arXiv:0904.0829v3 [hep-th] 28 Sep 2009

Preprint typeset in JHEP style - HYPER VERSION JHEP09(2009)112 arXiv:0904.0829

Cosmology of the Lifshitz universe

Gianluca Calcagni

Institute for Gravitation and the Cosmos, Department of Physics, The Pennsylvania State University, 104 Davey Lab, University Park, Pennsylvania 16802, U.S.A. E-mail: gianluca@gravity.psu.edu

Abstract: We study the ultraviolet complete non-relativistic theory recently proposed by Hořava. After introducing a Lifshitz scalar for a general background, we analyze the cosmology of the model in Lorentzian and Euclidean signature. Vacuum solutions are found and it is argued the existence of non-singular bouncing profiles. We find a general qualitative agreement with both the picture of Causal Dynamical Triangulations and Quantum Einstein Gravity. However, inflation driven by a Lifshitz scalar field on a classical background might not produce a scale-invariant spectrum when the principle of detailed balance is assumed.

Keywords: Cosmology of Theories beyond the SM, Models of Quantum Gravity.

Contents

1. Motivation 1

2. Action 4 2.1 Gravity 5 2.2 Scalar matter 7 2.3 Equations of motion 9

3. Cosmology 10 3.1 Lorentzian cosmology 10 3.2 Riemannian vacuum solutions and λ < 1/3 12 3.3 Inflationary perturbations 13

4. Discussion 14

1. Motivation

String theory [1, 2], loop quantum gravity [3, 4, 5] and spin-foams [6] are among the most popular candidates for a theory of quantum gravity. Other independent approaches are asymptotically safe Quantum Einstein Gravity (QEG) [7]–[29] (reviewed in [28, 30, 31]) and Causal Dynamical Triangulations (CDT), a Lorentzian path-integral formulation of quantum gravity where the integral is performed over piecewise flat 4-geometries [32]–[43] (for a review consult [44]). In conformity with the spirit of general relativy and quantum field theory, all these frameworks make the assumption that local Lorentz symmetry is exact at all scales. At sufficiently large scales, Lorentz invariance has been verified experimentally to a high degree of accuracy. However, at high energies Lorentz violation may occur without contradicting any observational constraint [45, 46]. Some gravitational models are Lorentz invariant and implement a symmetry-breaking mechanism. Another legitimate possibility is that Lorentz invariance is not a fundamental property of Nature but an accidental symmetry of a low-energy theory [47, 48].

The latter perspective was instrumental for a recent proposal by Hořava, who constructed an ultraviolet (UV) complete theory of membranes [49] and gravity [50]. The problem was to find a (D + 1)-dmensional quantum theory whose ground-state wavefunction reproduces the partition function of a given D-dimensional Euclidean

– 1 –

(or, for curved backgrounds, Riemannian) theory. A physical example, mutuated from the theory of critical systems, which obeys this property is the Lifshitz scalar field [51]–[55],

S_{Lifshitz} = 1 2 ∫ dtd^Dx [ ϕ̇^2 − 1 4 (Δϕ)^2 ] , (1.1)

where a dot denotes a derivative with respect to time t and Δ = ∂_i∂^i is the spatial Laplacian. The associated D-dimensional action can be shown to be

W_{Lifshitz} = 1 2 ∫ d^Dx ∂_iϕ∂^iϕ . Equation (1.1) defines an anisotropic scaling between time and space, characterized by the dynamical critical exponent (or anisotropic scaling exponent) z [54]. In general anisotropic systems, coordinates scale as

t → b^zt , x → bx , (1.2)

for constant b, so that time and space have dimensions (in momentum units) [t] = −z and [x^i] = −1; in this case, z = 2. The two-point correlation function of the scalar field depends on the conformal dimension [ϕ] = (D − z)/2, so that the critical exponent will determine the dimension D at which the field propagator becomes logarithmic; when D = z, the system is said to be at (quantum) criticality. Reversing the logic, given a dimensionality D the value of z will characterize the critical behaviour of correlation functions near a phase transition. The meeting point of phase boundaries in multicritical phenomena is called multicritical point. For systems, such as certain metamagnets, liquid crystals and Ising models, displaying three phases (one disordered, one homogeneous, and one spatially uniform) the tricritical point is called Lifshitz point [54, 55, 56].

These models can be studied with renormalization group (RG) techniques [54, 57, 58, 59, 60]. The Lifshitz scalar theory eq. (1.1) defines two Gaussian fixed points, one at z = 2 where the system is invariant under the anisotropic scaling (1.2) and one at z = 1 where the operator (Δϕ)^2 becomes irrelevant and local Lorentz invariance can be restored. Renormalizable theories with higher spatial derivatives were studied in [61, 62, 63] for scalars and fermions and in [64, 65] for gauge theories (see also [66] for a Lorentz-violating extension of the Standard Model).

The above construction was carried out in [49] for gravity at z = 2 in D + 1 dimension, with particular attention to the (2 + 1)-dimensional membrane theory at quantum criticality.^1 Later the same author proposed other gravitational theories

1The main interest in this model lays in the fact that the ground state of a single membrane with a given compact topology reproduces, on one hand, the bosonic string partition function for the same worldsheet topology and, on the other hand, may pave the way for the construction of a many-membrane Fock space.

– 2 – with different dimensionality and value of the critical exponent: z = 3 or 4 in 3 + 1 dimensions, z = 4 in 4 + 1 dimensions, and the ultralocal case z = 0 [50].

The notion of dimension at short scales is one of the quantum properties of ‘geometry’ which may radically differ from the classical macroscopic picture. In these cases, spacetime is said to ‘emerge’ from ultraviolet physics. In some approaches to quantum gravity the dimensionality of spacetime is defined by standard tools of fractal geometry [67] and the ordinary topological dimension is recovered at large scales/low energy.

For example, the Hausdorff dimension has been employed in 2D Euclidean quantum gravity [68]–[72], 4D gravity [73] and CDT [39]. On the other hand, the spectral dimension^2 is particularly suitable for capturing the fractal behaviour of 2D Euclidean quantum gravity [71, 72, 75, 76, 77] (see also [78]–[81] for some formal studies on random geometrical objects), CDT [38, 39], asymptotically safe gravity [24], LQG and spin-foams [82].

Hořava’s theory with z = 3 shares a remarkable property with CDT, QEG and spin-foams. Namely, near the Planck scale gravity feels only two of the four spacetime dimensions or, more precisely, the spectral dimension of the universe at small scales is 2 [83].^3 This is true for any z = D critical theory, since in that case the propagator of the graviton or a scalar is logarithmic. This feature is of course no coincidence and it shows how a short-scale two-dimensional behaviour of Nature be essential in most UV finite models of gravity (in string theory this is true by construction).

Here we wish to draw further comparison, focussing on vacuum cosmology, between the z = 3 critical theory on one hand and CDT and QEG on the other. In CDT, at large-enough scales the Euclidean universe can be described by a de Sitter geometry perturbed by semi-classical fluctuations [41, 42, 43]. The characteristic size of the universe is roughly between ℓ_{Pl} and O(10)ℓ_{Pl}, indicating that a semi-classical minisuperspace approximation, based on an FRW metric with positive spatial curvature, may be a fair description of the very early universe. However, near Planck energy geometry deviates from a smooth one, thus displaying fractal behaviour. The cosmology of QEG is again asymptotically de Sitter and it has a big bang singularity, perhaps as a consequence of the Einstein–Hilbert truncation [10, 23, 26]. In both cases, a semi-classical description of the universe breaks down near the big bang and a transition to a full quantum regime takes place. On the other hand, Hořava’s proposal of trading exact Lorentz invariance for anisotropic scaling seems capable of

2Introductions on the subject can be found in [71, 72, 74].

3Based on scaling properties of the area operator, it was shown that the spectral dimension of spacetime in LQG is 2.5 at Planck scale and 3 in the deep UV [82] (it is 3 also for κ-Minkowski [84]). The spectral dimension of the spatial section of LQG has been calculated in the kinematical Hilbert space of the theory, and it is not strictly related to the dimension of physical spacetime. Therefore the discrepancy at small scales between this result and those of CDT, QEG, spin-foams and the anisotropic theory may be a kinematical effect [85].

– 3 – describing some of the fractal properties of the deep quantum region even within a classical formalism. Clearly all these models should agree qualitatively, as they are all based on the classical Einstein–Hilbert action or its modifications. When matter is taken into account, however, viable inflation in a classical Lifshitz universe is difficult to achieve and a full RG analysis might be required.

To summarize, the aims and results of the present work are:

• To introduce scalar matter in Hořava’s z = 3 theory, thus extending the original proposal for pure gravity. We assume detailed balance, which is not an indispensable ingredient of the theory but it makes its quantum properties simpler to analyze. Therefore we start from a three-dimensional action with non-local pseudo-differential operators. Under a ‘separate’ detailed balance condition, one obtains a minimally coupled four-dimensional z = 3 Lifshitz scalar action.

• Study the cosmology of the model, with and without matter. We find vacuum solutions and argue that bouncing solutions exist and avoid the big bang singularity.

• Solutions with Euclidean signature are asymptotically de Sitter and in qualitative agreement with the CDT scenario. The correspondence with CDT, already noticed in [50], is supported now at the level of mini-superspace.

• On the other hand, inhomogeneous scalar perturbations against a classical background, generated by quantum fluctuations of an inflationary Lifshitz field, are unable to yield a scale-invariant spectrum. Abandoning the detailed balance condition one can obtain scale invariance. This result is not obvious in the vacuum theory and suggests to modify the original formulation.

The paper is organized as follows. The gravitational sector is reviewed in section 2.1 and Lifshitz matter is introduced in section 2.2. Section 3 is devoted to the cosmological properties of the model: vacuum solutions of universes with Lorentzian and Euclidean signature are described in sections 3.1 and 3.2. Cosmological perturbations and the inflationary spectrum are discussed in section 3.3.

2. Action

Let M = R × Σ be a time-space manifold with signature (−, +, +, +) embedding a torsion-free three-dimensional space Σ with dimensionless metric g_{ij}, where Latin indices run from 1 to 3. On Σ we define the space-covariant derivative on a covector v_i as ∇_iv_j ≡ ∂_iv_j − Γ^l_{ij}v_l, where Γ^l_{ij} ≡ g^{lm} [ ∂_{(i}g_{j)m} −^1_2 ∂_mg_{ij} ] is the spatial Christoffel symbol. The curvature invariants (under spatial diffeomorphisms) quadratic in spatial derivatives of the metric are the Riemann tensor R^l_{imj} ≡ ∂_mΓ^l_{ij} − ∂_j Γ^l_{im} + Γ^n_{ij}Γ^l_{mn} − Γ^n_{im}Γ^l_{jn}, the Ricci tensor R_{ij} ≡ R^l_{ilj} and the Ricci scalar R ≡ R_{ij} g^{ij}.

– 4 –

2.1 Gravity Given these definitions, the Hořava 3 + 1 action with z = 3 is [50]

S_g = ∫ M dtd^3x √ g N(L_K − L_V ) , (2.1)

where g is the determinant of the 3-metric and N = N(t) is a dimensionless homogeneous gauge field. The kinetic term is

L_K = 2 κ^2

O_K = 2 κ^2 ( K_{ij} K^{ij} − λK^2 ) , (2.2)

where κ^2 and λ are coupling constants with dimension [κ^2] = z −3 and [λ] = 0 (hence both dimensionless at the z = 3 Lifshitz point), K_{ij} = K_{ij}(t, x) is K_{ij} = 1 N [ 1 2 ġ_{ij} − ∇_{(i}N_{j)} ] , (2.3)

and K ≡ K^i_i . Here N_i = N_i(t, x) is a gauge field with scaling dimension [N_i] = z − 1 and round brackets denote symmetrized indices, X_{(ij)} = (X_{ij} + X_{ji}) /2. Eq. (2.2), once generalized to arbitrary dimension D, is the most general kinetic term invariant under foliated diffeomorphisms [49, 50].

The ‘potential’ term L_V of the (D + 1)-dimensional theory is determined by the principle of detailed balance [54], requiring L_V to follow, in a precise way, from the gradient flow generated by a D-dimensional action W_g. This principle was applied to gravity [49, 50], with the result that the number of possible terms in L_V are drastically reduced with respect to the broad choice available in an effective field theory. Below we shall illustrate how it works in the scalar sector. For pure gravity, the most general covariant Riemannian action in three dimensions with z = 3 anisotropy and all possible relevant operators is [50]

W_g = 1 ν^2 ∫ ω_3(Γ) + μ ∫ d^3x √ g (R − 2Λ_W ) , (2.4)

where ω_3 is the Chern–Simons form and ν, μ and Λ_W are real constants with dimension [ν] = 0, [μ] = 1 and [Λ_W ] = 2, respectively. The associated spacetime ‘potential’ is L_V = 6∑ A=2 (−1)^Aα_AO_A

= α_6C_{ij}C^{ij} − α_5ϵ^{ij}_lR_{im}∇_jR^{ml} + α_4 [ R_{ij} R^{ij} − 4λ − 1 4(3λ − 1)

R^2 ]

+α_2(R − 3Λ_W ) , (2.5)

where A = [O_A] is the number of spatial derivatives of the metric and C^{ij} ≡ ϵ^{ilm}∇_l ( R^j_m − 1 4 δ^j_mR ) (2.6)

– 5 – is the Cotton tensor [50] and ϵ^{ilm} is the Levi–Civita symbol. Up to a total derivative (which we discard for simplicity together with any other boundary term) and making use of the twice-contracted Bianchi identity, the 6th-order operator can be written as O_6 = 1 8 RΔR − R_{jl}ΔR^{jl} + R_{jl}∇_i∇^jR^{il} , (2.7) where Δ ≡ ∇_i∇^i. The coupling constants are

α_6 = κ^2 2ν^4

, α_5 = κ^2μ 2ν^2

, (2.8a)

α_4 = κ^2μ^2 8 , α_2 = α_4Λ_W 3λ − 1 , (2.8b)

and have dimension [α_A] = z + 3 − A.

The action (2.1) contains higher-order spatial derivatives of the metric but is second-order in time derivatives; hence there are no ghosts, if λ is chosen to yield the correct sign in front of the kinetic term (this is the case for λ > 1/3). Also, it is invariant under foliated diffeomorphisms, i.e., diffeomorphisms preserving the codimension-one foliation of M [86] with leaves Σ. Foliated diffeomorphisms consist in time-dependent time reparametrizations and spacetime-dependent spatial diffeomorphisms; hence, they are generated by the infinitesimal transformations

t → t + f(t) , x^i → x^i + ζ^i(t, x) . (2.9)

In second-order Hamiltonian framework, to each of the six gauge symmetries there corresponds a first-class constraint involving the nine canonical variables N^i and K_{ij} and their conjugate momenta; the total number of degrees of freedom is therefore three, one more than in general relativity and given by the trace of graviton modes [49]. When λ = 1/3 the system acquires another gauge symmetry, i.e., invariance under local conformal transformations of the metric [50], by virtue of which the extra degree of freedom is gauged away. This happens also when λ = 1, where the infrared (IR) theory is invariant under full spacetime diffeomorphisms. In that case there is an extra diffeomorphism symmetry and the gauge fields N, N^i and g_{ij} are interpreted, respectively, as the ADM lapse, shift and spatial components of the four-dimensional Lorentzian metric g_{μν} . In particular, eq. (2.3) is the ADM extrinsic curvature [87].

Near the Lifshitz point z = 3, the operator O_6 and the kinetic term are marginal, while the other operators are relevant. These induce a flow from the ultraviolet fixed point at z = 3 to the infrared fixed point at z = 1, where the only relevant operators are the kinetic term and O_2 (then O_4 becomes marginal and the other operators irrelevant): S_g ∼ 2 κ^2 ∫ dtd^3x √ g N [ K_{ij}K^{ij} − λK^2 + c^2(R − 3Λ_W ) + ( κ^2μ 4 )_2 O_4 ] , (2.10)

– 6 – where c ≡ √ − κ^2α_2 2 = κ^2μ 4 √ Λ_W 1 − 3λ . (2.11)

After rescaling t → t/c (i.e., defining x^0 = ct as the new time variable), N_i → cN_i and defining the effective cosmological constant Λ = 3Λ_W /2 and the effective Newton’s constant G ≡ κ^2 32πc , (2.12)

eq. (2.10) reads, up to the O_4 term, S_g ∼ 1 16πG ∫ d^4x √ g N ( K_{ij} K^{ij} − λK^2 + R − 2Λ ) , (2.13)

which coincides with the Einstein–Hilbert action with cosmological constant in the limit λ → 1. Remarkably [50], the gravitational constant G, speed of light c and cosmological constant all stem from the couplings of operators relevant at the UV fixed point, and they have the correct scaling dimension in the infrared ([G] = −2, [c] = z − 1). Note, however, that in the relativistic limit the cosmological constant is negative definite in order for the resulting theory to be Lorentzian (c real). In particular, de Sitter and Minkowski are not vacuum solutions.

2.2 Scalar matter At this point we would like to add a matter sector with the following properties: It must (i) respect foliated diffeomorphism invariance, (ii) obey the principle of detailed balance and (iii) be nontrivial at the z = 3 critical point and Lorentz invariant in the infrared. All these are defining properties of the theory, although any or all of them might be relaxed in effective or general UV-finite models (e.g., see [63]). Below we shall slightly relax (ii), although the requirements (i) and (iii) will be strictly enforced.

Here we consider a ‘Lifshitz’ scalar for z = 3 anisotropic scaling. The aim is to find a three-dimensional covariant Riemannian action W_ϕ such that it exhibits z = 3 anisotropic scaling and the spacetime four-dimensional action of the scalar field be

S_ϕ = 1 2 ∫ dtd^3x √ gN [ 3λ − 1 2 Φ̇2 N^2 − ( δW_ϕ δϕ )_2] , (2.14)

where Φ̇ ≡ ϕ̇− N^i∂_iϕ. The λ-dependent factor in front of the kinetic term is for later convenience.

Here we are making an assumption we should immediately stress. Proper implementation of the detailed balance principle would require to define a ‘metric of fields’ G incorporating both the generalized DeWitt metric of metrics G [49, 50] and the scalar-field component. Let us choose a diagonal metric and matrix field G = ( G/g 0 0 1/g ) , q = ( g_{ij} 0 0 ϕ ) .

– 7 –

The potential term of the total (3 + 1)-dimensional action S = S_g + S_ϕ should be defined, symbolically, as tr ( δW δq G δW δq ) , (2.15)

where W = W_g + W_ϕ. However, even choosing a W_ϕ with minimal coupling the scalar field in S would be non-minimally coupled through δW/δg_{ij} contributions. To avoid this complication, we content ourselves with the much milder ‘separate’ detailed balance encoded in eq. (2.14), corresponding to the replacement δW δq = (_{δW} δg_{ij} 0 0^{δW}_{δϕ} ) → (_{δWg} δg_{ij} 0 0^{δWϕ}_{δϕ} ) . (2.16)

To a certain degree, this will affect the inheritance of quantum properties of the theory S from the lower-dimensional theory W but the above operation guarantees a simpler spacetime action which will suffice for our purposes.

The Riemannian action W_ϕ does not feature ordinary operators because of the requirement of z = 3 anisotropy. The only UV marginal operator in W_ϕ whose variation and square gives the 6th-order operator ϕΔ^3ϕ is ϕΔ^{3/2}ϕ, where Δ^{3/2} is a pseudo-differential operator [88, 89]. Our ansatz for W_ϕ is

W_ϕ = 1 2 ∫ d^3x √ g [ −σ_3ϕΔ^{3/2}ϕ − σ_2ϕΔϕ + mϕ^2 ] , (2.17)

where the coupling constants (all assumed to be positive) have scaling dimension [σ_i] = z − i and [m] = z. One could also allow for a more general potential U(ϕ) but it would proliferate the number of operators in the spacetime action. Therefore we shall keep only the mass term, which is necessary to restore Lorentz invariance in the IR limit.

Pseudo-differential operators of the type Δ^α and □^α for arbitrary α, of which fractional derivatives are a subset, have been receiving much attention and there exists a fairly wide dedicated literature [90]–[102] (and references therein). Lorentzinvariant non-local theories with fractional differential operators lead to qualitatively different conceptual frameworks with respect to standard classical and quantum field theory. For instance, Huygens’ principle is violated (obeyed) in even (respectively, odd) spacetime dimensions [91, 93, 94]. Nevertheless, definitions of these operators, formal solutions of nonlocal equations, quantization and causality are all wellestablished [94, 97], also in Euclidean theories [93, 94, 100].

Taking the functional derivative of eq. (2.17) with respect to ϕ, we get^4 1 √ g δW_ϕ δϕ = −σ_3Δ^{3/2}ϕ − σ_2Δϕ + mϕ . (2.18)

4Integration by parts of fractional pseudo-differential operators F (Δ) or F (□) may be intuitively understood as follows. One assumes that F admits a series representation of the form F (□) = ∑ n a_n□^n, where n ∈ N and a_n are the Taylor coefficients of F . From this definition, most of the properties of F (including chain rule and integration by parts) naturally reproduce those of ordinary

– 8 –

Then,

S_ϕ = 1 2 ∫ dtd^3x √ gN [ 3λ − 1 2 Φ̇2 N^2 − 6∑ A=2 β_AP_A − m^2ϕ^2 ] , (2.19)

where P_A = ϕΔ^{A/2}ϕ , (2.20) [P_A] = 3 + A − z and

β_6 = σ^2_3 , β_5 = 2σ_3σ_2 , β_4 = σ^2 , (2.21) β_3 = −2σ_3m , β_2 = −2σ_2m . (2.22)

At the UV fixed point matter behaves as a z = 3 Lifshitz scalar, S_ϕ ∼ 1 2 ∫ dtd^3x √ gN [ 3λ − 1 2 Φ̇2 N^2

− β_6ϕΔ^3ϕ ] . (2.23)

Relevant deformations then push the system towards the IR fixed point, where Lorentz invariance is restored: S_ϕ ∼ 1 2 ∫ dtd^3x √ gN [ 3λ − 1 2 Φ̇2 N^2 − |β_2|∂_iϕ∂^iϕ − m^2ϕ^2 ] . (2.24)

The operators in the total action S = S_g + S_ϕ are summarized in table 1.

2.3 Equations of motion Variation of the total action with respect to N yields 2 κ^2 ( λK^2 − K_{ij} K^{ij} ) − L_V = ρ , (2.25)

where ρ ≡ − 1 √ g δS_ϕ δN = 1 2 [ 3λ − 1 2 Φ̇2 N^2 + ( δW_ϕ δϕ )_2]

, [ρ] = z + 3 . (2.26)

The equation of motion of the scalar field δS/δϕ = 0 is, in the N^i = 0 gauge, 3λ − 1 2 1 N √ g ∂_t (√ gϕ̇ N ) + ∑ A β_AΔ^{A/2}ϕ + m^2ϕ = 0 . (2.27)

differential operators. Unfortunately, in most of the cases the series representation is only a formal tool, because either it does not converge on the chosen Hilbert space or it is not even well-defined to begin with. In the former case one can count the exponential operator e^□, which plays an important role in string field theory. There, the coefficients a_n = 1/n! are well-defined, but when one applies the operator to a test function the series will not converge generally; so one must resort to a different representation (for example the one in terms of the heat kernel [103]–[108]). On the other hand, the latter case is epitomized by the square root of the Beltrami–Laplace operator. One can define the operator √ □ + ε as a binomial series, perform any operation formally, and finally take the limit ε → 0 after resumming [92]. This problem is bypassed by taking a suitable integral representation [94, 97], which coincides with the naive one at formal level.

– 9 –

O [O] z = 3 (UV fixed point) z = 2 z = 1 (IR fixed point) O_K 2z marginal relevant relevant O_6 6 marginal irrelevant irrelevant O_5 5 relevant marginal irrelevant O_4 4 relevant relevant marginal O_2 2 relevant relevant relevant Φ̇2 3 + z marginal marginal marginal P_6 9 − z marginal irrelevant irrelevant P_5 8 − z relevant irrelevant irrelevant P_4 7 − z relevant marginal irrelevant P_3 6 − z relevant relevant irrelevant P_2 5 − z relevant relevant marginal ϕ^2 3 − z relevant relevant relevant Table 1: Summary of the operators O in the four-dimensional action and their properties under renormalization group flow from z = 3 (UV) to z = 1 (IR).

3. Cosmology

We now specialize to a Friedmann–Robertson–Walker (FRW) background. In synchronous time t, the cosmological ADM metric has N = 1, N_i = 0 and g_{ij} = a(t)^2g̃_{ij}, where a(t) is the scale factor and g̃_{ij}dx^idx^j = dr^2 1 − k r^2

+ r^2(dθ^2 + sin^2 θdφ^2) (3.1)

is the line element of the maximally symmetric three-dimensional space Σ̃ of constant sectional curvature k (equal to −1 for an open universe, 0 for a flat universe and +1 for a closed universe with radius a). On this background, K_{ij} = H N g_{ij} , R_{ij} = 2k a^2 g_{ij} , C_{ij} = 0 , (3.2)

where H ≡ ȧ/a is the Hubble parameter and we have exploited the symmetries of Σ̃ [109]. The minisuperspace action reads

S_{FRW} = ∫ dtd^3x a^3N [ 3(1 − 3λ) 16πGc H^2 N^2 − α_4 1 − 3λ ( k a^2

)_2 − 6α_2 ( k a^2 − Λ 3 )]

+ 1 2 ∫ dtd^3x a^3N [ 3λ − 1 2 ϕ̇2 N^2

− m^2ϕ^2 ] . (3.3)

3.1 Lorentzian cosmology The case λ > 1/3 corresponds to a negative cosmological constant. The first Friedmann equation (2.25) is

H^2 = 8πG̃c 3 ρ − B^2 a^4 − c^2k̃ a^2 − c^2|Λ̃| 3 , (3.4)

– 10 – where tilded quantities are

k̃ = 2k 3λ − 1 , Λ̃ =

3Λ_W 3λ − 1 , G̃ = 2G 3λ − 1 , (3.5) and B = κ^2μk̃ 8 . (3.6)

The contribution −a^{−4} is reminiscent of the dark radiation term in braneworld cosmology [110] and, notably, the effective early-time energy density of the cosmological condensate of [111, 112] in the strong coupling limit.

The Klein–Gordon equation (2.27) is

ϕ̈ + 3Hϕ̇ + 2m^2 3λ − 1 ϕ = 0. (3.7)

The second Friedmann equation is obtained by varying the total minisuperspace action with respect to a or by deriving eq. (3.4) and plugging the Klein–Gordon equation in: ä a = − 4πG̃c 3 (ρ + 3p) +

B^2 a^4 − c^2|Λ̃| 3 , (3.8)

where p = L_ϕ is the scalar field pressure.

In vacuum (ρ = 0 = p) the first Friedmann equation is well-defined only if the universe is open (k̃ < 0; k̃ = −1 in what follows). The only vacuum solution is a static (a = 1) anti-de Sitter universe with |Λ̃| = 3(1 − B^2/c^2).

In the presence of matter, at the critical time t_∗, a = a_∗, H_∗ = 0 and the universe undergoes a bounce. This happens when

ρ = ρ_∗ = c|Λ| 8πG + 3ck 8πGa^2_∗ ( 1 + B^2 a^2_∗c^2k̃ ) . (3.9)

The critical energy density ρ_∗ is determined by the couplings of the theory, and increases for an open, flat (k̃ = 0) and closed (k̃ > 0) universe. In a quasi-de Sitter regime (slow rolling, |ϕ̇| ≪ |mϕ|), this becomes a lower bound on the field expectation value ϕ. For instance, for a flat universe and a quadratic potential

ϕ_∗ = ± √ c|Λ| 4πGm^2 . (3.10)

From an inspection of the equations of motion (3.4) and (3.8), one can see that not all matter contents will admit a bounce or even a global solution (for instance, in the presence of radiation only). It would be interesting to find explicit solutions realizing bouncing scenarios, where the big bang singularity is avoided.

– 11 –

3.2 Riemannian vacuum solutions and λ < 1/3

It is worth mentioning that the Wick-rotated theory admits cosmological vacuum solutions. The Friedmann equations are (tilde’s omitted)

H^2 = 8πGc 3 ρ_E +

B^2 a^4 + c^2k a^2 + c^2|Λ| 3 , (3.11) ä a = − 4πGc 3 (ρ_E + 3p_E) −

B^2 a^4 + c^2|Λ| 3 , (3.12)

where a subscript E denotes Euclidean matter. Ignoring the latter, the general solution is

a(t)_± = 1 2 √ |Λ| √ 1 c^2 e^{±2} √_{|Λ|} 3 ct + 3(3c2k2 − 4B2|Λ|)e∓2 √_{|Λ|} 3 ct − 6k . (3.13)

The flat case is the de Sitter solution. From eq. (3.11), H = 0 when the scale factor achieves the value

a^±_∗ = 3 [ −k ± √ k^2 − 4|Λ|B^2/(3c^2) ] 2|Λ| . (3.14)

For an open universe, there is the possibility of a bounce. Let us take the solution a_+ with k = −1. A bounce does occur if 3c^2k^2 − 4B^2|Λ| > 0, the Hubble parameter always increasing (superacceleration); asymptotically the universe is de Sitter. If 3c^2k^2 − 4B^2|Λ| = 0, the universe evolves monotonically from Euclidean vacuum a ∼ √ 3/(2|Λ|) to de Sitter. If 3c^2k^2 − 4B^2|Λ| < 0, the universe evolves monotonically from a singularity to de Sitter, passing from a phase of normal expansion to acceleration to superacceleration. Notice that detailed balance realizes the second case, but the others are possible if one relaxes the conditions imposed on the coupling constants.

A closed universe, too, is asymptotically de Sitter, but it has a big bang singularity. This is in agreement with the CDT and QEG approaches.

Finally, we observe that the λ < 1/3 case in Lorentzian signature (positive Λ) mimics Euclidean cosmology, as the kinetic terms change sign. Then, up to the B term and a minus sign, eq. (3.3) in the absence of matter is the minisuperspace FRW action S_E in Euclidean signature. This is the same effective action found in CDT at large scales [39, 41]:

S_{CDT} = −S_E ∼ S_{FRW}(λ < 1/3) .

When one inserts the scalar field in the λ < 1/3 action,

S_{FRW} ( λ < 1 3 ) ∼ − [ S_E + 1 2 ∫ dtd^3x a^3 ( 1 − 3λ 2 ϕ̇^2 + m^2ϕ^2 )] . (3.15)

– 12 –

3.3 Inflationary perturbations As long as λ > 1/3, at large scales the cosmology of section 3.1 is the same as that of general relativity for any value of λ. The symmetry reduction to an FRW background drops the operators O_6 and O_5 which are, respectively, marginal and relevant at the UV fixed point. This occurs because the FRW background is insensitive of the anisotropic scaling. It is therefore natural to probe the physics of the ‘Lifshitz universe’ at early times, when inhomogeneous perturbations are produced by quantum fluctuations of the inflaton field ϕ.

To have a qualitative picture and obtain the greatest deviation from the standard scenario, we shall concentrate on the UV marginal operators. We implicitly set λ = 1, in which case the gravitational sector exhibits only two degrees of freedom, i.e., the two polarization modes of the graviton represented by the transverse-traceless tensor h_{ij} [49, 50]. The action, quadratic in tensor perturbations, was calculated in [49, 50] for a Minkowski background. For a flat FRW background in conformal time τ (N = a) it is easy to show that

δ^{(2)}S_g = − 1 2κ^2 ∫ dτd^3x a^2 [ h^{ij} h^{′′}_{ij} − ( κ^2 2ν^2

)_2

a^2h_{ij} Δ^3h^{ij} ] , (3.16)

where primes are conformal derivatives. Denoting as h_k the Fourier mode with wavenumber k of one polarization and after a standard variable redefinition v_k = ah_k, the equation of motion of tensor perturbations in momentum space (Δ → −k^2/a^2) is v^{′′}_k + [( κ^2 2ν^2

)_2

k^6 a^4 − a^{′′} a ] v_k = 0 . (3.17)

Similarly, the perturbed Klein–Gordon equation for a test scalar field u_k = aδϕ_k is u^{′′}_k + [ −σ^2_3 k^6 a^4 − a^{′′} a + m^2 ] u_k = 0 . (3.18)

Here we have neglected the backreaction of the metric, which would modify only the effective mass term. Notice that the 6th-order term in eq. (3.18) is quadratic in the three-dimensional coupling σ_3, whose sign therefore is unimportant.

The fields in eqs. (3.17) and (3.18) obey a particular case of the generalized Corley–Jacobson dispersion relation [113]. This has been the subject of intensive study in the context of trans-Planckian cosmology and the ensuing spectra are well known [113]–[118]. Let w^{′′}_k + [ k^2 ± (Ck)^2 ( k^2 a^2 )_{z−1} − a^{′′} a ] w_k = 0 (3.19)

be the equation of motion of a gauge-invariant perturbation w_k (a scalar or tensor mode) with effective squared mass m^2_{eff} ∼ a^{′′}/a. Here C > 0, z > 1 and we have

– 13 – included also the contribution of the relevant operator wΔw. For a power-law scale factor a = |τ|^p, the above equation can be solved exactly. For the + sign choice or when C = 0, the cosmological spectrum (two-point correlation function) is scale invariant in a quasi-de Sitter regime (p ≲ −1):

k^3P_w = k^3 |w_k|^2 a^2

= k^{2(1+p)} , n_w ≡ d ln(k^3P_w) d ln k = 2(1 + p) , (3.20)

where we introduced the spectral index n_w ≪ 1. In particular, the tensor spectrum is scale invariant. For the − sign choice, however, the spectrum is [113, 114]

k^3P_w = k^{2(1+p)}e^{Akz} cos^2 [ 2π|p| − π 4 − C^{1p(z−1)} k^{1+ 1p} ] , (3.21)

where A ≫ 1 for wavenumbers k ∼ 2π. Let us ignore the oscillatory contribution. The exponential factor heavily breaks scale invariance, the evolution of the perturbations is essentially non-adiabatic, and eq. (3.21) is in significant conflict with observations. If anisotropic scaling correctly defines the UV behaviour of nature, this result indicates that either a description of inflationary physics with a classical metric may be inadequate, or that the proposed scalar sector should be revised in one or more of its components. As an example, if one changed sign of the potential term in eq. (2.14) (while keeping β_2 > 0 in order to recover the correct IR limit), also large-wavelength scalar perturbations would be scale invariant.

4. Discussion

With respect to other theories defined on the same manifold, models satisfying the principle of detailed balance generally have simpler renormalization properties, the reason being that they are partly determined by the lower-dimensional theory with action W (see [119, 120, 121] for examples). It will be interesting to study the renormalization group flow of the theory considered in [50, 83] and herein, in order to clarify its UV behaviour and make a more precise comparison with other candidates of quantum gravity. This should also clarify the consequences of the ‘separate detailed balance’ assumption made in section 2, eqs. (2.15) and (2.16).

Hořava theory of gravity is a concrete theoretical framework within which to embed trans-Planckian phenomenological models of inflation. As the scalar spectrum is scale dependent and observationally unviable, one might question the assumption that inflation admits a perturbative semi-classical formulation as in standard general relativity. A study of the early universe in the full quantum theory could clarify this issue. For instance, some traits of the quantum dynamics are captured once the running of the couplings is taken into account and the equations of motion are RG improved, like in the Planckian cosmology of asymptotically safe gravity [10, 23, 26]. However, the crux of the problem is the − sign in front of the dominant ultraviolet

– 14 – correction to the scalar dispersion relation, which gives rise to the exponential factor in eq. (3.21). This is a consequence of the ‘separate’ detailed balance principle and an intrinsic feature of the model we proposed. Therefore one should consider to relax, modify or abandon this condition, e.g. by allowing for non-minimal couplings through a ‘full’ detailed balance or considering an alternative definition of the scalar sector.

Note added. After the completion of our paper, we became aware of ref. [122], where tensor perturbations of Hořava’s theory on a de Sitter background are considered. Where the analyses overlap, they agree.

Acknowledgments

The author is supported by NSF Grant No. PHY0854743, the George A. and Margaret M. Downsbrough Endowment and the Eberly research funds of Penn State.

References

[1] J. Polchinski, String theory, Cambridge University Press, Cambridge U.K. (1998).

[2] B. Zwiebach, A first course in string theory, Cambridge University Press, Cambridge U.K. (2009).

[3] T. Thiemann, Modern canonical quantum general relativity, Cambridge University Press, Cambridge U.K. (2007); Introduction to modern canonical quantum general relativity, gr-qc/0110034.

[4] A. Ashtekar and J. Lewandowski, Background independent quantum gravity: a status report, Class. Quant. Grav. 21 (2004) R53 [gr-qc/0404018].

[5] C. Rovelli, Loop quantum gravity, Living Rev. Rel. 11 (2008) 5 [online article:

http://www.livingreviews.org/lrr-2008-5].

[6] A. Perez, Spin foam models for quantum gravity, Class. Quant. Grav. 20 (2003) R43 [gr-qc/0301113].

[7] M. Reuter, Nonperturbative evolution equation for quantum gravity, Phys. Rev. D 57 (1998) 971 [hep-th/9605030].

[8] D. Dou and R. Percacci, The running gravitational couplings, Class. Quant. Grav.

15 (1998) 3449 [hep-th/9707239].

[9] W. Souma, Non-trivial ultraviolet fixed point in quantum gravity, Prog. Theor. Phys.

102 (1999) 181 [hep-th/9907027].

[10] A. Bonanno and M. Reuter, Cosmology of the Planck era from a renormalization group for quantum gravity, Phys. Rev. D 65 (2002) 043508 [hep-th/0106133].

– 15 –

[11] O. Lauscher and M. Reuter, Ultraviolet fixed point and generalized flow equation of quantum gravity, Phys. Rev. D 65 (2002) 025013 [hep-th/0108040].

[12] O. Lauscher and M. Reuter, Is quantum Einstein gravity nonperturbatively renormalizable?, Class. Quant. Grav. 19 (2002) 483 [hep-th/0110021].

[13] M. Reuter and F. Saueressig, Renormalization group flow of quantum gravity in the Einstein-Hilbert truncation, Phys. Rev. D 65 (2002) 065016 [hep-th/0110054].

[14] O. Lauscher and M. Reuter, Towards nonperturbative renormalizability of quantum Einstein gravity, Int. J. Mod. Phys. A 17 (2002) 993 [hep-th/0112089].

[15] O. Lauscher and M. Reuter, Flow equation of quantum Einstein gravity in a higher-derivative truncation, Phys. Rev. D 66 (2002) 025026 [hep-th/0205062].

[16] R. Percacci and D. Perini, Constraints on matter from asymptotic safety, Phys. Rev.

D 67 (2003) 081503 [hep-th/0207033].

[17] R. Percacci and D. Perini, Asymptotic safety of gravity coupled to matter, Phys. Rev.

D 68 (2003) 044018 [hep-th/0304222].

[18] D. Perini, Gravity and matter with asymptotic safety, Nucl. Phys. Proc. Suppl. 127C (2004) 185 [hep-th/0305053].

[19] M. Reuter and F. Saueressig, Nonlocal quantum gravity and the size of the universe, Fortsch. Phys. 52 (2004) 650 [hep-th/0311056].

[20] D.F. Litim, Fixed points of quantum gravity, Phys. Rev. Lett. 92 (2004) 201301 [hep-th/0312114].

[21] R. Percacci and D. Perini, Should we expect a fixed point for Newtons constant?, Class. Quant. Grav. 21 (2004) 5035 [hep-th/0401071].

[22] A. Bonanno and M. Reuter, Proper time flow equation for gravity, JHEP 02 (2005) 035 [hep-th/0410191].

[23] M. Reuter and F. Saueressig, From big bang to asymptotic de Sitter: complete cosmologies in a quantum gravity framework, JCAP 09 (2005) 012 [hep-th/0507167].

[24] O. Lauscher and M. Reuter, Fractal spacetime structure in asymptotically safe gravity, JHEP 10 (2005) 050 [hep-th/0508202].

[25] P. Fischer and D.F. Litim, Fixed points of quantum gravity in extra dimensions, Phys. Lett. B 638 (2006) 497 [hep-th/0602203].

[26] A. Bonanno and M. Reuter, Entropy signature of the running cosmological constant, JCAP 08 (2007) 024 [arXiv:0706.0174].

[27] M. Reuter and H. Weyer, Background independence and asymptotic safety in conformally reduced gravity, Phys. Rev. D 79 (2009) 105005 [arXiv:0801.3287].

– 16 –

[28] A. Codello, R. Percacci and C. Rahmede, Investigating the ultraviolet properties of gravity with a Wilsonian renormalization group equation, Annals Phys. 324 (2009) 414 [arXiv:0805.2909].

[29] D. Benedetti, P.F. Machado and F. Saueressig, Taming perturbative divergences in asymptotically safe gravity, arXiv:0902.4630.

[30] M. Niedermaier and M. Reuter, The asymptotic safety scenario in quantum gravity, Living Rev. Rel. 9 (2006) 5 [online article: http://www.livingreviews.org/lrr-2006-5].

[31] M. Reuter and F. Saueressig, Functional renormalization group equations, asymptotic safety and quantum Einstein gravity, arXiv:0708.1317.

[32] J. Ambjørn and J. Jurkiewicz, Four-dimensional simplicial quantum gravity, Phys.

Lett. B 278 (1992) 42.

[33] M.E. Agishtein and A.A. Migdal, Critical behavior of dynamically triangulated quantum gravity in four-dimensions, Nucl. Phys. B 385 (1992) 395 [hep-lat/9204004].

[34] J. Ambjørn and R. Loll, Non-perturbative Lorentzian quantum gravity, causality and topology change, Nucl. Phys. B 536 (1998) 407 [hep-th/9805108].

[35] J. Ambjørn, J. Jurkiewicz and R. Loll, A non-perturbative Lorentzian path integral for gravity, Phys. Rev. Lett. 85 (2000) 924 [hep-th/0002050].

[36] J. Ambjørn, J. Jurkiewicz and R. Loll, Dynamically triangulating Lorentzian quantum gravity, Nucl. Phys. B 610 (2001) 347 [hep-th/0105267].

[37] J. Ambjørn, J. Jurkiewicz and R. Loll, Emergence of a 4D world from causal quantum gravity, Phys. Rev. Lett. 93 (2004) 131301 [hep-th/0404156].

[38] J. Ambjørn, J. Jurkiewicz and R. Loll, Spectral dimension of the universe, Phys.

Rev. Lett. 95 (2005) 171301 [hep-th/0505113].

[39] J. Ambjørn, J. Jurkiewicz and R. Loll, Reconstructing the universe, Phys. Rev. D 72 (2005) 064014 [hep-th/0505154].

[40] J. Ambjørn, J. Jurkiewicz and R. Loll, The universe from scratch, Contemp. Phys.

47 (2006) 103 [hep-th/0509010].

[41] J. Ambjørn, A. Görlich, J. Jurkiewicz and R. Loll, Planckian birth of the quantum de Sitter universe, Phys. Rev. Lett. 100 (2008) 091304 [arXiv:0712.2485].

[42] J. Ambjørn, J. Jurkiewicz and R. Loll, The self-organized de Sitter universe, Int. J.

Mod. Phys. D 17 (2009) 2515 [arXiv:0806.0397].

[43] J. Ambjørn, A. Görlich, J. Jurkiewicz and R. Loll, The nonperturbative quantum de Sitter universe, Phys. Rev. D 78 (2008) 063544 [arXiv:0807.4481].

– 17 –

[44] R. Loll, The emergence of spacetime, or, quantum gravity on your desktop, Class.

Quant. Grav. 25 (2008) 114006 [arXiv:0711.0273].

[45] D. Mattingly, Modern tests of Lorentz invariance, Living Rev. Rel. 8 (2005) 5 [online article: http://www.livingreviews.org/lrr-2005-5].

[46] T. Jacobson, S. Liberati and D. Mattingly, Lorentz violation at high energy:

concepts, phenomena and astrophysical constraints, Annals Phys. 321 (2006) 150 [astro-ph/0505267].

[47] T.G. Pavlopoulos, Breakdown of Lorentz invariance, Phys. Rev. 159 (1967) 1106. [48] S. Chadha and H.B. Nielsen, Lorentz invariance as a low-energy phenomenon, Nucl.

Phys. B 217 (1983) 125.

[49] P. Hořava, Membranes at quantum criticality, JHEP 03 (2009) 020 [arXiv:0812.4287]. [50] P. Hořava, Quantum gravity at a Lifshitz point, Phys. Rev. D 79 (2009) 084008 [arXiv:0901.3775].

[51] E.M. Lifshitz, Zh. Eksp. Teor. Fiz. 11 (1941) 255. [52] E.M. Lifshitz, Zh. Eksp. Teor. Fiz. 11 (1941) 269.

[53] E. Ardonne, P. Fendley and E. Fradkin, Topological order and conformal quantum critical points, Annals Phys. 310 (2004) 493 [cond-mat/0311466].

[54] J. Cardy, Scaling and renormalization in statistical physics, Cambridge University Press, Cambridge U.K. (1996).

[55] P.M. Chaikin and T.C. Lubensky, Principles of condensed matter physics, Cambridge University Press, Cambridge U.K. (1995).

[56] R.M. Hornreich, M. Luban and S. Shtrikman, Critical behavior at the onset of ⃗k-space instability on the λ line, Phys. Rev. Lett. 35 (1975) 1678.

[57] M.E. Fisher, Renormalization group theory: its basis and formulation in statistical physics, in Conceptual foundations of quantum field theory, T.Y. Cao ed., Cambridge University Press, Cambridge U.K. (1999).

[58] C. Bagnuls and C. Bervillier, Exact renormalization group equations: an introductory review, Phys. Rept. 348 (2001) 91 [hep-th/0002034].

[59] J. Berges, N. Tetradis and C. Wetterich, Non-perturbative renormalization flow in quantum field theory and statistical physics, Phys. Rept. 363 (2002) 223 [hep-ph/0005122].

[60] J. Polonyi, Lectures on the functional renormalization group method, Central Eur. J.

Phys. 1 (2003) 1 [hep-th/0110026].

– 18 –

[61] D. Anselmi and M. Halat, Renormalization of Lorentz violating theories, Phys. Rev.

D 76 (2007) 125011 [arXiv:0707.2480].

[62] D. Anselmi, Weighted scale invariant quantum field theories, JHEP 02 (2008) 051 [arXiv:0801.1216].

[63] M. Visser, Lorentz symmetry breaking as a quantum field theory regulator, Phys. Rev.

D 80 (2009) 025011 [arXiv:0902.0590].

[64] D. Anselmi, Weighted power counting and Lorentz violating gauge theories. I: general properties, Annals Phys. 324 (2009) 874 [arXiv:0808.3470].

[65] D. Anselmi, Weighted power counting and Lorentz violating gauge theories. II:

classification, Annals Phys. 324 (2009) 1058 [arXiv:0808.3474].

[66] D. Anselmi, Weighted power counting, neutrino masses and Lorentz violating extensions of the Standard Model, Phys. Rev. D 79 (2009) 025017 [arXiv:0808.3475].

[67] K. Falconer, Fractal geometry, Wiley, New York U.S.A. (2003).

[68] J. Ambjørn, B. Durhuus and T. Jonsson, Summing over alla genera for d > 1: a toy model, Phys. Lett. B 244 (1990) 403.

[69] H. Kawai, N. Kawamoto, T. Mogami and Y. Watabiki, Transfer matrix formalism for two-dimensional quantum gravity and fractal structures of space-time, Phys. Lett. B 306 (1993) 19 [hep-th/9302133].

[70] J. Ambjørn and Y. Watabiki, Scaling in quantum gravity, Nucl. Phys. B 445 (1995) 129 [hep-th/9501049].

[71] J. Ambjørn, J. Jurkiewicz and Y. Watabiki, On the fractal structure of two-dimensional quantum gravity, Nucl. Phys. B 454 (1995) 313 [hep-lat/9507014].

[72] J. Ambjørn, D. Boulatov, J.L. Nielsen, J. Rolf and Y. Watabiki, The spectral dimension of 2D quantum gravity, JHEP 02 (1998) 010 [hep-th/9801099].

[73] I. Antoniadis, P.O. Mazur and E. Mottola, Fractal geometry of quantum spacetime at large scales, Phys. Lett. B 444 (1998) 284 [hep-th/9808070].

[74] D. ben-Avraham and S. Havlin, Diffusion and reactions in fractals and disordered systems, Cambridge University Press, Cambridge U.K. (2000).

[75] H. Kawai and M. Ninomiya, Renormalization group and quantum gravity, Nucl.

Phys. B 336 (1990) 115.

[76] T. Jonsson and J.F. Wheater, The spectral dimension of the branched polymer phase of two-dimensional quantum gravity, Nucl. Phys. B 515 (1998) 549 [hep-lat/9710024].

– 19 –

[77] J.D. Correia and J.F. Wheater, The spectral dimension of non-generic branched polymer ensembles, Phys. Lett. B 422 (1998) 76 [hep-th/9712058].

[78] C. Destri and L. Donetti, The spectral dimension of random trees, J. Phys. A 35 (2002) 9499 [cond-mat/0206233].

[79] B. Durhuus, T. Jonsson and J.F. Wheater, Random walks on combs, J. Phys. A 39 (2006) 1009 [hep-th/0509191].

[80] B. Durhuus, T. Jonsson and J.F. Wheater, The spectral dimension of generic trees, J. Stat. Phys. 128 (2007) 1237 [math-ph/0607020].

[81] T. Jonsson and S.O. Stefánsson, The spectral dimension of random brushes, J. Phys.

A 41 (2008) 045005 [arXiv:0709.3678].

[82] L. Modesto, Fractal structure of loop quantum gravity, arXiv:0812.2214. [83] P. Hořava, Spectral dimension of the universe in quantum gravity at a Lifshitz point, Phys. Rev. Lett. 102 (2009) 161301 [arXiv:0902.3657].

[84] D. Benedetti, Fractal properties of quantum spacetime, Phys. Rev. Lett. 102 (2009) 111303 [arXiv:0811.1396].

[85] L. Modesto, private communication.

[86] I. Moerdijk and J. Mrčun, Introduction to foliations and Lie groupoids, Cambridge University Press, Cambridge U.K. (2003).

[87] R.M. Wald, General relativity, The University of Chicago Press, Chicago U.S.A. (1984).

[88] P.B. Gilkey, Invariance theory, the heat equation, and the Atiya-Singer index theorem, CRC Press, Boca Raton, FL U.S.A. (1995).

[89] G. Grubb, Functional calculus of pseudo-differential boundary problem, Birkhauser, Boston U.S.A. (1996).

[90] R.T. Seeley, Complex powers of an elliptic operator, Proc. Symp. Pure Math. 10 (1967) 288.

[91] J.J. Giambiagi, Huygens’ principle in (2n + 1)-dimensions for nonlocal pseudodifferential operators of the type □^α, Nuovo Cim. A 104 (1991) 1841.

[92] R.L.P. do Amaral and E.C. Marino, Canonical quantization of theories containing fractional powers of the d’Alembertian operator, J. Phys. A 25 (1992) 5183.

[93] C.G. Bollini, J.J. Giambiagi and O. Obregon, Criteria to fix the dimensionality corresponding to some higher derivative Lagrangians, Mod. Phys. Lett. A 7 (1992) 593.

– 20 –

[94] C.G. Bollini and J.J. Giambiagi, Arbitrary powers of d’Alembertians and the Huygens’ principle, J. Math. Phys. 34 (1993) 610.

[95] C. Lämmerzahl, The pseudodifferential operator square root of the Klein-Gordon equation, J. Math. Phys. 34 (1993) 3918.

[96] D.G. Barci, L.E. Oxman and M. Rocca, Canonical quantization of nonlocal field equations, Int. J. Mod. Phys. A 11 (1996) 2111 [hep-th/9503101].

[97] D.G. Barci, C.G. Bollini, L.E. Oxman and M.C. Rocca, Lorentz-invariant pseudo-differential wave equations, Int. J. Theor. Phys. 37 (1998) 3015.

[98] P. Závada, Relativistic wave equations with fractional derivatives and pseudodifferential operators, J. Appl. Math. 2 (2002) 163 [hep-th/0003126].

[99] S.C. Lim and S.V. Muniandy, Stochastic quantization of nonlocal fields, Phys. Lett.

A 324 (2004) 396.

[100] S.C. Lim, Fractional derivative quantum fields at positive temperature, Physica A 363 (2006) 269.

[101] N. Barnaby and N. Kamran, Dynamics with infinitely many derivatives: the initial value problem, JHEP 02 (2008) 008 [arXiv:0709.3968].

[102] N. Barnaby and N. Kamran, Dynamics with infinitely many derivatives: variable coefficient equations, JHEP 12 (2008) 022 [arXiv:0809.4513].

[103] G. Calcagni, M. Montobbio and G. Nardelli, Route to nonlocal cosmology, Phys.

Rev. D 76 (2007) 126001 [arXiv:0705.3043].

[104] G. Calcagni and G. Nardelli, Tachyon solutions in boundary and cubic string field theory, Phys. Rev. D 78 (2008) 126010 [arXiv:0708.0366].

[105] G. Calcagni, M. Montobbio and G. Nardelli, Localization of nonlocal theories, Phys.

Lett. B 662 (2008) 285 [arXiv:0712.2237].

[106] G. Calcagni and G. Nardelli, Nonlocal instantons and solitons in string models, Phys. Lett. B 669 (2008) 102 [arXiv:0802.4395].

[107] D.J. Mulryne and N.J. Nunes, Diffusing non-local inflation: solving the field equations as an initial value problem, Phys. Rev. D 78 (2008) 063519 [arXiv:0805.0449].

[108] G. Calcagni and G. Nardelli, Kinks of open superstring field theory, Nucl. Phys. B 823 (2009) 234 [arXiv:0904.3744].

[109] S. Weinberg, Gravitation and cosmology, Wiley, New York U.S.A. (1972).

[110] P. Binétruy, C. Deffayet, U. Ellwanger and D. Langlois, Brane cosmological evolution in a bulk with cosmological constant, Phys. Lett. B 477, 285 (2000) [hep-th/9910219].

– 21 –

[111] S. Alexander and T. Biswas, The cosmological BCS mechanism and the Big Bang singularity, Phys. Rev. D 80 (2009) 023501 [arXiv:0807.4468].

[112] S. Alexander, T. Biswas and G. Calcagni, Cosmological BCS condensate as dark energy, arXiv:0906.5161.

[113] J. Martin and R.H. Brandenberger, The trans-Planckian problem of inflationary cosmology, Phys. Rev. D 63 (2001) 123501 [hep-th/0005209].

[114] R.H. Brandenberger and J. Martin, The robustness of inflation to changes in super-Planck-scale physics, Mod. Phys. Lett. A 16 (2001) 999 [astro-ph/0005432].

[115] A.A. Starobinsky, Robustness of the inflationary perturbation spectrum to trans-Planckian physics, Pisma Zh. Eksp. Teor. Fiz. 73 (2001) 415 [JETP Lett. 73 (2001) 371] [astro-ph/0104043].

[116] J. Martin and R.H. Brandenberger, The Corley-Jacobson dispersion relation and trans-Planckian inflation, Phys. Rev. D 65 (2002) 103514 [hep-th/0201189].

[117] R.H. Brandenberger and J. Martin, On signatures of short distance physics in the cosmic microwave background, Int. J. Mod. Phys. A 17 (2002) 3663 [hep-th/0202142].

[118] J. Martin and R.H. Brandenberger, On the dependence of the spectra of fluctuations in inflationary cosmology on trans-Planckian physics, Phys. Rev. D 68 (2003) 063513 [hep-th/0305161].

[119] J. Zinn-Justin, Renormalization and stochastic quantization, Nucl. Phys. B 275 (1986) 135.

[120] J. Zinn-Justin and D. Zwanziger, Ward identities for the stochastic quantization of gauge fields, Nucl. Phys. B 295 (1988) 297.

[121] P. Hořava, Quantum criticality and Yang-Mills gauge theory, arXiv:0811.2217.

[122] T. Takahashi and J. Soda, Chiral primordial gravitational waves from a Lifshitz point, Phys. Rev. Lett. 102 (2009) 231301 [arXiv:0904.0554].

– 22 –