arXiv:0904.1052v2 [astro-ph.CO] 1 Aug 2009

Harmonic Gravitational Wave Spectra of Cosmic String Loops in the Galaxy

Matthew R. DePies^∗ University of Washington, Department of Physics, Seattle WA, 98195

Craig J. Hogan^† University of Chicago and Fermilab, PO Box 500, Batavia, IL 60510 (Dated: August 4, 2009)

A new candidate source of gravitational radiation is described: the nearly-perfect harmonic series from individual loops of cosmic string. It is argued that theories with light cosmic strings give rise to a population of numerous long-lived stable loops, many of which cluster gravitationally in galaxy halos along with the dark matter. Each cosmic string loop produces a spectrum of discrete frequencies in a nearly perfect harmonic series, a fundamental mode and its integer multiples. The gravitational wave signal from cosmic string loops in our Galactic halo is analyzed numerically and it is found that the for light strings, the nearest loops typically produce strong signals which stand out above confusion noise from Galactic binaries. The total population of cosmic string loops in the Milky Way also produces a broad signal that acts as a confusion noise. Both signals are enhanced by the clustering of loops gravitationally bound to the Galaxy, which significantly decreases the average distance from the solar system to the nearest loop. Numerical estimates indicate that for dimensionless string tension Gμ/c^2 < 10^{−11} , many loops are likely to be found in the Galactic halo. Lighter strings, down to Gμ/c^2 ≈ 10^{−19}, are detectable by the Laser Interferometer Space Antenna (LISA). For these light strings, the fundamental and low-order harmonics of typical loops often lie in the band where LISA is sensitive, 0.1 to 100 mHz. The harmonic nature of the cosmic string loop modes leaves a distinct spectral signature different from any other known source of gravitational waves.

PACS numbers: 11.27.+d, 98.80.Cq, 98.70.Vc, 04.30.Db

I. INTRODUCTION

Topological defects produced during cosmic phase transitions are a standard component of many field and brane theories and cosmologies. Often they take the form of macroscopically extended classical one dimensional objects, with microscopic radius, called cosmic strings. The cosmological evolution of strings forms a population of quasi-stable loops that lose energy mainly by gravitational waves [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36]. This paper describes a new way in which these gravitational waves may be observed: a regime in which radiation from individual loops can appear as perfect harmonic series in an observed frequency spectrum.

String loops oscillate, radiate gravitational waves and shrink until they completely decay. The center of mass speed of a loop when it forms is of the order of unity. After it stops interconnecting with the rest of the string network, a loop’s velocity decays inversely proportional to the scale factor. At late times, the primordial velocity is negligible and the loop population clusters in almost the same way as the dominant cold, collisionless dark matter [37]. In the case of light strings, for which loops are small and numerous, a galaxy halo can contain a very

∗Electronic address: depies@phys.washington.edu †Electronic address: craighogan@uchicago.edu

large number of loops [38]. They are concentrated to high density, so the mean distance to the nearest loop is much smaller than the cosmic mean.

A cosmic string loop produces a spectrum of discrete frequencies [1, 39] which may be detectable if it is close enough. The spectrum of any loop is given by a sum over a nearly perfect harmonic series of frequencies f_n = 2nc/L, where L is the length of the string loop. This distinctive property is unlike any other astrophysical source of gravitational waves and if observed, would provide convincing evidence of the existence of cosmic strings, as well as detailed information about their astrophysical behavior.

The power from each discrete mode n of a loop is given by, Ė_n = P_nGμ^2c, (1)

where μ is the mass (energy) density of the string. We define γ = ∑ P_n. Numerical simulations indicate γ is approximately 50 to 100. We use a value of 50 for this study. The power in each mode depends upon the particular oscillation pattern of a string loop, but the general solution of a sum of harmonic modes does not depend upon any particular model. For the illustrative estimates in this paper we assume a very simple model, again motivated by numerical estimates: the mean power of an ensemble scales as ⟨P_n⟩ ∝ n^{−4/3}. Loops clustered around the Milky Way halo, most of which are too distant to detect individually, taken together create an unresolved background of gravitational waves, akin to the white dwarf binaries [40, 41]. We also estimate this confusion background.

The new effects are most important for cosmic string loops with lower string tensions Gμ/c^2 < 10^{−12} [42, 43] and for stable loops formed at a significant fraction, α = 0.1, of the horizon [42, 43, 44]. In this situation, we find that cosmic strings are an important new source at the frequencies 0.1 Hz to 10 mHz band where Laser Interferometer Space Antenna (LISA) [45, 46] will be most sensitive. The extension into this regime is all the more relevant given the current limits set on cosmic string tensions via SDSS, WMAP, and millisecond pulars [47, 48]. Since the results depend on the size distribution of stable loops [35, 44], a number of possibilities are considered in the parameter studies here.

II. DISTRIBUTION OF LOOPS

The average number density of loops between size L and L + dL is n(L)dL, computed numerically. The loops are assumed to be clustered around galaxies in the same way as the dark matter. The number density in the galaxy is matched to the dark matter halo, given by the NFW density distribution ρ_{NF W} (r) [49, 50, 51, 52, 53]. The number density is then a function of the length of loops and distance from the center of the galaxy n(L, r).

A. Loop Density

We start by figuring out the size of the loops at the fundamental frequency:

L = 2c/f_1 (2)

Using the one-scale model [54, 55], loops form with size L ≈ αcH^{−1}(t) and start to decay at a rate L̇ = −γGμ. Loops created at a time t_c will be of the size L(t_c, t) at the time t. At the present time t_o we find the fundamental frequency given by:

f_1 = 2c αcH^{−1}(t_c) − γGμ(t_o − t_c)/c . (3)

The number density at t_o, for time of creation t_c is given by: n(t_o, t_c) = N_t α ( H(t_c) c )_3 ( a(t_c) a(t_o) )_3 , (4)

Using the time t_c we solve numerically to find the number density.

To illustrate with typical numerical values: the average distance between galaxies is 5 Mpc, the number of loops within the galaxy for Gμ = 10^{−12} and a fundamental frequency of 1 mHz is approximately 10^4.

1. Density in the Galaxy

The density of galactic string loops is matched to the dark matter distribution in the Milky Way using the NFW density ρ_{NF W} (r): ρ_{NF W} (r) = ρ_s x(1 + x)^2

, (5) x = r r_s , (6)

where ρ_s and r_s are determined by observation. Representative values are given by [50] using the favored model, e.g. r_s=21.5 kpc. From above we see that for r << r_s, ρ ∝ r^{−1} and for r >> r_s, ρ ∝ r^{−3}.

From the previous example using strings of tension Gμ = 10^{−12}, N = 10^4, r_t/r_s = 10, and r_s = 21.5 kpc, we find at the earth’s distance from the galactic center, r = 8 kpc, a value of n ≈ 9.4×10^{−2} kpc^{−3}, or n^{−1/3} ≈ 2.2 kpc, an “average” distance to the nearest loop. The nearst loop is likely closer as the distribution is not constant over this range of position.

The number density of loops in the Milky Way is strongly influenced by the size and mass density of the cosmic string loops. Tables I–III give results for the number of loops in the Milky Way for various parameterizations of the string loops. The results clearly show the large predominance of loops for very light and large strings.

III. POWER FROM EACH LOOP

A loop radiates power in each mode n modeled by,

Ė_n(r^′) ∝ Ė_n r^{′2} , (7)

where Ė_n is power radiated per mode from a loop. The total power is

Ė = γGμ^2 = ∑ P_nGμ^2, (8)

where γ is found to be between 50 and 100, and the P_n are power coefficients of the individual modes. Note that the power radiated is independent of the loop size. To first order we ignore directionality of the emitted gravitational radiation.

Each loop has a spectrum given by a set of power coefficients, P_n, and the average sum for the population ⟨ ∑ P_n⟩ ≈ γ is fixed by the statistical properties of the strings. This is an average over a wide array of loops: individual loops vary from this. For most loops the most power is in the fundamental mode and the lowest modes, while the higher modes have significantly reduced power.

For a given mode the quality factor is given by,

Q_n = 4πn P_nGμ . (9)

For light strings with Gμ = 10^{−12} we find,

Q_n ≈ 10^{12} n P_n . (10)

For the fundamental mode P_n is of order unity at most, so Q is large, and increases with higher n. Thus the harmonic series is almost perfect and the lines extremely narrow. This justifies the use of delta functions in other applications.

Given the extremely large value of Q_n the signal from each mode in the loop is practically constant for the duration of observation with respect to decay. Potential frequency shifts due to path differences from gravitational lensing, gravitational doppler effect, Newtonian acceleration in the Galaxy, and relative motion have not been analyzed [30].

IV. STRAIN PRODUCED BY GRAVITATIONAL RADIATION

The relative weakness of gravitational waves from cosmic strings allows the use of linearized gravity. Assuming plane wave solutions, we find for the energy flux: F_{gw} = π 4G f^2_nh^2_n, (11)

where h_n is the root-mean-square strain, and using c = 1. Inserting c we find :

h_n = √ P_n c π Gμ c^2 1 rf_n , (12)

h_n = 3.095 × 10^{−12} √ P_n [Gμ(c = 1)] × ( 1Hz f_n ) ( 1kpc r ) . (13)

For Gμ = 10^{−12}, f=1 mHz, and r=1 kpc, we find h_1 ≈ 10^{−21}, within the detection limits of LISA.

V. SPECTRUM OF A SINGLE LOOP

Using previous results for the strain produced by a gravitational wave, we can add the harmonic time dependence to find the strain at each mode for the result:

h_n(t) = c √ P_n πf_n Gμ c^2 1 r e^{−i2πfnt} (14) Again, the P_n are the “power coefficients” estimated to scale in the mean as n^{−4/3}. Recall that the sum of coefficients is given by ∑ P_n = γ. In practice most of the power is in the fundamental mode, so the the power from lower modes drops off, allowing truncation of the sum at a reasonable value of n. As an example, we set teh amplitudes equal to the sample mean:

P_n = P_1n^{−4/3}, (15) and P_1 = 18. At n = 20 we find ∑ P_n ≈ 45, giving a reasonable estimate. For a single loop the total strain will be a sum of all the modes, h(t) = ∞∑ n=1 h_n(t). (16)

In practice a suitable cutoff is used to facilitate numerical computations.

A. Calculation of Single Loop Spectrum using Discrete Fourier Transform

Since the signal detected by LISA will be as a discrete set of points, it is useful to take a discrete Fourier transform of a sample signal. In general LISA has a sampling rate of f_{samp} = 10Hz, which leads to large numbers of data points for integration times of one to three years. This large number of data points also leads to a very clear signal due to the harmonic nature of the gravitaional waves produced by the cosmic strings.

Given the signal h(j) where j is an integer and the j^{th} data point corresponding to h(t) = h(jΔT ), we define the discrete-time Fourier transform as [57],

h̃(k) = 1√ T N∑ j=1 h(j)e^{−i2π (j−1)(k−1)N} . (17) N is the total number of data points and k is the integer value in Fourier frequency space. Note the introduction of the square root on the integration time T , which is standard in the sensitivity curves for LISA [56].

The gravitational wave signal from the cosmic strings has the form, h(j) = ∞∑ n=1 c √ P_n πf_n Gμ c^2 1 r sin(2πjω_n/N), (18)

where ω_n is not the physical frequency, but the discrete time frequency, which is different than the physical frequency given by f_n = 2nc/L, and P_n is the magnitude of the n^{th} power mode. Using P_n = P_1n^{−4/3} this is then inserted into Eq. 17.

Investigations of the parameter space of the loops indicates the heaviest individually detectable loops are of tension Gμ ≈ 10^{−10} for α = 0.1, due to their reduced numbers in the Milky Way, see Table I. Shown in Fig. 1 is the largest likely signal from an individual loop at the frequency 10^{−4} Hz. This signal stands above the noise from binaries.

For the large loops, α = 0.1, it is found that the lightest individually detectable loops have tension Gμ > 10^{−16}.

The average size α of the loops as a fraction of the horizon when they formed affects the number of loops currently radiating. For large α the number of loops remaining is large, thus at a given frequency the distance to the nearest loop is shorter. This is indicated in Fig. 2.

FIG. 1: Plot of the cosmic string loop spectrum for Gμ = 10^{−11} , α=0.1, at a distance of r = 7 kpc. Observation time is T = 1 year, the sampling rate is 0.1 Hz, P1 = 18, and the fundamental frequemcy is f1 = 10^{−4} Hz. The first 10 modes are shown. This signal stands above the confusion noise from galactic binaries which is shown on the graph.

FIG. 2: Plot of two cosmic string loop spectra with Gμ = 10^{−12} : the “thin” spectrum α=0.1 at a distance r = 2.2 kpc from the solar system, and the “thick” spectrum α = 10^{−5} with r=8.9 kpc.

Note the amplitude varies as r^{−1}, which shows only a small difference on our log plots. The total number of loops is significantly larger for large α.

The increase in the radiated power of the heavier string loops results in greatest variation in signals potentially detectable. Fig. 3 shows the effect for string of tension Gμ = 10^{−16}. The heavier string loops are, on average, farther away but their larger output makes up for increased distance.

The signal to noise for a loops is given by the standard formula for a periodic source [59],

SNR^2 = |h_o|^2 T S_n(f) , (19)

where T is the integration time and S_n(f) is the noise spectral density of the detector. For LISA the curve for S_n(f) is given in [56].

As an example we find for Gμ = 10^{−12}, α = 0.1, and

FIG. 3: Plot of the Fourier spectrum of cosmic string loops with tension Gμ = 10^{−16} and a distance of r = 0.066 kpc. The fundamental frequemcy is f1 = 1 mHz and the first 10 modes are shown. Note the heavier loops (Gμ = 10^{−12} ) have a much larger signal, in spite of their greater distance from the solar system. The confusion noise from galactic binaries is also shown. At this fundamental frequency, the loop is not detectable, but shifted to higher frequencies it is.

f_1 = 10^{−3} that the SNR ≈ 10^5.

VI. TOTAL GALACTIC SIGNAL

Another key ingredient is the gravitational wave signal from loops within the galactic halo. These loops are not resolvable on an individual basis, but do contribute a significant gravitational wave signal. The isotropic and stationary background from both current and evaporated loops has been calculated previously. To this background we add the signal from loops within the dark matter halo of the milky way, which is not isotropic from the solar system.

We sum over distances in bins of Δr^′ from the earth out to the edge of the galaxy. The total flux F^{net} of gravitational wave energy at a given frequency from strings of frequency f_k = 2k/L in the k^{th} mode, within volume dV^′ a distance r^′ from the Earth is given by, F_{gw}(f_k)^{net} = ∫ F^{gw}_k (r^′) n(x^′, L) d^3x^′. (20)

Here we use k to label the modes to avoid confusion with the number density n(L).

From the total flux at a given frequency we find the strain,

h(f_n) = 2 f_n √ GF_{gw} (f_n)^{net} πc^3 , (21)

which should be interpreted as the rms strain at a frequency f_n.

Results of numerical calculations are plotted in Figs. 4, 5, and 6.

FIG. 4: Plot of the cosmic string loop strain spectrum for large loops α = 0.1 in the galaxy. The top curve is of string tension Gμ = 10^{−12} and the bottom curve is Gμ = 10^{−20} , in increments of 10^2. Also included are the LISA sensitivity curve with an integration time of 1 year, and the galactic white dwarf noise. For each loop only the fundamental mode is included.

FIG. 5: Plot of the cosmic string loop strain spectrum for small loops α = 10^{−5} in the galaxy. The top curve is of string tension Gμ = 10^{−12} and the bottom curve is Gμ = 10^{−20} , in increments of 10^2. Also included are the LISA sensitivity curve with an integration time of 1 year, and the galactic white dwarf noise. For each loop only the fundamental mode is included.

VII. CONCLUSION

These results suggest a new way to observe light cosmic strings. They indicate that individual cosmic string loops are detectable due to the local concentration of loops with Galactic dark matter. They display a unique and distinctive harmonic spectrum which requires no special template fitting to detect, only a Fourier transform of the signal. The large quality factor (of order 1/Gμ) ensures the frequency spectrum is almost static over the several years of observation, further increasing detectability of the signal.

This study has taken a somewhat simplified approach to the distribution of the loops, simply matching them to the dark matter halo of the Milky Way. The model of the loops is also oversimplified but adequate for the

FIG. 6: Plot of the cosmic string loop strain spectrum for small and large loops in the galaxy. It is assumed 90% of the loops shatter into small loops of α = 10^{−5} . The top curve is of string tension Gμ = 10^{−12} and the bottom curve is Gμ = 10^{−20} , in increments of 10^2 . Also included are the LISA sensitivity curve with an integration time of 1 year, and the galactic white dwarf noise. For each loop only the fundamental mode is included.

purpose of estimating detectability.

For the total galactic signal, we estimate that Galactic string backgrounds are detectable by LISA down to Gμ = 10^{−19}. This is significantly more sensitive than previous results from the exragalactic stochastic background. Even though the broader cosmological impact of the loops is minimal, they still may provide a definite gravitational wave signal of new physics.

Acknowledgments

This research was funded by NASA grant NNX08AH33G at the University of Washington.

[1] A. Vilenkin and E.P.S. Shellard, Cosmic Strings and Other Topological Defects, (Cambridge University Press, Cambridge, 1994).

[2] J.M. Quashnock and D.N. Spergel, Phys. Rev. D, 42, 2505 (1990).

[3] M. Anderson, The Mathematical Theory of Cosmic Strings, (Institute of Physics Publishing, London, 2003).

[4] C.J. Hogan, Nature, 326, 853 (1987).

[5] C.J. Hogan and M.J. Rees, Nature, 311, 109 (1984). [6] D. Garfinkle and C.M. Will, Phys. Rev. D, 35, 1124 (1987).

[7] J. Silk and A. Vilenkin, Phys. Rev. Lett., 53, 1700 (1984). [8] C.J. Hogan, Phys. Lett., 143B, 87, (1984). [9] T. Vachaspati and A. Vilenkin, Phys. Rev. D 31 3052

(1985).

[10] M. Hindmarsh and T. Kibble, hep-ph/9411342, (1994). [11] A.D. Linde, Rep. Prog. Phys., 42, 389 (1979). [12] D. Bailin and A. Love, Cosmology in Gauge Field Theory and String Theory, (Institute of Physics Publishing, London, 2004).

[13] T. Vachaspati and A. Vilenkin, Phys. Rev. D 30 2036 (1984).

[14] A. Vilenkin, Phys. Rep., 121 263 (1985). [15] T.W.B. Kibble, J. Phys. A: Math. Gen., 9, 1387 (1976). [16] M. Sakellariadou, hep-th/0602276 (2006). [17] A. Vilenkin, Phys. Rev. D 24, 2082 (1981). [18] R.A. Battye, et al., astr-ph/9706013, (1997). [19] N. Turok, Nucl. Phys. B242 520 (1984).

[20] B. Allen and A.C. Ottewill, Phys. Rev. D 63, 063507 (2001).

[21] J. Polchinski, hep-th/0412244 (2004). [22] G. Dvali and A. Vilenkin, JCAP 0403, 010 (2004). [23] S. Sarangi and S.-H. H. Tye, hep-th/0204074 (2002) [24] N. Jones, H. Stoica, and S.-H.H. Tye, JHEP 07 051 (2002) hep-th/0203163.

[25] J. Polchinski and J.V. Rocha, Phys. Rev. D 74, 083504 (2006).

[26] A. Vilenkin, hep-th/0508135 (2005). [27] S.-H.H. Tye, hep-th/0610221 (2006).

[28] H. Firouzjah and S.-H. H. Tye, hep-th/0501099 (2005). [29] N.T. Jones, H. Stoica, and S.-H. H. Tye, hep-th/0303269 (2003).

[30] F. Dubath, J. Rocha, Phys. Rev. D 76, 024001 (2007). [31] B. Allen and P. Casper, Phys. Rev. D 50 2496-2518 (1994).

[32] B. Allen, P. Casper, and A.C. Ottewill, Phys. Rev. D 50 3703-3712 (1994).

[33] B. Allen, P. Casper, and A.C. Ottewill, Phys. Rev. D 51 1546-1552(1995).

[34] P. Casper and B. Allen, Phys. Rev. D 52 4337-4348 (1995).

[35] M. Hindemarsh, S. Stuckey, and N. Bevis, arXiv:0812.1929v2 [hep-th], (2008).

[36] N. Turok and P. Bhattacharjee, Phys. Rev. D 29, 1557 (1984).

[37] Loops experience a gravitational wave rocket effect that tends to accelerate them over time. However, the typical rocket acceleration for the relevant loops is typically much smaller than gravitational acceleration from dark matter halos, so this leads to only small differences between the dark matter and loop distributions.

[38] D.F. Chernoff and S.-H. H. Tye, arXiv:0709.1139v2 [39] M. Anderson, Class. Quantum Grav. 26 075018 (2009).

arXiv:0903.4943v1 [gr-qc] [40] Nelemans, G., L.R. Yungelson, and S.F. Portegies Zwart, A&A 375, 890 (2001).

[41] Farmer, A.J., and E.S. Phinney, MNRAS 346, 1197 (2003).

[42] C.J. Hogan, Phys. Rev. D 74 043526 (2006). [43] M. DePies and C. Hogan, Phys. Rev. D, 75, 125006 (2007).

[44] V. Vanchurin, Phys. Rev. D, 77, 063532 (2008). [45] J. Baker, et al., LISA: Probing the Universe with Gravitational Waves, v1.0, LISA Mission Science Office,

http://www.lisa-science.org, (2007).

[46] The sensitivity curves for LISA are taken from the website maintained by S.R. Larson:

http://www.srl.caltech.edu/ shane/sensitivity/.

[47] F.A. Jenet, et al., astro-ph/0609013 (2006). [48] M. Wyman, L. Pogosian, and I. Wasserman, Phys. Rev.

D, 72 023513 (2005).

[49] J.F. Navarro, C.S. Frenk, and S.D.M. White, Astrophys.

J., 462:563-575 (1996).

[50] A. Klypin, H. Zhao, and R.S. Somerville, Astrophys. J., 573:597-613 (2002).

[51] J. Binney and S. Tremaine, Galactic Dynamics, (Princeton University Press, Princeton, 1987).

[52] S. Chandrasekhar, Principles of Stellar Dynamics, (Dover, 1960).

[53] Cox, ed., Allen’s Astrophysical Quantities, (1999). [54] C. Ringeval, M. Sakellariadou, and F. Bouchet, JCAP, 0702:023 (2007). arXiv:astro-ph/0511646v2 [55] J.V. Rocha, Phys. Rev. Lett., 100:071601 (2008).

arXiv:0709.3284v1 [gr-qc] [56] S.L.Larson, W.A. Hiscock, and R.W. Hellings, Phys.

Rev. D, 62 062001 (2000).

[57] W.H. Press, B.P. Flannery, S.A. Teukolsky, and W.T.

Vetterling, Numerical Recipes in C, 2nd Edition, (Cambridge University Press, 1992).

[58] W.-M. Yao, et al., Journal of Physics G 33, 1 (2006). [59] M. Maggiore, Gravitational Waves, Vol. 1: Theory and Experiments, (Oxford University Press, 2007).

TABLE I: Number of Loops in the Milky Way for the given fundamental frequencies and α=0.1

Gμ f(Hz) 10^{−4} 10^{−3} 10^{−2} 10^{−1} 10^{−11} 3 ×10^2 3 ×10^2 3 ×10^2 3 ×10^2 10^{−12} 1×10^4 1×10^4 1×10^4 1×10^4 10^{−13} 3 ×10^5 3 ×10^5 3 ×10^5 3 ×10^5 10^{−14} 9 ×10^6 1×10^7 1×10^7 1×10^7 10^{−15} 1×10^8 3 ×10^8 3 ×10^8 3 ×10^8 10^{−16} 3 ×10^8 4 ×10^9 9 ×10^9 1×10^{10}

TABLE II: Number of Loops in the Milky Way for the given fundamental frequencies, varying α and Gμ = 10^{−12}

α f(Hz) 10^{−4} 10^{−3} 10^{−2} 10^{−1} 10^{−1} 1×10^4 1×10^4 1×10^4 1×10^4 10^{−2} 3×10^3 3×10^3 3×10^3 3×10^3 10^{−3} 1×10^3 1×10^3 1×10^3 1×10^3 10^{−4} 4×10^2 4×10^2 4×10^2 4×10^2 10^{−5} 2×10^2 2×10^2 2×10^2 2×10^2 10^{−6} 1×10^2 1×10^2 1×10^2 1×10^2

TABLE III: Number of Loops in the Milky Way for the given fundamental frequencies, varying α and Gμ = 10^{−16}

α f(Hz) 10^{−4} 10^{−3} 10^{−2} 10^{−1} 10^{−1} 3×10^8 4 ×10^9 9×10^9 1×10^{10} 10^{−2} 1×10^8 1×10^9 3×10^9 4×10^9 10^{−3} 3 ×10^7 4 ×10^8 9 ×10^8 1×10^9 10^{−4} 1 ×10^7 1×10^8 3×10^8 3×10^8 10^{−5} 3 ×10^6 4×10^7 9×10^7 1 ×10^8 10^{−6} 1 ×10^6 1×10^7 3×10^7 3×10^7