arXiv:0904.1054v2 [gr-qc] 25 Apr 2009

Rotating dark matter solution admitting dark fluid

Ng. Ibohal Department of Mathematics, Manipur University, Imphal 795003, Manipur, INDIA. E-mail: ngibohal@iucaa.ernet.in

Ngangbam Ishwarchandra‡ and K. Yugindro Singh† Department of Physics, Manipur University, Imphal - 795003, Manipur, India E-mail: ‡ ngishwarchandra@gmail.com, † yugindro361@gmail.com

Abstract

In this paper we present an exact solution of Einstein’s field equations, describing a rotating stationary axisymmetric dark matter, which is an extension of non-rotating dark matter solution of Paper I. We find that the rotating stationary solution is a non-asymptotic, Petrov type D space-time whose energy-momentum tensor admits a dark fluid having negative pressure and the energy equation of state parameter with minus sign. We also find that the time-like vector fields of the matter distribution is expanding, shearing and rotating with acceleration. It is also found that, due to the negative pressure, the energy-momentum tensor of the solution violates the strong energy condition leading to the repulsion of the gravitational field of the rotating space-time geometry. We also analyze the entropy and surface gravity for the horizon of the rotating dark matter solution.

Keywords: Dark matter, dark energy, dark fluid, energy conditions, surface gravity.

1. Introduction In a recent paper [1], referred to as Paper I, an exact solution of Einstein’s field equations has been derived, describing dark matter, whose energy-momentum tensor admits a non-perfect fluid having the negative pressure and the dark energy equation of state parameter w = −1/2. The most striking property of this solution is that the metric of the solution describes both the background space-time structure and the dynamical aspects of the gravitational field in the form of the energy-momentum tensor. That is, the mass m of the solution plays the role of both the curvature of the space-time (non-flat) as well as the source of the energy-momentum tensor with T_{ab} ≠ 0 (non-vacuum) measuring the energy density and the negative pressure. This gives the information that when the mass m of the dark matter solution is set to zero, the space-time will become the flat Minkowski space with vacuum structure T_{ab} = 0. In the case of Schwarzschild solution, the mass plays only the role of curvature of the space-time geometry and cannot determine the energy-momentum tensor. Thus, the Schwarzschild solution is non-flat vacuum space-time with T_{ab} = 0. Here the advantage of the dark matter solution over the Schwarzschild one is that it is non-flat and non-vacuum space-time metric.

Nowadays, various possible models have been suggested for the composition of dark matter in [2-11] and references there in. The observations of luminosity-redshift relation for the type Ia supernovae [12-14] suggest that the missing energy should possess negative pressure p and the equation of state parameter w = p/ρ [11]. It is emphasized the fact that the approach in the derivation of the dark matter solution [1] is merely based on the identification of the power n = 2 of the Wang-Wu mass function [15] without any extra assumption. The identification of the power n = 2 in the Wang-Wu mass function has first considered in [1] and not been seen discussed before in the scenario of exact solutions of Einstein’s field equations. This fact can be seen from the mass function as a power series of the coordinate r as M(u, r) = +∞∑ n=−∞ q_n(u) r^n, (1.1)

where q_n(u) are arbitrary functions of u. Wang and Wu analyzed the mass function for generalization of non-rotating Vaidya solution by choosing the function q_n(u) corresponding to the number n [15]. In [16] the mass functions has been utilized in rotating system and found the role of the number n in generating rotating embedded solutions of Einstein’s field equations. The roles of the power n in the expansion series (1.1) for the known spherically axisymmetric solutions are cited as follows [15, 16])

(i) n = 0 corresponds to the term containing mass of the vacuum Kerr family solutions such as Schwarzschild, Kerr.

(ii) n = −1 purveys the charged term of Kerr family such as Reissner-Nordstrom, Kerr-Newman.

(iii) n = 1 furnishes the global monopole solution [15].

(iv) n = 2 provides the dark matter solution [1].

(v) n = 3 contributes the de Sitter cosmological models, rotating and non-rotating [16].

These values of n are used for studying stationary solutions (non-rotating and rotating). The non-stationary (time dependent) Vadya-Bonnor black holes, non-rotating [15] and rotating [16] can be obtained when n = 0 and n = −1 as Vaidya-Bonnor metric describes a charged solution. Non-stationary rotating as well as non-rotating de Sitter cosmological solutions can also be obtained when n = 3 [17]). In fact the Wang-Wu power series expansion of the mass functions happens to be the most convenient approach to generate new (embedded or non-embedded) solutions of Einstein’s field equations, using the complex scalar fields developed in [16] for the mass function M(u, r, θ) in Newman-Penrose (NP) formalism [18]. The above identifications of power n indicate that the case n = 2 corresponds to the dark matter solution of Paper I, whose the line element is reproduced here for use as

ds^2 = (1 − 2mr)du^2 + 2du dr − r^2(dθ^2 + sin^2θ dϕ^2) (1.2)

where the constant m is considered to be the mass of the dark matter and is non-zero for the existence of the dark matter distribution. When u = constant, the surface is the future directed null cone. This line-element will not be asymptotically flat when r → ∞, and has a coordinate singularity at r = (2m)^{−1} describing a Lorentzian horizon. The line element (1.2) is certainly different from Schwarzschild solution with g_{uu} = 1 − 2M/r having singularity at r = 2M, M being the Schwarzschild mass. The energy-momentum tensor for the above solution takes the following form

T_{ab} = (ρ + p)(u_au_b − v_av_b) − pg_{ab}, (1.3)

where u_a is a time-like vector (u_au^a = 1) and v_a is a space-like (v_av^a = −1). g_{ab} is the metric tensor. The energy density ρ and the pressure p are found as ρ = 4 Kr m, p = − 2 Kr m. (1.4)

The parameter of the dark energy equation of state is the ratio of the pressure to the energy density and takes the constant value as ω = p ρ = − 1 2 . (1.5)

It is noted that the energy-momentum tensor (1.3) having negative pressure (1.4) does not describe a perfect fluid. Hence, we refer it to as dark fluid with the equation of state (1.5). The 4-velocity vector fields u_a associated with (1.3) is expanding Θ ≠ 0, accelerating u̇_a ≠ 0 as well as shearing σ_{ab} ≠ 0 with zero-twist. This means that the observer of the dark matter does not follow the path of the time-like geodesic as u_{a;b}u^b ≠ 0. The non-geodesic condition is a striking feature of the solution to be interpreted as an accelerated expansion of space-time geometry (1.2). The energymomentum tensor for the dark fluid violates the strong energy condition p ≥ 0, ρ + p ≥ 0. The violation of strong energy condition is due to the negative pressure of the matter field content in the space-time geometry, and is not an assumption to obtain the solution (like other dark matter models mentioned in Sahni [2]). This violation indicates that the gravitational field of the solution is repulsive leading to the accelerated expansion of the space-time geometry [1]. The expansion of the dark matter solution with acceleration is consistent with the observational data [12-14]. Here it is to mention the fact that the energy-momentum tensor for the electromagnetic field in Ressner-Nordstrom and Kerr-Newman solutions does not violate the strong energy condition p ≥ 0, ρ + p ≥ 0, since p takes positive value [16] causing attractive force of gravitational field, rather then repulsive as in the case of dark matter [1].

From the analysis of the dark matter solution in Paper I, we find that the dark energy density is only ascribed from the mass of the dark matter. It is the fact that without the mass of the dark matter one cannot determine the energy density and the negative pressure in the energy-momentum tensor distribution (1.3) in order to obtain the dark energy equation of state w = −1/2. This means that the negative pressure and the energy density of the dark fluid associated with the energy-momentum tensor are measured by the mass that produces the gravitational field in the space-time geometry of the dark matter. Hence, we may conclude that the solution (1.2) can explain the essential part of Mach’s principle – “The matter distribution influences the space-time geometry” [19]. Here it is also emphasized that usually dark matter and dark energy are considered to be separate components of the Universe [2-11]. Arbey [20] has unified both components into a single “dark fluid” in order to explain the cosmological observation, based on a complex scalar field. In this regard the solution of Paper I indicates that dark matter and dark energy cannot be regarded as separate components, since the dark energy with the negative pressure is produced by the mass of dark matter, i.e. the same mass m plays the important key role for the existence of both.

The space-time of the dark matter has an event horizon at r = (2m)^{−1}. Eventually, the area, entropy as well as surface gravity associated with the horizon have been analyzed. It is shown in [1] that the surface gravity is directly proportional to the mass of the dark matter. This indicates that the existence of the mass implies the existence of its surface gravity and the temperature of the dark matter on the horizon. The existence of dark matter horizon is in consistency with the cosmological horizon of de Sitter space with constant Λ [21], which is considered to be a common example of dark energy with the parameter w = −1 [3-11]. This parameter of equation of state is also satisfied for both the cosmological constant Λ as well as the cosmological function Λ(u) of the rotating and non-rotating de Sitter solutions [17]. It is quite interesting to specify that the approximate size of the dark matter mass is found, in the length scale r > 10^{60} suggested by Bousso [5], as m < (1/2) × 10^{−60}, which is doubly bigger than the size of the cosmological constant |Λ| ≤ 3 × 10^{−120} with the horizon r_Λ = √ 3/Λ.

This incredibly small size of the mass may be one reason why dark matter is not been able to observe, however its gravitational effect is being recognized in the form of dark energy in the dark halo of the Universe. Another possible reason may be that it behaves like a invisible black hole with event horizon. We believe that the nonrotating solution [1] may provide an example of an invisible dark matter which can produce dark energy with the equation of state parameter w = −1/2 in the accelerated expanding space-time geometry. However, the non-rotating dark matter solution of Paper I cannot explain the gravitational field of a rotating system. Therefore, this shows the requirement for developing a rotating dark matter solution of Einstein field equations in order to understand the complete nature of such invisible dark matter in the Universe.

Thus, the purpose of the paper is to generalize the rotating dark matter solution from the non-rotating one of Paper I, and then to investigate the nature of the rotating system. For instance, the rotating vacuum Kerr solution is an extension of the non-rotating Schwarzschild vacuum solution, and the Kerr-Newman solution is the charged rotating black hole which is an extension of the non-rotating Reissner- Nordstrom black hole. It is the fact that all astrophysical objects in the Universe are rotating on their own axes with very distinct physical properties. Hence, such a generalized rotating solution may provide more information about the gravitational field for better understanding the nature of dark matter in the Universe.

The paper is organized as follows: In Section 2 the derivation of rotating dark matter solution of Einstein’s equations of gravitational field has been shown. We find that the mass of the rotating dark matter solution proposed here describes the gravitational field of the space-time geometry and also determines the matter distribution with negative pressure, whose dark energy equation of state has the negative value w = −1/2 at the poles θ = π/2 and θ = 3π/2; otherwise it takes the functional form with minus sign as in (2.13) below. This is one of the curious properties of the rotating solution that the non-rotating one (1.2) cannot explain this situation. For the non-rotating dark matter a = 0 it is always with the constant value w = −1/2 as seen from the above. The variation of the value of w is consistent with those of the cosmological constant Λ [16] and function Λ(u) [17] of rotating de Sitter spaces. So we refer the solution obtained here to as rotating dark matter solution. The energy produced by this dark matter with the equation of state parameter is also regarded as rotating dark energy. However, the energy-momentum tensor of the dark matter distribution with negative pressure does not describe a perfect fluid, which can be seen in Section 2. This non-perfect fluid distribution is in accord with the remark of Islam [22] – “it is not necessarily true that the field is that of a star made of perfect fluid”. We also find that the dark matter solution has an event horizon. Consequently, we present the area, entropy and surface gravity for the horizon. The existence of the dark matter horizon discussed here is in accord with the cosmological horizon [21] of the rotating de Sitter spaces with constant Λ having the equation of state parameter w = −1 at the poles. We conclude the paper in Section 3 with considerable remarks and evolution of the rotating solution. Thus, we summarize the results of the paper in the following theorem:

Theorem 1 The rotating stationary dark matter solution is a non-asymptotic, nonvacuum, Petrov type D space-time, whose stress energy-momentum tensor possesses a dark fluid having a negative pressure and dark energy equation of state parameter with minus sign.

Theorem 2 The 4-velocity vector of the rotating dark fluid having negative pressure is non-geodesic, expanding, accelerating, shearing as well as rotating.

Theorem 1 shows the physical interpretation of the solution that the space-time metric for the solution is not asymptotically flat when r → ∞, and is Petrov type D with the non-zero component ψ_2 ≡ −C_{abcd} ℓ^a m^b m^c n^d ≠ 0 of Weyl tensor C_{abcd}. The energy-momentum tensor associated with the solution has a negative pressure with the dark energy equation of state parameter w(r, θ) in (2.13). It is to emphasize that the Theorem 1 above is regarded as a generalization of the theorem of Paper I – “The non-rotating stationary dark matter solution is a non-asymptotic, non-vacuum, conformally flat space-time, possessing a stress energy-momentum tensor of a dark fluid with negative pressure and dark energy equation of state parameter w = −1/2”. Theorem 2 indicates the kinematic properties of the dark fluid content in the rotating axisymmetric space-time geometry of the dark matter. The presentation of this article is precisely based on mathematical calculations for obtaining a new rotating stationary (time independent) exact solutions of Einstein’s field equations without any extra assumption. We do not attempt to use any observational data available at present. The Newman-Penrose (NP) formalism [18] in (−2) signature is adopted as mathematical tools in this paper.

2. Rotating dark matter solution

In this section we extend the non-rotating solution of Paper I to a rotating dark matter solution, as the rotating space-time metric has considerable potential application in astrophysical studies – all objects in astrophysics are rotating on their own axes. For instance, the non-rotating Schwarzschild vacuum black hole is generalized in the form of rotating Kerr vacuum one which has great application in the study of black holes with rotating configuration. Hence it is the main aim to derive a generalized version of the non-rotating solution of [1] in the form of rotating stationary (time independent) axisymmetric dark matter solution for better understanding the nature of dark matter problem. For this purpose we choose the Wang-Wu function q_n(u) in (1.1) as in Paper I

q_n(u) = { m, when n = 2 0, when n ≠ 2,

(2.1)

such that the mass function (1.1) takes the form M(u, r) ≡ +∞∑ n=−∞ q_n(u) r^n = mr^2, (2.2)

where m is constant and u = t − r is the retarded time coordinate. Then using the mass function (2.2) in general rotating metric presented in equation (6.4) of [16], we obtain a rotating metric, describing a stationary solution of dark matter in the null coordinates system (u, r, θ, ϕ). The line element is found as

ds^2 = {1 − 2r^3mR^{−2}}du^2 + 2du dr + 4ar^3mR^{−2} sin^2θ du dϕ

−2a sin^2θ dr dϕ − R^2dθ^2 − {(r^2 + a^2)^2 − Δa^2sin^2θ}R^{−2}sin^2θ dϕ^2, (2.3)

where R^2 = r^2 + a^2cos^2θ and Δ = r^2 − 2r^3 m + a^2. Here the constant a describes the rotational parameter. When a is set to zero, then the line element (2.3) will reduce to non-rotating dark matter solution of [1]. This space-time metric is invariant to the simultaneous inversion of the retarded time u → −u and the azimuthal angle ϕ → −ϕ and also the metric coefficients be independent of u and ϕ. These are the requirement characters for a metric to be stationary and axisymmetric. The line element is nonasymptotic when r → ∞. However, it has a singularity when Δ = 0 having three roots given in (2.28) below. The line element is certainly different from the Kerr metric with Δ^∗ = r^2 − 2rM + a^2, where M is the mass of the Kerr black hole having two roots for Δ^∗ = 0.

Then the covariant complex null tetrad vectors for the metric can be chosen as follows

ℓ_a = δ^1_a − a sin^2θ δ^4_a, n_a = Δ 2 R^2 δ^1_a + δ^2_a − Δ 2 R^2 a sin^2θ δ^4_a, (2.4)

m_a = 1 √ 2R {ia sin θ δ^1_a − R^2 δ^3_a − i(r^2 + a^2) sin θ δ^4_a}.

where R = r + ia cos θ. Here ℓ_a, n_a are real null vectors and m_a is complex with the normalization conditions ℓ_an^a = 1 = −m_am̄^a and other inner products are vanished. These null tetrad vectors will be utilized to calculate Newman-Penrose quantities including spin coefficients, tetrad components of Ricci and Weyl tensors. From the tetrad components of Ricci tensor we calculate the energy-momentum tensor by virtue of Einstein’s field equations. The Newman-Penrose spin coefficients [18], which are twelve complex quantities, representing the 24 Christoffel symbols involved in calculating the Ricci tensor are given below

κ^∗ = σ = λ = ϵ = ν = 0, ρ^∗ = − 1 R̄, μ^∗ = − Δ 2R̄R^2 , α = 2ia − R cos θ 2 √ 2R̄R̄ sin θ , β = 1 2 √ 2R cot θ, π = i a sin θ √ 2R̄ R̄ , τ = − i a sin θ √ 2R^2

, (2.5) γ = 1 2R̄R^2 {(r − 3mr^2)R̄ − Δ}. The Ricci scalars of the metric are obtained as follows:

ϕ_{11} ≡ − 1 4 R_{ab}(l^an^b + m^am̄^b) = mr 2R^2R^2

(r^2 − 3a^2cos^2θ)

Λ^∗ ≡ 1 24 R_{ab}g^{ab} = 1 2R^2 rm (2.6) where R_{ab} is the Ricci tensor. The complex tetrad component of the Weyl tensor C_{abcd} determining gravitational field of the space-time (2.3) is found as ψ_2 ≡ −C_{abcd}l^am^bm̄^cn^d = − m R̄R̄R̄iar cos θ. (2.7) This expression of Weyl curvature scalar ψ_2 shows the coupling of the rotational parameter a with the mass m of the dark matter. When the rotational parameter takes the limit a = 0, the Weyl scalar ψ_2 vanishes to lead to the conformally flat space-time as in non-rotating dark matter solution of Paper I. From (2.7) we find that the rotating stationary dark matter (2.3) is type D in the Petrov classification of space-time with a repeated principal null congruence ℓ_a (2.4), which is geodesic (κ = ϵ = 0), shear free (σ = 0), expanding (θ̂ ≡^1_2 ℓ^a_{;a}) as well as non-zero twist (ω̂^2 ≡^1_2 ℓ_{[a; b]}ℓ^{a; b}), where θ̂ ≡ −1 2 (ρ^∗ + ρ̄^∗) = r R^2 , ω̂^2 ≡ − 1 4 (ρ^∗ − ρ̄^∗)^2 = a^2 cos^2 θ R^2 R^2

. (2.8)

We find the energy-momentum tensor describing matter field for the above rotating stationary space-time (2.3) as follows:

T_{ab} = 2 ρ ℓ_{(a} n_{b)} + 2 p m_{(a}m̄_{b)}, (2.9)

where the density and pressure are found as ρ = 4r^3m KR^2R^2 , p = − 2rm KR^2R^2

{r^2 + 3a^2cos^2θ}. (2.10)

Because of the involvement of the rotational parameter a in R^2 = r^2 +a^2cos^2θ, we find the difference in the values of ρ and p in (2.10) from those given in (1.4) of non-rotating solution. The energy-momentum tensor (2.9) can be expressed in the form of (1.3) using the orthonormal tetrad vectors {u_a, v_a, w_a, z_a} given in Paper I. From (2.10) it is found that the stress energy tensor (2.9) admits the weak energy condition (ρ > 0, ρ + p > 0) as well as dominant energy condition (ρ^2 > 0, ρ^2 − p^2 > 0). However, the strong energy condition (p > 0, ρ + p > 0) is violated as the pressure p has negative value in (2.10). This violation may lead to a non-attractive (repulsive) gravitational force of a rotating dark matter solution (2.3) as pointed in [23].

The energy-momentum tensor of the solution (2.3) satisfies the energy conservation equations [17] formulated in Newman-Penrose formalism [18].

T^{ab}_{;b} = 0. (2.11)

This establishes the fact that the space-time metric (2.3) describing dark matter is an exact rotating stationary solution of Einstein’s field equations. The trace of energy momentum tensor T_{ab} (2.9) is found as

T = 2(ρ − p) = 12r KR^2 m. (2.12)

Here it is observed that ρ − p > 0 for rotating stationary of dark matter model. The energy-momentum tensor (2.9) does not describe a perfect fluid, i.e. for a nonrotating perfect fluid T^{(pf)}_{ab} = (ρ + p)u_a u_b − p g_{ab} with unit time-like vector u_a and trace T^{(pf)} = ρ − 3p, which is different from the one given in (2.12).

The equation of state: The equation of the state for the dark energy is the ratio of the pressure to the energy density, and is found for the rotating solution (2.3) with (2.10) as w = p ρ = − 1 2 { 1 r^2

(r^2 + 3a^2 cos^2 θ) } , (2.13)

which shows the advantage of the rotating solution over the non-rotating one (1.2). Here we have seen the difference between the non-rotating (1.2) as well as the rotating dark matter solution (2.3) that the non-rotating one has the constant parameter w = −1/2 of the energy equation of state; but that of the rotating solution takes the functional form (2.13), which may attend the constant value w = −1/2, if 1 r^2

(r^2 + 3a^2 cos^2 θ) = 1. (2.14)

This is true at the poles θ = π/2 and θ = 3π/2 with a ≠ 0, showing that the solution (2.3) describes the rotating dark matter producing dark energy with the equation of state parameter (2.13). This indicates the necessity for the analysis of a rotating dark matter providing more information than the non-rotating one [1]. It is noted that the equation (2.13) is always satisfied for the non-rotating dark matter solution of [1] with a = 0. However, the fact that w is not always equal to −1/2 for every value of θ in (2.13), except θ = π/2 and 3π/2, suggests the variation of equation of state w depending on the rotational configuration of the solution with a ≠ 0. It is the fact that we need not necessarily concentrate with non-rotating solution as in [1], and now we have a rotating solution which may provide the complete structure of dark matter in the Universe. The functional parameter w(r, θ) (2.13) explains the main development of the rotating dark matter (2.3) producing dark energy, rather then the constant parameter w (1.5) for non-rotating solution. From (2.7), (2.9) and (2.13), we come to the conclusion of the proof of Theorem 1, stated in the introduction above.

Kerr-Schild ansatz : Let us express the line-element (2.3) of the dark matter space-time in Kerr-Schild ansatz in order to show that it is certainly a solution of Einstein’s field equations. For this purpose, we write the line element (2.3) as

ds^2 = dt^2 − dr^2 − R^2dθ^2 − (r^2 + a^2) sin^2 θ dϕ^2 − 2a sin^2 θ dr dϕ − 2mr^3 R^2

{du − a sin^2 θ dϕ}^2 (2.15)

where dt = du+dr. This is of the Kerr-Schild ansatz on the Lorentzian flat background

g^{dm}_{ab} = g^L_{ab} − 2mr^3 R^2 ℓ_aℓ_b, (2.16) with the null vector ℓ_a given in (2.4) and the Lorentzian flat metric

g^L_{ab} = δ^t_aδ^t_b − δ^r_aδ^r_b − R^2δ^θ_aδ^θ_b − (r^2 + a^2) sin^2 θδ^ϕ_a δ^ϕ_b − 2a sin^2 θδ^r_aδ^ϕ_b . (2.17)

Now by the following transformation dt = du + r^2 + a^2 Δ dr, dϕ = dϕ̃ + a Δ dr, (2.18)

we express the line-element (2.15) in Boyer-Lindquist coordinate system for future use as ds^2 = Δ R^2 {dt − a sin^2 θ dϕ}^2 − sin^2 θ R^2 {(r^2 + a^2)dϕ − adt}^2 − R^2 Δ dr^2 − R^2dθ^2, (2.19)

where ‘∼’ is being removed from dϕ̃ for simplicity. The line-element (2.19) can also be expressed in a very familiar form

ds^2 = 1 R^2

{Δ − a^2 sin^2 θ}dt^2 + 4am R^2 r^3 sin^2 θ dt dϕ − R^2 Δ dr^2 − R^2dθ^2 − 1 R^2

{(r^2 + a^2)^2 − Δa^2 sin^2 θ} sin^2 θ dϕ^2. (2.20)

where Δ = r^2 − 2mr^3 + a^2. This form of the space-time metric is quite useful for working in the Boyer-Lindquist coordinate system (t, r, θ, ϕ). For example, we observe that the line element has a singularity when

Δ ≡ r^2 − 2mr^3 + a^2 = 0. (2.21)

This situation cannot be seen directly in (2.3). We can also find the stationary limit g_{tt} = 0, which implies that

r^2 − 2mr^3 + a^2 cos θ = 0. (2.22)

Here we have seen that the singularity Δ = 0 and the stationary limit g_{tt} = 0 coincide at the poles θ = π/2 and θ = 3π/2. One important point is to mention that the functional parameter w(r, θ) (2.13) of the energy equation of state takes the constant value w = −1/2 at these poles. This situation cannot be observed in the case of non-rotating dark matter solution (1.2) of the Paper I.

In order to express the rotating solution in Kerr-Schild anzatz based in Minkowski flat background, let us use the following transformation of coordinates [24,25].

x = (r cosϕ + a sinϕ) sinθ, y = (r sinϕ − a cosϕ) sinθ, z = r cosθ, t = u + r, (2.23)

where r is defined in terms of x, y, z as

r^4 − (x^2 + y^2 + z^2 − a^2)r^2 − a^2z^2 = 0. (2.24)

The metric (2.3) can be expressed in the coordinate system (t, x, y, z) as

ds^2 = dt^2 − dx^2 − dy^2 − dz^2 − 2mr^5 r^4 + a^2z^2

(ℓ_adx^a)^2, (2.25)

where the null vector ℓ_a (2.4) is being used to obtain ℓ_adx^a = dt − 1 (r^2 + a^2) {r(xdx + ydy) + a(xdy − ydx)} − 1 r zdz. The above transformed metric (2.25) is of the Kerr-Schild form

g^{dm}_{ab} = η_{ab} + 2H(x, y, z)ℓ_aℓ_b, (2.26)

where η_{ab} is the Minkowski flat metric, g^{dm}_{ab} denotes the metric tensor for the rotating dark matter solution, and H(x, y, z) = − r^5m r^4 + a^2z^2

. (2.27)

ℓ^a is null with respect to both η_{ab} and g^{dm}_{ab} . The line element (2.25) is regular at every point except at r = 0, and z = 0. The two Kerr-Schild forms in different coordinate systems (2.16) and (2.26) establish the conclusion that the rotating stationary axisymmetric solution (2.3) is certainly a solution of Einstein’s equations of gravitational field. By virtue of these Kerr-Schild forms, we may refer the rotating dark matter (2.3) to as dark matter solution is embedded into the flat background or simply dark matter in flat background.

Surface gravity: Here let us show that the rotating dark matter metric has an event horizon at the point r = r_1, which is a real root of equation (2.21) describing singularity of the solution. In fact the equation (2.21) has three roots r_1, r_2 and r_3; r_1 is real and r_2 and r_3 are complex conjugate of each other and are found as

r_1 = 1 6m {1 − h − h^{−1}}, (2.28)

r_2 = 1 6m { 1 + 1 2h (1 + i √ 3) + 1 2 (1 − i √ 3)h } , and r_3 = r̄_2,

where h^3 = {−1 − 54a^2m^2 + 6am √ 3(1 + 27a^2m^2) } (2.29)

These roots have the following relation

(r − r_1)(r − r_2)(r − r_3) = − 1 2m {r^2 − 2mr^3 + a^2}.

We are interested only in the real root r = r_1 as the complex roots r_2, r_3 have unphysical meaning. When a = 0, we have h = −1 and the real root becomes r_1 =

(2m)^{−1}, showing the consistency with that of the non-rotating solution (1.2). The area of the dark matter at event horizon r = r_1 is found as A = ∫_π 0 ∫_{2π} 0 √ g_{θθ}g_{ϕϕ} dθ dϕ | | r=r_1 = 4π{r^2_1 + a^2}. (2.30)

According to Bekenstein-Hawking area-entropy formula S = A/4 [26], we find the entropy associated with r = r_1 as

S = π{r^2_1 + a^2}. (2.31)

The gravity of the dark matter horizon is determined by the surface gravity which is defined as κn^a = n^b∇_bn^a in [24]. Here the null vector n^a given in (2.4) above is parameterized by the coordinate u, such that d/du = n^a∇_a, and has the normalization condition ℓ_an^a = 1 with the null vector ℓ_a. The surface gravity κ of the horizon associated with r = r_1 is found as

κ = −(γ + γ̄) = − r R^2 (1 − 3mr) | | |_{r=r1} . (2.32)

where R^2 = r^2 + a^2 cos^2 θ and γ is the spin coefficient given in (2.5). Here we do not intend to substitute the value of r_1 in (2.30-2.32) as these equations do not have simplified forms. Instead, we look at the following case of extreme dark matter.

Extreme dark matter: Like extreme black holes [26], we shall discuss a case of extreme dark matter when 1 + 27a^2m^2 = 0 in (2.29). In this case we have the quantity h = 1, which leads to the real root r_1 = −(6m)^{−1}. Eventually, we find the area and entropy for the extreme dark matter as follows

A = πa^2, and S = π 4 a^2, (2.33)

where a is related with the mass m by virtue of the equation 1 + 27a^2m^2 = 0. Then the surface gravity for this case is found as

κ = 27m(3 − 4 cos^2 θ)^{−1}, (2.34)

measuring directly from the mass m of the extreme dark matter, but can never be vanished for the existence of the dark matter. The functional parameter (2.13) of the energy equation of state becomes w = − 1 2 {1 − 4 cos^2 θ} (2.35)

at r_1 = −(1/6m) of the extreme dark matter. This still retains the characteristic feature of the rotating dark matter having constant parameter w = −1/2 at the poles θ = π/2 and θ = 3π/2.

Generalized Chandrasekhar’s Theorem: Let us show the fact that the rotating dark matter solution (2.3), which is non-vacuum (T_{ab} ≠ 0) Petrov type D space-time, satisfies the condition of generalized Chandrasekhar’s theorem [27]. Chandrasekhar [25] has established a relation of spin coefficients ρ^∗, μ^∗, τ, π in the case of an affinely parameterized geodesic vector, generating an integral which is constant along the geodesic in a vacuum (T_{ab} = 0) Petrov type D space-time ρ^∗ ρ̄^∗ = μ^∗ μ̄^∗ = τ π̄ = π τ̄ . (2.36)

The original derivation of this relation is necessarily based on the vacuum Petrov type D space-time with Weyl scalars ψ_2 ≠ 0, ψ_0 = ψ_1 = ψ_3 = ψ_4 = 0 and vanishing of the tetrad components of Ricci tensor ϕ_{01} = ϕ_{02} = ϕ_{10} = ϕ_{20} = ϕ_{12} = ϕ_{21} = ϕ_{00} = ϕ_{22} = ϕ_{11} = Λ = 0. In [27] a complex tetrad component χ_1 =^1_2 f_{ab}(ℓ^a n^b + m^a m^b) of Killing-Yano tensor f_{ab} has been introduced in the above relation (2.36) as ρ^∗ ρ̄^∗ = μ^∗ μ̄^∗ = τ π̄ = π τ̄ = − χ̄_1 χ_1

, (2.37)

where f_{ab} is the skew-symmetric tensor f_{[ab]} satisfying the Killing-Yano equations

f_{ab;c} + f_{ac;b} = 0. (2.38)

The importance of KY tensor in General Relativity seems to lie on Carter’s remarkable result [24] that the separation constant of Hamilton-Jacobi equation (for charged orbits) in the Kerr space-time gives a fourth constant. In fact, this constant arises from the scalar field K_{ab}v^a v^b which has vanishing divergent along a unit vector v^a tangent to an orbit of charged particle. Here K_{ab} = f_{ma}f^m_b is a symmetric Killing tensor. The KY tensor is skew-symmetric of rank two and has six real components. These six components can be expressed by three complex tetrad components χ_0, χ_1, χ_2. Due to the vanishing of Weyl scalars ψ_0 = ψ_1 = ψ_3 = ψ_4 = 0 for a Petrov type D space-time ψ_2 ≠ 0, the tetrad components χ_0, χ_2 of Killing-Yano tensor become zero. Then the remaining tetrad component χ_1 can be solved from the Killing-Yano equations (2.38) transcribed in NP formalism in [27], and is found as

χ_1 = iC(r − i a cos θ) (2.39)

where C is a real constant. Using this in (2.37) we obtain the relation as ρ^∗ ρ̄^∗ = μ^∗ μ̄^∗ = τ π̄ = π τ̄ = − χ̄_1 χ_1 = R R̄ , (2.40)

where R = r + i a cos θ and the spin coefficients ρ^∗, μ^∗, τ, π are given in (2.5) for the dark matter solution. Then the Killing-Yano tensor for the solution is found

f_{ab} = 4a cos θ n_{[a}ℓ_{b]} + 4ir m_{[a}m̄_{b]}, (2.41)

and accordingly, the Killing tensor K_{ab} = f_{ma} f^m_b becomes

K_{ab} = −8{a^2 cos^2 θ ℓ_{(a}n_{b)} + r^2m_{(a}m̄_{b)}}. (2.42)

We observe that the non-vacuum rotating dark matter solution is one of the examples which satisfy the generalized Chandrasekhar’s relation (2.37). The non-vacuum rotating stationary solutions, like Kerr-Newman, Kerr-Newman-de Sitter, negative mass naked singularity embedded into de Sitter space [28] and the dark matter solution discussed here are all Petrov type D space-times and admit the relation (2.37). Hence, we conclude, without any lost of generality, that the generalized relation (2.37) with Killing-Yano scalar χ_1 holds true for every rotating stationary Petrov type D solution, vacuum or non-vacuum, admitting the KY (2.41) and Killing (2.42) tensors.

Properties of time-like vector: Here we shall discuss the nature of the 4-velocity vector u^a, which is time-like, appeared in the energy-momentum tensor for the dark fluid, if expressed in terms of orthonarmal tetrad vector fields {u_a, v_a, w_a, z_a} as in (1.3), for the rotating dark matter solution (2.3) with (2.10). In fact the 4-velocity vector fields u^a explain the kinemetic properties of a fluid distribution whether the fluid flow is expanding (Θ = u^a_{;a} ≠ 0), accelerating (u̇_a = u_{a;b}u^b ≠ 0), shearing σ_{ab} ≠ 0 or rotating (w_{ab} ≠ 0). For example, the dark matter of Paper I is expanding, shearing, accelerating but non-rotating. The key role of the rotational parameter a of the stationary solution (2.3) can be seen in the following quantities. The expansion scalar Θ and acceleration vector u̇_a = u_{a;b}u^b are found as

Θ ≡ u^a_{;a} = 1 √ 2 R^2

(1 + 3mr^2), (2.43)

u̇_a = − 2r 2 √ 2R^2R^2 {(1 − 3mr)R^2 − Δ}v_a − a^2 sin θ cos θ √ 2R^2R^2 {Rm̄_a + R̄m_a}, where v_a =^{1√}_2 (ℓ_a − n_a) and Δ = r^2 − 2mr^3 + a^2. Then the shear σ_{ab} and vorticity w_{ab} tensors are respectively obtained as follows

σ_{ab} = u_{(a;b)} − u̇_{(a}u_{b)} − 1 3 Θ(g_{ab} − u_au_b) = − 1 3 √ 2R^2R^2 { 3r(r^2 − 2mr^3 + a^2) − 2(2r − 3mr^2)R^2 }{ v_av_b − m_{(a}m̄_{b)} }

− ia sin θ √ 2R̄R^2

(2r + ia cos θ)v_{(a}m_{b)} − ia sin θ √ 2R R^2

(2r − ia cos θ)v_{(a}m̄_{b)}, (2.44)

w_{ab} = u_{[a;b]} − u̇_{[a}u_{b]} = 1 √ 2R^2R^2 a^2 sin θ cos θ{R v_{[a}m_{b]} + R̄ v_{[a}m̄_{b]}} + ia cos θ √ 2R^2R^2

(Δ + 2R^2)m_{[a}m_{b]}, (2.45)

which are orthogonal to u^a (i.e., σ_{ab}u^b = 0 and w_{ab}u^b = 0). However, the mass m directly determines the expansion Θ as well as the acceleration u̇_a of the solution as seen in (2.43). The existence of the vorticity tensor is due to the presence of the rotational parameter a in (2.45), and confirms that the solution (2.3) is a rotating stationary solution with accelerated expansion (2.43). When a sets to zero, the spacetime will become the non-rotational solution (1.2) with vanishing the vorticity tensor. The existence of the acceleration vector shows that the observer of the rotating dark matter solution discussed here follows the non-geodesic path of the time-like vector (u_{a:b}u^b ≠ 0). This provides the key feature for the accelerated expansion of the rotating dark matter. From Equations (2.43)-(2.45) imply the proof of the Theorem 2 stated in the introduction above.

3. Conclution

In this paper we derive an exact stationary (time independent) axisymmetric solution of Einstein’s field equations describing rotating dark matter whose energymomentum tensor possesses a non-perfect fluid having the negative pressure and the non-constant parameter w(r, θ) of equation of state with minus sign. However, it takes a constant value w(r, θ) = −1/2 at the poles θ = π/2 and θ = 3π/2. The most exiting property of this solution is that the metric of the solution describes both the background space-time structure and the dynamical aspects of the gravitational field in the form of the energy-momentum tensor. That is, the mass m of the rotating solution plays the role for both the curvature of the space-time (non-flat) as well as the source of the energy-momentum tensor with T_{ab} ≠ 0 (non-vacuum) measuring the energy density and the negative pressure (2.10). In the case of rotating Kerr solution, the mass plays only the role of curvature of the space-time and cannot determine the energy-momentum tensor. Hence, the Kerr solution is non-flat vacuum space-time with T_{ab} = 0. Here the advantage of the solution (2.3) over the Kerr is that it is a non-flat and non-vacuum rotating stationary space-time metric .

The expansion, acceleration, shear and vorticity of the 4-velocity vector fields u_a suggest that the observer of the rotating dark matter follows the non-geodesic path as u_{a;b}u^b ≠ 0. We find that the energy-momentum tensor for the rotating solution violates the strong energy condition p ≥ 0, ρ + p ≥ 0 due to the negative pressure (2.10) of the matter field content in the space-time. This violation indicates that the gravitational field is repulsive leading to an accelerated expansion of the rotating universe. This expansion of the dark matter solution with acceleration (2.43) is consistent with the observational data [12-14].

It is emphasized the fact that the approach of the derivation of rotating dark matter solution here is merely based on the identification of the power n = 2 of the Wang-Wu mass function without any extra assumption. This identification of the power n = 2 in the mass function (1.1) has considered first in Paper I as mentioned above. It is to mention here that Kerr metric can be obtained by choosing n = 0 in the Wang-Wu mass function (1.1). In the analysis of the rotating dark matter solution, we find that the dark energy density is only attributed from the mass of the dark matter. It is the fact that without the mass of the dark matter we cannot measure the energy density and the negative pressure of the energy-momentum tensor distribution in order to obtain the dark energy equation of state w with minus sign. This means that the negative pressure and the energy density of the dark fluid associated with the energymomentum tensor are measured by the mass that produces the gravitational field in the space-time geometry of the rotating dark matter solution. The most important property of the rotating stationary dark matter solution (2.3) is that the parameter of the dark energy equation of state becomes a function w(r, θ) (2.13) with minus sign. The functional parameter w(r, θ) provides constant value −1/2 at the poles θ = π/2 and θ = 3π/2, retaining the important character of a dark energy even in the case of rotating system. These poles are important points for the rotating dark matter that the event horizon and the stationary limit are coincide at these poles, where the functional parameter of the equation of state takes the constant value w(r, θ) = −1/2. This situation could not be observed in the case of the non-rotating dark matter solution of Paper I. The rotating solution (2.3) suggests that dark matter and dark energy cannot be regarded as separate components, since the dark energy with the negative pressure is produced by the mass of the dark matter, i.e. the same mass m plays the important role for the existence of both.

The rotating space-time metric appears singular when Δ = 0, which has three roots, one is real and other two are complex. The real root r_1 corresponds to an event horizon. The event horizon of the dark matter is very similar to the one surrounding a black hole. Accordingly, we find area, entropy as well as surface gravity for the horizon. The existence of dark matter horizon is consistent with the cosmological horizon of de Sitter space with constant Λ [21], which is considered to be a common candidate of dark energy with the parameter w = −1 [3-11]. This parameter w = −1 of the equation of state is also true for both the cosmological constant Λ as well as the cosmological function Λ(u) of the rotating and non-rotating de Sitter solutions [17].

From the analysis of the dark matter solutions we find the profound changes that (i) the non-rotating dark matter solution (1.2) is non-asymptotic, non-vacuum, conformally flat metric; (ii) the rotating stationary solution (2.3) is a non-asymptotic, non-vacuum, Petrov type D in the classification of space-times, whose one of the repeated null direction ℓ_a is geodesic, shear-free, expanding [θ̂ ≡^1_2 ℓ^a_{;a} =^1_2 (ρ^∗ + ρ̄^∗)^2] as well as non-zero twist [ω̂^2 ≡^1_2 ℓ_{[a;b]}ℓ^{a;b} = −^1_4 (ρ^∗ + ρ̄^∗)^2] such that C_{abc[d}ℓ_{k]}ℓ^bℓ^c = 0, where ρ^∗ is the spin coefficient given in (2.5). It is noted that to the best of the authors knowledge, the solution describing rotating stationary dark matter presented here is not been seen discussed before. The embedded version of the rotating solution into Kerr black hole as dark matter in Kerr black hole background may be seen elsewhere in another paper. We believe that this rotating solution may provide an example of an invisible rotating dark matter, which can produce dark energy having the equation of state parameter with minus sign in an accelerated expanding space-time geometry.

Acknowledgement

The authors, Ibohal and Ishwarchandra appreciate the Inter-University Centre for Astronomy and Astrophysics (IUCAA), Pune for hospitality during their visit in preparing the paper. The University Grants Commission (UGC), New Delhi, supports the work of Ibohal through the File No. 31-87/2005 (SR).

References

[1] Ibohal, N., Ishwarchandra, N. and Singh, K. Y. (2009), “Relativistic dark matter solution possessing dark energy”, preprint gr-qc/0903.3134.

[2] Sahni, V. (2004), “Dark energy and dark matter”, Lect. Notes Phys. 653, 141-180;

astro-ph/0403324.

[3] Padmanabhan, T. (2003), “Cosmological constant - the eight of the vacuum”, Phys. Rep. 380, 235.

[4] Copeland, E. J, Sami M and Tsujikawa S (2006) “Dynamics of dark energy”, Int.

J. Mod. Phys. D 15, 1753.

[5] Bousso, R. (2008) “The cosmological constant”, Gen. Rel. Grav. 40, 607-637.

[6] Sussman, R. A., Quiros, I. and Gonzalez, O. M. (2005) “Inhomogeneous models of interacting dark matter and dark energy”, Gen. Relat. Gravit. 37, 2117-2143.

[7] Guo, Z. K., Ohta, N. and Tsujikawa, S. (2007), “Probing the coupling between dark components of the universe”, Phys. Rev. D 76, 023508-1-9.

[8] Ratra, B. and Peebles, P. J. E. (1988), “Cosmological consequences of a rolllin homogeneous scalar field”, Phys. Rev. D”, 37, 3406-3427.

[9] Johri, V. B. and Rath, P.K. (2006), “Dynamical age of the Universe as a constraint on the parameterization of the dark energy equation of state”, Phys. Rev. D. 74, 123516-1-8.

[10] Franca, U. and Rosenfield, R. (2004), “Age constraints and finetuning in variablemasspartical models”, Phys. Rev. D 69, 063517-1-6.

[11] Zlatev, I., Wang, L. and Steinhardt, P. J. (1999), “Quintessence, Cosmic coindidence and the Cosmological constant”, Phys. Rev. Lett. 82 896-899.

[12] Perlmutter, S., et. al., (1999), “Measurements of Ω and Λ from high-redshify supernovae”, Astroph. J. 517 565-586; astro-ph/9712212.

[13] Riess, A. G. et. al., (2000), “Tests of the accelerating universe with near-infrared observations of a high-redsift type Ia supernova”, Astroph. J. 536, 62-67; astroph/9805201.

[14] Riess, A. G. et. al., (2001), “The farthest known supernova: support for an accelerating universe and a glipse of the epoch of deceleration”, Astroph. J. 560, 49-71.

[15] Wang, A. and Wu, Y. (1999), “Generalized Vaidya solutions”, Gen. Relativ.

Gravit. 31, 107-114.

[16] Ibohal, N. (2005), “Rotating metrics admitting non-perfect fluids”, Gen. Relativ.

Gravit. 37, 19-51; gr-qc/0403098

[17] Ibohal N. (2009), “Non-stationary de-Sitter cosmological models”, Int. J. Mod.

Phys. D (to appear); gr-qc/0608005.

[18] Newman, E. T. and Penrose R. (1962), “An approach to gravitational radiation by a method of spin coefficients” J. Math. Phys. 3, 566-578.

[19] d’Inverno, R. (2005), Introducing Einstein’s Relativity (Clarendon Press, Oxford).

[20] Arbey, A. (2206), “Dark fluid: A complex scalar field to unify dark energy and dark matter”, Phys. Rev. D 74, 043516-1-7.

[21] Gibbons, G. W. and Hawking, S. W. (1977), “Cosmological event horizons, thermodynamics, and particle creation”, Phys. Rev. D 15, 2738-2751.

[22] Islam, J. N. (1985), Rotating fields in general Relativity (Cambridge University Press, Cambridge).

[23] Tipler, F. J. (1978), “ Energy conditions and space-time singularities”, Phys. Rev.

D 17, 2521-2528.

[24] Carter, B. (1973), “Black Hole Equilibrium States” in Black Holes Eds. C. Dewitt and B. C. Dewitt, (Gordon and Breach Sci. Publ. New York), pp 57-214.

[25] Chandrasekhar, S. (1983), The Mathematical Theory of Black Holes (Clarendon Press, Oxford).

[26] Hawking S. W. and Ross S. F. (1995), “Duality between electric and magnetic black holes” Phys. Rev. D 52, 5865-5876.

[27] Ibohal, N. (1997) “On the relationship between Killing-Yano tensors and electromagnetic fields on curved spaces”, Atrophy. and Space Sci., 249, 73-93.

[28] Ibohal, N. (2005), “On the variable-charged Black holes Embedded into de Sitter space: Hawking’s Radiation”, Int. J. Mod. Phys. D 14, 973-994.