + 1 (⃗q − ⃗q^′)^2 − 2⃗q(⃗q − ⃗q^′) ⃗q^2(⃗q − ⃗q^′)^2 )

× ( ln^2 ( (⃗q − ⃗q^′)^2 ⃗q^2 ) − ln^2 ( (⃗q − ⃗q^′)^2 ⃗q^{′2} )) (112)

and use the following integrals: ∫ d⃗q 2π ∫ d⃗k 2π e^{i[⃗q ⃗r+⃗k ⃗ρ]} 1 ⃗q^2 ln^2 ( (⃗q + ⃗k)^2 ⃗k 2 ) = 1 ⃗ρ^2 ln^2 ( (⃗r − ⃗ρ)^2 ⃗r^2 ) , (113) ∫ d⃗q 2π ∫ d⃗k 2π e^{i[⃗q ⃗r+⃗k ⃗ρ]} (⃗q ⃗k) ⃗q^2⃗k^2 ln^2 ( (⃗k + ⃗q)^2 ⃗q^2 ) = − (⃗r ⃗ρ) ⃗r^2⃗ρ^2 ln^2 ( (⃗ρ − ⃗r)^2 ⃗ρ^2 ) , (114) ∫ d⃗q 2π ∫ d⃗k 2π e^{i[⃗q ⃗r+⃗k ⃗ρ]} (⃗q ⃗k) ⃗q^2⃗k^2 ln^2 ( ⃗k 2 ⃗q^2 ) = − (⃗r ⃗ρ) ⃗r^2⃗ρ^2 ln^2 ( ⃗ρ^2 ⃗r^2 ) , (115) ∫ d⃗q 2π ∫ d⃗k 2π 1 ⃗k 2 ln^2 ( ⃗k 2 ⃗q^2 ) ( e^{i[⃗q ⃗r+⃗k ⃗ρ]} − e^{i[⃗q ⃗r+⃗k (⃗ρ−⃗r)]} )

= 1 ⃗r^2 ( ln^2 ( ⃗ρ^2 ⃗r^2 ) − ln^2 ( (⃗ρ − ⃗r)^2 ⃗r^2 )) , (116) ∫ d⃗q 2π ∫ d⃗k 2π 1 ⃗q^2 ln^2 ( ⃗k 2 ⃗q^2 ) ( e^{i[⃗q (⃗r−⃗ρ)−⃗k ⃗ρ]} − e^{−i[⃗q +⃗k] ⃗ρ} ) = 1 ⃗ρ^2 ln^2 ( (⃗ρ − ⃗r)^2 ⃗ρ^2 ) . (117)

As the result, we obtain ⟨⃗r| [ K̂^{(B)}, ln ( ^⃗q^2 ) K̂^{(B)} ] M |⃗r^′⟩ = ∫ d⃗q 2π d⃗q^′ 2π ⟨⃗q| [ K̂^{(B)}, ln ( ^⃗q^2 ) K̂^{(B)} ] |⃗q^′⟩ ( e^{i ⃗q ⃗r−i ⃗q ′⃗r ′} − e^{−i ⃗q ′⃗r ′} )

= − α^2_s N^2_c 2π^3 ⃗r^2 (⃗r − ⃗r^′)^2⃗r^{′2} ln ( ⃗r^2 ⃗r^{′2} ) ln ( ⃗r^2⃗r^{′2} (⃗r − ⃗r^′)^4 ) , (118)

which eliminates a part of the difference between the kernels in Eq. (39).

A natural generalization of the previous commutator to the nonforward case is [ K̂^{(B)}, ln ( ^⃗q^2_1 ^⃗q^2_2 ) K̂^{(B)} ] . (119)

We will also calculate it in the momentum representation and then Fourier transform it to the coordinate space. In the momentum representation we have ⟨⃗q_1, ⃗q_2| [ K̂^{(B)}, ln ( ^⃗q^2_1 ^⃗q^2_2 ) K̂^{(B)} ] |⃗q^′_1, ⃗q^′_2 ⟩ = ∫ d⃗p_1d⃗p_2⟨⃗q_1, ⃗q_2| [ K̂^{(B)} ln ( ^⃗q^2_1 ^⃗q^2_2 )] |⃗p_1, ⃗p_2⟩⟨⃗p_1, ⃗p_2|K̂^{(B)}|⃗q^′_1, ⃗q^′_2 ⟩

= δ (⃗q − ⃗q^′) ∫ d⃗k_1 K^{(B)}r (⃗q_1, ⃗q_1 − ⃗k_1, ⃗q)K^{(B)}r (⃗q_1 − ⃗k_1, ⃗q^′_1 , ⃗q^′) ⃗q^2_1 ⃗q^2_2 (⃗q_1 − ⃗k_1)^2(⃗q_2 + ⃗k_1)^2 ln ( (⃗q_1 − ⃗k_1)^2(⃗q_2 + ⃗k_1)^2 ⃗q^2_1 ⃗q^2_2 )

+ δ (⃗q − ⃗q^′) K^{(B)}r (⃗q_1, ⃗q^′_1 , ⃗q)

⃗q^2_1 ⃗q^2_2 ( ω ( ⃗q^{′2}_1 ) + ω ( ⃗q^{′2}_2 )) ln ( ⃗q^{′2}_1 ⃗q^{′2}_2 ⃗q^2_1 ⃗q^2_2 ) . (120)

It is more convenient for the integration to rewrite the commutator in the following form ( π^2 αN )_2 ⟨⃗r_1, ⃗r_2| [ K̂^{(B)} , ln ( ^⃗q^2_1 ^⃗q^2_2 ) K̂^{(B)} ] |⃗r^′_1 , ⃗r^′_2 ⟩ = ∫ d⃗q_1 2π d⃗q_2 2π d⃗k_1 2π d⃗k_2 2π e^{i[⃗q1 ⃗r11′ +⃗q2 ⃗r22′ +(⃗k 1+⃗k2) ⃗r1′2′ ]}

ln ( (⃗q_1 − ⃗k_1)^2(⃗q_2 + ⃗k_1)^2 ⃗q^2_1 ⃗q^2_2 ) [ 1 ⃗k 2_2 ( 1 ⃗k 2_1 + ⃗k_1 ⃗k 2_1 ( ⃗q_2 ⃗q^2_2 − ⃗q_1 ⃗q^2_1 ) − (⃗q_1 ⃗q_2) ⃗q^2_1 ⃗q^2_2 )

+ 1 ⃗k 2_1 ( ⃗k_2 ⃗k 2_2 ( ⃗q_2 + ⃗k_1 (⃗q_2 + ⃗k_1)^2 − ⃗q_1 − ⃗k_1 (q_1 − ⃗k_1)^2 ) − (⃗q_1 − ⃗k_1)(⃗q_2 + ⃗k_1) (⃗q_1 − ⃗k_1)^2(⃗q_2 + ⃗k_1)^2 )

+ ( ⃗k_1 ⃗k 2_1 ( ⃗q_2 ⃗q^2_2 − ⃗q_1 ⃗q^2_1 )) ( ⃗ k_2 ⃗k 2_2 ( ⃗q_2 + ⃗k_1 (⃗q_2 + ⃗k_1)^2 − ⃗q_1 − ⃗k_1 (⃗q_1 − ⃗k_1)^2 ) − (⃗q_1 − ⃗k_1)(⃗q_2 + ⃗k_1) (⃗q_1 − ⃗k_1)^2(⃗q_2 + ⃗k_1)^2 )

− (⃗q_1 ⃗q_2) ⃗q^2_1 ⃗q^2_2 ( ⃗k_2 ⃗k 2_2 ( ⃗q_2 + ⃗k_1 (⃗q_2 + ⃗k_1)^2 − ⃗q_1 − ⃗k_1 (⃗q_1 − ⃗k_1)^2 ) − (⃗q_1 − ⃗k_1)(⃗q_2 + ⃗k_1) (⃗q_1 − ⃗k_1)^2(⃗q_2 + ⃗k_1)^2 )]

− 1 4 ∫ d⃗q_1 2π d⃗q_2 2π d⃗k_1 2π d⃗k_2 2π e^{i[⃗q1 ⃗r11′ +⃗q2 ⃗r22′ +⃗k 1 ⃗r1′2′ ]} ln ( (⃗q_1 − ⃗k_1)^2(⃗q_2 + ⃗k_1)^2 ⃗q^2_1 ⃗q^2_2 )

× ( 2 ⃗k 2_2 + 2⃗k_2 ⃗k 2_2 ( ⃗q_2 + ⃗k_1 − ⃗k_2 (⃗q_2 + ⃗k_1 − ⃗k_2)^2 + ⃗q_1 − ⃗k_1 − ⃗k_2 (⃗q_1 − ⃗k_1 − ⃗k_2)^2 ) + 1 (⃗q_1 − ⃗k_1 − ⃗k_2)^2 + 1 (⃗q_1 − ⃗k_1 − ⃗k_2)^2 )

× ( 1 ⃗k 2_1 + ⃗k_1 ⃗k 2_1 ( ⃗q_2 ⃗q^2_2 − ⃗q_1 ⃗q^2_1 ) − (⃗q_1 ⃗q_2) ⃗q^2_1 ⃗q^2_2 ) . (121)

This expression can be straightforwardly Fourier transformed with the help of the integrals presented in Ref. [17]. Finally we obtain 4 ( π^2 α_sN_c )_2 ⟨⃗r_1, ⃗r_2| [ K̂^{(B)}, ln ( ^⃗q^2_1 ^⃗q^2_2 ) K̂^{(B)} ] |⃗r^′_1 , ⃗r^′_2 ⟩

= 4 ( π^2 α_sN_c )_2 ⟨⃗r_1, ⃗r_2| [ K̂^{(B)}, ln ( ^⃗q^2_1 ^⃗q^2_2 ) K̂^{(B)} ] M |⃗r^′_1 , ⃗r^′_2 ⟩

+ − 2 (⃗r_{11}′ ⃗r_{12}′ ) ln (_{⃗r 211′ ⃗r 212′} ⃗r^4_{1′2′} ) ⃗r^2_{11}′ ⃗r^2_{12}′ ⃗r^2_1′_2′

+ δ (⃗r_1′_2′ ) (. . . ) + (1 ↔ 2, 1^′ ↔ 2^′)

, (122)

where 4 ( π^2 α_sN_c )_2 ⟨⃗r_1, ⃗r_2| [ K̂^{(B)} , ln ( ^⃗q^2_1 ^⃗q^2_2 ) K̂^{(B)} ] M |⃗r^′_1 , ⃗r^′_2 ⟩ = 2πδ (⃗r_{11}′ )

× { 2I ( ⃗r^2_{12}, ⃗r^2_{22}′ , ⃗r^2_{12}′ ) ( (⃗r_{22}′ ⃗r_{12}′ )^2 ⃗r^2_{22}′ ⃗r^2_{12}′ − 1 ) − (⃗r_{22}′ ⃗r_{12}′ ) 2⃗r^2_{22}′⃗r^2_{12}′ ln^2

⃗r^2_{12} ⃗r^2_{12}′ + ( (⃗r_{22}′ ⃗r_{12}′ ) ⃗r^2_{22}′ ⃗r^2_{12}′ − 1 2⃗r^2_{12}′ ) ln ⃗r^2_{12} ⃗r^2_{12}′ ln ⃗r^2_{12} ⃗r^2_{22}′ }

−2 ∫ d⃗ρ ( ⃗r^2_1′_2′ ⃗r^2_1′_ρ⃗r^2_2′_ρ δ (⃗r_{22}′ )

(⃗r_{12}⃗r_1′_2) ⃗r^2_{11}′ ⃗r^2_1′_2 ln ⃗r^2_{12} ⃗r^2_1′_2 − δ (⃗r_{2ρ}) ⃗r^2_2′_ρ

(⃗r_{1ρ}⃗r_1′_ρ) ⃗r^2_{11}′ ⃗r^2_1′_ρ ln ⃗r^2_{1ρ} ⃗r^2_1′_ρ − δ (⃗r_{22}′ ) ⃗r^2_1′_ρ

(⃗r_{12}⃗r_{ρ2}) ⃗r^2_{1ρ}⃗r^2_{ρ2} ln ⃗r^2_{12} ⃗r^2_{ρ2} )

+⃗r^2_{12} ln (_{⃗r 412}

⃗r^2_{12′} ⃗r^2_{21′} ) 2⃗r^2_{11}′ ⃗r^2_{22}′ ⃗r^2_1′_2′ + ln (_{⃗r 41′2′} ⃗r^2_{11′} ⃗r^2_{22′} ) ⃗r^2_{11}′⃗r^2_{12}′ ⃗r^2_{22}′ + ln (_{⃗r 211′ ⃗r 221′ ⃗r 222′} ⃗r^2_{12}⃗r^4_{1′2′} ) ⃗r^2_{11}′⃗r^2_{21}′⃗r^2_1′_2′ + ln (_{⃗r 211′ ⃗r 221′ ⃗r 222′} ⃗r^2_{12′} ⃗r^4_{1′2′} ) ⃗r^2_{11}′ ⃗r^2_1′_2′ ( ⃗r^2_{12}′ ⃗r^2_{22}′ − 1 )

+ ln (_{⃗r 212′ ⃗r 221′} ⃗r^4_{12} ) 2⃗r^2_{11}′⃗r^2_{22}′ + ln (_{⃗r 212}

⃗r^2_{12′} ) ⃗r^2_{11}′ ⃗r^2_{12}′

+ (1 ↔ 2, 1^′ ↔ 2^′) . (123)

One can check that this expression vanishes as ⃗r_2 → ⃗r_1 and hence has the Möbius property. Next, one needs the integrals from appendix A to calculate its forward form and to see that it exactly coincides with the result (118). Unfortunately it is clear that this commutator does not eliminate the discrepancy between the kernels.

Another generalization of [ K̂(B) , ln ( ^⃗q 2 ) K̂(B) ] to the nonforward case is [ K̂(B) , K̂(B) ln ( ^⃗q 2_1 ^⃗q 2_2 )] . We will calculate its matrix element in the coordinate space via the identity ⟨⃗r_1, ⃗r_2| [ K̂^{(B)}, K̂^{(B)} ln ( ^⃗q^2_1 ^⃗q^2_2 )] |⃗r^′_1, ⃗r^′_2 ⟩ = ∫ d⃗ρ_1d⃗ρ_2⟨⃗r_1, ⃗r_2|K̂^{(B)}|⃗ρ_1, ⃗ρ_2⟩⟨⃗ρ_1, ⃗ρ_2| [ K̂^{(B)}, ln ( ^⃗q^2_1 ^⃗q^2_2 )] |⃗r^′_1, ⃗r^′_2 ⟩. (124)

Taking Fourier transform we get ⟨⃗r_1, ⃗r_2| ln ( ^⃗q^2_1 ^⃗q^2_2 ) |⃗r^′_1, ⃗r^′_2 ⟩ = − 2 2π ( δ (⃗r_{11}′ ) ⃗r^2_{22}′ + δ (⃗r_{22}′ ) ⃗r^2_{11}′ ) . (125)

However, this operator is not Möbius since its matrix element does not vanish as ⃗r_1 → ⃗r_2. Yet we can change the matrix element adding some terms independent of ⃗r_1 or of ⃗r_2 so that it satisfies the Möbius property. We have ⟨⃗r_1, ⃗r_2| ln ( ^⃗q^2_1 ^⃗q^2_2 ) M |⃗r^′_1, ⃗r^′_2 ⟩ = − 2 2π ( δ (⃗r_{11}′ ) ⃗r^2_{22}′ − δ (⃗r_{11}′ ) ⃗r^2_{12}′ ) + (1 ↔ 2, 1^′ ↔ 2^′). (126)

Thus we arrive to 2π^3 α_sN_c ⟨⃗r_1, ⃗r_2| [ K̂^{(B)}, ln ( ^⃗q^2_1 ^⃗q^2_2 ) M ] |⃗r^′_1, ⃗r^′_2 ⟩ = 2πδ (⃗r_{11}′ )

(⃗r_{12}, ⃗r_{12}′ ) ⃗r^2_{12}′ ⃗r^2_{22}′ ln ( ⃗r^2_{12} ⃗r^2_{12}′ )

+ ⃗r^2_{12} ⃗r^2_{11}′ ⃗r^2_{21}′ ( 1 ⃗r^2_1′_2′ − 1 ⃗r^2_{22}′ ) + 1 ⃗r^2_{11}′⃗r^2_1′_2′ ( ⃗r^2_{12}′ ⃗r^2_{22}′ − 1 ) + (1 ↔ 2, 1^′ ↔ 2^′). (127)

This matrix element tends to zero as ⃗r_1 → ⃗r_2 and hence can be convolved with the kernel. Finally we get ( 2π^2 α_sN_c )_2 ⟨⃗r_1, ⃗r_2| [ K̂^{(B)}, K̂^{(B)} ln ( ^⃗q^2_1 ^⃗q^2_2 ) M ] |⃗r^′_1, ⃗r^′_2 ⟩

= 2 ∫ d⃗ρ ⃗r^2_{12} ⃗r^2_1′_2′ ⃗r^2_{1ρ}⃗r^2_{2ρ} ( (δ (⃗r_{11}′ ) − δ (⃗r_1′_ρ))

(⃗r_{21}′ ⃗r_1′_2′ )

⃗r^2_{22}′ ln ( ⃗r^2_{21}′ ⃗r^2_1′_2′ ) + δ (⃗r_{11}′ )

(⃗r_1′_2′ ⃗r_1′_ρ)

⃗r^2_2′_ρ ln ( ⃗r^2_1′_ρ ⃗r^2_1′_2′ ))

+⃗r^2_{12} ln (_{⃗r 212′ ⃗r 221′} ⃗r^2_{12}⃗r^2_{1′2′} ) ⃗r^2_{11}′⃗r^2_{22}′⃗r^2_1′_2′ + ln (_{⃗r 211′ ⃗r 222′} ⃗r^2_{12}⃗r^2_{1′2′} ) ⃗r^2_{11}′ ⃗r^2_{21}′ ( 1 ⃗r^2_1′_2′ − 1 ⃗r^2_{22}′ ) + ln (_{⃗r 211′ ⃗r 222′} ⃗r^2_{12′} ⃗r^2_{21′} ) ⃗r^2_{11}′ ⃗r^2_1′_2′ ( ⃗r^2_{12}′ ⃗r^2_{22}′ − 1 ) + (1 ↔ 2, 1^′ ↔ 2^′).

(128)

This matrix element has the Mobius property since it vanishes at ⃗r_1 = ⃗r_2.

For the forward case we have ( 2π^2 α_sN_c )_2 ∫ d⃗r_1′ d⃗r_2′ ⟨⃗r_1, ⃗r_2| [ K̂^{(B)}, K̂^{(B)} ln ( ^⃗q^2_1 ^⃗q^2_2 ) M ] |⃗r^′_1, ⃗r^′_2 ⟩δ(⃗r_1′_2′ − ⃗r^′)

= −4π ⃗r^2 (⃗r − ⃗r^′)^2⃗r^{′2} ln ( ⃗r^2 ⃗r^{′2} ) ln ( ⃗r^2⃗r^{′2} (⃗r − ⃗r^′)^4 ) . (129)

Here ⃗r = ⃗r_{12} and we used the integrals from appendix A to reproduce Eq. (111).

Appendix C

The integrals (48) and (52) were calculated performing firstly the angular integration as well as in Ref. [18], with the use of the expansion over the Chebyshev polinomials

1 − t^2 1 − 2tx + t^2

= 1 + 2 ∞∑ n=1 t^nT_n (x) , ln ( 1 − 2tx + t^2 ) = −2 ∞∑ n=1 t^n n T_n (x) , |t| < 1, (130) and the relations

2T_n(x)T_m(x) = T_{n+m}(x) + T_{n−m}(x), T_0(x) = 1, T_{−n}(x) = T_n(x), ∫_π −π dϕ π e^{inϕ}T_m (cos ϕ) = 2 ∫_π 0 dϕ π e^{inϕ}T_m (cos ϕ) = δ_{nm} (1 + δ_{n0}) . (131)

After this the integral (48) can be written as −∂/(∂γ)J_1(n, γ), where

J_1(n, γ)) =

∫_1 0 dt 1 − t [ t^{γ+ n2 −1} ln t − 2 ( t^{γ+ n2 −1} + t^{γ− n2 −1} − 2 ) ln(1 − t)

−2t^{γ−1} n−1∑ l=1 t^{l− n2} ( 1 − t^{n−l} ) l ] + (γ ↔ (1 − γ)) . (132)

Here and below we assume that n = |n|. The integral (132) is taken using the relations ∫_1 0 dt 1 − t (t^{a−1} − 1) = ψ(1) − ψ(a),

2 ∫_1 0 dt 1 − t (t^{a−1} − 1) ln(1 − t) = ψ^′(1) − ψ^′(a) + (ψ(1) − ψ(a))^2 ,

−2 ∫_1 0 dt 1 − t t^{γ−1} n∑ l=1 t^{l− n2} ( 1 − t^{n−l} ) l + (γ ↔ (1 − γ)) = −2 n−1∑ l=1 n−l∑ m=1 1 l ( 1 γ −^n_2 + (l + m − 1) + 1 −γ +^n_2 + (l + m − n) ) = 2 n−1∑ l=1 n−1∑ k=l ( 1 γ −^n_2 + k 1 γ −^n_2 + k − l ) = σ^2_1 (γ, n) − σ_2(γ, n) ,

(133) where σ_1(γ, n) = n∑ m=1 1 γ −^n_2 − 1 + m

, σ_2(γ, n) = n∑ m=1 1 (γ −^n_2 − 1 + m)^2 , σ_1(γ, n) = −σ_1(1 − γ, n), σ_2(γ, n) = σ_2(1 − γ, n). (134) After this one can exclude ψ(a −^n_2 ) and ψ^′(a −^n_2 ) exploiting the properties ψ(a − n 2 ) = ψ(a + n 2 ) − σ_1(a, n), ψ^′(a − n 2 ) = ψ^′(a + n 2 ) + σ_2(a, n). (135)

Finally, using the relation ψ^′(a+ n 2 )+ψ^′(1−a+ n 2 ) = −σ_2(a, n)+6ψ^′(1)+ ( ψ(1 − a + n 2 ) − ψ(a + n 2 ) + σ_1(a, n)

)_2 (136)

one obtains J_1(n, γ) = 2ψ^′(1) − χ^2(n, γ), − ∂ ∂γ J_1(n, γ) = 2χ^′(n, γ)χ(n, γ), (137) that gives Eq. (48). Let us add for completeness that Eqs. (135) and (136) follow from the properties ψ(x + 1) = 1 x + ψ(x), ψ^′(x + 1) = − 1 x^2 + ψ^′(x), ψ^′(x) + ψ^′(1 − x) = 6ψ^′(1) + (ψ(x) − ψ(1 − x))^2. (138) In turn, these properties follow from the definition ψ(x) = (ln Γ(x))^′ and the properties

Γ(1 + x) = xΓ(x), Γ(x)Γ(1 − x) = π sin πx . (139)

The integral (52) is calculated in the same way. We present here the results of the integration of the separate terms. Most of the necessary integrals can be found in Refs. [18] and [12]. The integral

J_2(n, γ) = ∫ d⃗r^′ π ( 1 (⃗r − ⃗r^′)^2 − 1 ⃗r^{′2} ) ln ( (⃗r − ⃗r^′)^2 ⃗r^{′2} ) ( 2 ( ⃗r^{′2} ⃗r^2 )_γ e^{in(ϕ⃗r ′ −ϕ⃗r)} − 1 )

= χ^2(n, γ) − χ^′(n, γ) − 4γχ(n, γ) γ^2 −^{n2}_4

(140)

is calculated quite analogously to J_1(n, γ). The calculation of the integral ∫ d⃗r^′e^{in(ϕ⃗r ′ −ϕ⃗r)} ( ⃗r^{′2} ⃗r^2 )_{γ−1} f_1 (⃗r, ⃗r^′) 2π = −Φ (n, γ) − Φ (n, 1 − γ) , (141)

where f_1 (⃗r, ⃗r^′) is defined in Eq. (36) and Φ (n, γ) in Eq. (54), does not meet difficulties after the decomposition 1 (⃗x − ⃗y)^2 (⃗x + ⃗y)^2 = 1 2 (⃗x^2 + ⃗y^2) ( 1 (⃗x − ⃗y)^2 + 1 (⃗x + ⃗y)^2 ) . Finally, the integral ∫ d⃗r^′ π e^{in(ϕ⃗r ′ −ϕ⃗r )} ( ⃗r^{′2} ⃗r^2 )_{γ−1} f_2 (⃗r, ⃗r^′) = F (n, γ) , (142)

where f_2 (⃗r, ⃗r^′) is defined in Eq. (37) and F (n, γ) in Eq. (55), can be performed using the relations ∫_∞ 0 y^αdy y + t^2 = − πt^{2α} sin (πα) , ∫_∞ 0 dt t^α ln | | |1 − t 1 + t | | | = π cos (_{πα} 2 ) (α + 1) sin (_{πα} 2 ) (143)

after the angular integration.

References

[1] V.S. Fadin, E.A. Kuraev, and L.N. Lipatov, Phys. Lett. B60 (1975) 50; E.A. Kuraev, L.N.

Lipatov, and V.S. Fadin, Zh. Eksp. Teor. Fiz. 71 (1976) 840 [Sov. Phys. JETP 44 (1976) 443]; 72 (1977) 377 [45 (1977) 199];

[2] Ya.Ya. Balitskii and L.N. Lipatov, Sov. J. Nucl. Phys. 28 (1978) 822.

[3] V.S. Fadin and L.N. Lipatov, Phys. Lett. B429 (1998) 127.

[4] M. Ciafaloni and G. Camici, Phys. Lett. B430 (1998) 349.

[5] V.S. Fadin, R. Fiore, and A. Papa, Phys. Rev. D60 (1999) 074025.

[6] V.S. Fadin and D.A. Gorbachev, Pis’ma v Zh. Eksp. Teor. Fiz. 71 (2000) 322 [JETP Letters 71 (2000) 222]; Phys. Atom. Nucl. 63 (2000) 2157 [Yad. Fiz. 63 (2000) 2253].

[7] V.S. Fadin and R. Fiore, Phys. Lett. B610 (2005) 61 [Erratum-ibid. B621 (2005) 61];

Phys. Rev. D72 (2005) 014018.

[8] N.N. Nikolaev and B.G. Zakharov, Z. Phys. C64 (1994) 631;

N.N. Nikolaev, B.G. Zakharov, and V.R. Zoller, JETP Lett. 59 (1994) 6; A.H. Mueller, Nucl. Phys. B415 (1994) 373; A.H. Mueller and B. Patel, Nucl. Phys. B425 (1994) 471.

[9] I. Balitsky, Nucl. Phys. B463 (1996) 99;

Yu. Kovchegov, Phys. Rev. D60 (1999) 034008.

[10] Y. V. Kovchegov and H. Weigert, Nucl. Phys. A784 (2007) 188 [arXiv:hep-ph/0609090]. [11] I. Balitsky, Phys. Rev. D75 (2007) 014001 [arXiv:hep-ph/0609105]. [12] I. Balitsky and G. A. Chirilli, Phys. Rev. D77, 014019 (2008) [arXiv:0710.4330 [hep-ph]]. [13] L.N. Lipatov, Sov. Phys. JETP 63 (1986) 904 [Zh. Eksp. Teor. Fiz. 90 (1986) 1536]. [14] V. S. Fadin, R. Fiore, and A. Papa, Nucl. Phys. B 769, 108 (2007) [arXiv:hep-ph/0612284]. [15] J. Bartels, L. N. Lipatov, and G. P. Vacca, Nucl. Phys. B706 (2005) 391 [arXiv:hep-ph/0404110].

[16] V.S. Fadin, R. Fiore, and A. Papa, Phys. Lett. B647, 179 (2007) [arXiv:hep-ph/0701075]. [17] V. S. Fadin, R. Fiore, A. V. Grabovsky, and A. Papa, Nucl. Phys. B784, 49 (2007) [arXiv:0705.1885 [hep-ph]].

[18] A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B582, 19 (2000) [arXiv:hep-ph/0004008]. [19] V. S. Fadin and R. Fiore, Phys. Lett. B661, 139 (2008) [arXiv:0712.3901 [hep-ph]]. [20] V.S. Fadin and R. Fiore, Phys. Lett. B440 (1998) 359. [21] V. S. Fadin, arXiv:hep-ph/9807527.

[22] D. Y. Ivanov and A. Papa, Nucl. Phys. B732 (2006) 183; Eur. Phys. J. C49 (2007) 947 [23] A. Vogt, S. Moch, and J. A. M. Vermaseren, Nucl. Phys. B691 (2004) 129 [arXiv:hep-ph/0404111].

[24] A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko, and V. N. Velizhanin, Phys. Lett. B595 (2004) 521 [Erratum-ibid. B632 (2006) 754] [arXiv:hep-th/0404092].

[25] R.E. Gerasimov and V.S. Fadin, Preprint INP 98-36 (in Russian); to be published. [26] M. I. Kotsky, V. S. Fadin, and L. N. Lipatov, Phys. Atom. Nucl. 61 (1998) 641 [Yad. Fiz.

61 (1998) 716]; arXiv:hep-ph/9704267.

[27] I. Balitsky and G. A. Chirilli, arXiv:0903.5326 [hep-ph].