arXiv:0904.0706v2 [gr-qc] 14 Aug 2009

SHEARFREE CYLINDRICAL GRAVITATIONAL COLLAPSE

A. Di Prisco^∗ and L. Herrera^† Escuela de Física, Facultad de Ciencias, Universidad Central de Venezuela, Caracas, Venezuela.

M.A.H. MacCallum^‡ School of Mathematical Sciences, Queen Mary University of London, London E1 4NS, UK.

N.O. Santos^§ School of Mathematical Sciences, Queen Mary University of London, London E1 4NS, UK. and Laboratório Nacional de Computação Científica, 25651-070 Petrópolis RJ, Brazil. (Dated: August 17, 2009)

We consider diagonal cylindrically symmetric metrics, with an interior representing a general nonrotating fluid with anisotropic pressures. An exterior vacuum Einstein-Rosen spacetime is matched to this using Darmois matching conditions. We show that the matching conditions can be explicitly solved for the boundary values of metric components and their derivatives, either for the interior or exterior. Specializing to shearfree interiors, a static exterior can only be matched to a static interior, and the evolution in the non-static case is found to be given in general by an elliptic function of time. For a collapsing shearfree isotropic fluid, only a Robertson-Walker dust interior is possible, and we show that all such cases were included in Cocke’s discussion. For these metrics, Nolan and Nolan have shown that the matching breaks down before collapse is complete and Tod and Mena have shown that the spacetime is not asymptotically flat in the sense of Berger et al. The issues about energy that then arise are revisited and it is shown that the exterior is not in an intrinsic gravitational or superenergy radiative state at the boundary.

PACS numbers: 04.40.Nr, 04.20.Cv, 04.20.Jb Keywords:

I. INTRODUCTION AND SUMMARY

Many papers have considered cylindrical solutions, with or without matching: see e.g. [1, 2, 3, 4] and Stephani et al. [5], Chapter 22. Here we take diagonal metrics in both the interior and exterior, and initially allow an anisotropic fluid interior. The exterior is a vacuum Einstein-Rosen (ER) solution [6]. Our aim was to develop a solution where one could explicitly see the relation between source motion and gravitational radiation, albeit in a physically unrealistic case. We were therefore interested in collapse, though for non-static cases one can easily reverse the sense of time so that collapse becomes expansion and vice versa.

We set out the metrics and the Darmois matching conditions (which preclude surface shells in the boundary) for a timelike boundary in sections II and III, and show that the junction conditions can be explictly solved for the boundary values for the exterior in terms of interior quantities and vice versa. This extends the work of [7].

Specializing to the shearfree case in section IV, we are able to give a first-order ordinary differential equation for the time evolution of the interior whose solution is in general an elliptic function. It is shown that a static

∗Electronic address: adiprisc@fisica.ciens.ucv.ve †Electronic address: laherrera@cantv.net.ve ‡Electronic address: M.A.H.MacCallum@qmul.ac.uk §Electronic address: N.O.Santos@qmul.ac.uk

exterior implies a static interior.

Further specializing to a isotropic fluid in section V, we prove that only a Robertson-Walker (RW) dust interior is possible and that all such interiors are included in the discussion of Cocke [8]. The matching then leads in section VI to specific behaviour of the ER functions at the boundary. However, previous work of Nolan and Nolan [9] shows that the matching breaks down before collapse is complete and Tod and Mena [10] showed that the solutions cannot be asymptotically flat in the sense of Berger et al. [11], which makes them unsatisfactory for our purposes.

Finally in section VII we consider whether there are waves in the exterior by asking if there is energy transport. Because a cylindrically symmetric spacetime cannot be asymptotically flat, we cannot employ the usual global definition of radiation for isolated bodies due to [12], and various alternatives are discussed. We conclude that the exterior of a cylindrical region of a collapsing RW dust solution cannot be in an intrinsic gravitational or superenergy radiative state at the boundary, and infer that no radiation is transferred to or from the interior.

The specializations made here did not lead to solutions of the type we hoped for. This is a consequence of the additional restrictions imposed in the hope of avoiding the full complexity of the problem in the general anisotropic case. Nevertheless we believe that it is necessary to have the results obtained in these more restricted cases as a first step: we hope in the future to undertake further study of the shearing dust and shearfree anisotropic fluid interiors, which may establish whether such results as the breakdown of the matching in the FRW case hold more generally.

II. COLLAPSING ANISOTROPIC FLUID CYLINDERS

We consider a collapsing cylinder filled with anisotropic non dissipative fluid bounded by a timelike cylindrical surface Σ and with energy momentum tensor given by

T^−_{αβ} = (μ + P_r)V_αV_β + P_rg_{αβ}

+(P_z − P_r)S_αS_β + (P_ϕ − P_r)K_αK_β, (1) where μ is the energy density, P_r , P_z and P_ϕ are the principal stresses and V_α, S_α and K_α are vectors satisfying V^αV_α = −1, S^αS_α = K^αK_α = 1, V^αS_α = V^αK_α = S^αK_α = 0. (2) We assume the general time dependent diagonal non rotating cylindrically symmetric metric

ds^2_− = −A^2(dt^2 − dr^2) + B^2dz^2 + C^2dϕ^2, (3) where A, B and C are functions of t and r. To represent cylindrical symmetry, we impose the following ranges on the coordinates −∞ ≤ t ≤ ∞, 0 ≤ r, −∞ < z < ∞, 0 ≤ ϕ ≤ 2π, (4) where we assume C = 0 at r = 0 which is a non-singular axis. We number the coordinates x^0 = t, x^1 = r, x^2 = z and x^3 = ϕ and we choose the fluid to be comoving in this coordinate system; hence from (2) and (3) V_α = −Aδ^0_α, S_α = Bδ^2_α, K_α = Cδ^3_α. (5) Calculating the motion of the fluid according to its expansion Θ and shear σ_{αβ} ,

Θ = V^α_{;α}, (6) σ_{αβ} = V_{(α;β)} + V_{(α;γ} V^γ V_{β)} − 1 3 Θ(g_{αβ} + V_αV_β ), (7)

by using (3) and (4) we obtain for the expansion, Θ = 1 A ( Ȧ A + Ḃ B + Ċ C ) , (8)

and for the non zero components of the shear,

σ_{11} = A 3 ( 2 Ȧ A − Ḃ B − Ċ C ) , (9)

σ_{22} =

B^2 3A ( 2 Ḃ B − Ȧ A − Ċ C ) , (10)

σ_{33} =

C^2 3A ( 2 Ċ C − Ȧ A − Ḃ B ) , (11) where the over dot stands for differentiation with respect to t. The Einstein field equations, G_{αβ} = κT_{αβ}, for (1), (3) and (5) have the non zero components,

G^−_{00} = Ȧ A ( Ḃ B + Ċ C ) + Ḃ B Ċ C − B^{′′} B − C^{′′} C + A^′ A ( B^′ B + C^′ C ) − B^′ B C^′ C = κμA^2, (12)

G^−_{01} = − Ḃ^′ B − Ċ^′ C + Ȧ A ( B^′ B + C^′ C ) (13) + ( Ḃ B + Ċ C ) A^′ A = 0, (14)

G^−_{11} = − B̈ B − C̈ C + Ȧ A ( Ḃ B + Ċ C ) − Ḃ B Ċ C + A^′ A ( B^′ B + C^′ C ) + B^′ B C^′ C = κP_rA^2, (15)

G^−_{22} = ( B A )_2 − Ä A − C̈ C + ( Ȧ A )_2 + A^{′′} A + C^{′′} C − ( A^′ A )_2] = κP_zB^2, (16)

G^−_{33} = ( C A )_2 − Ä A − B̈ B + ( Ȧ A )_2 + A^{′′} A + B^{′′} B − ( A^′ A )_2] = κP_ϕC^2, (17)

where the prime stands for differentiation with respect to r.

From (1), (2) and (5) we have the non trivial components of the Bianchi identities T^α_{β;α} = 0,

μ̇ + (μ + P_r) Ȧ A + (μ + P_z) Ḃ B + (μ + P_ϕ) Ċ C = 0,(18)

P^′_r + (μ + P_r) A^′ A + (P_r − P_z ) B^′ B + (P_r − P_ϕ) C^′ C = 0.(19)

For the exterior we take an ER spacetime [6] ds^2_+ = −e^{2(γ−ψ)}(dT^2 −dR^2)+e^{2ψ}dz^2 +e^{−2ψ}R^2dϕ^2, (20) where γ and ψ are functions of T and R, and for the vacuum field equations we have ψ_{,T T} − ψ_{,RR} − ψ_{,R} R = 0, (21) and γ_{,T} = 2Rψ_{,T} ψ_{,R}, γ_{,R} = R(ψ^2_{,T} + ψ^2_{,R}). (22) Equation (21) is the cylindrically symmetric wave equation in an Euclidean spacetime, suggesting the presence of a gravitational wave field.

III. JUNCTION CONDITIONS

As the boundary must be comoving with the fluid interior, it will be timelike, and given by r =constant in the interior metric (3) and a curve R(T ) in the ER metric (20). Matching the collapsing cylinder at Σ to the ER spacetime, Darmois’ junction conditions [7, 13] give us, after a little algebra,

e^{γ−ψ} [ 1 − ( dR dT )_2]1/2 dT^Σ= Adt^Σ= dτ, (23)

e^{ψ Σ}= B, (24) R^Σ= BC, (25) P_r^Σ= 0, (26)

e^ψ(R_{,τ} ψ_{,T} + T_{,τ} ψ_{,R})^Σ= B^′ A , (27)

T_{,τ}^Σ= (BC)^′ A . (28)

In this form it is easy to see that if the exterior is known, the boundary values of B and C, and 1/A times their first derivatives with respect to t and r (equivalently, the derivatives with respect to proper time in the surface and proper distance orthogonal to it), can be solved for. The value of A is not fixed, as one can redefine the t and r coordinates, but its evolution can be found from the interior field equations.

We note also that in order for the surface to be timelike we require (dR/dT )^2 < 1.

One can reorganize these equations, together with (22), to conversely give the exterior functions’ values on the boundary in terms of the interior. Rewriting (23), and differentiating (24) and (25) with respect to τ in the surface, we obtain

e^{2γ−2ψ}(T^2_{,τ} − R^2_{,τ} )^Σ= 1, (29)

e^ψ(T_{,τ} ψ_{,T} + R_{,τ} ψ_{,R})^Σ= Ḃ A , (30)

R_{,τ}^Σ=

(BC)^˙ A . (31)

Solving (30) and (27) for ψ_{,T} and ψ_{,R}, and substituting in (29), the results are (24) and

ψ_{,T}^Σ= B_{,t}(BC)_{,r} − B_{,r}(BC)_{,t} B[(BC)^2_{,r} − (BC)^2_{,t}]

, (32)

ψ_{,R}^Σ= B_{,r}(BC)_{,r} − B_{,t}(BC)_{,t} B[(BC)^2_{,r} − (BC)^2_{,t}]

, (33)

e^{γ Σ}= AB [(BC)^2_{,r} − (BC)^2_{,t}]^{1/2}

, (34)

γ_{,T}^Σ= 2C[B_{,t}(BC)_{,r} − B_{,r}(BC)_{,t}][(BC)_{,r} B_{,r} − (BC)_{,t}B_{,t}] B[(BC)^2_{,r} − (BC)^2_{,t}]^2

, (35)

γ_{,R}^Σ= C{[B_{,t}(BC)_{,r} − B_{,r}(BC)_{,t}]^2 + [(BC)_{,r}B_{,r} − (BC)_{,t}B_{,t}]^2} B[(BC)^2_{,r} − (BC)^2_{,t}]^2

. (36)

The radius R of the collapsing cylinder as measured by the circumference in the exterior ER spacetime is given by R^Σ= e^{−ψ}R^Σ= C. (37)

IV. SHEARFREE COLLAPSING SOLUTION

Now let the motion of the collapsing cylindrical fluid be shearfree, σ_{αβ} = 0. Then we can integrate (9-11) and obtain B = b(r)A, C = c(r)A, (38) where b(r) and c(r) are arbitrary functions of r and the metric (3) becomes

ds^2_− = A^2(−dt^2 + dr^2 + b^2dz^2 + c^2dϕ^2). (39)

We observe that by contrast the shearfree condition in a collapsing spherical distribution of matter in a comoving frame leaves two unknown functions of time and radial coordinate in the metric [14].

Substituting (39) into (14) we obtain Ȧ′ A − 2 Ȧ A A^′ A = 0, (40)

which can be integrated producing A = 1 w(t) + a(r) , (41)

where w is an arbitrary function of t and a is an arbitrary function of r. The expansion (8) for (39) and (41) becomes, Θ = −3ẇ, (42) which, as for the shearfree isotropic fluid spherical collapse, depends also only on t [14].

The field equations (12-17) with (39) and (41) become

κμ = 3ẇ^2 + 2(w + a)a^{′′} − 3a^{′2} + 2(w + a)a^′ ( b^′ b + c^′ c )

−(w + a)^2 ( b^{′′} b + c^{′′} c + b^′ b c^′ c ) , (43)

κP_r = 2(w + a)ẅ − 3ẇ^2 + 3a^{′2} −2(w + a)a^′ ( b^′ b + c^′ c ) + (w + a)^2 b^′ b c^′ c , (44)

κP_z = 2(w + a)ẅ − 3ẇ^2 − 2(w + a)a^{′′} + 3a^{′2} −2(w + a)a^′ c^′ c + (w + a)^2 c^{′′} c , (45)

κP_ϕ = 2(w + a)ẅ − 3ẇ^2 − 2(w + a)a^{′′} + 3a^{′2} −2(w + a)a^′ b^′ b + (w + a)^2 b^{′′} b . (46)

From the junction condition (26) we have that on the boundary (44) is given by

2ΩΩ̈ − 3Ω̇^2 + c_2Ω^2 + c_1Ω + c_0^Σ= 0, (47)

where

Ω^Σ= w +a, c_0^Σ= 3a^{′2}, c_1^Σ= −2a^′ ( b^′ b + c^′ c ) , c_2^Σ= b^′c^′ bc . (48) We can integrate (47) producing

Ω̇^2 = w_0Ω^3 + c_2Ω^2 + c^1 2 Ω + c_0 3 , (49)

where w_0 is an integration constant. Thus in general the time dependence is given by an elliptic function whose parameters are fixed by values at the boundary.

If the exterior spacetime is static, ψ_{,T} = 0, then the field equations (21) and (22) reduce to the static Levi- Civita spacetime,

e^ψ = a_1 R^{a2} , (50) and e^γ = R^{a2} , (51)

where a_1 and a_2 are integration constants: for a positive mass source we need a_2 > 0 [15, 16]. For the solution (39) and (41) we have the following relations on Σ. From (24) and (50) we have

a_1 R^{a2} Σ= b w + a , (52)

and from (24) and (25)

R^Σ= bc (w + a)^2

. (53)

With (52) and (53) we obtain

a_1(w + a)^{2a2 +1 Σ}= b^{a2+1}c^{a2} ; (54) since w is a function of t this relation can hold only if w is constant. Hence, for shearfree cylindrically symmetric anisotropic fluids if the exterior spacetime is static, i.e. the Levi-Civita spacetime, the cylindrical source must be static too.

Not all the junction conditions have been used, since no specific model of the interior has been given (and static shearfree fluid solutions may not all contain a suitable matching surface, for instance they may not contain a surface where P_r = 0). However, the remaining junction conditions can be satisfied for anisotropic and isotropic fluids, shells, and other suitable choices of interior, see, for example, [16, 17, 18, 19].

V. CYLINDRICALLY COLLAPSING ISOTROPIC FLUID

If the collapsing cylinder is filled with isotropic fluid then P_r = P_z = P_ϕ and from (44-46) we have

(w + a) [ 2 ( a^{′′} − a^′ b^′ b ) − (w + a) ( c^{′′} c − b^′ b c^′ c )] = 0,(55)

(w + a) [ 2 ( a^{′′} − a^′ c^′ c ) − (w + a) ( b^{′′} b − b^′ b c^′ c )] = 0.(56)

Then from (55) and (56), assuming w has non-trivial time dependence, a^{′′} = a^′ b^′ b = a^′ c^′ c , b^{′′} b = c^{′′} c = b^′ b c^′ c , (57)

which can be shown by direct calculation to reduce the Weyl tensor to C_{αβγδ} = 0, i.e. the spacetime inside the cylinder is conformally flat. All conformally flat perfect fluid solutions are known, and all are shearfree [5]. If a conformally flat perfect fluid has a barotropic equation of state, then (Trümper, cited in [20]) it is RW. We now show directly that this is the case, i.e. that the interior must be RW and thus conformally flat, without assuming barotropy, using regularity at the axis instead.

If a^′ ≠ 0, then we must have a^{′′} a^′ = b^′ b = c^′ c , from which it easily follows, using (57), that a, b and c are all proportional to e^{βr} for some non-zero constant β. This is not consistent with having a non-singular axis where C = 0 at r = 0.

If a^′ = 0 then we can set a = 0 by redefining w, and from (57) we find that b^′/c and c^′/b are each constant, whence b^′ b c^′ c = −ϵ, (58)

where ϵ is a constant. Writing A = 1/w in the field equations (43-46), they become, 3(A^2_{,τ} + ϵ) = κμA^2, (59) −2AA_{,τ τ} − A_{,τ}^2 − ϵ = κP A^2. (60) which are easily recognizable as the usual equations for RW spacetimes, ϵ being the spatial curvature parameter usually denoted k. It is known that the most general solutions with zero shear, rotation and acceleration are the Robertson-Walker solutions (see e.g. Ellis [20], page 135). Moreover from the junction condition (26), i.e. P^Σ= 0, we have P = 0 and consequently the fluid is a homogeneous collapsing dust, which has no acceleration, i.e. a Friedman solution.

Hence we can state that a collapsing cylinder with a non-singular axis filled with shearfree irrotational isotropic fluid must be an RW solution and if it is matched to an ER solution the fluid must be dust. We again compare our result to the corresponding isotropic spherical shearfree collapse [14]. There the general solution cannot be obtained since for the complete integration of the system further equations of state are required (e.g. an equation of state of the form P = P (μ) [21]).

Now we show that the form for this discussed by Cocke [8] is the most general one by direct coordinate transformations. One could reach the final metric form more immediately by integrating (57) and imposing regularity at the axis: the extra information below is that of the coordinate transformations.

The RW metric can be expressed in spherical coordinates as

ds^2 = −dt^2+A^2 [ dr̄^2 1 − kr̄^2

+ r̄^2(dθ^2 + sin^2 θ dϕ^2) ] , (61) where A is a function only of t, k = −1, 0 or 1, and the ranges of the coordinates are

− ∞ ≤ t ≤ ∞, 0 ≤ r̄ < ∞, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, (62) except when k = 1 where instead 0 ≤ r̄ < 1 and r = 1 is the antipode of the origin. To write (61) in cylindrical coordinates we make the transformation

r̂ = r̄ sin θ, z = f(r̄, θ), (63)

which yields

dr̂ = sin θ dr̄ + r̄ cos θ dθ, dz = f_{,r̄} dr̄ + f_{,θ} dθ. (64)

The inverse transformation is

dr̄ = f_{,θ} dr̂ − r̄ cos θ dz sin θ f_{,θ} − r̄ cos θ f_{,r̄} , dθ = sin θ dz − f_{,r̄} dr̂ sin θ f_{,θ} − r̄ cos θ f_{,r̄} . (65) In order to write (61) transformed by (63) we first observe that

dr̄^2 1 − kr̄^2

+ r̄^2dθ^2 =

[( f^2_{,θ} 1 − kr̄^2

+ r̄^2f^2_{,r̄} ) dr̂^2 − 2r̄ ( cos θ f_{,θ} 1 − kr̄^2

+ r̄ sin θ f_{,r̄} ) dr̂ dz + r̄^2(1 − kr̄^2 sin^2 θ) 1 − kr̄^2 dz^2 ]

(sin θ f_{,θ} − r̄ cos θ f_{,r̄})^2

. (66)

Imposing the requirement that the transformation does not produce cross terms we must choose

f_{,θ} = −r̄(1 − kr̄^2) sin θ cos θ f_{,r̄}. (67)

Substituting (67) back into (66) we obtain

dr̄^2 1 − kr̄^2

+ r̄^2dθ^2 = [ dr̂^2 + cos^2 θ (1 − kr̄^2)f^2_{,r̄} dz^2 ]

1 − kr̄^2 sin^2 θ

. (68)

With (63) and (68) we can write (61) as

ds^2 = −dt^2 + A^2 ( dr̂^2 1 − kr̂^2

+ h^2dz^2 + r̂^2dϕ^2 ) , (69)

where h = cos θ (1 − kr̄^2 sin^2 θ)^{1/2}(1 − kr̄^2)^{1/2}f_{,r̄}

. (70)

Then from (67) and (70) we have

f_{,r̄} = cos θ h(1 − kr̄^2 sin^2 θ)^{1/2}(1 − kr̄^2)^{1/2}

, (71) f_{,θ} = − r̄ sin θ(1 − kr̄^2)^{1/2} h(1 − kr̄^2 sin^2 θ)^{1/2}

. (72)

Requiring that h is a function only of r̂ we have

h_{,r̄} = sin θ dh dr̂ , h_{,θ} = r̄ cos θ dh dr̂ . (73)

Differentiating (71) and (72) with respect to θ and r̄ respectively and using (73) we obtain f_{,r̄θ} = − 1 h(1 − kr̄^2 sin^2 θ)^{1/2}(1 − kr̄^2)^{1/2} [ (1 − kr̄^2) sin θ 1 − kr̄^2 sin^2 θ + r̄ cos^2 θ h dh dr̂ ] , (74) f_{,θr̄} = − sin θ h(1 − kr̄^2 sin^2 θ)^{1/2} [ 1 − 2kr̄^2 (1 − kr̄^2 sin^2 θ)^{1/2} + kr̄^2 sin^2 θ(1 − kr̄^2)^{1/2} 1 − kr̄^2 sin^2 θ − r̄ sin θ(1 − kr̄^2)^{1/2} h dh dr̂ ] . (75)

Equating the two expressions (74) and (75), i.e. imposing the integrability condition f_{,r̄θ} = f_{,θr̄}, and using (63) we obtain 1 h dh dr̂ = − kr̂ 1 − kr̂^2

, (76)

and integrating this we obtain

h = γ(1 − kr̂^2)^{1/2}, (77)

where γ is an integration constant. Now substituting (77) into (69) and rescaling z we finally have

ds^2 = −dt^2 + A^2 [ dr̂^2 1 − kr̂^2

+ (1 − kr̂^2)dz^2 + r̂^2dϕ^2 ] . (78) The metric form (78) was obtained by Cocke [8], but here we have proved that it is the general RW metric in cylindrical coordinates.

In order to write (78) in the coordinate system employed in (3) we rescale t and transform r̂ so that r = ∫ dr̂ (1 − kr̂^2)^{1/2}

, (79)

and we obtain

ds^2 = A^2(t)(−dt^2 + dr^2 + g^{′2} dz^2 + g^2 dϕ^2), (80) or ds^2 = −dτ^2 + A^2(τ)(dr^2 + g^{′2} dz^2 + g^2 dϕ^2), (81)

with g = sinh r, r or sin r according as k = −1, 0 or 1.

The metric (39), with (41) and (58), is the general RW metric (80) where k = ϵ and w = 1/A, and it satisfies (59) and (60).

VI. MATCHING FRW SPACETIME TO ER SPACETIME

Matchings between a cylindrical homogeneous perfect fluid interior and a vacuum exterior (or vice versa) have been studied by Mena et al. [22], who showed that matching to a static vacuum is impossible which is a special case of our result above, by Nolan and Nolan [9][36], and by Tod and Mena [10]. In the last of these papers, the matching of ER and k = 0 FRW metrics is given, using coordinates in which the exterior metric takes the form

ds^2_+ = −e^{2(γ−ψ)}(dT̂^2 −dρ^2)+e^{2ψ}dz^2 +e^{−2ψ}R^2dϕ^2, (82) where R = R(T̂ , ρ): the main difference from our treatment is that the coordinates (T̂ , ρ) are chosen so that the boundary is at ρ = constant. Here T̂ has replaced the T of the original paper to avoid confusion. Tod and Mena [10] study the global structure and conclude that the spacetime is not asymptotically flat in the sense of Berger et al. [11], but instead has a singular Cauchy horizon.

In [9], the matching of a general cylindrically symetric vacuum to FRW is studied: the exterior is then shown, as one might expect, to be of ER form. Here we shall find the trajectory of the boundary as an equation relating T and R, and then display the conditions satisfied there by γ and ψ. Then we comment further on the results of Tod and Mena [10] and Nolan and Nolan [9].

The well-known solutions to (59) and (60) are

k = 1, A = m sin^2 Ψ/2, 2τ = m(Ψ − sin Ψ), (83) k = 0, A = (3 √ mτ/2)^{2/3}, (84) k = −1, A = m sinh^2 Ψ/2, 2τ = m(sinh Ψ − Ψ),(85)

where m is a constant giving the mass density, see e.g. [5], equations (14.6). These are given in a form expanding as τ increases from 0. Reversing the sense of τ in (83–85), so that we have collapse, and introducing a constant T_0 where the singularity occurs, we use these in R = A^2gg^′ and T_{,τ} = A(gg^′)^′ (which follow from (25), (28) and (81)). We can then integrate for T , and where necessary eliminate Ψ, to get

2α_−(T_0 − T )^Σ= R^{1/4} ( R^{1/2} − 3 2 R_0 ) (R^{1/2} + R_0)^{1/2} + 3 2 R^2_0 arcsinh ( R^{1/4} R^{1/2}_0 ) , (86)

T_0 − T^Σ= R_0R^{5/4}, (87)

2α_+(T_0 − T )^Σ= −R^{1/4} ( R^{1/2} + 3 2 R_0 ) (R_0 − R^{1/2})^{1/2} + 3 2 R^2_0 arcsin ( R^{1/4} R^{1/2}_0 ) , (88)

where T_0 and R_0 are integration constants, and

α^Σ= gg^′ (gg^′)^′ , (89)

evaluated on Σ, and thus from (80) for ϵ = −1 and 1 respectively

α_−^Σ= tanh r_0 1 + tanh^2 r_0

, (90)

α_+^Σ= tan r_0 1 − tan^2 r_0

, (91)

where r^Σ= r_0, while for k = 0, α = r_0.

On this moving boundary we know from (24) and (32- 34) that we must have (noting that for all three possible g, g^{′2} − gg^{′′} = 1)

e^{ψ Σ}= Ag^′, (92)

ψ_{,T}^Σ= A_{,τ} A^2((gg^′)^′)^2[1 − (2αA_{,τ} )^2]

, (93)

ψ_{,R}^Σ=

−g(k(gg^′)^′ + 2A^2_{,τ} g^{′2}) A^2((gg^′)^′)^2[1 − (2αA_{,τ} )^2]

, (94)

e^{γ Σ}= g^′ (gg^′)^′ √ 1 − (2αA_{,τ} )^2

, (95)

where the functions of r have to be evaluated at r_0.

One can give a general solution of (21) as a sum of separable solutions but we have not been able to determine the specific solution which matches to RW even in the simplest (k = 0) case.

Our condition that R be a spatial coordinate in the exterior metric is violated when T is sufficiently close to T_0: in fact as T increases | | | dR dT | | | → 1 ⇔ 5R^{4/5}0 (T^0 − T )^{1/5} → 4.

(Note that this can also be expressed as 1 = |2αA_{,τ} |.) For larger T our coordinates, and hence our matching, do not apply at Σ. This agrees with the results of Nolan and Nolan [9], who showed that such a breakdown is inevitable, essentially because the collapsing source always leads to trapped cylinders, whereas the ER vacuum region cannot contain trapped cylinders [23]. They describe the matching as impossible, meaning that it cannot be carried right up to the FRW singularity, but note that it can be used up to some finite time.

One can continue the discussion of trapped cylinders by using the coordinates of Tod and Mena [10]. The bound on applicability of our matching corresponds to their conclusion that in the k = 0 FRW case the boundary becomes a marginally trapped surface when 1 = |2αA_{,τ} | (in their notation, with hats added for clarity, at T̂ = α̂ − (4r̂_0/3)^3) so at larger T the surface is trapped. Such a trapped surface is not consistent with “asymptotic flatness” in the sense of Berger et al. [11] (see their Proposition 2.3).

Tod and Mena further show that u = √ Rψ (in their coordinates) has a divergent derivative at the Cauchy horizon (essentially the past null cone of the FRW singularity) and hence conclude that this horizon is singular. The argument for these conclusions applies also to the k = ±1 cases, with changes in formulae. Tod and Mena infer that there is incoming gravitational radiation: however, this does not seem to be supported by the calculations in the following section.

VII. ENERGY, SUPERENERGY, RADIATION AND BOUNDARY CONDITIONS

Part of our motivation was a search for an exact cylindrical solution for interior and exterior enabling one to study exactly how gravitational radiation arises. Our ansätze for the interior turned out to allow only FRW, which we would expect to be non-radiative in any definition. Thus we expect the exterior to also be non-radiative (or possibly to show waves coming in from infinity and totally reflected at the boundary with the interior).

A cylindrically symmetric spacetime cannot be asymptotically flat, due to the behaviour in directions parallel to the axis, so one cannot employ the usual global definition of radiation for isolated bodies due to Bondi et al. [12]. Moreover, it appears from Proposition 2.3 of Berger et al. [11] that simple cylindrical solutions with collapsing cores could not even be “asymptotically flat” in their modified sense, because one would expect trapped cylindrical surfaces to arise in any collapse which does not halt or reverse, and such surfaces are not compatible with “asymptotic flatness”.

So for more detailed study we need some definition of radiation, or energy, or energy density, other than the one from asymptotic flatness. This must be (quasi-)local, at least in z, to avoid the problem that integration for z from −∞ to ∞ would obviously give an infinite answer for any non-zero energy density.

There is also the possibility of energy being transferred to or from any given region by transport along the axis. Bondi [1] showed that there is no conserved mass per unit length as a result of ‘intangible’ gravitational induction arising from axial motion (and distinct from the work done by axial pressure).

It is well known that in relativity there cannot be any covariant local definition of energy, as this would violate the equivalence principle. There are a number of quasilocal definitions, using either integrals over surfaces, or pseudo-tensors integrated over volumes (which in general also reduce to surface integrals, provided the interior volumes do not have discontinuities or singularities of the pseudo-tensor). Clavering [24] has shown that none of the latter agree with the various quasi-local surface integrals discussed by Szabados [25], and none of them are satisfactory, for a variety of reasons, the best being Möller’s definition. We therefore do not calculate the pseudo-tensorial energies.

In his study of definitions of standing waves, Stephani [26] considered cylindrical systems. His results suggest that for the ER solutions Thorne’s “C-energy” [23] is the least unsatisfactory. (A recent indication of the unsatisfactoriness of C-energy, even in vacuum, has been given in [27], where it is shown that it can be non-vanishing in Minkowski space.) We consider, following Chiba [28] and Hayward [29], the modified C-energy defined in the “Note added in proof” on pages B256-257 of Thorne’s paper. Taking the generic cylindrically symmetric metric in the form

ds^2 = −e^{2(γ−ψ)}(dT^2 − dr^2) + e^{2ψ} dz^2 + e^{−2ψ}R^2dϕ^2, (96)

where R = R(r, t), this energy is

E =^1_8 (1 − (R^{′2} − Ṙ^2)e^{−2γ} ) (97)

where the prime and dot refer to differentiation with respect to r and t respectively.

Hayward has shown, in an elegant formulation, that one can define an invariant tensor (in his notation, Θ_{ab}) such that the sum of this and the usual energymomentum tensor T_{ab} is conserved: Θ may then be interpreted as the energy-momentum of gravitational waves. One can derive the conservation in a simple way from the fact that for the metric (96), when matter is present, the equations (22) generalize to 1 2 [(R^{′2} − Ṙ^2)e^{−2γ} ]^′ = −RR^′(κT_{00} + ψ^{′2} + ψ̇^2) (98)

+ RṘ(κT_{01} + 2ψ^′ψ̇), 1 2 [(R^{′2} − Ṙ^2)e^{−2γ} ]˙ = −RR^′(κT_{01} + 2ψ^′ψ̇) (99)

+ RṘ(κT_{11} + ψ^{′2} + ψ̇^2)

(cf. equations (A41), (A42), of [29]): the result is then just the integrability condition for the left sides, the relevant terms of Θ being the terms in ψ on the right sides. That these terms are invariantly defined (provided there are no more translational Killing vectors) arises because the two Killing vectors, ∂_ϕ and ∂_z, and their lengths, are uniquely defined up to rescaling of z, so ψ is fixed up to a constant and R up to a constant factor.

Hayward’s discussion also brings out the fact that for the form (96), if μ and ρ are the divergences of the incoming and outgoing null normals to timelike cylinders of symmetry, then ρμ = 1 8R^2 e^{2(ψ−γ)}(R^{′2} − Ṙ^2) (100)

with an obvious relation to (97).

This is also related to one of the best known quasilocal energy definitions by an integral on a surface, the Hawking mass. For a closed surface S with surface area element dS this mass is m = 1 (4π)^{3/2} (∮ S dS )_{1/2} ( 2π − ∮ S μρ dS ) . To make a closed cylindrical surface we would have to add (e.g.) surfaces z = constant at some finite z values, but μρ has the same values for all z on such surfaces and so we could ignore them for very large cylindrical surfaces and think of E as giving a Hawking mass per unit length in z.

Unfortunately this does not lead to a satisfactory account of energy lost or gained by the collapsing dust. The Darmois conditions imply that E is continuous at Σ (one can check this by direct calculation, but it is easy to understand because there is no surface layer and hence no immediate change in geodesic deviations at Σ, so μρ is continuous, and the continuity of g_{ϕϕ} and g_{zz} then shows the same is true for E.) Calculating on the dust side of Σ, using (80), we have

E = 1 8 ( 1 − ((gg^′)^′)^2 g^{′2} + 4g^2 Ȧ2 A^2 ) .

(As one expects, [29], this is O(r^2) as r → 0.) At a fixed r, only the Ȧ^2/A^2 = A^2_{,τ} term changes, and it increases as the dust collapses. This is consistent with Cocke’s calculation [8] of (unmodified) C-energy flux, normal to cylinders of constant R, in our notation, in the Einstein- Rosen region, where he found an inward flux.

It would, however, be physically very odd if this had to be interpreted as the exterior giving energy to the dust, since the behaviour of the dust is exactly the same as in a uniform universe, where a cylinder cannot easily be thought of as taking energy from the rest of the universe. Probably the result is better considered as another indication of the unsatisfactoriness of C-energy.

Other local characterizations of the presence of radiation are given by the decomposition of the Bel-Robinson tensor. The behaviour of this tensor in an ER spacetime was considered in [30], where the obvious unit vector in the form (20), i.e. the one parallel to ∂/∂T , was used to define the decomposition. In that reference it was shown that for a pulse of radiation, well behind the front of the pulse, there is an incoming flux of superenergy, which seems to agree with Cocke’s result. However, to define states of intrinsic radiation one has to consider all possible timelike vectors, and we now show, using the timelike vector parallel to the boundary, that our solutions do not have intrinsic radiation there according to this definition.

Bel [31, 32] defined the tensor T^{abcd} = R^{aecf} R_e^b_f^d +^∗R^{aecf ∗}R_e^b_f^d +R^{∗aecf} R^∗_e^b_f^d +^∗R^{∗aecf ∗}R^∗_e^b_f^d, (101) which in the vacuum case is referred to as the Bel- Robinson tensor. Here the star operation is the usual Hodge dual (see e.g. [5], chapter 3). Bonilla and Senovilla [33] pointed out that with the usual decomposition in terms of the Weyl and Ricci tensors, C_{abcd} and R_{ab}, i.e. R_{abcd} = C_{abcd} + E_{abcd} + G_{abcd}, (102) where E_{abcd} ≡^1_2 (g_{ac}S_{bd} + g_{bd}S_{ac} − g_{ad}S_{bc} − g_{bc}S_{ad}),(103) G_{abcd} ≡^1_{12} R(g_{ac}g_{bd} − g_{ad}g_{bc}) ≡^1_{12} Rg_{abcd}, (104)

S_{ab} ≡ R_{ab} −^1_4 Rg_{ab}, R ≡ R^a_a, (105)

the Bel tensor can be written as T^{abcd} = C^{aecf} C_e^b_f^d +^∗C^{aecf ∗}C_e^b_f^d + R 6 (C^{acbd} + C^{adbc}) + M^{abcd}, (106) where the matter contribution is M_{abcd} = S^{ab}S^{cd} +^1_2 S^{ae}S^b_eg^{cd} +^1_2 S^{ce}S^d_eg^{ab} − 2S^{e(a}g^{b)(c}S^{d)}_e

+^1_4 S^{ef} S_{ef} (g^{ac}g^{bd} + g^{ad}g^{bc} − g^{ab}g^{cd}) (107) + R^2 144 (2g^{ac}g^{bd} + 2g^{ad}g^{bc} − g^{ab}g^{cd}). One can decompose the Bel tensor in a 3+1 formalism [34] relative to a unit timelike vector n^a, giving, among the parts, the superenergy W , the superPoynting vector P^a and the tensor Q_{abc} defined by W ≡ T^{abcd}n_an_bn_cn_d, P^d ≡ T^{abce}n_an_bn_ch^d_e, Q^{bcd} ≡ −T^{aef g}n_ah^b_eh^c_f h^d_g, (108) where h_{ab} = g_{ab} + n_an_b. Bel [32] defined a state of intrinsic gravitational radiation (at a point p) to be one in which P^a ≠ 0 for any choice of n^a (at p). Garcia-Parrado Gomez-Lobo [34] similarly defines an intrinsic superenergy radiative state to be one where Q^{abc} ≠ 0 for any choice of n^a. In vacuum, P^a = 2B_p^lE_{ql}η^{apq} , Q_{cdb} = h_{cd}P_b − 2(B_{da}E_{cf} − B_{ca}E_{df} )η_b^{af} , (109) where, as usual, E_{ab} = C_{acbd}n^bn^d, B_{ab} =^∗C_{acbd}n^bn^d, and η_{abc} = η_{abcd}n^d, η_{abcd} being the usual volume 4-form density.

We now consider how these quantities behave at the (timelike) boundary between regions of spacetime. It is simplest to describe this using an orthonormal tetrad {e_a, a = 0...3} chosen such that the timelike unit vector e_0 lies on the boundary surface (and will be used as n^a in (108)) and e_1 is the normal to the surface. From the equations (80) of Mars and Senovilla [35] we can straightforwardly show that if the Darmois junction conditions are satisfied then the following combinations of Riemann tensor components are continuous:

E_{12}, R_{12}, E_{13}, R_{13}, R_{01}, (110) B_{11}, B_{22} (and hence B_{33}), B_{23}, (111) B_{13} +^1_2 R_{02}, B_{12} −^1_2 R_{03}, E_{23} −^1_2 R_{23} (112)

−E_{11} −^1_6 R +^1_2 (R_{22} + R_{33}), E_{22} +^1_6 R +^1_2 (R_{00} − R_{22}),

E_{33} +^1_6 R +^1_2 (R_{00} − R_{33}). (113) Note that one consequence is (26), the continuity of T_{11}.

From (111) and (112) we see that (assuming we align e_2 and e_3 with S_a and K_b) then with the energy-momentum form assumed in (1), B_{ab} is continuous at the boundary. Moreover, the reflection symmetries in ϕ and z imply that P_2 = P_3 = 0 (and B_{12} = B_{13} = 0) in both interior and exterior (note that since reversing one axis also reverses the orientation and hence the sign of the dual, it does not follow that B_{23} = 0).

From this, it is easy to see that for an FRW interior, which is conformally flat, B_{ab} = 0 on both sides of the boundary, so from (109) P_a = 0 and Q_{abc} = 0 there in the frame defined above (i.e. with n^a = e^a_0 and under Darmois boundary conditions). Hence at the boundary the exterior does not have intrinsic gravitational radiation or intrinsic superenergy radiation. Thus it is reasonable to conclude that any possible radiation in the exterior spacetime is not produced by the source. This agrees with our expectation that such an interior should not radiate or absorb radiation. Note that we have not excluded the possibility of total reflection at the boundary if at a reflecting surface these indicators (P^a and Q_{cdb}) would show no intrinsic radiation, and it is therefore possible that there could be non-zero incoming and/or outgoing radiation in the exterior. The conclusion that no radiation crosses the boundary seems in conflict with the discussion given by Tod and Mena [10].

Acknowledgments

LH wishes to thank FUNDACION EMPRESAS PO- LAR for financial support and the University of the Basque Country. ADP acknowledges the hospitality of the University of the Basque Country and financial support from the CDCH at Universidad Central de Venezuela. LH and ADP also acknowledge financial support from the CDCH at Universidad Central de Venezuela under grants PG 03-00-6497-2007.

NOS gratefully acknowledges financial assistance from the United Kingdom EPSRC under grant EP/E063896/1 and from CNPq Brazil.

[1] H. Bondi, Proc. Roy. Soc. London A 427, 259 (1990). [2] W.B. Bonnor, J. Phys. A 12, 847 (1979).

[3] L. Herrera, N.O. Santos, A.F.F. Teixeira, and A.Z. Wang,

Class. Quantum Grav. 18, 3847 (2001).

[4] D. Konkowski and T. Helliwell, Gen. Rel. Grav. 38, 1069 (2006).

[5] H. Stephani, D. Kramer, M.A.H. MacCallum, C.A.

Hoenselaers, and E. Herlt, Exact solutions of Einstein’s field equations, 2nd edition (Cambridge University Press, Cambridge, 2003).

[6] A. Einstein and N.J. Rosen, J. Franklin Inst. 223, 43 (1937).

[7] L. Herrera and N.O. Santos, Class. Quantum Grav. 22, 2407 (2005), erratum: Herrera L, MacCallum M A H and Santos N O, Class. Quantum Grav. 24, 1033 (2007).

[8] W.J. Cocke, J. Math. Phys. 7, 1171 (1966). [9] B. Nolan and L. Nolan, Class. Quant. Grav. 21, 3693 (2004).

[10] P. Tod and F.C. Mena, Phys. Rev. D 70, 104028 (9 pages) (2004).

[11] B. Berger, P.T. Chrusciel, and V. Moncrief, Ann. Phys.

(N.Y) 237, 322 (1995).

[12] H. Bondi, M.G.J. van der Burg, and A.W.K. Metzner, Proc. Roy. Soc. London A 269, 21 (1962).

[13] G. Darmois, Les équations de la gravitation einsteinienne. Mémorial des sciences mathématique, part XXV (Gauthier-Villars, Paris, 1927).

[14] E.N. Glass, J. Math. Phys. 20, 1508 (1979). [15] B. Jensen and J. Kucera, Phys. Lett. A 195, 111 (1994). [16] A.Z. Wang, M.F.A. Da Silva, and N.O. Santos, Class.

Quant. Grav. 14, 2417 (1997), gr-qc/9610052. [17] A.K. Raychaudhuri and M.M. Som, Proc. Camb. Phil.

Soc, 58, 338 (1962).

[18] L. Herrera, N.O. Santos, A.F.F. Teixeira, and A.Z. Wang, Class. Quant. Grav. 18, 3847 (2001).

[19] L. Herrera, G. Le Denmat, G. Marcilhacy, and N.O. Santos, Int. J. Mod. Phys. D 14, 657 (2005).

[20] G.F.R. Ellis, in Proceedings of the International school of Physics ”Enrico Fermi”, edited by R.K. Sachs (Academic Press, New York and London, 1971), vol. Course 47, p.

104, reprinted as Gen. Rel. Grav. 41, 581-660 (2009). [21] C.B. Collins and J. Wainwright, Phys. Rev. D 27, 1209 (1983).

[22] F.C. Mena, R. Tavakol, and R. Vera, Phys. Rev. D 66, 044004 (13 pages) (2002).

[23] K.S Thorne, Phys. Rev. B 138, 251 (1965). [24] W. Clavering, Ph.D. thesis, Queen Mary, University of London (2008).

[25] L. Szabados, Living Reviews in Relativity lrr-2004-4 (2004).

[26] H. Stephani, Gen. Rel. Grav. 35, 467 (2003). [27] T. Harada, K. Nakao, and B. Nolan (2008), arXiv:0812.3462v2, to appear in Phys. Rev. D.

[28] T. Chiba, Prog. Theor. Phys. 95, 321 (1996). [29] S.A. Hayward, Class. Quant. Grav. 17, 1749 (2000). [30] L. Herrera, A. Di Prisco, J. Carot, and N.O. Santos, Int.

J. Theor. Phys. 47, 380 (2008), gr-qc/0606052. [31] L. Bel, C. R. Acad. Sci. Paris 247, 1094 (1958). [32] L. Bel, Cah. de Phys. 16, 59 (1962), translation ”Radiation states and the problem of energy in general relativity” by M.A.H. MacCallum, Gen. Rel. Grav. 32, 2047- 2078 (2000).

[33] M.A.G. Bonilla and J.M.M. Senovilla, Gen. Rel. Grav.

29, 91 (1997).

[34] A. Garcia-Parrado Gomez-Lobo, Class. Quantum Grav.

25, 015006 (26pp) (2008), arXiv:0707.1475v2. [35] M. Mars and J.M.M. Senovilla, Class. Quant. Grav. 10, 1865 (1993).

[36] We are grateful to the anonymous referee for drawing the works of Hayward and of Nolan and Nolan to our attention, for picking out points which suggested to us how to integrate the latter with our discussion, and for a considerable number of other pertinent comments.