arXiv:0904.0820v2 [hep-th] 8 Jun 2009

Concerning gauge field fluctuations around classical configurations

Dennis D. Dietrich Center for Particle Physics Phenomenology, University of Southern Denmark, Odense, Denmark (Dated: June 8, 2009)

We treat the fluctuations of non-Abelian gauge fields around a classical configuration by means of a transformation from the Yang–Mills gauge field to a homogeneously transforming field variable. We use the formalism to compute the effective action induced by these fluctuations in a static background without Wu–Yang ambiguity.

PACS numbers: 11.15.-q, 11.15.Kc, 11.15.Tk, 12.38.-t, 12.38.Lg

The response of quanta to classical gauge fields is a fundamental issue of continuing phenomenological and theoretical interest in Abelian and non-Abelian field theories. The canonical example is the production of electronpositron pairs in strong photon fields [1] which among other effects is about to be tested with ultra strong light sources [2]. It is one thing if the aforementioned quanta are matter particles like fermions or scalars and another if they are fluctuations of the gauge field around its expectation value: As the entire gauge field does not transform homogeneously under gauge transformations, at variance with the matter fields, keeping track of gauge invariance when handling the fluctuations has an extra twist to it. At leading order this is only important for selfinteracting, i.e., non-Abelian fields. One way is to use the Faddeev–Popov approach, especially in conjunction with the background field method [3]. Here we will use another approach based on a transformation from the vector gauge field A^a_μ to an antisymmetric tensor variable B^a_{μν} , passing via a first-order formulation. B^a_{μν} transforms homogeneously under gauge transformations. We derive the general formalism and then compute the effective Lagrangian for an example. Before we delve into the non-Abelian case we first take a look at the Abelian, where B_{μν} is even gauge invariant.

Abelian. The partition function of quantum electrodynamics coupled to an external source J^μ is given by, Z = ∫ [dA][dψ][dψ̄] exp{i ∫ d^4x[−^1_4 F_{μν} F^{μν} + +ψ̄(iD̸ − m)ψ − A_μJ^μ]}, (1) where F_{μν} = ∂_μA_ν −∂_ν A_μ represents the field tensor, A_μ the gauge field, D_μ = ∂_μ − igA_μ the covariant derivative, g the coupling constant, m the fermion mass, and ψ/ψ̄ the fermion fields. Integrating out A_μ leads to, Z ∼= ∫ [dψ][dψ̄] exp{i ∫ d^4x[ψ̄(i∂̸ − m)ψ]} × × exp{i ∫ d^4xd^4y[−^1_2 (gψ̄γ_μψ − J_μ)(x) × × Γ^{μν} (x − y)(gψ̄γ_ν ψ − J_ν )(y)]}, (2) where Γ^{μν} (x − y) stands for the photon propagator in some gauge. ∼= indicates that the normalisation was changed in that step. The terms in the second exponential describe single-photon exchange and couple the fermions to the background. The stationarity condition for ψ̄ yields the Dirac equation for ψ in the background A_μ, (iD̸ − m)ψ = 0, where D_μ stands for the covariant derivative on A_μ. The latter is the solution of the stationarity condition for A_μ in the action in Eq. (1),

∂_μF^{μν} = J^ν − gψ̄γ^ν ψ, (3)

where F_{μν} is the field tensor on the classical solution.

We replace the gauge field by an antisymmetric tensor field B_{μν} . This is achieved by multiplying Eq. (1) by a Gaussian integral over B_{μν} , followed by a shift of B_{μν} by the dual field tensor F̃^{μν} =^1_2 ϵ^{μνκλ}F_{κλ}, Z ∼= ∫ [dA][dB][dψ][dψ̄] exp{i ∫ d^4x[−^1_4 B_{μν} B^{μν} −

−^1_2 B_{μν}F̃^{μν} + ψ̄(iD̸ − m)ψ − A_μJ^μ]}. (4)

Postulating the gauge invariance of the BF term requires a gauge invariant B_{μν} . The stationarity conditions for A_μ and B_{μν} ,

∂_μB̃^{μν} = J^ν − gψ̄γ^ν ψ and B^{μν} = −F̃^{μν} , (5)

combine into Eq. (3), where B_{μν} is the classical value of B_{μν} . Integrating out A_μ in Eq. (4) yields, Z ∼= ∫ [dB][dψ][dψ̄]δ(∂_μB̃^{μν} − J^ν + gψ̄γ^ν ψ) × × exp{i ∫ d^4x[−^1_4 B_{μν} B^{μν} + ψ̄(i∂̸ − m)ψ]}, (6)

which required no gauge fixing and yields a local result. The first of Eqs. (5) is now strictly enforced; it does not merely give the most probable configuration, but the only allowed configuration. This constraint can be used to eliminate B_{μν} from the partition function, such that

B_{μν} =^1_2 ϵ_{κμνλ} ∫ d^4yS^κ(x − y)(J^λ − gψ̄γ^λψ)(y), (7) where in momentum space S̊^κ(p) = ip^κp^{−2} with an appropriate pole prescription. Replacing B_{μν} in the exponent of Eq. (6) by Eq. (7) leads to Eq. (2) with Γ^{μν} transverse which corresponds to Landau gauge.

The δ constraint in Eq. (6) eliminated B_{μν} , resulting in a theory of interacting fermions, reproducing Eq. (2), but without fixing a gauge.

Non-Abelian. Consider the generating functional for a Yang–Mills field A^a_μ coupled to an external source J^a_μ , Z = ∫ [dA] exp[i ∫ d^4x(−^1_4 F^a_{μν} F^{aμν} − A^a_μJ^{aμ})], (8)

where F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + gf^{abc}A^b_μA^c_ν stands for the field tensor, g for the coupling constant, and f^{abc} for the antisymmetric structure constant of the gauge group. The corresponding classical equations of motion read,

D^{ab}_μ F^{bμν} = J^{aν} , (9)

where D^{ab}_μ represents the covariant derivative D^{ab}_μ = δ^{ab}∂_μ + gf^{acb}A^c_μ and F^a_{μν} the field tensor F^a_{μν} both on the classical solution A^a_μ for the gauge field. We will now split the gauge field according to A^a_μ = A^a_μ + a^a_μ, and introduce an antisymmetric tensor field in the same way as in the previous section. Doing so yields Z in the so-called first-order formalism [4], Z ∼= ∫ [da][dB] exp[i ∫ d^4x(−^1_4 B^a_{μν} B^{aμν} −

−^1_2 B̃^a_{μν} F^{aμν} − A^a_μJ^{aμ})]. (10)

A homogeneously transforming B_{μν} → UB_{μν} U^†, leads to a gauge invariant action, for J^a_μ ≡ 0. Integrating out a^a_μ we find, Z ∼= ∫ [dB]Det^{− 1}2 B exp{i ∫ d^4x[ (11)

−^1_4 B^a_{μν} B^{aμν} −^1_2 B̃^a_{μν} F^{aμν} − A^a_μJ^{aμ} +

+^1_2 (D^{ac}_κ B̃^{cκμ} − J^{aμ})(B^{−1})^{ab}_{μν} (D^{bd}_λ B̃^{dλν} − J^{bν} )]},

where B^{bc}_{μν} = gB̃^a_{μν} f^{abc} and

Det^{− 1}2 B ∼= ∫ [dζ] exp[−^i_2 ∫ d^4x(ζ^{aμ}B^{ab}_{μν} ζ^{bν} )]. (12)

With the decomposition B^a_{μν} = b^a_{μν} − F̃^a_{μν} and making use of Eq. (9), we obtain, Z = Z ∫ [db]Det^{− 1}2 (b + F) exp(i ∫ d^4x{−^1_4 b^a_{μν} b^{aμν} +

+^1_2 (D^{ac}_κ b̃^{cκμ})[(b + F)^{−1}]^{ab}_{μν} (D^{bd}_λ b̃^{dλν} )}), (13)

where Z = exp[i ∫ d^4x(−^1_4 F^a_{μν} F^{aμν} − A^a_μJ^{aμ})], b^{bc}_{μν} = gb̃^a_{μν} f^{abc}, and F^{bc}_{μν} = gF^a_{μν} f^{abc}. Carrying out a gauge transformation U of the background J_μ → UJ_μU^† leads to D_μ → UD_μU^† and F_{μν} → UF_{μν} U^†. The gauge transformations U which then appear in Z can be removed by the same unitary transformation of the integration variable b_{μν} → Ub_{μν} U^†. Consistently, F_{μν} + b̃_{μν} = B_{μν} → UB_{μν} U^†. Z is unaffected. Let us call these type IB gauge transformations.

The generating functional is invariant as long as the total B_{μν} = b_{μν} − F̃_{μν} transforms homogeneously. This remains true especially for what one could call a type IIB transformation, where the background is left invariant and the fluctuation field accounts for the entire transformation, b_{μν} → U(b_{μν} − F̃_{μν} )U^† + F̃_{μν} . After such a transformation, however, the transformed b^a_{μν} field is in general not a pure fluctuation field anymore; it obtains an expectation value −UF̃_{μν} U^† + F̃_{μν} . A redecomposition into a true expectation value and true fluctuations would reverse this transformation.

In the background field method [3, 5], the gauge fixing term reads −(D^{ab}_μ a^{bμ})(D^{ac}_ν a^{cν} )/(2ξ) and is gauge invariant under type IA gauge transformations, D_μ → UD_μU^† and a_μ → Ua_μU^†. Likewise, type IIA transformations leave the background A^a_μ invariant and a_μ → UD_μU^† − D_μ. Again here, a^a_μ after the latter transformation has, in general, an expectation value and is consequently not a pure fluctuation field anymore. The aforementioned redecomposition would undo the type IIA transformation.

In both cases the actions are manifestly gauge invariant under type I gauge transformations. Type II transformations necessitate a redecomposition into expectation value and fluctuations. In any case taking the contribution to a quantity from the background and the fluctuation field together admits finding a result invariant under both types of gauge transformations. A main difference of the B^a_{μν} with respect to the A^a_μ field description is the absence of an explicit gauge fixing term and consequently of ghost terms in the former.

The stationarity condition is derived by variation with respect to b^e_{αβ},

0 = −b^{eαβ} − D^{ae}_κ ϵ^{αβκμ}[(b + F)^{−1}]^{ab}_{μν} (D^{bd}_λ b̃^{λν} )

−^1_2 (D^{ac}_κ b̃^{cκμ})[(b + F)^{−1}]^{af}_{μρ}f^{ef g} ϵ^{αβρσ} ×

×[(b + F)^{−1}]^{gb}_{σν} (D^{bd}_λ b̃^{λν} ). (14)

[The determinant term does not contribute at this level as varying with respect to ζ^{bν} implies ζ^{aμ}(b + F)^{ab}_{μν} = 0.] Only if it has the solution b^a_{μν} ≡ 0 can b^a_{μν} be treated as pure fluctuation. Otherwise, the appropriate expansion point, i.e., the correct vacuum, has to be determined by finding the solution of the previous equation. Remarkably, in that case, the expansion point would be different from F^a_{μν} , the one in the vector field formulation of Yang– Mills theory. Situations where det F = 0, are problematic in this respect because there Eq. (14) is ill-defined at b^a_{μν} = 0. Among the settings belonging to this group is the trivial, i.e., background field free case. In this context this coincides with the observation that the zero field vacuum in Yang–Mills theories is unstable [6]. One may wonder, how the standard high-energy perturbative treatment comes about in the present formalism. There, at least initially, Yang–Mills theory looks almost Abelian. Here, for g → 0 (and without background) the Gaussian made up by the last term in the generating functional (11) goes to a δ distribution and imposes several colour copies of the Maxwell equation as seen in the previous section in the Abelian case. [7]

There are also nonzero configurations with det F = 0: F is in the adoint representation. Hence, each Lorentz component alone has zero eigenvalues. Therefore, to have det F ≠ 0 one needs several Lorentz components whose eigenvectors belonging to the zero eigenvalues are misaligned. Thus field configurations with a single Lorentz component have necessarily det F = 0. Among these are Coulomb fields, also those boosted onto the light cone. Their application to the description of the initial condition of heavy-ion collisions gives rise to instabilities [8].

The customary generalisation of effective actions [1] in the presence of constant external field tensors to the non- Abelian case [9] proceeds via covariantly constant fields, D^{ab}_λ F^b_{μν} = 0 ∀ λ, μ, ν. They are effectively quasi-Abelian and lead to a result analogous to the Abelian. They also have det F = 0. This condition is also a necessary condition for a Wu–Yang ambiguity [10] to appear in four dimensions [11]. A Wu–Yang ambiguous field tensor can be realised by different gauge field configurations which are not gauge equivalent. This implies that in such cases not all information about the system or its background is contained in the field tensor. The covariant derivative contains more information than its commutator. Thus, one can also understand why the factor Det^{−1/2}B appears as Jacobian in the measure when translating the Yang–Mills generating functional Z from a vector to an antisymmetric tensor field representation [4, 12]: B^a_{μν} is the conjugate of F^a_{μν} . Where the field tensor does not allow to reconstruct the system uniquely, but the vector potential would, the Jacobian becomes singular. One particular quantity which differs for gauge inequivalent gauge field realisations for the same field tensor is the Yang–Mills current J^a_μ . In our case the full information about the system is communicated from the A^a_μ to the B^a_{μν} representation through said J^a_μ and the (classical) covariant derivative D^{ab}_μ . [See Eq. (11).] A further conclusions [13] is that in the presence of a Wu–Yang ambiguous background not all observables can be expressed in terms of invariants [14] constructed merely from F^a_{μν} .

Let us take a look at an example where the classical field has det F ≠ 0 for which we would like to calculate the effective action induced by the fluctuations. For tractability we choose a three-dimensional Euclidean system with an SU(2) gauge group. We start out with a generating functional coupled to an external source just like at the beginning of this section, separate off the fluctuations of the vector gauge field around the background, and translate into a representation based on the variables E^a_μ, the three-dimensional analogue of B^a_{μν} . As counterpart to Eq. (10) we find, Z ∼= ∫ [da][dE] exp[ ∫ d^3x(−^1_2 E^a_μE^a_μ −^1_2 Ẽ^a_{μν} F^a_{μν} − A^a_μJ^a_μ )],

where Ẽ^a_{μν} = iϵ_{κμν} E^a_κ . Integrating out the fluctuations yields, Z ∼= ∫ [dE]Det^{− 1}2 E exp{ ∫ d^3x[

−^1_2 E^a_μE^a_μ −^1_2 Ẽ^a_{μν} F^a_{μν} − A^a_μJ^a_μ + (15)

+^1_2 (D^{ac}_κ Ẽ^c_{κμ} − J^a_μ )(E^{−1})^{ab}_{μν} (D^{bd}_λ Ẽ^d_{λν} − J^b_ν )]},

where E^{bc}_{μν} = gẼ^a_{μν} ϵ^{abc}. The decomposition Ẽ^a_{μν} = ẽ^a_{μν} + F^a_{μν} gives, Z = Z ∫ [de]Det^{− 1}2 (e + F) exp( ∫ d^3x{−^1_2 e^a_μe^a_μ +

+^1_2 (D^{ac}_κ ẽ^c_{κμ})[(e + F)^{−1}]^{ab}_{μν} (D^{bd}_λ ẽ^d_{λν} )}). (16)

Thus, in momentum space, for a constant background the fluctuation operator for e^a_μ reads, (G^{−1})^{bd}_{αβ} = δ^{bd}δ_{αβ} − (δ^{ab}p_κ + igϵ^{af b}A^f_κ)ϵ_{ακμ} × ×(F^{−1})^{ac}_{μν} (δ^{cd}p_λ + igϵ^{ced}A^e_λ)ϵ_{νλβ} . (17)

Based on it we would like to calculate the effective Lagrangian,

L^{(1)} = 1 2 lim_{ε→0} ∫ d^3p (2π)^3 ln det

FG^{−1}(p) (ε^2F)G^{−1}_ε (p)

. (18)

It is normalised with respect to the free part which is obtained from the expression in the full background field by the rescaling A^a_μ → εA^a_μ and taking ε to zero at the end. The factors of F stem from the ζ^a_μ integration.

For tractability we specialise to A^1 = A^2 = A^3 = A and zero otherwise, corresponding to F^3_{12} = F^1_{23} = F^2_{31} = gAA = F and J^1_1 = J^2_2 = J^3_3 = −2g^2AAA. We find for the determinant,

det(G^{−1}G_ε/ε^2) = ε^{−10}(p^4 + |2gF|^2)(p^4 + |2gε^2F|^2)^{−1}.

For L^{(1)} this leads to,

L^{(1)} = lim_{ε→0} ∫ d|p||p|^2 (2π)^2 ( ln |p|^4 + |2gF|^2 |p|^4 − ln ε^{10} ) . (19)

The integral is IR finite and UV divergent (the last term). After removing the divergent part (and taking the now trivial ε → 0 limit), L^{(1)} evaluates to,

L^{(1)} = |gF|^32 /(3π). (20)

The F dependent prefactor has its origin in the covariant derivative and the momentum integral. When rescaling every momentum by |gF|^{1/2} the measure picks up a factor of |gF|^{d/2} in d dimensions. The remaining integral is field independent. In four dimensions this amounts to a factor ∼ g^2F^a_{μν} F^a_{μν} . Thus, a divergent contribution from the integral can be handled by renormalisation. The factor of |gF|^{d/2} is known from the strong field/massless limit of Abelian effective actions induced by scalars or fermions in constant fields [15].

In conclusion, we have analysed fluctuations of gauge field around a classical configuration by means of a transformation from the inhomogeneously transforming vector gauge field to a homogeneously transforming antisymmetric tensor field. In the Abelian case this procedure yields the same result as if one integrated out A_μ in Landau gauge, with the difference that no gauge is specified.

For non-Abelian fields the fluctuation analysis proceeds also without the introduction of a gauge or ghosts. It leads to the ∼ |gF|^{d/2} behaviour of the effective action in d dimensions. We checked this explicitly for a static background without Wu–Yang ambiguity. For four dimensions this indicates a dependence ∼ g^2F^a_{μν} F^{aμν} permitting the treatment of infinite contributions by renormalisation.

Additionally, in the B^a_{μν} field formulation, the criterion det F = 0 marks background fields which give rise to instabilites, e.g., no field or a Coulomb field, which links them to Wu–Yang ambiguities.

It would be interesting to recast the present approach in the framework of the worldline formalism [16].

The author would like to acknowledge discussions with G. Dietrich, F. Sannino, K. Socha, M. Svensson, A. Swann, and U. I. Søndergaard. The author’s work was supported by the Danish Natural Science Research Council.

[1] F. Sauter, Z. Phys. 69 (1931) 742; W. Heisenberg and H. Euler, Z. Phys. 98 (1936) 714; V. Weisskopf, Kgl. Danske Videnskab. Selskabs. Mat.-fys. Medd. 14 No. 6 (1936); J. Schwinger, Phys. Rev. 82 (1951) 664; G. V. Dunne, arXiv:hep-th/0406216.

[2] H. Gies, arXiv:0812.0668 [hep-ph]; G. V. Dunne, arXiv:0812.3163 [hep-th].

[3] B. S. DeWitt, Phys. Rev. 162 (1967) 1195; G. ’t Hooft, Nucl. Phys. B 62 (1973) 444; B. W. Lee and J. Zinn- Justin, Phys. Rev. D 7 (1973) 1049; H. Kluberg-Stern and J. B. Zuber, Phys. Rev. D 12 (1975) 482; L. F. Abbott, Nucl. Phys. B 185 (1981) 189.

[4] S. Deser and C. Teitelboim, Phys. Rev. D 13 (1976) 1592. [5] D. D. Dietrich, Phys. Rev. D 68 (2003) 105005 [arXiv:hep-th/0302229]; Phys. Rev. D 70 (2004) 105009 [arXiv:hep-th/0402026]; Phys. Rev. D 71 (2005) 045005 [arXiv:hep-ph/0411245]; Phys. Rev. D 74 (2006) 085003 [arXiv:hep-th/0512026]; G. C. Nayak, D. D. Dietrich and W. Greiner, arXiv:hep-ph/0104030. D. D. Dietrich, G. C. Nayak and W. Greiner, arXiv:hep-ph/0009178. Phys. Rev. D 64 (2001) 074006 [arXiv:hep-th/0007139].

[6] N. K. Nielsen and P. Olesen, Nucl. Phys. B 144 (1978) 376; M. Schaden, H. Reinhardt, P. A. Amundsen and M. J. Lavelle, Nucl. Phys. B 339 (1990) 595; H. Reinhardt, K. Langfeld and L. von Smekal, Phys. Lett. B 300 (1993) 111 [arXiv:hep-ph/9301227].

[7] However, even pure gauge backgrounds and ensembles of them do lead to nontrivial effects: P. Hoyer and S. Peigne, arXiv:hep-ph/0304010; JHEP 0412 (2004) 051 [arXiv:hep-ph/0410235]; D. D. Dietrich and S. Hofmann, Phys. Lett. B 632 (2006) 439 [arXiv:hep-ph/0506210]; D. D. Dietrich, Phys. Rev. D 74 (2006) 065023 [arXiv:hep-ph/0507112]; D. D. Dietrich, P. Hoyer, M. Jarvinen and S. Peigne, JHEP 0703 (2007) 105 [arXiv:hep-ph/0608075]. D. D. Dietrich and D. H. Rischke, Prog. Part. Nucl. Phys. 53 (2004) 305 [arXiv:nucl-th/0312044].

[8] P. Romatschke and R. Venugopalan, Phys. Rev. Lett. 96 (2006) 062302 [arXiv:hep-ph/0510121]; Phys. Rev. D 74 (2006) 045011 [arXiv:hep-ph/0605045]. K. Fukushima, F. Gelis and L. McLerran, Nucl. Phys. A 786 (2007) 107 [arXiv:hep-ph/0610416]; H. Fujii and K. Itakura, Nucl. Phys. A 809 (2008) 88 [arXiv:0803.0410 [hepph]]; A. Iwazaki, arXiv:0803.0188 [hep-ph]; Prog. Theor. Phys. Suppl. 174 (2008) 242; H. Fujii, K. Itakura and

A. Iwazaki, arXiv:0903.2930 [hep-ph].

[9] M. R. Brown and M. J. Duff, Phys. Rev. D 11 (1975) 2124; M. J. Duff and M. Ramon-Medrano, Phys. Rev. D 12 (1975) 3357; I. A. Batalin, S. G. Matinyan and G. K. Savvidy, Sov. J. Nucl. Phys. 26 (1977) 214 [Yad. Fiz. 26 (1977) 407]; G. K. Savvidy, Phys. Lett. B 71 (1977) 133; S. G. Matinyan and G. K. Savvidy, Nucl. Phys. B 134 (1978) 539; G. C. Nayak and P. van Nieuwenhuizen, Phys. Rev. D 71 (2005) 125001 [arXiv:hep-ph/0504070]; G. C. Nayak, Phys. Rev. D 72 (2005) 125010 [arXiv:hep-ph/0510052]; F. Cooper and G. C. Nayak, Phys. Rev. D 73 (2006) 065005 [arXiv:hep-ph/0511053]; F. Cooper, J. F. Dawson and B. Mihaila, Phys. Rev. D 78 (2008) 117901 [arXiv:0811.3905 [hep-ph]].

[10] T. T. Wu and C. N. Yang, Phys. Rev. D 12 (1975) 3843. [11] S. Deser and F. Wilczek, Phys. Lett. B 65 (1976) 391;

R. Roskies, Phys. Rev. D 15 (1977) 1731; M. Calvo, Phys. Rev. D 15 (1977) 1733; S. R. Coleman, Phys. Lett. B 70 (1977) 59.

[12] See also, M. B. Halpern, Nucl. Phys. B 139 (1978) 477; D. Z. Freedman and R. R. Khuri, Phys. Lett. B 329 (1994) 263 [arXiv:hep-th/9403031]; D. D. Dietrich, arXiv:0704.1828 [hep-th]; arXiv:0804.0904 [hep-th].

[13] D. D. Dietrich, arXiv:0903:2293.

[14] R. Roskies, Phys. Rev. D 15 (1977) 1722; J. Anandan and R. Roskies, Phys. Rev. D 18 (1978) 1152; J. Math. Phys. 19 (1978) 2614; G. C. Nayak and R. Shrock, Phys. Rev. D 77 (2008) 045008 [arXiv:0711.2759 [hep-th]].

[15] S. K. Blau, M. Visser and A. Wipf, Int. J. Mod. Phys. A 6 (1991) 5409.

[16] M. J. Strassler, Nucl. Phys. B 385 (1992) 145 [arXiv:hep-ph/9205205]; C. Schubert, Phys. Rept. 355 (2001) 73 [arXiv:hep-th/0101036]; H. Gies and K. Klingmuller, Phys. Rev. D 72 (2005) 065001 [arXiv:hep-ph/0505099]; G. V. Dunne and C. Schubert, Phys. Rev. D 72 (2005) 105004 [arXiv:hep-th/0507174]; G. V. Dunne, Q. h. Wang, H. Gies and C. Schubert, Phys. Rev. D 73 (2006) 065028 [arXiv:hep-th/0602176]; D. D. Dietrich and G. V. Dunne, J. Phys. A 40 (2007) F825 [arXiv:0706.4006 [hep-th]]; G. V. Dunne, J. Phys. A 41 (2008) 164041; J. M. Pawlowski, M. G. Schmidt and J. H. Zhang, arXiv:0812.0008 [hep-th].